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“If there is one thing in mathematics that fascinates me more than anything else
(and doubtless always has), it is neither ‘number’ nor “size,” but always form.”
A. Grothendieck

“Ma non ti rendi conto di quant’é bello? Che non ti porti il peso del mondo sulle spalle,
che sei soltanto un filo d’erba in un prato? Non ti senti piul leggero?”

Sarah - Strappare lungo i bordi. Zerocalcare
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Abstract

In his Lectures on Noncommutative Geometry, Ginzburg proposes a theory of algebraic
noncommutative (affine) geometry. One of the fundamental insights of noncom-
mutative geometry is to regard associative, not necessarily commutative, algebras
as geometric spaces. In the last section of the aforementioned lectures, Ginzburg
suggests an ambitious generalization of his work: he observes that most of the con-
structions he characterized in the noncommutative case, carry over into the realm
of operadic algebras and he proposes a theory of operadic geometry. From a philo-
sophical viewpoint one wonders if the similarities captured by Ginzburg could
hide a deeper phenomenon: a common language which captures some important
teatures of these examples. In this thesis, tangent category theory is applied for the
tirst time to describe the patterns and similarities observed by Ginzburg. This work
largely extends Cruttwell and Lemay’s attempt to employ tangent category theory
to capture significant features of commutative algebraic geometry. From the per-
spective of operad theory, this thesis translates in the context of tangent categories
some important operadic constructions, such as derivations, enveloping operads,
and modules. From the perspective of tangent category theory, it provides new
examples of noncommutative non-pointwise models of geometry described with
tangent categories. First, we show that each operad is canonically associated with
two tangent categories: the algebraic and the geometric tangent categories. Once
we have established the functorial correspondence between operads and tangent
categories, we describe two important constructions. First, we show an equivalence
between slice tangent categories and enveloping operads; second, we employ this
result to classify differential bundles as modules over the operadic algebras. In the
last chapter, we apply the established relationship between operads and tangent
categories to the theory of algebraic deformation. First, we prove that the category
of operads itself and its opposite carry two tangent structures, which are closely re-
lated to deformations. Finally, we explore some ideas, inspired by tangent category

theory, to classify all infinitesimal deformations of an operadic algebra.
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Chapter 1

Introduction

One of the fundamental insights of differential calculus is that polynomial functions
can locally approximate any sufficiently smooth real-valued function. The simplest
case consists of approximating a real-valued function near a certain point by a first-
order polynomial. The function’s first derivative at the given point fully determines

such a polynomial.

Similarly, differential geometry allows one to locally approximate some suffi-
ciently smooth space near a certain point via a linear space at the given point.
However, in the same way that not every function can be differentiated, not every
geometric space admits a local linear approximation at each point. To solve this
technicality, differential geometry restricts its attention to a certain class of geo-
metric spaces, known as smooth manifolds. These spaces exhibit a local linear
behaviour. Informally, this means that, at any given point, there is a vector space,
known as the tangent space at that point, which provides a good approximation of

the space in a neighbourhood of the point.

A philosophical question arises: is differential geometry the ultimate theory of
geometric spaces or are smooth manifolds just an example of such an object? Is
there a more general theory of geometry for which differential geometry is only
one of many models? A natural mathematical language to formulate and answer

this question is category theory.

One of the aims of category theory consists of studying mathematical objects in
a model-independent fashion: instead of characterizing a specific class of objects
by a direct description, the categorical approach is interested in the operations and

structures required to define and study these objects.

Starting from Lawvere’s ideas, Kock developed a categorical approach to dif-

terential geometry, known as synthetic differential geometry (cf. [37]) which aims to
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give a precise interpretation of the concept of infinitesimal quantity. Partially in-
spired by this attempt to categorify differential geometry, Rosicky proposed a more
general approach in [53], in which he introduced the concept of tangent category.
He also showed that representable tangent categories capture synthetic differential
geometry, proving this approach is more general. The simplicity and generality of

this theory perfectly fit our purposes.

Informally, a tangent category is a collection of objects, interpreted as geometric
spaces, a collection of morphisms, representing the transformations between these
spaces, and a particular structure which allows one to axiomatize the idea that these
spaces are locally linear. Cockett and Cruttwell in [12] revisited and generalized this
notion and showed how tangent category theory generalizes categorical theories

of differentiation such as Cartesian differential categories.

One of the interesting aspects of tangent category theory is encapsulated within
the categorical framework in which this language is developed. Instead of selecting
a specific class of spaces which manifest a local linear behaviour, the approach of
tangent category theory is to provide the fundamental structures and operations
which allow for a geometric interpretation of a collection of abstract objects. Within
this perspective, differential geometry becomes a model of a more general theory

of geometry: tangent category theory.

Assuming this interpretation, it is natural to wonder which other models of
geometry can be described by tangent category theory. Recently, Cruttwell and
Lemay in [18] employed tangent category theory to describe certain aspects of
algebraic geometry. In particular, they proved that the opposite of the category
of commutative and unital algebras, which is equivalent to the category of affine
schemes, comes equipped with a tangent structure. They also extended this result
to the category of schemes and they classified differential bundles, which can be
interpreted as vector bundles in a tangent category, in terms of modules over
the algebras. This striking connection between commutative algebra, algebraic
geometry, and tangent category theory suggests a deeper phenomenon: other
algebraic objects, like associative, Lie, or Poisson algebras, might also carry a tangent
structure. The first goal of this thesis is to explore this possibility, linking operad

theory with tangent categories.
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The relationship between algebra and geometry is one of the most fascinat-
ing well-studied mathematical phenomena: from algebraic topology to algebraic
geometry, from noncommutative geometry to Lie group theory, geometry and
algebra appear as manifestations of two sides of the same coin. An important
example of this relationship is represented by the celebrated theorem of Gelfand
and Naimark [49, Theorem 8.33] which proves that a locally compact Hausdorft
topological space is fully described by the associated unital and commutative C*-
algebra of its continuous complex-valued functions. This result is the starting point
of noncommutative geometry which aims to interpret associative, not necessarily
commutative, algebras as geometric spaces. For an introduction to this subject, we

advise the reader to consult [36] and [16].

In theoretical physics, noncommutative geometry is related to the quantization

of a classical theory.

The Gelfand-Naimark-Segal theorem [49, Theorem 14.3] classifies the repres-
entations of the C*-algebra of observables of a system. In particular, it shows that
the observables in a commutative algebra are represented as continuous functions
over a suitable topological space while observables in a noncommutative algebra
are represented as linear operators over a suitable Hilbert space. From the point of
view of Physics, this means that commutative algebras represent classical systems,

while noncommutative algebras encode quantum systems.

Furthermore, noncommutative geometry finds application in quantum gravity,
suggesting that spacetime itself could be regarded as a noncommutative space (see

for example, [2]).

One striking feature of noncommutative geometry is the absence of a classical
notion of points: noncommutative spaces cannot be interpreted as sets of points
equipped with extra structure. On the other hand, the categorical approach rejects
a pointwise interpretation and embraces the idea that mathematical objects can
be fully described, up to isomorphism, from their transformations, that is from
the study of the morphisms among those objects. This encourages us to wonder
whether or not non-commutative geometry can be interpreted as a model of tangent

category theory.

However, so far, the main examples of tangent categories in the literature are
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only classical examples; they describe the geometry of pointwise spaces, like differ-
ential geometry or algebraic geometry. One of the goals of this thesis is to present
a nontrivial example of a tangent category which can be employed to study non-
commutative geometry. The main inspiration comes from Ginzburg’s work on
noncommutative algebraic geometry, presented in [25].

Ginzburg, in the introduction of these notes, describes two kinds of noncom-
mutative geometries: noncommutative geometry in the small and noncommutative

geometry in the large. In his words: !

“The former is a generalization of the conventional ‘commutative” algebraic geo-
metry to the noncommutative world. The objects that one studies here should be
thought of as noncommutative deformations, sometimes referred to as quantizations,
of their commutative counterparts. A typical example of this approach is the way of
thinking about the universal enveloping algebra of a finite dimensional Lie algebra g as
a deformation of the symmetric algebra S(g), which is isomorphic to the polynomial al-
gebra.

As opposed to the noncommutative geometry ‘in the small’, noncommutative geo-
metry ‘in the large’ is not a generalization of commutative theory. The world of
noncommutative geometry ‘in the large’ does not contain [the] commutative world as
a special case, but is only similar, parallel, to it. The concepts and results that one
develops here, do not specialize to their commutative analogues. Consider for instance
the notion of smoothness that exists both in commutative algebraic geometry and
in noncommutative algebraic geometry ‘in the large’. A commutative algebra A may
be smooth in the sense of commutative algebraic geometry, and at the same time be

non-smooth from the point of view of noncommutative geometry ‘in the large”.”

In Example 3.81, we discuss this distinction from the point of view of tangent
category theory; we show that the tangent morphism which compares the tangent
category of commutative algebraic geometry with the tangent category of noncom-
mutative algebraic geometry does not preserve the tangent structure strongly, i.e.

it is not a strong tangent morphism.

1Paragraph in the introduction of [25]. The original text is in normal font. The words here in
bold are in italics in the original text
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Ginzburg also suggests the existence of other kinds of geometries associated
with other algebraic objects. He dedicates a final section of his notes [25] to extend

his results to a new plethora of algebraic theories, parametrized by operads.

An operad is a mathematical machinery which encodes the n-ary operations
and axioms of an algebraic theory. Consider for instance associative algebras. These
objects are vector spaces equipped with a binary associative operation. Similarly,
Lie algebras are vector spaces, equipped with a binary operation, satisfying two
conditions: anticommutativity and the Jacobi identity. Both associative and Lie

algebras are examples of algebraic objects generated by a suitable operad.

Concretely, an operad is a mathematical object which can be presented as a list
of operations of an algebraic theory, grouped by their arity, subject to the relations
established by the theory. For example, the operad which generates associative
algebras contains all n-ary operations generated by composing a binary operation

u which satisfies the associativity condition (Example 3.7).

The representations of an operad form the algebraic theory associated with the
operad. In particular, the theory of associative algebras is the algebraic theory of
the operad ¢/44, known as the associative operad and the theory of Lie algebras is the

algebraic theory of the operad Z7z¢, known as the Lie operad.

Although the main motivation of this thesis is to investigate the relationship
between noncommutative geometry and tangent category theory, our approach
extends to a larger family of geometries: we present a canonical construction that
associates to every operad a corresponding geometric theory, axiomatized by a
tangent structure on the opposite of the category of the representations of the

operad, also known as algebras of the operad.

We also show that this construction is functorial: morphisms of operads corres-

pond to morphisms of tangent categories.

We also show that this functorial correspondence reflects an intimate relation-
ship between operads and tangent categories by discussing how some constructions
of operad theory translate to the associated tangent categories. In particular, we
focus our attention on the geometric theory of the enveloping operad associated
with a P-algebra, on the compatibility between this functorial relationship and we

employ this relationship to classify differential bundles.



One important source of noncommutative spaces is provided by deformation
theory. The main idea of deformation theory consists of slightly deforming an
algebraic or geometric object in a compatible way with the operations and axioms
that describe such an object. The deformation of associative algebras, first studied
by Gerstenhaber (see for example [23]), allows one to deform a commutative algebra
to anoncommutative one, by twisting the original commutative multiplication map
with some extra noncommutative terms. This idea extends to the realm of algebraic
theories generated by operads, so one can deform operadic algebras to obtain new
ones.

The idea of deforming an algebraic object can be seen as defining a path in the
space of algebraic objects of a certain type. However, there is not such a thing as
a differential structure over the collection of algebras of an operad. We believe
that tangent category theory can provide a minimal geometric setting in which
deformations can be interpreted as paths of a suitable geometric space.

In the last chapter we introduce some ideas to explore this intuition. In particu-
lar, we show that the category Operad of operads is itself a tangent category whose
vector fields are strictly related to infinitesimal deformations of operadic algebras.
We show that the opposite category, Operad®, carries a tangent structure which
is also related to infinitesimal deformations. We dedicate a final section to identi-
tying some of the issues of this approach. To solve these issues, we propose two
new approaches to classifying infinitesimal deformations as sections of a suitable
differential bundle in the geometric tangent category of the operad, and as sections

of the unit of a tangent comonad.

1.1 Outline

This thesis is organized into six distinct chapters. In Chapter 1, we establish the
structure of the thesis and we set up the adopted notation and naming conventions.
Chapter 2 is dedicated to tangent category theory. In particular, in Section 2.1, we
motivate and introduce the concept of a tangent category. Section 2.2 is dedicated
to exploring some of the main constructions of tangent category theory.

In particular, in Section 2.2.1, we recall the notion of vector fields over an object
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of a tangent category, in Section 2.2.2, we recall the notion of differential objects and
explain why a tangent structure provides a notion of local linearity for its objects.
Section 2.2.3 is dedicated to a new concept in tangent category theory, tangent
display maps.

This new notion plays a crucial role in Section 2.2.4 in which we revisit the
construction of the slice tangent category and in Section 2.2.5, dedicated to differ-
ential bundles. We conclude Section 2.2, by recalling, in Section 2.2.6 an important

construction: the adjoint of a tangent category.

We conclude Chapter 2 with an introduction to a formal approach to tangent
category theory, introduced by the author in [42]. Section 2.3 is dedicated to ex-
ploring this new approach, by introducing the notion of tangent objects. Finally, in
Section 2.4 we review the concept of tangent monad and prove that every tangent

monad admits the construction of algebras (Theorem 2.73).

In Chapter 3 we present the two main constructions of this thesis: the algebraic
and the geometric tangent categories of an operad. First, in Section 3.2 we recall
the definition of an operad over a symmetric monoidal category. In Section 3.3, we
recall the definition of algebras of an operad. Section 3.4 is dedicated to the first
main result of this thesis: we prove that the monad associated with an algebraic
operad is a coCartesian differential monad.

In Section 3.5 we construct the algebraic tangent category of an algebraic operad
harnessing the fact that the associated monad is a coCartesian differential monad
(Theorem 3.26). We dedicate Section 2.2.1 and 3.5.2 to classify vector fields and to
prove the functoriality of the operation which sends an operad to the corresponding
algebraic tangent category, respectively.

Section 3.6 presents the construction of the geometric tangent category asso-
ciated with an operad. We also classify the corresponding vector fields, in Sec-

tion 3.6.1, and discuss functoriality in Section 3.6.2.

In Chapter 4, we examine the relationship between some constructions of operad
theory and tangent category theory. We start, in Section 4.2, by reconsidering the

construction of the slice tangent category in terms of a right adjoint functor of the



functor Term: cTngCat — TngPair (Theorem 4.12).

This allows us to compare in Section 4.2.1 the tangent category of the enveloping
operad of a P-algebra A with the slice tangent category over A of the geometric
tangent category of the operad 9. In particular, we show they are equivalent
(Theorem 4.17).

In Section 4.3, we harness this equivalence to classify differential bundles. First,
in Section 4.3.1, we classify differential objects in the geometric tangent category
of a given operad and then, in Section 4.3.2, we show that differential bundles are

equivalent to modules over operadic algebras.

In Chapter 5, we explore some connections between operad theory, tangent
category theory, and algebraic deformation theory. In Section 5.1, we recall the
main ideas and definitions of algebraic deformation theory and in Section 5.2 we
link infinitesimal deformations of operadic algebras with vector fields of a new
tangent category: the tangent category of operads (Theorem 5.22).

In Section 5.2.1, we show that the category of tangent monads over a given
tangent category also constitutes a tangent category (Theorem 5.30) and we show
the relationship between the tangent category of operads and the one of tangent
monads (Theorem 5.33). We also show in Section 5.2.2 that the tangent category of
operads is corepresentable (Theorem 5.38) and consequently that the opposite of
the category of operads is also a tangent category (Corollary 5.39).

Finally, in Section 5.3 we discuss two different approaches to classify all infin-

itesimal deformations of an operadic algebra.

Finally, Chapter 6 is dedicated to the conclusions. First, in Section 6.1 we briefly
recall the story of this thesis highlighting the main results. Second, in Section 6.2

we discuss a few directions for future work on this subject.

1.2 Contribution statement

Part of the work of this thesis has been written up as papers which are currently in

the process of publication:
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* The Rosicky Tangent Categories of Algebras over an Operad, in collaboration with
Sacha Ikonicoff and Jean-Simon Lemay ([29]).
Chapter 3 contains most of the work done in this paper. This paper was the
natural confluence of three different and independent research projects of the

three authors.

In particular, Ikonicoff proved that every operad is associated with a coCartesian
differential monad and consequently, the opposite of the Kleisli category of
the operad is a Cartesian differential category. The author of this thesis, in-
dependently showed that the monad associated with an operad is a tangent
monad and consequently, he showed that the category of algebras of an op-
erad and its opposite carry each a tangent structure, the one adjoint to the

other.

Finally, Lemay investigated the relationship between coCartesian differential
monads and tangent monads, providing a natural language to compare the
approaches explored by Ikonicoff and the author. The paper [29] is the natural
result of these three efforts. Functoriality was not explored in much detail
in the paper [29] and only in the paper [41] it was properly addressed. The
classification of differential objects presented in the first paper and inspired
by the work of Cruttwell and Lemay in [18], was proved in the operadic case

by the author.

* The differential bundles of the geometric tangent category of an operad ([41]).
Chapter 4 presents the work done in this paper, with the exception of Sec-
tion 4.3.1 which is still part of the first paper.

* The Grothendieck construction in the context of tangent categories ([42]).
The notion of tangent objects presented in Section 2.3 was first presented in

this paper.

In addition, the research done for Section 2.2.3, dedicated to tangent display maps,
is a joint effort between Geoffrey Cruttwell and the author and it will appear in a
future paper.

In Section 2.3, Definition 2.52 was proposed by Rory Lucyshyn-Wright during
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an informal discussion with the author. As reported in Remark 2.53, Lucyshyn-
Wright correctly pointed out that the limits in the definition of a tangent object
must be pointwise for this definition to agree with the usual definition of a tangent

category when the base 2-category is the 2-category Cat of categories.

1.3 Notation and naming conventions

A generic category is denoted by X; we adopt the font Cat to denote a specific
category, e.g. the category of categories. Identity morphisms are denoted by
ida: A — A, for an object A, or simply by id, when the object is clear from the
context. To denote the composition of two composable morphisms f: A — B and

g: B — C we adopt both the following conventions:

* diagrammatic composition, simply denoted by juxtaposition, i.e. fg: A L B3
%

* functional composition, denoted by the usual go f:= fg.

We adopt diagrammatic composition when we interpret two composable morph-
isms as abstract morphisms of an ambient category, while we adopt functional
composition when we interpret two composable morphisms as functors between
two categories, or as pointwise-defined functions between concrete objects.

To show the commutativity of a given diagram we often decompose the diagram

into smaller ones, each commutative. For instance, consider the following diagram:

° f > o g > o
|
a Nat :3 (8/8';517/) Y
g \l/ ~
«— e —ge
|
a’ (12 p 4
g \l/ ~
b f// > hd gl/ > g

In the left top square, we used naturality; in the right top square we used the

compatibility between the morphisms ¢ and g’ with f and y; in the bottom left
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square we employed Equation (1.2); finally, in the bottom right square, we used

that ¢’y” = p’h’ on the nose.
For a pullback diagram:

AXcB —— B
l :
Af)C

we denote the projections by 711 : AXcB — Aandby m2: AXcB — B and when the
diagram is an n-fold pullback then the k-th projection is denoted by ;. Given two
morphisms a: D — A and f: D — B such that af = g, the unique morphism
D — A Xc B defined by the universality of the pullback is denoted by («, 8). For a

pushout diagram:

c—2% B

]

A ——> A+cB

the injections A — A +c B and B — A +¢ B are respectively denoted by (; and ¢
and for n-fold pushouts the k-th injection is denoted by 1. Given two morphisms
a: A— Dandp: B— D suchthat fa = gf, the unique morphism induced by the
universality of the pushout is denoted by [«, B].

Given two pullback diagrams:

AXcB —> B A'XcoB —— B’

A f) C A’ f) C’
and two morphismsa: A — A’and : B — B’ such that m;a f’ = myfg’, we denote
the unique morphism (7m;a, ™2 ) simply by ax . Similarly, for pushouts, we denote

the unique morphism [aty, fi2]: A +c B — A +¢ B’ (whenever well-defined) by
a+p.
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Figure 1.1: Concept map of Chapters 2, 3, and 4

1.4 Style of the thesis

For a smoother narration, we decided not to separate the background from the
new contents presented in this thesis. In particular, we adopted the convention
to dedicate background sections only to the concepts, like for tangent categories
and operads, which appear at least twice in the thesis and introduce the rest of the
known definitions and results only where required. Consequently, every chapter
is a mix of known and new results. To avoid confusion and to stress the difference
we decorate with an asterisk * any definition or result that is already present in
the literature not including those by the author. In the text preceding each such
definition or result, we also report the reference to the original source. On the other

hand, the new definitions and results are not decorated with the asterisk.

1.5 Concept map of the thesis

The diagram in Figure 1.1 represents the structure of Chapters 2, 3, and 4:

from operads to cCDMs Theorem 3.26: the monad associated with an algebraic
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operad is a coCartesian differential monad;

from cCDMs to tangent monads Propositions 3.25 and 3.24: coCartesian differ-
ential monads are tangent monads over a tangent category induced by bi-

products;

from operads to tangent monads Corollary 3.27: the monad associated with an

algebraic operad is a tangent monad;

from tangent monads to tangent categories Theorem 2.73 and Proposition 3.40
(cf. [15]): the category of algebras of a tangent monad has a canonical tangent
structure and the resulting tangent category is precisely the construction of
algebras of a tangent monad.

Definition 3.28: algebraic tangent category of an operad;

c¢CDMs to tangent categories Corollary 3.54: the opposite of the category of al-
gebras of a coCartesian differential monad is a tangent category (provided
the existence of reflexive coequalizers).

Definition 3.56 and Theorem 3.68: geometric tangent category of an operad;

from cCDMs to CDCs Proposition 3.23 (cf. [30]): the coKleisli category of a coCartesian
differential monad is a Cartesian differential category.
Theorem 4.20; the free algebras of an algebraic operad are differential objects

in the geometric tangent category of the operad;

from CDCs to tangent categories Proposition [12, Proposition4.7]: every Cartesian

differential category is a Cartesian tangent category;

from tangent categories to CDCs via diff. objects [12, Theorem4.11]: the category
of differential objects of a Cartesian tangent category is a Cartesian differential
category.
Corollary 4.31: the differential objects in the geometric tangent category of an

operad & are equivalent to left modules over 2(1);

from diff. objects to diff. bundles [11, Proposition 5.12]: differential objects are

differential bundles over the terminal object;
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from diff. bundles to diff. objects via the slice tangent category [11, Proposition5.12]:
differential bundles are differential objects in the slice tangent category.
Theorem 4.17: the slice tangent category over a P -affine scheme A in the
geometric tangent category of an operad & is equivalent to the geometric

tangent category of the enveloping operad of (2; A);

from tangent categories to CDCs via diff. bundles Consequence of Theorem [11,
Theorem 5.14]: the category of differential bundles of a Cartesian tangent
category is a Cartesian differential category.

Theorem 4.35; differential bundles over a &-affine scheme A in the geometric
tangent category of an operad 2 are equivalent to modules over A in the

operadic sense;

from tangent categories to vector fields Definition 2.15 (cf. [12]): vector fields are

sections of the projection;

from cCDMs to derivations Definition 3.33 (cf. [30]): for an algebra of a coCartesian
differential monad there is a well-defined notion of a derivation.
Lemma 3.34: derivations in the operadic sense are precisely derivations w.r.t.

the associated coCartesian differential monad;

from operads to derivations Definition 5.12 (cf. [46]): for an algebra of an algeb-
raic operad there is a well-defined notion of derivation.
Theorems 3.36 and 3.74: vector fields over a -affine scheme in the algebraic
and the geometric tangent categories of an operad are equivalent to deriva-

tions over A.
The diagram in Figure 1.2 represents the structure of Chapter 5:

from operads to tangent monads Theorem 5.33: the functor which sends an al-
gebraic operad to the corresponding tangent monad extends to a strong tan-
gent morphism between the tangent category of operads (Theorem 5.22) and
the tangent category of tangent monads over the base tangent category of
R-modules (Theorem 5.30);

operad® Theorem 5.38: the opposite of the category of algebraic operads is a

representable tangent category;
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Figure 1.2: Concept map of Chapter 5

relationship between vector fields and derivations Theorem 5.50: vector fields
over an operad in the tangent categories of operads and its opposite are

equivalent to derivations over the operad;

from derivations to deformations Example 5.11: derivations of an operad gener-
ate (only trivial, see Section 5.3) infinitesimal deformations of the correspond-

ing algebras;

classification infinitesimal deformations Theorems 5.58 and 5.60: for every -
algebra A, there is a differential bundle g: A — LA in the geometric tangent
category of the operad & whose sections classify all infinitesimal deforma-
tions of A. Moreover, there is a tangent comonad A over the geometric tangent

category of 2 whose counit classifies all infinitesimal deformations of each
A.



Chapter 2

Towards a universal language of differentiation in geometry

Tangent category theory aims to axiomatize the fundamental structures of differ-
ential geometry, such as the tangent bundle functor, in a categorical approach. One
of the main goals of this thesis is to explore what other models of geometry can be
described employing tangent category theory, with particular interests in applic-
ations to non-commutative geometry. This chapter is dedicated to reviewing the
main definitions and results of the theory which play a role in our story. We also
introduce two new concepts: tangent display maps, which will be employed in the
construction of the slice tangent category, and tangent objects, which will be used

to prove that every tangent monad admits the construction of algebras.

Section 2.1 is dedicated to motivating and reviewing the definition and the ax-
ioms of a tangent category. In the second section (Section 2.2), we review some
constructions of tangent category theory. First (Section 2.2.1), we introduce vector
fields and we discuss the definition of the Lie bracket between vector fields; then,
in Section 2.2.2, we review the notion of differential object. Section 2.2.3 is ded-
icated to introducing the new notion of tangent display map and in Section 2.2.4
we employ it to discuss the construction of the slice tangent category. We then
recall (Section 2.2.5) the notion of differential bundle and we show (Section 2.2.6)
under which conditions the opposite of a tangent category is still a tangent cat-
egory. Section 2.3 is dedicated to introducing the concept of tangent object, which
formalizes the notion of tangent category in a generic strict 2-category. There-
fore, in Section 5.2.1 we first review the concept of tangent monad and then we
employ the notion of tangent object to prove that tangent monads over a given
tangent category admit the construction of algebras, which defines the same tan-

gent category as the one discussed by Cockett, Lemay, and Lucyshyn-Wright in [15].

Figure 2.1 displays the concept map of this chapter.

16
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Figure 2.1: The concept map of the chapter

2.1 Anintroduction to tangent category theory

One of the most crucial insights of differential geometry is the idea of replicating
mathematically the geometric experience we have of our planet: even if the global
geometry of planet Earth is approximately that of a sphere, our daily experience
suggests that we can locally approximate it by a plane. Mathematically, this in-
tuition can be formalized by associating to each point of a given space M, e.g. a
sphere, a linear space TyM, known as the tangent space of M at x, which, within
a local chart, is approximately equal to the original space M. The collection of all
these linear spaces Ty M, parametrized by the points x of M, forms a new geometric
space TM known as the tangent bundle of M, which locally can be described via a
pair of coordinates (x, v) formed by a point x of the original space M with a tangent
vector v belonging to the tangent space Ty M of M at x.

The tangent bundle of a space is the main protagonist in tangent category theory:
the idea is to give a geometric description of an abstract object, assuming that such
an object has an associated tangent bundle. But what is a tangent bundle of an
abstract object? From differential geometry, one knows that the tangent bundle of

a geometric space is, first of all, a vector bundle. Informally, a vector bundle E is a
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collection of disjoint but isomorphic linear spaces E, known as the fibres, indexed

by the points x of another geometric space M, called the base space.

Mathematically, this can be modelled by a surjection q: E — M, called the
projection, which “forgets” about the fibres, together with an injectionz,: M — E,
called the zero-morphism which associates to each point of the base space M,
the zero vector in the linear space E; = g7'(x), and with a collection of binary
operations (sq)x: Ex X Ex — Ey on each fibre, which allows one to sum vectors of
the same fibre. Instead of considering collections of binary operations, one can
consider the vector bundle E; whose fibre (E2), is the product E, X E, and then
introduce a function s, : E; — E. Categorically, E; is the pullback of the projection
with itself:

One also notices that the sum s; is commutative, associative, and unital with
the unit given by gz,. So far, we described the algebraic structures of a vector
bundle. So, the tangent bundle must be equipped with a projection p: TM — M,
a zero-morphism z: M — TM, and a sum morphism s: ToM — TM, where ToM
denotes the pullback of p along itself. However, in order to give a fully geometric
interpretation of an abstract object M, one also needs TM to be locally trivial. This
means that the tangent bundle must be locally isomorphic to a product of a local

chart of the original space and of a linear space.

Surprisingly, this property can be axiomatized with the introduction of the
vertical lift, that isa map I: TM — T2M whose codomain is the tangent bundle of
the tangent bundle of M, i.e. T?M : = T(TM). To understand the role of the vertical
lift, consider first the vertical bundle, which is the vector bundle VM — M whose

tibres are the kernels of the differential of the projection. Categorically, VM is the
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Figure 2.2: Heuristic representations of the elements of T>M.

pullback of Tp along the zero morphism:

VM — T2M

M ——— TM

where, for amap f: M — N of geometric spaces, locally Tf: TM — TN sends a
pair (x, v) formed by a point x of M and a tangent vector v € T, M to (f(x), dfx(v)),
where df, is the differential of f at x. With this definition, one can immediately see
that VM is a subbundle of T2M, via the inclusion &: VM — T2M.

Thanks to the local triviality of the tangent bundle, one can locally represent
a point of TM as a pair (x,v) formed by a point x € M and by a tangent vector
v € TxM. Similarly, the double tangent bundle T>M can be locally represented by a
tuple (x,u,v, w) formed by a point x € M, two tangent vectors u,v € T, M, and
a double tangent vector w, which is a tangent vector of the space TM at (x, u).
Informally, a tangent vector can be regarded as an infinitesimal path. Similarly,
a double tangent vector can be regarded as an infinitesimal homotopy between
infinitesimal paths. In Figure 2.2a we represented this intuition.

Thanks to the local triviality of TM and T2M we can then introduce a function
I: TM — T2M which sends (x,v) to (x,0,0,v). Pictorially, the element (x,0,0,v)
can be represented as in Figure 2.2b. We can also define the map &: ToM — T2M,

which sends a triple (x;u,v) formed by a point x € M and two tangent vectors
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u,v € TyMto(x,u,0,v). Notice that:
E=(zrxDTs

It is straightforward to prove that, by definition, £Tp = Eprpz, which implies
that the image of £ is a subbundle of the vertical bundle. Categorically, from the

universality of the pullback, we define a unique dashed morphism:

4

ToM S T2M
. \
1 VM —— T2M
v
™ — M — TM

However, thanks to the local representation of T2M we conclude that if (x, u, v, )
belongs in the image of &, i.e. is a point of the vertical bundle, then v = 0, since
Tp(x,u,v,w) = (x,v). This implies that the unique morphism ToM — VM is
an isomorphism. This is precisely the universality axiom formulated by Cockett
and Cruttwell to axiomatize the local triviality of the tangent bundle in a tangent
category.

In Figure 2.2a we schematically represented the idea of a double tangent vector,
that is a point in T?M, as an infinitesimal homotopy between infinitesimal paths.
In this pictorial interpretation, a tangent vector u is an infinitesimal path which
“moves” a point x of M of an infinitesimal distance in the direction and orientation
of the arrow u. In the picture, we represented the endpoint of this infinitesimal
path as x +d, x, where d, x represents an infinitesimal quantity in the direction and
orientation of the arrow u. Similarly, the vector v can be regarded as an infinitesimal
path from x to x + dyx. So, an infinitesimal homotopy @ can be regarded as
an infinitesimal path of infinitesimal paths. Notice that since the homotopy is
infinitesimal, it can be regarded as an infinitesimal parallelogram, that is the left
and right sides and the top and bottom sides must be parallel. Using the notation
introduced, one finds that the right bottom corner in the picture can be represented

in two different ways: x + d,x + dyx + dyd,x and x + dyx + dyx + d,dyx. Since
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these are two representations of the same point one wants d,d,x = d,d,x. This
heuristic explanation in differential geometry is equivalent to the symmetry of the
Hessian matrix, that is the commutativity of the partial derivatives d;d;f = d;d;f.
To axiomatize this symmetry one introduces an isomorphism c: T2M — T?M,
called the canonical flip. This is precisely the axiomatization of a tangent category
proposed by Cockett and Cruttwell in [12]. Let’s recall this concept formally. Let’s

start recalling the notion of additive bundle.

Definition* 2.1. In a category X, an additive bundle consists of a morphism q: E — M
which, in the slice category X /M of X over M is a commutative monoid, with respect to the
Cartesian product of X/ M, i.e pullbacks of q along itself in X. More concretely, an additive
bundle is a morphism q: E — M equipped with a section z: M — E, for which the n-fold
pullbacks q,: E, — M of q along itself exist, and together with a morphism s: Eo9 — E

for which sq = qo which satisfies associativity and unitality.
Definition* 2.2. A tangent structure T over a category X consists of the following data:
1. An endofunctor T: X — X, called the tangent bundle functor;

2. A natural transformation p: T = idx, called the projection, for which the n-
fold pullbacks of p along itself exist. Such pullbacks are denoted by T, and the

corresponding projections by m: T, = T,
3. A natural transformation z : idx = T, called the zero morphism;
4. A natural transformation s: Ty = T, called the sum morphism;

such that, for every object M of X, the triple (p: TM — M,z: M — TM,s: ToM —
TM) constitutes an additive bundle;

5. A natural transformation 1: T = T2, called the vertical lift, for which (1,z) is a

morphism of additive bundles;

where, given two additive bundles (q: E — M, z;: M — E,s;: Eo — E)and (q": E' —
M, zi: M" — E', st Ey — E'), we call a pair (f: E — E', g M — M) a morphism



of additive bundles if the following diagrams commute:

fxmf ,
E%E’ E%E’ EQ&E
M—)M’ M—)M’ E%E’
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6. A natural transformation c: T> = T2, called the canonical flip, for which (c,idr)

is a morphism of additive bundles.
Moreover, we have the following compatibilities:

™M —° 3 T°2M TM ——% T2M T2M

NN N

™M T3M — M — T3M

™ — s 2pM T3M —T8s T3 STy T3

T°M —— T°'M T°M —— T°M —— T°M

Finally, the vertical lift is universal, that is the following diagram:

ToM —5 3 T2M

M —— TM
is a pullback diagram, where:

E:=(Ixpmz7)Ts: Ty = T2

A category X with a tangent structure T forms a tangent category. A tangent category

has negatives if there is also an extra:
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7. A natural transformation n: T = T, called the negation, for which the following

diagram commutes:

TMiTlM

Remark 2.3. The original definition of a tangent category due to Rosicky was

equivalent to a tangent category with negatives, in the sense we consider here.

Notation 2.4. A generic tangent category is denoted by (X, T) where X represents
the underlying category and T is the tangent structure. In particular, the tangent
bundle functor is denoted by the same letter as the one used for the tangent structure
but in a different font, i.e. if T denotes the tangent structure then T denotes the
associated tangent bundle functor; the projection, the zero morphism, the sum
morphism, the vertical lift, and the canonical flip are denoted respectively by the
letters p, z, s, 1, and c.

When the tangent structure has negatives, the negation is denoted by n. Moreover,
we adopt the following convention: when the symbol used to indicate the tangent
structure is decorated with a superscript or a subscript, the same superscript or sub-
script is applied to the tangent bundle functor, the projection, the zero morphism,
the sum morphism, the vertical lift, and the canonical flip. The same convention
extends to the negation if the tangent structure has negatives.

Sometimes, for the sake of clarity, we add the superscript (7 to the natural
transformations p, z, s, [, c and n to stress the fact that these are part of the tangent
structure T, where T denotes the tangent bundle functor.

In the original definition of [12], the map &: ToM — T2M, defined by &: =
(z7 x1)Ts, was denoted by the letter v. Since v is already adopted in other contexts

in this thesis, for the sake of clarity, we decided to employ the Greek letter £, instead.

Morphisms of tangent categories come in different flavours and, for the purpose

of our discussion, we need to distinguish them.

Definition* 2.5. Given two tangent categories (X, T) and (X', T’), a lax tangent morph-
ism (F,a): (X,T) — (X, T') consists of a functor F: X — X’ together with a natural
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transformation a: F o T = T" o F, called the lax distributive law of the morphism,

compatible with the two tangent structures as follows:

F pa
FoT —% 3 T'oF FoT —% T'oF FoTy R moF

F F FoTﬁT’oF

FoT a4 > T/o F

FoT?2 ——> T'oFoT —— T20F

o

FoT2 — Ty ToFoT —I%y T/6F

F o T? ——> T'oFoT —— T2oF

Similarly, a colax tangent morphism (G,p): (X, T) » (X', T') consists of a functor
G: X — X' and a natural transformation : T'oG = Go'T, called the colax distributive
law of the morphism, which is compatible with the tangent structures precisely as for a lax
tangent morphism morphism but with the direction of the distributive law reversed.

A strong tangent morphism is lax tangent morphism whose distributive law is in-
vertible. Finally, a strong tangent morphism is strict if the distributive law is the identity

morphism.

Notation 2.6. When (F, a) is a strong tangent morphism, (F, a™!) is a colax tan-
gent morphism, so in the future, we call both (F, @) and (F,a™!) strong tangent
morphisms. Since, by definition, the distributive law of a strict tangent morphism
is trivial, we refer to a functor as a strict tangent morphism, omitting explicitly the
distributive law.

To stress the difference between lax and colax tangent morphisms, we denote the
former one by (F, a): (X,T) — (X', T’) and the latter by (G,): (X, T) » (X', T").
We interchangeably adopt the two notations for strong and strict tangent morph-

isms according to the context.
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Definition* 2.7. Given two lax tangent morphisms (F, a), (F’, a’): (X, T) —» (X', T"),a
lax tangent natural transformation ¢: (F,a) = (F’, a’) consists of a natural trans-

formation ¢ : F = F' satisfying the following compatibility condition:

FTA —2 % T'FA

F'TA — T'FA
o

Similarly, given two colax tangent morphisms (G, B), (G’, '): (X, T) » (X', T"), a colax
tangent natural transformation \: (G, ) = (G’, B’) consists of a natural transforma-
tion Y: G = G’ satisfying the dual of the compatibility condition of a lax tangent natural

transformation, i.e.:

TGA —" s gTA

”l l‘”

T'G’A T} G'TA

Finally, a double tangent cell:

(X.,Ts) —2y (X, T.)
//

(4, T2) —— (%, Td)
(F,a')

(Go,Bo) (Ge,Be)

where the horizontal morphisms are lax tangent morphisms while the vertical ones are
colax tangent morphisms, is a natural transformation 0: F' o G, = G, o F satisfying the

following compatibility condition:

! o ,.6
PTG A —2% TG A — 3 T/G.FA

ﬁl lﬁf

F'G.T.A —22 % GJET.A —2%y G.T.FA
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Notation 2.8. We denote by TngCat the 2-category of tangent categories, whose
I-morphisms are lax tangent morphisms, and 2-morphisms are lax tangent nat-
ural transformations. Similarly, the 2-category of tangent categories, whose 1-
morphisms are colax tangent morphisms, and 2-morphisms are colax tangent nat-
ural transformations is denoted by TngCat,. The 2-subcategory of TngCat whose
I-morphisms are strong is denoted by TngCat., and the 2-subcategory of TngCat
whose 1-morphisms are strict is denoted by TngCat_. Finally, we abuse notation
and we also denote by TngCat, TngCat,,, TngCat., and TngCat_ the corresponding

underlying 1-categories.

Example 2.9. Every category X comes equipped with a trivial tangent structure
whose tangent bundle functor, projection, zero, sum, vertical lift, and canonical flip

are all identities.

Example 2.10. The archetypical example of a tangent category is the category of
finite-dimensional smooth manifolds. The tangent bundle functor is the functor
which sends a smooth manifold M to its tangent bundle TM, in the classical sense,
and a smooth function f: M — N to the function Tf: TM — TN which in local
coordinates sends a pair (x,v) formed by a point x of M and a tangent vector v
over x of M to (f(x), dx f(v)), where d f is the differential of f at x. The projection,
the zero morphism, the sum morphism, the vertical lift, and the canonical flip
are precisely the homonymous smooth maps of the category of smooth manifolds
(cf. [12, Section 6] for a construction of this tangent structure employing manifold

completion).

Example 2.11. Recall that a category with biproducts, or sometimes called a semi-
additive category, is a category with finite products, denoted by X, finite cop-
roducts, denoted by +, and for which the unique morphisms X; +... + X;, —
Xy X -+ x X, induced by universality, are isomorphisms, for every non-negative
integer n. Semi-additive categories are enriched over the monoidal category of
commutative monoids. To see this, let X be a category with biproducts and let

f,8: X — Y be two morphisms. Let’s define f + g¢: X — Y as follows:

Fra xS xxx I yxyavyerSy
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where A: = (id,id) and +: = [id, id] are the unique morphisms induced by the
universality of the binary product and the binary coproduct, respectively. Finally,

define 0: X — Y to be the morphism:

where 1 denotes the terminal object and 0 the initial object of X. Since products
and coproducts are isomorphic, we usually use the word biproducts for both and
the notation @.

Every category X with biproducts has a canonical tangent structure, denoted

by I, defined as follows:

tangent bundle functor The tangent bundle functor L: X — X is the diagonal
functor, that is the functor which sends an object X to X ® X and a morphism
fX>Ytofof: XeX—>YY;

projection The projection p*”: I = idy is the projection along the first component:

p:=m; =lidx,!l: XX - Xl =X

zero morphism The zero morphism zW: idy = L is the inclusion in the first

component:

ZWi= g =(idy,): X > XaX

n-fold pullback The n-fold pullback L, : X — X sends an object X to X & --- & X

————
n+1 times
and amorphism f: X — Yto f @--- & f. The projections ngcl): L, = Lsend
~—— ———
n+1 times

the first component to the first, and the k + 1-th one to the second one:

(L)

b = (T, Ta1l2): XD DX > XD X

Tt

sum morphism The sum morphism s : I, = I sends the first component to the
tirst component and sums the second and the third one together and sends

them to the second component:

sWoidyd+: XoXdX > XdX
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vertical lift The vertical lift [(1): I, = 1.2 sends the first component to the first and

the second one to the fourth one:

IV = (i, ) XeX > XoXeXaX

canonical flip The canonical flip ¢*”: I? = I? flips the order of the internal

components:
cW=idydroidy: XoXoXaX > XoXdXaX
where 7 = (19711, 11712): X X — X & X.

We want to point out that even though the category X might not have all pull-
backs, the existence of the n-fold pullbacks of the projection along itself and the
universality of the vertical lift are guaranteed by the existence of biproducts.

If Xis enriched over the monoidal category of Abelian groups, so it is sometimes

called additive, then we can also introduce negatives as follows:

negation The negation n"): I. = I sends the first component to the first one and

sends the second one to the second one with a negative sign:

nM=idyo— XoX > XX

An example of a category with biproducts is the category of R-modules over a

commutative and unital ring R.

Remark 2.12. Given a category X with biproducts, also the opposite category
X has biproducts. Therefore, from Example 2.11, we conclude that also X°P
has a tangent structure, denoted by T. In Section 2.2.6, we show that, under some
conditions, the opposite of a tangent category is also a tangent category. A category
with biproducts satisfies those conditions, therefore, the opposite of the category
X comes equipped with another tangent structure. By direct inspection, one can

see that these two tangent structures over X°P are isomorphic.

Example 2.13. The category cRing of commutative and unital rings has a tangent

structure, denoted by L, so defined:
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tangent bundle functor The tangent bundle functor L: cRing — cRing sends aring
R to the ring of dual numbers R{¢) = R[x]/(x?), that is the ring obtained by
quotienting the ring R[x] of polynomials in 1 variable and coefficients in R, by
the ideal generated by x?. Moreover, I sends a morphism : R — R’ of rings

to the morphism Lf: R(¢) — R’(¢), which sends the generator ¢ to itself;

The elements of R{¢) are terms of the form a + be with a,b € R and ¢? = 0. So,
Lf sends a + be to f(a) + f(b)e. An equivalent description of R(¢) is given by
the so-called semi-direct product. Consider the ring formed by pairs (a,b) with

a,b € R. The multiplication is defined as follows:
(a,b)(a’,b"):= (aa’,ab’ + ba’)

and the unit is (1,0). This is a commutative and unital ring, denoted by R x R,

isomorphic to R(¢) via the morphism (a,b) — a + be.

projection The projection p™V: I = idcRing is the map which sends the generator
€ to0:

p: R(e) = R
p(a+be):=a

zero morphism The zero morphism z(L). idcring = L is the inclusion of R into
R{e):

z: R - R(¢)

z2W(a):=a=a+0¢

n-fold pullback The n-fold pullback L, : cRing — cRingsendsaring Rto R{¢y, ..., &),
which is the ring obtained by quotienting R[x1, ..., x,] by the ideals gener-
ated by all x;xj, fori,j = 1,...,n. Moreover, it sends a morphism f: R — R’
to L, f which sends each generators ¢ to ¢x. The projections nf): L, = L

send ¢; to 0 for every i # k and ¢ to &:

nﬁ{l): R{e1,...,e,) — R{¢&)

n;l)(a +bie1+...+byey):=a+bre
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sum morphism The sum morphism s I, = I sends both ¢ and ¢; to ¢:

s R{ey, e3) — R{¢)

S(L)(a + b1€ + ngz): =a+ (bl + bg)E

vertical lift The vertical lift [(Y: I = 1.2 sends ¢ to ¢’¢:

I R(e) = R{e)(e’)

ID(a +be):=a+bee

canonical flip The canonical flip ¢*”: 12 = 1.2 sends ¢ to ¢’ and ¢’ to «:

¢ R(e)(e’) = Re)(e’)

cWa+be+ce +de’e):=a+ce+be +dee

Finally, since rings have also negatives, we can define the negation as follows:

negation The negation n"”): I = I sends ¢ to —e:

n™: R(e) > R(e)

n"(a +be):=a—be

Example 2.14. Interestingly, also the opposite of the category of commutative and

unital rings cRing®® has a tangent structure that can be described as follows:

tangent bundle functor The tangent bundle functor T: cRing®® — cRing®? sends
a ring R to the ring R%(#), which is an exponential object in the category
cRing and that corresponds to the symmetric algebra of the module of Kadhler
differentials of R (cf. [12, Section 5.4]). Moreover, it sends a morphism f : R —
S of rings to f#&): R%&) — §Ze);

projection The projection p(T): idcring = T is induced by the augmentation map

of Z{e), which sends a + be to a;

zero morphism The zero morphism 2D T = idcRing is induced by the inclusion

of Z into Z{¢),i.e. Z> a > a € Z{¢);
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n-fold pullback The n-fold pushout (in cRing) T, : cRing — cRing sends a ring

R to R#&1-#)  Moreover, T, sends a morphism f: R — S of rings to
fZ<81/--~/5n>: RZ(el,...,sn) N SZ<£1,-..,6n)’.

sum morphism The sum morphisms(™): T = T, isinduced by the sum morphism

Z{€e1, €9) D €1, &9 > € € Z(¢);

vertical lift The vertical lift ("): T? = T is induced by the vertical lift Z(e) 5 ¢ >
e e Z{eY(e;

canonical flip The canonical flip ¢™: T? = T%s induced by the flip Z({e’)e) >

g, &, e e Z{e)e).
Finally, since rings have also negatives, we can define the negation as follows:

negation The negation n{™): T = T is induced by the negation Z(¢) 3 ¢ > —¢ €
Z{€).

An equivalent characterization of this tangent structure will be given in Example 3.16.

At this point, one could notice that in the axioms of a tangent category two
important properties of the tangent bundle in the context of differential geometry
are missing. The first is the absence of any reference to the ring of real numbers.
The local approximation of a manifold with an open subset of R" is probably
one of the most memorable aspects of differential geometry. In particular, the
continuity of real numbers allows one to interpret tangent vectors as tiny paths.
Surprisingly, Cockett and Cruttwell in [14], suggested a way to reconstruct the
ring of real numbers within a tangent category. Their intuition was to define a
curve object in a tangent category as an object together with a fixed point and a
vector field representing an infinitesimal displacement to add to the fixed point
recursively. This shows that the axioms of a tangent category are sufficient to have
the geometric intuition of infinitesimal paths and to reconstruct a “ri(n)g of real
numbers”. At this point, it is important to mention that not every tangent category
admits a curve object.

The second missing characteristic in the axiomatization of tangent categories is

the idea that the tangent space at a point should approximate the geometric space
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within a local neighbourhood of the point. The notion of locality, surprisingly,
is not a natural notion in tangent category theory due to the lack of a topology.
In [12, Chapter 5], Cockett and Cruttwell proposed the notion of restriction tangent
category, aiming to axiomatize partial maps, that are functions whose domain is a

subset of a given set.

Finally, in differential geometry, the ring of real numbers plays another im-
portant role: it provides an action over the fibres of the tangent bundle, i.e. the
scalar multiplication, so that each fibre becomes a real vector space. Surprisingly,
when a differential curve object exists in a tangent category, such an object acts over
each fibre of the tangent bundle of any object (see [14, Section 5.4]). In particular,
the ring of real numbers is a differential curve object for the tangent category of
smooth manifolds. This shows that, even without an explicit reference to the ring
of real numbers, tangent category theory is capable of capturing geometric aspects

comparable to the ones studied by differential geometry.

According to the philosophy of tangent category theory, a tangent structure
is the context which establishes both a notion of linearity and what it means for
a space to be locally linear. Different tangent structures give different notions of
linearity and of local linear behaviour. For example, in the trivial tangent structure
described in Example 2.9 every object is linear. To put this in a slogan: linearity
and local linear behaviour are contextual notions and such a context is established by a
tangent structure. Crucially, for defining the notion of a curve object, encoding the
local triviality condition of the tangent bundle, and finally, establishing the notion
of linearity and local linear behaviour, the universality of the vertical lift is the key
ingredient (cf./[11] and [14]).

2.2 Tangent category concepts

So far, we introduced the main ideas that led to the axiomatization of a tangent
category. We also briefly discussed the main philosophy underpinning this theory,
encapsulated in the slogan which sees linearity and local linear behaviour of a
geometric space as contextual notions. To motivate this idea, we dedicate this

section to reviewing some key concepts of tangent category theory.
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2.2.1 Vector fields

Probably one of the most important concepts in differential geometry is the notion
of vector field. Informally, a vector field is a collection of vectors spread along the
entire space which vary smoothly. Mathematically, a vector field is a section of
the projection of the tangent bundle of a space. This definition has an immediate
generalization in the context of tangent category theory. Let’s recall this definition,

introduced in [53].

Definition* 2.15. A vector field on an object M of a tangent category (X, T) is a morphism

v: M — TM, which is a section of the projection, that is vp = idp.

Crucially, the vector fields of a given space in differential geometry exhibit
an important algebraic structure: they form a Lie algebra. As initially shown by
Rosicky and subsequently revisited by Cockett and Cruttwell in [13], a tangent
category with negatives exhibits such a structure on the set of vector fields over a
tixed object. In particular, the Lie bracket of two vector fields u,v: M — TM is

defined as follows:
[u,v]:={uTv —vTuc}

where ¢ denotes the canonical flip, for two maps f,¢: N — T?M, f — ¢ denotes
(f, gnt)st and where, for a morphism f: N — T?M for which fTp = fprpz,
{f}: N — TM is fry where f denotes the unique morphism defined by the

universality of the vertical lift:

N f S T2M
il ‘
~ RN c
M ToM —— T2M
pT n1p\L lTP
™ —— M —— TM

2.2.2 Differential objects and linearity

We want to motivate our belief that a tangent structure provides the context to

introduce a notion of linearity by recalling the notion of a differential object. To
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do so, first, recall that a Cartesian tangent category (X, T) is a category X with
finite products, equipped with a tangent structure T whose tangent bundle functor

preserves finite products (see the original [12, Definition 2.8]).

Definition* 2.16. A differential object in a Cartesian tangent category (X, T) consists
of an object A of X together with a morphism C: 1 — A, 1 being the terminal object of X,
and a binary operation o: A X A — A so that the triple (A, C, o) forms a commutative
monoid object with respect to the monoidal structure induced by the Cartesian product.
Moreover, a differential object comes equipped with a differential projection, which is a
morphism p: TA — A, compatible with the monoidal structure (A, C, o), and satisfying
the following universality property. The diagram:

Al 1A " v A
is a product diagram. Finally, the differential projection is linear, that is, it is compatible

with the vertical lift:
T2A +— TA

l f

TATA

Differential objects, first introduced in [12, Definition 4.8] and then revisited
in [11, Definition 3.1] where the compatibility with the vertical lift was added,
form a generalization of the linear spaces R" in a tangent category. One of the key
results of Cockett and Cruttwell (cf. [12, Theorems 4.11 and 4.12]) proves that the
category of differential objects of a (Cartesian) tangent category forms a Cartesian
differential category, that is a Cartesian left-additive category (cf. [7]), equipped
with an operation D, known as a derivation operator, which sends a morphism
f: A — B to amorphism D[f]: A X A — B. Informally, as explained in [7], by
currying the map D[f]: A X A — B one obtains a map J[f]: A — Lnr(A, B) that
can be interpreted as the Jacobian matrix of the smooth map f. In particular, the
category DObj(Smooth, T) of the Cartesian tangent category of smooth manifolds
is the Cartesian differential category whose objects are the linear spaces R" and
whose morphisms f: R" — R" are smooth functions between linear spaces. The

map J[f] is then precisely the Jacobian matrix of f.
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2.2.3 Tangent display maps

In differential geometry, there are a few important classes of morphisms, which we
generically refer to as bundles. A bundle consists of a pair of smooth manifolds E
and M respectively known as the total and the base space, together with a smooth
morphism q: E — M. Usually, one wants E to satisfy some nice properties, like
local triviality, e.g. being a fibre bundle, being equipped with some extra structure,
like being a vector bundle or a principal bundle, or one wants g4 to be regular in
some sense, e.g. being a submersion. The name bundle, which refers to a generic
morphism g: E — M, evokes a specific interpretation of E as a collection of fibres
Ey:= g !(x), indexed by the elements x of M. The regularity conditions on E or g
usually address the question of how to make use of this interpretation: for example,
one would like to have extra structures on the fibres or have a notion of transport

of elements from one fibre to the adjacent ones.

Because of the importance of the notion of a bundle in differential geometry, a
large part of research in tangent category theory is devoted to axiomatizing such
classes in the general context of a tangent category. In Section 2.2.5, we recall the
notion of a differential bundle and we discuss how it axiomatizes a vector bundle

in differential geometry.

One technical difficulty encountered by Cockett and Cruttwelll in the attempt to
define the concept of a differential bundle was the requirement for such a bundle to
have all pullbacks along any morphism. Cockett and Cruttwell in [11] proved that,
whenever the pullback exists, the pulled-back morphism of a differential bundle is
still a differential bundle. However, this does not guarantee the existence of such

pullbacks.
The solution presented by Cockett and Cruttwell and also adopted by MacAdam

in [47] was to introduce the notion of a tangent display system, which consists of
a family of morphisms stable under pullbacks and the tangent bundle functor.
Before recalling this definition, we would like to introduce the following jargon

distinction.

Jargon 2.17. In a category X, a morphism g: E — M, that is any morphism of X,
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admits all pullbacks if for any morphism f: N — M the pullback diagram:

NxyE —2=3E

NﬁM

exists. We also say that a family of morphisms & of X is closed under pullbacks if,
whenever the pullback of a morphism g: E — M of & along a generic morphism
f: N — M of X exists, then the pulled-back morphism N X)1 E — N is also a
morphism of #. Finally, we say that a family % of morphisms of X is stable under
pullbacks if each morphism g of % admits all pullbacks and % is closed under
pullbacks.

In a tangent category, one usually prefers to work with tangent pullbacks. Let’s

briefly recall this notion, introduced by MacAdam in [47].

Definition* 2.18. In a tangent category (X, T), a tangent limit is a limit diagram which
is preserved by all functors T", for every positive integer n. In particular, a tangent
pullback is a pullback whose universality is preserved by all T". We are going to extend
the same convention to all other limits, so for example a tangent equalizer is a tangent limit

which is an equalizer and so on.
We now extend the jargon we introduced before to tangent pullbacks.

Jargon 2.19. A morphism q: E — M of a tangent category (X, T) admits all tangent
pullbacks if it admits all pullbacks and each of these is a tangent pullback. We
also say that a family of morphisms & of (X, T) is closed under tangent pullbacks
if, whenever a tangent pullback of a morphism g: E — M of # along a morphism
f: N — M of X exists, then the pulled-back morphism N X E — N is also
a morphism of %. Finally, a family of morphism & is stable under tangent
pullbacks if it is closed under tangent pullbacks and each morphism of % admits

all tangent pullbacks.
We can now recall the definition of a tangent display system.

Definition* 2.20. In a tangent category (X, T) a tangent display system consists of a
family F of morphisms of X which is stable under tangent pullbacks and stable under T.
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For a family of morphisms in a generic category X, being stable under an

endofunctor T means if g is a morphism of this family, so is Tq.

Remark 2.21. Cockett and Cruttwell in [11] required a tangent display system of
a tangent category to also contain all the tangent bundles, that are all morphisms
p: TM — M, for each M. Then, they defined a display tangent category as a
tangent category equipped with such a tangent display system. Here we decided
to adopt MacAdam’s convention (cf. [47]) for which a tangent display system is not

required to contain the tangent bundles.

A tangent display system is a technical answer to the technical issue of ensuring
the families of bundles we are interested in are stable under tangent pullbacks.
However, from a philosophical point of view, this axiomatization choice is, in our
opinion, awkwardly constrained to treat the interesting class of bundles as a struc-
ture of the tangent category instead of being an intrinsic property of these bundles.
In particular, this approach goes against the general philosophy of differential geo-
metry of requiring local properties of bundles, instead of asking for global properties
of families of bundles.

Finding this approach unsatisfactory for these reasons, we investigated under
which minimal assumptions a bundle is an element of a tangent display system.
We want to dedicate this section to exploring our results, believing that in future
work one will not require the notion of a tangent display system anymore. The
tirst insight in the right direction comes from the following proposition. First, let’s

recall a classic result of pullbacks.

Lemma* 2.22. Consider the following diagram:

A
A/

If the outer square and the right square are pullback diagrams, so is the left square.

> C

\
7
> C

% 4

~

\
7

Proof. This is a well-known property of pullbacks, but for completeness, let’s give
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a sketch of the proof. Consider the following diagram:

D > B
h A g}B f}C

|
SJ, p q

<+ 4
AN==AN—" B ——C

By employing the universality of the outer diagram, one finds a unique morphism

@: D --> Asuchthat pg’f’ =tf"and @s = h:

D ! \ B
\(P>
N , ,
0 A% vp I ¢
|
Sl 14 q
1 1
A’ A —— B f>C’

We want to show that ¢ ¢’ = t. However, this is a consequence of the right square
being a pullback. It is also straightforward to check that if ¢": D — A is a second
morphism for which ¢’¢’ =t and ¢’s = h, then ¢’ = ¢. ]

Lemma 2.23. Consider the family F (X) of morphisms q € X which admit all pullbacks.
Then & (X)) is stable under pullbacks.

Proof. The proof makes use of Lemma 2.22. Consider firsta morphism q: E — M of
F (X) and suppose f: N — M is any morphism of X. Since q admits all pullbacks
the pullback of q along f is well-defined. As a shorthand, let 4": E* — N denote
the pullback of g along f. We want to show that 4" also admits all pullbacks. So,
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let g: P — N another morphism of X and consider the following diagram:

El//DE
q

> M

N

where q”: E” — P denotes the pullback of g along the composition gf, which

exists because g admits all pullbacks. However, this implies the existence of a

b g Y,
q

unique dash morphism:

> M

R

It is clear that the outer and the right squares are pullback diagrams, so thanks to
the Lemma 2.22, also the left square is a pullback. So, we conclude that also ¢’
admits all pullbacks, so in particular g’ belongs to #(X). So, # (X) is closed under
pullbacks and, by definition, each morphism of % (X) admits all pullbacks, so # (X)

is stable under pullbacks as expected. O

Let # be a family of morphisms of a category X and suppose F is stable under
pullbacks. So, in particular, every morphism of % admits all pullbacks. This
implies that & is included in #(X), or in other words, % (X) is a maximal family
of morphisms of X which is stable under pullbacks, where the maximality is with
respect to the partial order defined by the inclusion of families of morphisms.
So, without loss of generality, if one needs a class of morphisms in a category X
to be stable under pullbacks, instead of choosing one family of morphisms with
this property, one can simply take any morphism of & (X). This is precisely what
we want for tangent display systems: instead of choosing a specific family of

morphisms satisfying the property of being stable under tangent pullbacks and



40

stable under T, we want to find the right property of morphisms which allows us
to have such stabilities for free. To understand how to define such a morphism,
notice that for a morphism g: E — M in a tangent display system, not just g
admits all tangent pullbacks, but so does T"g. This is due to the fact that a tangent
display system is stable under T, so T" g must be in the tangent display system and
moreover, the tangent display system must be stable under tangent pullbacks. So,
the intuition is to require for a morphism q: E — M to have that each T"g admits

tangent pullbacks. Let’s officially introduce this new concept.

Definition 2.24. A tangent display map q: E — M in a tangent category (X, T) is a
morphism for which, for every non-negative integer n, T"q (when n = 0, T°q = g and for

n =1, Tlq = Tq) admits all tangent pullbacks.

The following theorem proves that tangent display maps are precisely the de-

sired notion of morphism to work with.

Theorem 2.25. Let D(X, T) denote the family of tangent display maps of a tangent category
(X, T). Then, 2(X, T) is the (unique) maximal tangent display system of (X, T) under the

partial order of inclusions of families of morphisms of X.

Proof. It is straightforward to see that if g is a tangent display map, so is Tq. Let’s
then prove that 2(X, T) is stable under tangent pullbacks. We are going to make
repeated use of Lemmas 2.22 and 2.23. Consider a tangent display map g: E — M
and let f: N — M be a morphism of X. By definition, 4 admits all pullbacks
so let q’: E* — M denote the pullback of g along f. We want to show that ¢’ is
still a tangent display map. Consider a morphism g: P — N. Since g admits all
pullbacks, by Lemma 2.23, also g admits all pullbacks. So, the pullback g4” of g’
along ¢ is well-defined. We want to show that this pullback is a tangent pullback.

Consider a non-negative integer n and the following diagram:

T}’ZEII } THE/ } THE

|
an//l Ti‘lq/ T}"lq
1

T'"P —— T"N —— T'M
g T f

The outer and the right square diagrams are both pullbacks since g4 admits all

tangent pullbacks. So, by Lemma 2.22, also the left square diagram is a pullback.
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This shows that also 4" admits all tangent pullbacks. We now need to show that
so does each T™g, for each non-negative integer m. However, since the pullback
of g along f must be a tangent pullback, T™" g’ is the pullback of T"g along T" f.
However, we already discussed that Tg is also a tangent display map, and by
induction, so is T g. We also proved that if 4 admits all tangent pullbacks so does
the pullback of g along any morphism f. So, we conclude that also T4’ admits all
tangent pullbacks. This proves that (X, T) is indeed a tangent display system.
Finally, we previously discussed that if # is any tangent display system and g
is a morphism of %, then for every non-negative integer n, T" g admits all tangent
pullbacks, which is precisely the definition of a tangent display map. So, each
tangent display system is a subfamily of (X, T). This implies 2(X, T) to be the
maximal tangent display system, with respect to the partial order of the inclusion

between families of morphisms of X. m|

In our convention, we intentionally did not include tangent bundles as part of
a tangent display system (see Remark 2.21). We decide to call a tangent category a

display tangent category when this is the case.

Definition 2.26. A display tangent category consists of a tangent category in which
the tangent bundles p: TM — M are all tangent display maps.

Remark 2.27. As discussed in Remark 2.21, in Cockett and Cruttwell’s original
definition a display tangent category consists of a tangent category equipped with
a given tangent display system for which every tangent bundle p: TM — M is a
morphism of the tangent display system. The entire purpose of this section is to
eliminate the necessity of choosing a specific tangent display system and instead
take the maximal one, which is characterized as the family of tangent display maps.
So, in some sense, our definition of a display tangent category refines Cockett and
Cruttwell’s original version, in the sense that every display tangent category in

their sense is also a display tangent category in our sense.

Another important operation employed often in the context of classes of morph-

isms in differential geometry is the notion of retraction.

Jargon 2.28. We say that a morphism g’: E’ — M is a retraction of a morphism

q: E — M if there is a pair of morphisms r: E & E’: s, such that rqg’ = g and
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sr = idps. 7 is known as a retraction and s as a section. We also say that a family of
morphisms F is closed under retraction if, for each morphism q: E — M and for

any section-retraction pair r: E & E’: s, g’ is also a morphism in &.

Notice that, if 4’ is a retract of a map g along the section-retraction pair r: E &
E’: s, then sq = srq’ = q’, so, since r commutes with g and 4, and s being a
section of r, also s commutes with g and q’. The converse is also true: assuming s
commutes with g and g’ implies that so does 7, i.e. rqg’ =rsq = q.

One would like tangent display maps to be closed under retraction. This desired
condition plays an important role in the theory of differential bundles, as we clarify
in the following sections. Luckily, we have an interesting criterion under which
tangent display maps in a given tangent category are closed under retraction. To
understand the origin of this result, let’s start by recalling that an idempotent in a
category X consists of an endomorphism e: E — E over a given object E, for which
the composition of e with itself, i.e. e?, is equal to itself, that is e? = e. In some
sense, an idempotent can be interpreted as an operation which projects elements
of E into a subspace A of E, so that over A it acts as the identity. In particular,
this analogy is particularly striking in the context of linear operators over vector
spaces equipped with an internal product, in which projectors e: E — E consist
of orthogonal idempotents, that, in particular, are in bijective correspondence with
subspaces of E.

This correspondence between subspaces and idempotents is precisely formu-
lated in terms of split idempotents. We say that an idempotent e: E — E splits if it
is the composition of a section-retraction pair r: E & A: s. Indeed, if e: = rs, using
that sr = id4, we immediately conclude e?=rsrs=rs =e. In general, an idem-
potent does not split; to make every idempotent split one can Cauchy complete the
category. More precisely, the Cauchy completion of a category X, sometimes called
the Karoubi envelope of X, is a category X together with a fully faithful functor
t: X — X for which every idempotent of X splits and every object of X is a retract
of an object in the image of 1. In particular, this last condition means that for every
object A of X there exists a retraction 7: ((E) — A for some object E of X. We invite
the interested reader to consult [9] for a discussion of this topic.

One of the crucial examples of Cauchy completion is given by the category of
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finite-dimensional smooth manifolds, which is precisely the Cauchy completion
of the category Open of open subsets of R” and smooth maps between them. In
particular, this implies that in differential geometry every idempotents split. The
result we are going to prove is that assuming idempotents split, then tangent display
maps are closed under retraction. Let’s start by proving an important property of
the retract of a pullback. We suspect this is a known result in the literature, however,

instead of giving a reference, we decide to give proof.

Lemma 2.29. Consider a pullback diagram:

EIL)E

q’l \Lq
N T} M

Suppose also that A is a retract of E and A’ a retract of E’, which means that there are section-
retraction pairs r: E S A:sand r': E' — A’: s’, moreover rsq = q and r's’q" = q’.

Consider now the diagram:

E’ r’ > A’ s’ > E’
~ ~ ~
" e E v \> A T, \, E
4 ) 4 | 4 )
N N N
\f \f \f
I Iy Iy

where u:=sq, u’:=s'q’, anf g:=s"f'r. Then, the diagram:

A’—)A

N =

is also a pullback.
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Proof. Let’s consider two morphisms a: B — Aand : B — N, such that au = f’.

Then, by universality, we obtain a morphism y: B — E’ as follows:

\f \f \f

which is the unique morphism B — E’ satisfying the following two equations:

yf' =as
rq =P

Let’s define y’: = yr’: B — A’. We have:

ylu/

— )/T’M/

_ V]

= yrsq
’

= 79
= B

Moreover:

’ 7

V8
= y'g'sr
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= Y's'f'r
= yr's’'f'r
= yf'rsr
= vf'r
= asr
=
So, y’ satisfies y’u’ = pand y’g’ = a. Letnow y”: B — A’ be a second morphism

satisfying the same equations of y’, so let 6: = y”’s’, so we have:

of'
— ,)/Nslfl

= V&8s

= as

’

0g

” .’ 7’

= Vsq
— ,)///ul
= B
From the universality of the pullback, we conclude that 6 = y, therefore:

" ’.7

y'=y"s'r =or =yr' =y’
This proves the desired result. |

Adopting MacAdam’s naming convention (cf. [47]), we recall the following

definition.

Definition* 2.30. In a tangent category (X, T) a retractive tangent display system is

a tangent display system which is closed under retracts.
We also introduce the following definition.

Definition 2.31. A retractive tangent category is a tangent category whose tangent

display maps are closed under retraction.
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In particular, a retractive display tangent category is a display tangent category

which is also retractive.

Theorem 2.32. Suppose the class of split idempotents of a tangent category (X, T) is closed
under pullbacks, then (X, T) is a retractive tangent category. In particular, every tangent

display system of (X, T) is a retractive tangent display system.

Proof. To prove this result we need to show that if u: A — M is a retract of a
tangent display map q: E — M via a section-retraction pair r: E & A: s for which
rp = q (which implies sq = p), then also u is a tangent display map. Let’s start
by considering a morphism f: N — M and let’s show that # admits the pullback

along f. In order to see this, let’s take a look at the following diagram:

E’ o \ E
~, ~,
" \ E r > A v s \/é E
~ q " ~ q
N N N
\f \f \f

where ¢’ is induced by the universality of the pullback. Notice the pullback of g
along f exists, since g is a tangent display map. Notice also that ¢’ is an idempotent.
To see this,let e = rs be the split idempotent defined by r and s and consider the

following:

e'e’f’
= e'f'e
= flee
= f’e
= of
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So, e’? satisfies the same equations which uniquely define e’. So, e’ is an idempotent.
In particular, e’ is the pullback of a split idempotent, so by hypothesis, it also splits.
Let ': E' & A’: s’ be the corresponding section-retraction pair, so now we have

the following diagram:

|
~

‘\
~
<

(n\
~
ny!
<

/
/
/

lq, (2.2.1)
M

is a pullback diagram. This shows that if #(X) is the family of morphisms which
admit all pullbacks, then under the condition that split idempotents are closed
under pullbacks, # (X) is closed under retraction. By definition, a tangent display
map q: E — M is precisely a morphism for each, for every n, T"q belongs to
Z (X) and each pullback of T"g along any morphism is preserved by each functor
T™. Let’s show that the pullback diagram (2.2.1) is a tangent pullback. To do so,
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consider a non-negative integer m, then:

T™E’ "y > TmA’ s’ > T™E’
\
] T"lf/ Tm g/ 1 TP?’f/
™ qr \‘ Ty \ T/nq/
T"E T"r > T™"A s > T™E
~ T™g ~ ™y g g
T"N T"N T"N
™ f ™ ™ f ™" f
~ \ ~ \ ~
™M "M "M

This in particular means that T™ of the diagram of Equation (2.2.1) is the retract of
the pullback of T"q along T" f, which, by again Lemma 2.29, is also a pullback.
So, u: A — M admits all tangent pullbacks. Finally, for every non-negative integer
n, T"u is again the retract of T"g, so, since T" g admits every tangent pullbacks, so

does T"u, proving once for all that u is a tangent display map. O

The condition of Theorem 2.32 which requires the family of split idempotents to
be closed under pullbacksis in particular satisfied by any Cauchy complete category
X, where every idempotent splits. This is because the family of idempotents is
always closed (not necessarily stable) under pullbacks since the pullback of an
idempotent is always an idempotent. As a consequence, we have the following

important corollary.

Corollary 2.33. A tangent structure T over a Cauchy complete category X forms a retractive

tangent category (X, T).

Every category X is canonically embedded in a Cauchy complete category,
called the Cauchy completion of X (The notion of a Cauchy complete category
was introduced by Lawvere in [43]. For more details on Cauchy completion, we
refer to [9]). Concretely the Cauchy completion of X, known also as the Karoubi
envelope of X, is the category Split(X) whose objects are pairs (M, ¢) formed by
an object M of X and an idempotent e: M — M of M, and whose morphisms
f:(M,e) = (M, e’) are morphisms f: M — M’ of X for which fe’ = ef.

Corollary 2.33 establishes an interesting relationship between Cauchy categories
and tangent structures, so it is natural to wonder if the Cauchy completion of a

tangent category is still a tangent category. Let’s start by observing a simple fact.
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Lemma 2.34. Given a category X, the functor (=): End(X) — End(Split(X)) which sends
an endofunctor F: X — X to the endofunctor F: Split(X) — Split(X) so defined:

E(M,e):= (FM, Fe)
F(f: (M,e) — (M',e’)):= Ff: (FM, Fe) — (FM’,Fe’)

is a strong monoidal functor with respect to the monoidal structure defined by the compos-

ition of endofunctors.

Using Leung’s definition of a tangent category (X, T) as a strong monoidal
functor Weil; — End(X) which preserves some pullback diagrams (see Section 2.3
for details), one can post-compose this strong monoidal functor with () and obtain
a strong monoidal functor Weil; — End(Split(X)). It is not hard to show that
this strong monoidal functor preserves the required pullbacks to define a tangent

structure on Split(X).

Theorem 2.35. The Cauchy completion Split(X) of a tangent category (X, T) (with neg-
atives) is still a tangent category (with negatives) denoted by Split(X, T) and the fully
faithful functor 1: X — Split(X) strictly preserves the tangent structures. Moreover,
preserves tangent display maps and in particular, if (X, T) is a display tangent category
(with negatives), then so is Split(X, T).

Corollary 2.36. Every (display) tangent category (X, T) (with negatives) is strictly em-
bedded in a retractive (display) tangent category (with negatives).

2.2.4 The slice tangent category

The second construction we want to recall in this brief introduction to tangent
category theory is the slice tangent category of a tangent category (X, T) over a
given object M. First, recall that the slice category X/M of a category X over an
object M of X is the category whose objects qf/l are morphisms of X of the form
q: E — M and whose morphisms f : qfﬂ — q’f/’[ are morphisms f: E — E’ of X for
which fgq" = q. The idea is to lift the tangent structure T of X to the slice category
X/M.

In order to lift T to the slice category one can employ two different contructions.
On the one hand, one can define the tangent bundle functor T/M: X/M — X/M



50

which sends a bundle ‘71]:;/1 to Tq/M, which is the bundle TE A TM 5 M. The
natural transformations of this tangent structure are precisely the same natural
transformations of the tangent structure T over the base category X. We are going
to refer to this tangent structure as the “trivial slice tangent structure”.

A second, and more interesting construction, is the “non-trivial” slice tangent
category. For the goals of this thesis, we are going to consider only this last
construction and therefore, we are going to omit the adjective “non-trivial”. The
main idea is to define the tangent bundle of a bundle q: E — M as the pullback of
Tq along the zero morphism, that is the bundle g™ : TME — M:

TME — ' S TE

mJ{ ) J/Tq (2.2.2)

M —— T™

Notice that the notation TME could be a little misleading, since, as we see in a
moment, T(-) is a functor on the slice category but not on the base category.

The main issue with this definition is that, in a generic tangent category, this
pullback diagram is not defined for every bundle q: E — M. Moreover, one needs
this pullback diagram to be a tangent pullback to define the corresponding tangent
structure and one also needs the bundle Tg™) to admit the tangent pullack along
the zero morphism. To solve these issues, there are two main approaches. The first
approach is to focus the attention only on objects M of the category X for which
every bundle g € X/M admits all tangent pullbacks. In the original paper [41]
of the author of this thesis, we employed this approach. Here we focus on a
different approach: consider tangent display maps only. This has the advantage of
furnishing a global picture of the classification of differential bundles, by employing
the technology of fibrations, as we discuss in the next section. The main insight is

given by the following lemma.

Lemma 2.37. The bundles q: E — M of a tangent display system % in a tangent category
(X, T) admit the T-pullback of Equation (2.2.2). Moreover, for each q in the tangent display

system, q™) is automatically a bundle of the same tangent display system.

Proof. Since a tangent display system, by definition, is stable under the tangent
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bundle functor, for every bundle g of the tangent display system, Tq is also part
of the tangent display system. Moreover, since a tangent display system is also
stable under pullbacks, then the pullback of Tq along the zero morphism is well-
defined and it defines a new bundle of the tangent display system. Thus, also
TMg = g™ is part of the tangent display system. Finally, since every bundle of a
tangent display system is necessarily a tangent display map, the pullback diagram
is a tangent pullback. O

In the following, we denote by 2(X, T; M) the category whose objects are tan-
gent display maps of (X, T) whose target is the fixed object M of X, and whose
morphisms are morphisms between bundles. Then, the slice tangent category

Slice(X, T; M) is the tangent category so defined:

tangent bundle functor The tangentbundle functor T™): (X, T; M) — (X, T; M)
(M)
is the functor which sends a tangent display map qf/l =q: E— Mto q(M)]TA g
defined by the pullback diagram (2.2.2). Moreover, TM) sends a morphism
’ (M) 7(M)
f: ‘71%/1 — q’jF(,I to the unique morphism fM): q(M)L s q'(M)]h;I , induced

by the universality of the pullback diagram (2.2.2):

E”

///?
(M) prad , - t

TME ~ TE’

| >//< I

projection The projection p®™): TM) = idy /m is induced by the natural transform-

ation:
™™ S 1L E

for any object qu ;
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zero morphism The zero morphism z™): idy M = TM) is induced by the natural

transformation defined by the universality of the pullback diagram (2.2.2):

E z s TE
\\\\Z(M)
N
q TME L s TE
q(M)\L \LTq
W

n-fold pullback The n-fold pullback T&M) of the projection p™ along itself:

(M)
M T
T a5, > T
N
7™
M
M TMgE M)
\
p(M)
e g
T qM p(M) > qM
is given by the pullback diagram:
N (SO
E: —~y TLE
%\L lan
M —— T,M
(z,00,2)
that is TfﬁM)qZEVI = q,SM), and the k-th projection nch): TS,IM) = TM is given

by the natural transformation induced by the universality of the following
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diagram:

)

sum morphism The sum morphism s®™): T = T®) js induced by the natural

transformation defined by the universality of the pullback diagram (2.2.2):
(L0

TME, S ToE
\\\ s(M)
\\ S
et +
g3 TME L S TE
q(M)\L Tq

vertical lift The vertical lift ™) TM) = T(M? j5 induced by the natural trans-

formation defined by the universality of the pullback diagram (2.2.2):

TME : s TE
S )
\\ I
A N2
M EM? s (TEy — 3 T2
4 | 3
q(M)QJ/ (Tq)(™™) T%q
v \l/ v

-
where q(M)QM = T(M)qu/[;
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canonical flip The canonical flip ¢™): TM? = TM? js induced by the natural

transformation defined by the universality of the pullback diagram (2.2.2):

E(M)2 t s (TE)(TM) — Lt S T2F
AN

N [

" 4

g)? EM? Ly (TE)T™) Ly T2

| | 3

q(M)QJ/ (Tq)(T™ T2g

g \l/ v
M=——M ——TM T T2M

Moreover, if (X, T) has negatives withnegationn: T = T, thenso does Slice(X, T; M):

negation The negation n™): TM) = TM) js induced by the natural transforma-

tion defined by the universality of the pullback diagram (2.2.2):

TME ‘ S ToE
\\\ H(M)
\\ n
Y i
g0 TME —L 5 TE
q(M)\L Tq

This construction was first introduced by Rosicky in his seminal article [53]. More
recently in [11, Section 5], Cockett and Crutwell showed how this construction
is naturally contextualized within the theory of tangent fibrations. In particu-
lar, they proved that the fibres of the functor (X, T) — (X, T) from the tangent
category of morphisms of X, whose tangent bundle functor is T acting on morph-
isms, to a fixed tangent category (X, T), are precisely the slice tangent categories
Slice(X, T; M), parametrized by the objects M of X. This result inspired the au-
thor to investigate the relationship between tangent fibrations and the celebrated

Grothendieck construction. We suggest the interested reader to consult [42].
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Remark 2.38. In Rosicky’s original version for the construction of the slice tangent

category the pullback diagram (2.2.2) was replaced by the equalizer diagram:

So, in Rosicky’s version, the tangent bundle functor T™) sends 5/1]%/1 to TME 5

T
TE — TM 5 M. Itis straightforward to show that these two definitions are

equivalent.

Example 2.39. In [18, Section 4.1], Cruttwell and Lemay showed that the tan-
gent category (cAIg%p, T) can also be characterized as the slice tangent category of
(cRing®?, T) over the ring R. Indeed, unital and commutative algebras over a ring

R are equivalently characterized as morphisms R — A of rings.

2.2.5 Differential bundles

The universality of the vertical lift establishes that the vertical bundle VM — M,
which is the pullback of Tp along the zero morphism, is trivial; thatis, VM — M
is isomorphic to the pullback ToM — M. In fact, the vertical bundle is precisely
the slice tangent bundle T™™) applied to the projection pITAM . Putting these two facts
together, one concludes that the tangent bundle p: TM — M is a differential object
of the slice tangent category Slice(X, T; M), when the projection p}/lM is regarded as
an object of such a category.

This suggests interpreting differential objects of the slice tangent category over
an object M of (X, T) as vector bundles over M. This is precisely the intuition
underpinning the definition of differential bundles, first introduced by Cockett

and Cruttwell in [11]. Here, we recall the original definition.

Definition* 2.40. A differential bundle in a tangent category (X, T) consists of an
additive bundle (9: E — M,z;: M — E,s;: Eo — E) together with a morphism
ly: E — TE, called the vertical lift, satisfying the following conditions:

1. (l4,2): (q,24,84) — (Tq,Tz4, Tsy) is an additive bundle morphism;

2. (l3,z¢): (q,24,8q) — (p, 2, 5) is an additive bundle morphism;



56

3. The vertical lift is universal, that is, the following diagram:

g
Es — 2% TE

M — ™
is a pullback diagram, and it is preserved by all functors T", where:
Eq:=(Ig Xm 2)Tsy

4. The vertical lifts | and 1, are compatible:

1
E— 3y TE

TE — T2E

The interpretation of differential bundles as vector bundles in a tangent category
acquires solidity in light of MacAdam’s result, presented in [47], which shows that
differential bundles in the tangent category of (connected) smooth manifolds are
precisely vector bundles.

Cockett and Cruttwell also showed that (cf. [11, Corollary 3.5]), for a chosen
point x: 1 — M, i.e. a morphism from the terminal object 1 of X to the object M,
the local fibre E, of a differential bundle q: E — M over x, obtained by pulling
back g: E — M along x: 1 — M as follows:

[yl

Ex ——
1

is a differential object. The relationship between differential bundles and differen-

B

<

X
tial objects is deeper. Under some conditions, differential bundles are precisely the
differential objects in the slice tangent category. The main issue for this to be true

is that the slice tangent category should contain the differential bundle itself as an
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object. Tangent display systems were initially introduced specifically to solve this
issue. Now, with the new notion of tangent display map, we can simply take the
largest tangent display system: the family of tangent display maps. For this scope,

let’s introduce this concept.

Definition 2.41. A display differential bundle in a tangent category (X, T) consists of
a differential bundle whose underlying bundle is a tangent display map.

In a display tangent category every tangent bundle p: TM — M is a tangent
display map and therefore a display differential bundle. However, it is not obvious
that a generic differential bundle would be a tangent display map as well. Let’s

introduce formally this concept.

Definition 2.42. A fully display tangent category is a tangent category in which every
differential bundle is a display differential bundle.

In particular, every fully display tangent category is a display tangent category.
In [47, Corollary 3.1.4], MacAdam proved an important characterization of differ-
ential bundles: when the tangent category has negatives, every differential bundle
is the retract of the pullback of a tangent bundle. We can employ this characteriza-
tion to show that when the tangent bundles are tangent display maps, the tangent
category has negatives, and the tangent display maps are closed under retraction,

then every differential bundle becomes automatically a tangent display map.

Theorem 2.43. A retractive display tangent category with negatives is a fully display

tangent category.

Corollary 2.33, proves that every Cauchy complete tangent category is retractive,

so we have the following result.

Corollary 2.44. A Cauchy complete display tangent category with negatives is a fully
display tangent category with negatives.

Putting together that the Cauchy completion of a display tangent category with
negatives is still a display tangent category with negatives (Theorem 2.35 and

Corollary 2.36) and Corollary 2.44 we obtain the following result.

Corollary 2.45. Every display tangent category (X, T) with negatives is strictly embedded
in a fully display tangent category with negatives Split(X, T).
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2.2.6 The adjoint tangent category

In Example 2.13, we showed that the category of commutative and unital rings
comes equipped with a tangent structure L whose tangent bundle functor L is
the functor which sends a ring R to the associated ring of dual numbers R(e) =
R[x]/(x?). Notice that R{¢) is isomorphic to R ® D where D : = Z(¢) and the tensor
product is over the ring Z. On the other hand, also the opposite of the category
of commutative and unital rings has a tangent structure T, whose tangent bundle
functor T sends a ring R to RP.

It is not a lucky coincidence that in both L and T the ring D appears in the
definition of the tangent bundle functor. One can also notice that the functors
- ® D and (-)P form an adjunction. This is indeed the reason why these two
tangent structures share D in the definition of the tangent bundle functor. In this
section, we recall an important construction due to Cockett and Cruttwell (see [12,
Section 5]) in tangent category theory which explains the relationship between
the two tangent structure on the category of commutative and unital rings and its

opposite. Let’s first recall the notion of an adjunctable tangent category.

Definition* 2.46. A tangent category (X, L) is adjunctable if the functors L,: X — X
obtained by pulling back the tangent bundle p: 1 = idx along itself n times, admit left
adjoints Ty, 4 Ly, for every positive integer n (whenn =1, T:= Ty and 1Ly = L).

Remark 2.47. The terminology adjunctableis new. In the original paper [12], Cockett
and Cruttwell did not introduce a dedicated definition for this concept but they
added the expression dual tangent category. We decided to not use the word dual
since it can be confused with a cotangent structure, which is not related to this
construction. Notice also that in [29], Ikonicoff, the author of this thesis, and
Lemay used the expression “a tangent structure with adjoint tangent structure” for

adjunctable tangent structure.

Cockett and Cruttwell’s result proves that, if a tangent category is adjunctable,
then also the opposite of the underlying category has a tangent structure. Since

this result plays a crucial role in our story, we report here the statement.

Theorem™ 2.48. If a tangent category (X, L) is adjunctable, then the opposite of the

category X, i.e. X°P, has also a tangent structure T whose tangent bundle functor is the



59

left adjoint T of L and whose natural transformations are the mates of the corresponding

natural transformations of L via the adjunctions T, 4 L.

Let’s unwrap the construction of the adjoint tangent structure, i.e. the tangent
structure defined by Theorem 2.48. We denote by (1,,, €,,): Ty 4 L, the adjunctions
of Definition 2.46.

tangent bundle functor The tangent bundle functor T: X — X°P is the left ad-
joint T of L;

projection The projection p(™: idy = T, regarded as an X-morphism, is defined
as follows:

(™) poT
p .|dX—>LoT—>T

zero morphism The zero morphism z("): T = idx, regarded as an X-morphism,

is defined as follows:

an}
PAL TTZ—>ToL—>|dX

n-fold pullback The n-fold pushout (in X) of the projection along itself is given by
the left adjoint T, of I,,. Moreover, the k-th injection nE{T) : T = T,, regarded
as an X-morphism, is defined as follows:

L
(T) Ef) eTy
T——)TOL oT, ———>ToLoT — T,

sum morphism The sum morphism s™): T = T,, regarded as an X-morphism, is

defined as follows:
(T) 7]2 TS(L)T eTo
S :T—>TolgoT2—>T0l0T2—>T2

vertical lift The vertical lift [D): T2 = T, regarded as an X-morphism, is defined

as follows:

T2 2
(.2 B e o TP o e o TELT e T
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canonical flip The canonical flip ¢™: T? = T?, regarded as an X-morphism, is

defined as follows:

T2 2LnT 2 (L)m2
M.z L 2o o T 20 1202

2 2
T2 1202 ToUT o o2 T 2

Moreover, if (X, L) has negatives, then also the adjoint tangent category has negat-

ives:

negation The negation n(": T = T, regarded as an X-morphism, is defined as

follows:

T (€
n(T):TlToLOTMTOLOTi

Checking that all functors .L,, have left adjoints can be a painful exercise; how-
ever, such a procedure can be simplified under mild conditions. The key obser-
vation is that L, is the n-fold pullback of the tangent bundle functor T along the
projection. So, when the tangent bundle functor has a left adjoint and there are
enough pushouts, it comes for free that also the I, have left adjoints. This obser-
vation came as a result of a discussion between the author and Martin Frankland,
during the annual Foundational Method of Computer Science conference of 2022.
We would like to thank Frankland for the suggestions and to propose a full proof

of this statement. Here we propose our proof.

Lemma 2.49. Let L: X — X be an endofunctor over a category X and let p": I = idx
be a natural transformation for which the n-fold pullback of p'") along itself exists, for every
non-negative integer n. Suppose that L admits a left adjoint T so that (n, €): T 4 L is an
adjunction. Define the mate of p™¥) as follows:

Dy
p™ . idy - LoT s T

If for a non-negative integer n, p") admits the n-fold pushout T,, along itself, then T, is a
left adjoint of L.
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Proof. The goal is to define the unit 7, : idx = @, 0T, and the counite¢,: T,oL, =

idx. Let’s start with 17, and consider the following diagram:

A il s LTA
N .
Lty
M n(l)Tn
L,T,A =" IT,A pOIT

p(‘l‘)T

where (: T = T, denotes the kth injection, so in particular np(TL Vi = pMy; =
p(T)L]‘ = r]p(Tl)Li, fori,j = 1,...,n. So, the morphism 7, is well-defined as the

unique morphism for which:
nnng)T” =Ly

for k =1,...,n. Similarly, for ¢, consider the following diagram:

(L)

p™ Ty
IL,A— TL,A —> TLA
P(T) \Llnln
W r
TLnA ﬁ TnL-[AnA €
1-bn

Tn(ll)

v

TLA

Vi
N

~
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Notice that:

lnA s TL,A

it p@ =T Tr®

1
~

LA —) LTLA —) TLA

\g Nat &
~

LA—)A

(L)

and moreover that n p(l) =, p, fori,j = ..,n. So, we have a unique

morphism ¢, : T), L, = idx such that.
(tk)1,€n = Tng)e

fork =1,...,n. Thenaturality of 7, and ¢, is a direct consequence of the naturality
of all morphisms involved in the diagrams in which they are constructed. Let’s
prove the triangle equalities for 17, and ¢,. In particular, we need to show that

Tunn(en), = idt, and that (1,)1,Ln ey = idg,. Notice first that:

TA * s T,A
\
Tﬂn\l Nat Tnnn
TL,T,A Xt p LnTnA
|
Tn o) Tl (en,t) enTn
+ +

TLT,A —— T,A
€Ty A

/(
TLg Nat Lk
~ /

TLTA > TA
eT

Finally, by employing the triangle equality Tner = idt one finds out that 1, T, 1, ()T, =

g, for k = 1,...,n. So, from the universality of the n-fold pushout of p(T) along



63

itself, we conclude that T,,n,(e,)T, = idr,. Conversely, consider th following dia-

gram:

nln né€n
\IJnA r]% \IJnTnLLnA \L% LLHA

|
nE{L)TWLn
<4
TYLLn \_LTn \IJnA ﬂ;{l)
Lip Ly, Ley,
~ / \/L ~

n u

So, (Nn)1,, Ln enng)nllsnf) = n?{l), for k =1,...,n. Thus, by employing the uni-

versality of the n-fold pullback of p*) along itself, we conclude that (1)1, L, &, =
idr, . O

n

Proposition 2.50. Let (X, L) be a tangent category whose tangent bundle functor L admits
a left adjoint T so that (1, €): T 4 L is an adjunction. If the mate p™™: idx = T of the
projection p™ . I = idx admits n-fold pushouts T, along itself, then (X, L) is adjunctable.

Corollary 2.51. If X is finitely cocomplete, then a tangent structure L over X forms an
adjunctable tangent category (X, L) if and only if its tangent bundle functor L admits a
left adjoint T.

2.3 Tangent objects: a formal approach to tangent categories

This section is dedicated to exploring a formal approach to tangent category the-
ory. The author first introduced this approach, in the context of a Grothendieck
construction for tangent fibrations (see [42]). The core concept of this discussion is
the concept of tangent objects.

In this thesis, this formal approach plays an important role in contextualizing
the theory of tangent monads. Tangent monads are 2-monads in the 2-category
TngCat of tangent categories. In Section 2.4, we show that tangent monads are also
tangent objects on the 2-category of monads and we employ this characterization
to show an important result: the tangent category of algebras of a tangent monad

described in [15] is precisely the algebra construction introduced by Street in [56]
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for a 2-monad.

Leung in their Ph.D. thesis [45] proposed a simple and effective classification of
the tangent structures for a given category X. In particular, they show that tangent

structures T for X are in one-to-one correspondence with strong monoidal functors:
Fr: Weil; — End(X)

from the monoidal category of Weil algebras to the monoidal category of endofunc-
tors over the category X, satisfying extra conditions. A Weil algebra is a commut-
ative and unital N-algebra, obtained by quotienting the N-algebra N[xy, ..., x,]
of N-polynomials in n variables by an ideal generated by monomials of order
2. In particular, Weil; is the monoidal category generated by the Weil algebras
W": = N[x1,...,x,]/(xixj, i < j), for positive integers n. As shown by Leung, in

the category Weil; one can define the following morphisms:

projection The projection p: W — N, which sends the generator x of W:= W' to
0;

zero morphism The zero morphism z: N — W, which sends an integer to itself;

sum morphism The sum morphism s: W? — W, which sends the two generators

x1 and x» to the unique generator x;
vertical lift The vertical lift [: W — W ® W, which sends the generator x to x ® y;

canonical flip The canonical flipc: W ® W — W ® W, which sends the generator
x of the left W to the generator y of the right W, and viceversa, i.e. y to x.

Leung’s classification results state that a tangent structure T over a category X is
precisely given by a strong monoidal functor Fr which sends the generators W" of
Weil; to the functors T}, and the morphisms listed above to the synonymous natural
transformations of T. In particular, the tangent bundle functor is T = Fy(W), the
double tangent bundle functor is T? = Fp(W ® W), the projection is p = Fy(p): T =
Fr(W) — Fr(N) = idx, etcetera.

In this section we explore a generalization of this classification which leads to

a simple but important tool for our discussion: the concept of tangent object. The
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idea of tangent objects was first introduced by the author of this thesis in [42] to
extend the classical equivalence between fibrations and indexed categories known
as the Grothendieck construction to the realm of tangent categories. The idea is to
propose a formal theory of tangent structures for objects in a strict 2-category. This
is similar in spirit to the formal theory of monads proposed by Street to generalize
the notion of a monad in the context of 2-category theory. For our goal, let C be
a fixed strict 2-category, that is a category enriched over Cat. In future work, we
would like to explore weaker versions of this concept, but for now, let’s focus on
the strict case.

Before defining a tangent object, we first need to introduce an important tech-
nical definition, suggested by Lucyshyn-Wright in an informal discussion with the

author.

Definition 2.52. Given a strict 2-category C and two objects X and Y of C, a limit in the
category C(X, Y) is pointwise when it is preserved by all functors C(f,Y): C(X,Y) —
C(X',Y) for each 1-morphism f: X' — Xin C.

Remark 2.53. We would like to thank Rory Lucyshyn-Wright for pointing out the
importance of this assumption for tangent objects. This aspect was missing in the

original definition provided by the author.

When the 2-category C is the 2-category Cat of categories, pointwise limits of
C(X, Y) are those limit diagrams in the category of functors of type F: X — Y that
are preserved by the evaluation functor. Concretely, this means that, for an object
X of X, and a diagram D: X, — C(X, Y), the functor lim D: X — Y evaluated at
X is isomorphic to the object lim D(X) of Y, where D(X) represents the diagram
Xy — Y obtained by evaluating each functor D4 : X — Y, corresponding to each
A of X, at X.

When the target category Y has all finite limits, then also the category of functors
C(X,Y) has all finite limits and each limit is pointwise. However, when the target
category is not known to be finitely complete, there is no guarantee that the limits
of C(X, Y) will be pointwise. A counterexample can be found in [34, Section 3.3].

Unfortunately, in tangent category theory, the requirement of the existence of

limits is a subtle matter since in differential geometry not every pair of morphisms



66

admits a pullback. In particular, a tangent category cannot be required to be finitely
complete since this would rule out one of the main examples of a tangent category.
Consequently, in order to make our definition of tangent objects compatible with
the usual notion of a tangent category when C is assumed to be the 2-category
of categories, we need to require the limits involved in the definition of a tangent

object to be pointwise.

Definition 2.54. A tangent object in a 2-category C is an object X of C equipped with
a tangent structure T, which consists of a strong monoidal functor Fr: Weil; — End(X)
from the monoidal category of Weil algebras to the monoidal category of endomorphisms

over X in C, satisfying the following two universal conditions:

1. Fr preserves the foundational pullbacks, which are pullbacks of the form:

AQ®Tio

A®BXxC) —— A®C

a
A®7‘[1\L \LA‘X’P

A®BT®P>A

for all A,B,C € Weily (cf. [45, Definition 3.171). Moreover, these pullbacks are

pointwise limits;
2. F preserves the universality of the vertical lift, i.e. the pullback diagram:

w2 S s wew

d
mp \me

N——3 W

where &:= (z@ W,I)(W ® s) and 1t1: W2 — W sends x, to x and xs to zero.

Moreover, this pullback is a pointwise limit.

Remark 2.55. In Leung’s original result, the universality of the vertical lift of Defin-
ition 2.54, is replaced with the universality of an equalizer. However, Cockett and
Cruttwell proved in [12, Lemma 2.12] that the universality of the pullback dia-
gram of Definition 2.54 is equivalent to the universality of the equalizer diagram
proposed by Leung. To stay consistent with the rest of the thesis, we adopted the

pullback version.
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Remark 2.56. To classify tangent structures with negatives one can replace the rig
N with the ring Z in the definition of a Weil algebra and then introduce the negation

as follows:
negation The negation n: W — W sends the generator x to —x.

Thus, Leung’s classification extends as follows: tangent structures with negat-
ives T over a category X are in correspondence with strong monoidal functors
Fr: Weil] — End(X) preserving foundational pullbacks and the universality of the

vertical lift, where Weil] is the category of Weil algebras over the ring Z.

Thanks to Remark 2.56, we can also define a tangent object with negatives as

follows.

Definition 2.57. A tangent object with negatives in a 2-category C is an object X of C
together with a tangent structure with negatives T, which consists of a strong monoidal
functor Fr: Weil] — End(X), preserving foundational pullbacks and the universality of
the vertical lift as in Definition 2.54.

Using a similar strategy to the one used by Leung to classify tangent structure on
a given category, we can unwrap Definitions 2.54 and 2.57 to have a more concrete

understanding of these key notions. Let’s start by introducing a useful concept.

Definition 2.58. An additive bundle object in a 2-category C is an additive bundle in
the category End(X) of endomorphisms of X. Concretely, it consists of an object X € C, two
1-endomorphisms B: X — Xand E: X — X, together with a 2-morphism q: E = idx,
called the projection, a 2-morphism z,: idx = E called the zero morphism, and a

2-morphism s, : Eo = E, called the sum morphism, satisfying the following properties:

N

B

1. z, is a section of q:

B

2. n-fold pullbacks: for any positive integer n, the n-fold pullback of the projection q

along itself exists in the category End(X) of endomorphisms of X, is a pointwise limit,
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and its preserved by each E™:= E o ... o E, for every positive integer m. The k-th

projection 1ty : E, = E is denoted by Ty,

3. 84 is a bundle morphism:

Ey — 1 SE E, —' s E
E—q)B —)B

ntx: E,, — E being the k-th projection of the pointwise n-fold pullback;

4. Associativity:

idpXas
Es —— E

SqXAidE\l/ \qu

Er —— E

5. Unitality:
E, —) E

i/

EZL)E

|

Er —— E

6. Commutativity:

where T: Ey — Eg denotes the flip (2, 71).

A 1-morphism of additive bundle objects ({, ¢): (B,E, q,z4,55) — (B',E’, q’, z;, s%)
over X consists of two 2-morphisms ¢ : E = E’ and 1: B = B’, satisfying the following

properties:
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1. Compatibility with the projections:

2. Compatibility with the zero morphisms:

E—3 v F
3. Additivity:

E—s—F
Notation 2.59. In the following, we adopt the following convention: given two
I-morphisms T: X — X, T": X’ — X’ and two 2-morphisms:

X—X X—> X

l// H H //l

XII } Xl X } XI/

we write T" f for:

X v Ty x
7
)/f
X/l > Xl T, > X/
and gt for:
X L1 x S X
/g
X s X s X

T
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A tangent object (X, T) in C is an object X of C equipped with the following

data:

tangent 1-morphism A l-morphism T: X — X

projection A 2-morphism p:

zero 2-morphism A 2-morphism z:

sum 2-morphism A 2-morphism s:

such that (T, p, z, s) is an additive bundle object of C;

vertical lift A 2-morphism I:

X
X

so that (z,1): (idx, T,p,z,s) =

bundle objects;

\lﬁ

%:%
\‘B
%:%

X:/X
]
X — X
X—/}X
P
X — X

-

\

T>X

T /4

(T, T?,Tp, Tz, Ts)is a morphism of additive
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canonical flip A 2-morphism c:

x LT yx T vx
X5 X — X

so that (idt,c): (T, T?,Tp, Tz, Ts) — (T, T? pr,z1,s7) is a morphism of
additive bundle objects.

Moreover, the following conditions are satisfied:

X T y X
1/ X T y X
P - H/I/H
/C/ X—F7>X—>X

X T> T’X

P
=
N
=
;%

X—T—)X—/T—)X— H
/C/ X T>X T>X
X — 5 X — s X
T T

S
P
P

\

P
=
1
P
P

Il
P

—

S

!

\

MERY
\

v !

<

—
—
—
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X —— X "> X — /
X = — X ——> X
x — L v x

PR
e
;;
e
;;
e
;;
PR
S
SN
S

Finally, the vertical lift is universal in the following sense. The diagram:

T2:‘S>T2

idx = T
is a pointwise pullback in C(X, X), where &: = (I X z1)Ts. We refer to the tuple

= (T,p,z,s,1,c) as a tangent structure over X. Finally, a tangent object with

negatives is a tangent object equipped with an extra structure:
negation A 2-morphism:
X

X

X

X

RN



73

satisfying the following property:

X —L v x
// T
(n,id) X —>X
VA
X —1,3 X =
Y
/5/ A X
X—— X

We introduce the following naming convention.

Convention 2.60. Given a 2-category C whose objects are called with a name x, we

refer to a tangent object of C as a tangent x.

The next example shows that our naming convention is consistent with the
notion of tangent category, that is, tangent categories are tangent objects in the

2-category of categories.

Example 2.61. The obvious example of tangent objects is given by tangent categor-
ies. Thanks to Leung’s classification theorem, a tangent category is a category
X equipped with a strong monoidal functor Fr: Weil; — End(X) satisfying some
universality conditions. So, by taking the 2-category Cat of (small) categories, func-
tors and natural transformations, we see that a tangent object of Cat is precisely a
tangent category.

Notice that, as pointed out by Lucyshyn-Wright (see Remark 2.53), for tangent
objects of Cat to be tangent categories, it is important that the limit diagrams

involved in Definition 2.54 are pointwise.

Example 2.62. Let C be a 2-category and consider the 2-category Mnd(C) whose
objects are pairs (X, S) formed by an object X of C and a formal monad S of X.
Recall that a formal monad in a 2-category over an object X consists of a monoid
in the monoidal category End(X) of endomorphisms of X. Concretely, a formal
monad consists of an endomorphism S: X — X together with two 2-morphisms

n:idx = Sand y: S> = S, where §?:= S o S, satisfying associativity and unitality
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conditions. A morphism of formal monads (F, @): (X,S) — (X', S’) consists of a

I-morphism F: X — X’ together with a 2-morphism:

X v x

S a/ S’
a

X —— X/

satisfying the following compatibilities with the units 7 and " and the multiplica-

tions y and )’ of the monads S and S’, respectively:

X Ly —x X x —f v x
S a/5| n/H =5 n/ H
z L7 Va
XﬁX/:X/ X X’ﬁX’
X Ffyxw S yx X Ffyxw S yx

Finally, given two 1-morphisms (F, @), (F’/,a’): (X,S) — (X/,S’), a 2-morphism
0: (F,a) — (F/,a’) of Mnd(C) is a natural transformation 0: F = F’ satisfying the

following condition:
FoS —2 3 S'oF

F'oS T S’oF
By spelling out the details one finds out that a tangent object of Mnd(C) consists
of a tangent object (X, T) of C together with a formal monad S of X with a 2-
morphism a: SoT = T o S compatible with the tangent structure T of X. We refer
to (X, T; S, a) as a formal tangent monad. When C is the 2-category Cat, formal

tangent monads are precisely tangent monads, as introduced by Cockett, Lemay,
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and Lucyshyn-Wright in [15]. We return to this example in a moment, since tangent

monads play a crucial role in our discussion.

Example 2.63. Let’s consider the 2-category MonCat whose objects are monoidal
categories (X, ®, 1, a, A, p) with associator « and left and right unitors A and p, re-
spectively, 1-morphisms are strong monoidal functors (F, ¢, u): (X, ®,1,a,7A, p) —
X, &, 1,a,),p), ie. functors F: X — X’ together with an isomorphism
¢: 1’ — F1 and a natural isomorphism px,y: F(X)® F(Y) —» F(X®Y), compatible
with the associators and the unitors, and 2-morphisms are natural transformations
compatible with the morphisms ¢ and p of the strong monoidal functors.

Then a tangent object of MonCat consists of a monoidal category (X, ®, 1, a, A, p)
equipped with a tangent structure, so that (X, T) is also a tangent category and with
an isomorphism 1 — T(1), that we call tangent unitor, and a natural isomorphism
TM ® TN — T(M ® N) that we call tangent distributor, compatible with the
associator and the unitors. Employing the Convention 2.60, we call the tangent
objects of MonCat, tangent monoidal categories.

Notice that the 2-category TngCat of tangent categories admits products. This
allows one to wonder what are pseudomonoids of TngCat. Recall that a pseudo-
monoid in a 2-category C with products consists of an object X, together with two
I-morphisms ®: X X X — X and 1: 1 — X, 1 being terminal in C, and three
2-isomorphisms:

®xidx (Lidx)

XXX xX 2y e x X 9y g ex P wwx
idx X® /(x/ \L@ H A/ \L@
X/ X

XXX —— X

x S 1 2w xx

— l
X/ X

satisfying the same pentagonal and hexagonal diagrams of the associator and

unitors in the definition of a monoidal category.
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In a similar way tangent monads can be equivalently described as formal mon-
ads in the 2-category TngCat of tangent categories (see [15]) or as tangent objects in
the 2-category Mnd(Cat) of monads, it turns out that tangent monoidal categories
can also be equivalently described as pseudo-monoids in the 2-category TngCat
of tangent categories. We refer to this second description as monoidal tangent
categories and in the future, we use tangent monoidal categories and monoidal

tangent categories, interchangeably.

Proposition 2.64. There is an equivalence between the category of tangent monoidal
categories and the category of monoidal tangent categories, defined as pseudo-monoids in

the category of tangent categories.

Example 2.63 can be extended to other classes of monoidal categories. For
example, one can consider braided monoidal categories, symmetric monoidal cat-
egories, or closed symmetric monoidal categories. The corresponding tangent
objects are then called tangent braided monoidal categories, tangent symmetric

monoidal categories, and tangent closed symmetric monoidal categories.

Example 2.65. An enriched category Y over a monoidal category (X, ®, 1, a, A, p)
consists of a collection of objects together, for each pair M, N of objects, an object
Y (M, N) of X, which plays the role of the Hom-Set functor (cf. [34]). Moreover,
an enriched category comes equipped with a collection o: Y(N,P) ® Y(M,N) —
Y(M, P) of morphisms of X, which plays the role of the composition of morphisms,
and a collection id: 1 — Y(M, M) of morphisms of X, which plays the role of the
identity morphisms. One can define a 2-category Enrch whose objects are pairs
(X,Y) formed by a monoidal category X: = (X,®,1,a,A, p) together with an
enriched category Y over X. A I-morphism (F,G,B): (X,Y) — (X, Y’) of Enrch
consists of a strong monoidal functor F: = (F, ¢,71): X — X’ together with a pair
(G,B): Y — Y, formed by an operation G which sends an object M of Y to an
object GM of Y’, together with a collection of isomorphisms of X:

B: F(Y(M,N)) > Y'(GM, GN)

compatible with the morphisms o and id. Finally, 2-morphisms (¢, ¢): (F, G, ) —
(F’, G’, B’) between two 1-morphisms (F, G, §), (F', G, p’): (X,Y) — (X', Y’) consist
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of a natural transformation of strong monoidal functors ¢ : F — F’ together with a

collection of morphisms:
Y: Y'(GM,GN) - Y'(G'M,G'N)
satisfying the following condition:

FY(M,N) —Y % F'Y(M, N)

| r

Y'(GM, GN) T} Y'(G'M,G'N)

Spelling out the details one finds that a tangent object of Enrch consists of tan-
gent monoidal category (X, T) together with an X-enriched category Y equipped
with an operation T which sends an object M to another object T'M of Y, with
a collection of isomorphisms f: T(Y(M,N)) — Y(I'M, T'N), compatible with o
and id. Moreover, Y comes equipped with a list of collections of morphisms of
X,pY(T'"M, T'N) - Y(M,N),z": Y(M,N) = (T'"M, T'N), s": Yo(T'"M, T'N) —

Y(T'M, T’N), Y2(T’M, T'N) denoting the pullback of p” along itself, I’: Y(T'M, T'N) —

Y(T"*M, T’’N),and c: Y(T"’M, T"*N) — Y(T"*M, T’N), satisfying some compat-

ibility conditions with the tangent structure of X.

These are only some of the infinitely many examples of tangent objects of a
given 2-category. In the future, we intend to explore notions like tangent model
categories, tangent internal categories, double tangent categories (that are tangent
objects in the 2-category of tangent categories), tangent double categories (that
are tangent objects in the 2-category of double categories), tangent topoi, tangent
sheaves and many more.

The next step is to introduce 1-morphisms of tangent objects.

Definition 2.66. A lax 1-morphism of tangent objects (F,a): (X,T) — (X', T)
between two tangent objects (X, T) and (X', T") in a 2-category C consists of a 1-morphism
F: X — X’ of C together with a 2-morphism:

X%X

l,/ l

X/ HX/
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so that (F, a, idx) is a morphism of additive bundle objects and the following conditions are
satisfied:

X T s X X T y X
F /a/F H/Z/H
X’ T s X = X =172 X —173X
/H 7 7
4 F a F a F
/ v 1
X e X —— X X — X —— X
X L vy x —L v x X L vy x —L v x
/‘ 71 7
F o F o F

Similarly, a colax 1-morphism of tangent objects (G,p): (X, T) » (X', T’) consists of
a 1-morphism G: X — X' together with a 2-morphism:

satisfying similar conditions as a above. A lax morphism (F, ) of tangent objects is strong

if a is invertible and strict if « is the identity.

We are also interested in defining 2-morphisms of tangent objects.

Definition 2.67. Given two lax 1-morphisms (F,a),(F’,a’): (X, T) — (X', T’) of tan-

gent objects, a lax 2-morphism of tangent ojects ¢: (F,a) = (F’,a’) consists of a
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2-morphism @ : F = F’ satisfying the following compatibility condition:

FoT —% % T'oF

FFoT —3 T'oF
a

Similarly, given two colax 1-morphisms (G,B),(G’,p'): (X, T) - (X', T") of tangent
objects, a colax 2-morphism of tangent objects ¢: (G,B) = (G’,p’) consists of a
2-morphism : G = G’ satisfying the dual of the compatibility condition of a lax 2-
morphism, i.e.:

T oG L} GoT

wl L"T

T o G’ T G oT

Finally, a double morphism of tangent objects:

(G.B)
(%o, To) —25 (X, T.)

(Fo,00) 6 /
&

X7, T X, T,
0 T) o O T

(Fe,ae)

for the lax 1-morphisms (G, ) and (G’, B’) and the colax 1-morphisms (F., a.), (Fe, @te) is
a 2-morphism:

Xo HXZ)
7.
"
Xo HX:
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satisfying the following properties:

T, Fo

X, >Xo/> X, Ko —— X, —— X,
7 |
ao/ G ﬁ/G 9/ G
/ 7 Y4
Xo —F5> X, —T.5> X, = X —Te> X —Fo— X

l L o7 l
v ¥

Xe 5= X —— X K S K

Tangent objects of a 2-category C together with lax tangent 1-morphisms and
lax 2-morphisms form a 2-category Tng(C). Similarly, tangent objects of C to-
gether with colax tangent 1-morphisms and colax 2-morphisms form a 2-category
Tng.,(C). The 2-subcategory of Tng(C) whose 1-morphisms are strong, that is the
distributive law is invertible, is denoted by Tng.(C) and the 2-subcategory of Tng(C)
whose 1-morphisms are strict, i.e. the distributive law is the identity, is denoted by
Tng_(C). Finally, tangent objects together with lax tangent 1-morphisms as hori-
zontal morphisms, colax tangent 1-morphisms as vertical morphisms, and double
tangent cells for double cells form also a double category denoted by Tng(C). When
C is the 2-category Cat of categories, the double category Tng(Cat) is precisely the
double category TngCat of tangent categories, first described in [41, Proposition 2.2].

We conclude this section, by showing that the operation Tng which sends a
2-category C to the 2-category Tng(C) of tangent objects of C extends to a 2-functor.
For this purpose, we first need to select the correct class of morphisms between 2-
categories. Indeed, if F: C — C’is an arbitrary 2-functor and (X, T) a tangent object
of C, there is no reason, in general, that FX is also a tangent object of C’. The main
issue is that, to make FX into a tangent object, the 2-functor F must preserve the
n-fold pullbacks of the projection with itself and the universality of the vertical lift.
Recall that a 2-functor F: C — C’ (notice that here we work with strict 2-functors) is
an operation which sends objects M, 1-morphisms f: M — N, and 2-morphisms
0: f = g of C to objects FyM, 1-morphisms F; f: F)M — FyN, and 2-morphisms
F20: Fif = Fyg, respectively, in a compatible way with the composition and the

identities.
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Definition 2.68. A 2-functor F: C — C’ is 2-pullback preserving if it preserves pull-
backs of the form:

T2

o ———> o

.:0]>.

where p, q, 71, and Tty are 2-morphisms.

If F is a 2-pullback preserving 2-functor and (X, T) a tangent object of C, it is not
hard to see that, FX: = FyX comes equipped with a tangent structure so defined:

tangent bundle morphism The tangent bundle morphism FT: FX — FXis given
by:

FlTZ F()X — FOX

projection The projection Fp: FT = idrx is given by:

ng: F{T = Fiidx = idFOX

zero morphism The zero morphism Fz: idrx = FT is given by:

Foz: idFOX = Fjidy = F;T

sum morphism The sum morphism Fs: (FT); = FT is given by::

F
(F1T)2 = F1(T9) = FT

vertical lift The vertical lift FI: FT = (FT)? is given by:

FQZZ FIT= Fl(T2) = (FlT)2

canonical flip The canonical flip Fc: (FT)? = (FT)? is given by:

Fyc: (F1T)? = F1(T?) = Fi(T?) = (F,T)?

Moreover, if (X, T) has negatives with negation 7, then:
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negation The negation Fn: FT = FT is given by:

Fon: FiT = F;T

Remark 2.69. Note that tangential continuity is only a sufficient condition for a
2-functor to preserve tangent objects. Indeed, one can ask for stricter conditions on
2-functors. For the sake of simplicity, we decided to adopt the weaker condition

expressed by Definition 2.68.

(Strict) 2-categories, 2-functors, and 2-natural transformations form a 2-category
denoted by 2Cat. Moreover, the composition of two 2-pullback preserving 2-
functors is still a 2-pullback preserving 2-functor. Thus, also 2-categories, 2-
pullback preserving 2-functors and 2-natural transformations form a 2-category

that will be denoted by 2Caty-cts.

Proposition 2.70. The operation Tng which sends a 2-category C to the 2-category Tng(C)
of tangent objects of C extends to a 2-functor Tng: 2Catr-cts — 2Cat. Similarly, also Tng.,,
Tng., and Tng_ extend to 2-functors 2Caty-cts — 2Cat.

2.4 Formal tangent monads

In Example 2.62, we introduced tangent monads as tangent objects of the 2-category
Mnd(Cat) of monads. This notion plays a crucial role in the whole story of this
thesis. Therefore, we dedicate this section to recalling the fundamental results of
the theory of tangent monads.

Recall first that a monad over a category X consists of an endofunctor S: X —
X together with a multiplication y: S — S and a unit 1: idx — S, satisfying
associativity and unitality. The simplest example of a monad is given by a monoid
M of a monoidal category X. Indeed, if M is such a monoid, then the functor
M ® —: X — X acting on X by tensoring by M on the left, inherits a monad
structure from the multiplication and the unit of M. Informally, a monad can be
interpreted as an algebraic theory. This interpretation is particularly striking when
the monad is the monad of an operad, as we will discuss later.

The models of such a theory are called algebras of the monad and the correspond-

ing category Alg(S) is known as the Eilenberg-Moore category of S. Concretely, an
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algebra of S consists of an object A of the category X where the monad is defined
upon, together with a morphism SA — A, called the structure map of the al-
gebra, compatible with the multiplication and the unit of the monad S. When the
monad is the functor M ® — associated with a monoid M, then the structure map
M ®A — A can be interpreted as an action of the monoid M on the object A. So, in
this sense, the structure map can be phrased as a representation of the monad over
the object A. This interpretation will be more clear in the case of operads, as we
will discuss later. In this section, we show that this interpretation, when applied to
tangent monads, allows one to think of them as geometric theories and their algebras

as geometric spaces.

Tangent monads were first introduced in [15] as monads S over a given tangent
category (X, T) together with a distributive law a@: S o T = T o S, which is a
natural transformation compatible with the composition y: $> = S and the unit
n:idx = S of the monad, compatible with the tangent structure. In particular,
this latter assumption is equivalent to stating that (S, a): (X, T) — (X, T) is a lax
tangent morphism. As mentioned in the original paper, a tangent monad can be
equivalently characterized as a formal monad in the 2-category TngCat of tangent

categories.

The first main result (cf. [15, Proposition 20]) establishes that the Eilenberg-
Moore category of a tangent monad comes equipped with a tangent structure
which is strictly preserved by the forgetful functor. In this section, we use the new
technology of tangent objects to extend this result to formal monads of an arbitrary
2-category.

For this purpose, recall the notion from Street’s formal monad theory [56] of
a 2-category C which admits the construction of algebras. This happens when the
2-functor C — Mnd(C) which sends an object X of C to (X, 1), 1 being the trivial
monad, i.e. the monad whose underlying endofunctor is the identity functor and
so are its multiplication and unit, admits a 2-right adjoint Alge: Mnd(C) — C.
The 2-category Cat admits the construction of algebras and in particular, the 2-
functor Alg: = Algc,; sends a monad S over a given category X to the corresponding

Eilenberg-Moore category.

Street proved in [56, Theorem 2] that if C is a 2-category which admits the
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construction of algebras and S is a formal monad of C, then S is generated by an
adjunction of C, that is, there are two 1-morphisms F: X & Alg(S): U together
with two 2-morphisms 7: idx = U o F and ¢: F o U = idx satisfying the triangle
identities and respectively called the unit and the counit of the adjunction. This
result, which is a classic result of monad theory (see [3, Proposition 10.3]), extends

to formal monads.

Lemma 2.71. The 2-category Tng(Mnd(C)) of tangent objects of the 2-category of formal
monads of a 2-category C is isomorphic to the 2-category Mnd(Tng(C)) of formal monads
of the 2-category of tangent objects of C.

Proof. First, consider a formal monad S over an object X of C. Then, given a tangent
structure on S, the tangent bundle functor consists of a morphism (T, a): (X, S) —
(X, S) of formal monads, that is a 1-morphism T: X — X of C together with a
2-morphism a: SoT = S o T of C, compatible with the multiplication and the
unit of S. Moreover, the projection, the zero morphism, the sum morphism, the
vertical lift, and the canonical flip of such a tangent structure correspond to 2-
morphisms p, z, s, [, and c, respectively, of C, compatible with the distributive law
@, and satisfying the axioms of a tangent structure. It is easy to see that (X, T),
where T is precisely given by (T, p, z, s, I, c) is a tangent object of C, and that (S, a)
constitutes a formal monad over (X, T) in the 2-category Tng(C) of tangent objects
over C. So, every object (X, S;T, a) of Tng(Mnd(C)) defines an object (X, T; S, a)
of Mnd(Tng(C)). Conversely, it is clear that a formal monad (X, T; S, a) of Tng(C)
defines a tangent object (X, S; T, &) of Mnd(C).

Let(F, ¢;B): (X,5: T, a) = (X', 5";T", a’) be alax tangent morphism of Tng(Mnd(C)).
This is a 1-morphism F: X — X’ of C together with a distributive law ¢: S’ o
F = F oS, compatible with the monad structures, and a lax distributive law
B: FoT = T’ o F, compatible with ¢, @, and a’. This corresponds to a morphism
(F,B:p): (X, T;S,a) = (X, T";S’, @) of formal monads of Tng(C). The converse is
straightforward. Finally, take into consideration a lax 2-morphism 0: (F, ;) =
(G, ¢;v) between two lax tangent 1-morphisms (F, ¢; ), (G, ¢;y): (X,S;T,a) —
(X', 5;T’,a’). This consists of a 2-morphism 0: F = G, compatible with ¢ and
Y, and with a and a’. However, this is also a 2-morphism 0: (F, ;@) = (G, y; ¢)
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between the corresponding morphisms of formal monads of Tng(C). The converse

is also true. O

Remark 2.72. In light of Lemma 2.71, it is natural to wonder whether or not
Tng.,(Mnd(C)) and Mnd(Tng.,(C)) are also isomorphic 2-categories, for a 2-category
C. However, this is not the case. To see this, notice that objects of Tng.,(Mnd(C))
are tangent objects over the 2-category of formal monads over C. Thus, the objects
of Tng.,(Mnd(C)) are the same objects as those of Tng(Mnd(C)). On the contrary,
the objects of Mnd(Tng.,(C)) are formal monads over the 2-category Tng.,(C), that
are tuples (X, T;S, ), where f: To S = So T, since (S,8): (X,T) » (X,T) is a
colax tangent 1-morphism. To fix this discrepancy, one can consider the 2-category
Mndc,(C) of formal monads, colax 1-morphisms of monads (F, f): (X,S) » (X', S’)

which are 1-morphisms F: X — X’ together with a 2-morphism:

compatible with the multiplication and the unit of the monads, and 2-morphisms
0: (F, B) = (G, y) which consists of natural transformations 8 : F = G, compatible
with f and y. Then, it is not hard to see that Tng.,(Mndco(C)) = Mndco(Tng,(C)).

Theorem 2.73. If C is a 2-category which admits the construction of algebras, so does the
2-category Tng(C) of tangent objects of C. Moreover, if (X, T) is a tangent object of C and
(S, @) is a formal tangent monad of (X, T), then the object Alg(S) € C is also a tangent
object of C and the right adjoint morphism U : (Alg(S), T(S)) — (X, T) is a strict tangent

morphism.

Proof. First, notice that by definition the 2-functor Alg: Mnd(C) — C is a right
adjoint, thus it preserves limits. Similarly, the 2-functor Inc: C — Mnd(C) which
sends X € C to (X, 1) is also a right adjoint, as proved in [56, Theorem 1]. In
particular, it is the right adjoint of the 2-functor Mnd(C) — C which sends a
pair (X, S) to X. So, also Inc is 2-pullback preserving and therefore, Inc 4 Alg

forms an adjunction in 2Caty-ts. As a 2-functor, Tng preserves adjunctions, thus
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Tng(Inc): Tng(C) & TngMnd(C): Tng(Alg) is an adjunction. Finally, the 2-category
TngMnd(C) of tangent monads is equivalent to the 2-category MndTng(C) of formal
monads in the 2-category of tangent objects of C. This proves that Tng(C) admits
the construction of algebras.

To prove that the right adjoint U: (Alg(S), T(S)) — (X, T) is a strict tangent
morphism, first let’s recall the construction of the adjunction F: X & Alg(S): U
associated to a generic formal monad, as illustrated by Street’s original paper. By
definition, the 2-functors Alg and Inc form an adjunction Inc 4 Alg, whose counit, for
every formal monad S over an object X, is a morphism of monads (Alg(S), Laigs)) —
(X, S), where 1jgs) denotes the trivial formal monad over Alg(S). In particular,
the underlying 1-morphism of the counit is the morphism U : Alg(S) — X, which
represents the right adjoint in the adjunction F 4 U, associated with the formal
monad S. Keeping in mind the origin of this right adjoint U, notice that the
counit of the induced adjunction Alg: Tng(C) < Mnd(Tng(C)): Incis precisely given
by Tng(e). By definition, given a natural transformation 6: F = G from a (2-
pullback preserving) 2-functor F: C — C’ to another 2-functor G: C — C’, the
corresponding natural transformation Tng(6): Tng(F) = Tng(G) is defined, for
every tangent object (X, T) of C, as the tangent morphism (FX, FT) — (GX, GT),
whose underlying 1-morphism is 0: FX — GX. Interestingly, the distributive
law is just the identity, since O(FT) = (GT)0 on the nose. In short, every natural
transformation 0 is sent by Tng to a strict tangent natural transformation. In
particular, this applies to the counit of the adjunction Inc 4 Alg and therefore, the
right adjoint U : (Alg(S), T(S)) — (X, T) is a strict tangent morphism. O

Remark 2.74. One of the key facts employed in the proof of Theorem 2.73 is that
TngMnd(C) = Mnd(Tng(C)). One could wonder if, assuming that C admits the
construction of algebras, then also Tng.,(C) will admit this construction. However,
as pointed out in Remark 2.72, Tng.,(Mnd(C)) is not isomorphic to Mnd(Tng.,(C)).

When C is the 2-category Cat of categories, Cockett, Lemay, and Lucyshyn-
Wright already showed (cf. [12, Proposition 20]) that the category of algebras Alg(S)
of a tangent monad (S, «) over a tangent category (X, T) is also a tangent category
for which the forgetful functor U: Alg(S) — X preserves the tangent structure
strictly. Concretely, the tangent structure T(S) over the category of algebras Alg(S)
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of a tangent monad (S, ) is so defined:

tangent bundle morphism The tangent bundle morphism T®): Alg(S) — Alg(S)
sends and algebra A of S with structure map 6: SA — A to the algebra TA

with structure map:
TO
STA = TSA — TA

Moreover, it sends a morphism f: A — B of algebras of S to T'f;

while the projection, the zero morphism, the sum morphism, the vertical lift, and
the canonical flip are defined by the corresponding natural transformations of T.
When T has negatives, so does T(S), with negation # as in T.

In the next proposition, we show that this construction is precisely the one
obtained by Theorem 2.73 in the special case of C = Cat, that is the 2-functor
Alg: TngMnd — TngCat which sends a tangent monad (S, @) to the tangent category
(Alg(S), T(S)) is precisely the algebra 2-functor, right adjoint to the inclusion functor

Inc.

Proposition 2.75. The 2-category TngCat of tangent categories admits the construction
of algebras. Moreover, the Eilenberg-Moore object (Alg(S), T(S)) associated with a tangent
monad (S, a) over a given tangent category (X, T) is precisely the tangent category described

by Cockett, Lemay, and Lucyshyn-Wright in [15].

Proof. First, as proved by Street in [56, Theorem 7], notice that the 2-category
Cat of categories admits the construction of algebras and that the 2-functor Alg
sends a monad to the corresponding Eilenberg-Moore category. Thanks to The-
orem 2.73, Tng(Cat) also admits the construction of algebras. However, as noticed
in Example 2.61, Tng(Cat) is the 2-category TngCat of tangent categories.

In order to prove the second part of this result, recall the definition of the 2-
functor Alg: Mnd — Cat. Alg sends a morphism of monads (F, a): (X, S) — (X, S),
formed by a functor F: X — X’ together with a natural transformation a: S’o F =
F o S, to the functor Alg(F, @) which sends a algebra A of S with structure map
0: SA — A, to the algebra FA of S’ with structure map:

SEAS FsA S kA
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Moreover, Alg sends a natural transformation ¢: (F,a) = (G,p) between two
morphisms of monads (F, a), (G,B): (X,S) — (X', S’), to the natural transforma-
tion Alg(F, a) = Alg(G, B), defined by ¢. Now, recall that the 2-functor:

Alg: Mnd(TngCat) — TngCat

defined in Theorem 2.73, under the identification Mnd(TngCat) = TngMnd, sends a
tangent object (X, T; S, a) of Mnd, whose tangent bundle morphism (T, a): (X, S) —
(X, S) is given by the tangent bundle functor T: X — X together with the dis-
tributive law a: SoT = T o S, to the tangent object (Alg(X, S), Alg(T)). The tangent
bundle morphism is given by Alg(T, a) which sends an algebra A of S with structure
map 0: SA — A to the algebra TA with structure map:

STA S TSA 2% TA

Moreover, it sends a morphism f: A — B of algebras of S to Tf. Finally, all the
natural transformations p, z, s, [, and c are precisely given by the corresponding

natural transformations of T. m|

Remark 2.76. Proposition 2.75 explains why Tng,(C) does not admit the construc-
tion of algebras. Take C to be the 2-category Cat of categories and a formal monad
(S, B) over Tng.,(Cat), which consists of a formal monad S over a category X, to-
gether with a colax distributive law f: ToS = SoT. Now, let A be an algebra with
structure map SA — A of S. In Proposition 2.75, in order to lift the tangent struc-
ture to Alg(S), we employed the distributive law a: S o T = T o S and defined the
tangent bundle of A as the algebra TA with structure map STA % 1sA 2% TA.

However, the colax distributive law f is pointing in the wrong direction.



Chapter 3

The geometric theories of an operad

In the previous chapter, we explored some important examples (Examples 2.10,2.13,
and 2.14) of models of geometry described using tangent category theory. These
examples have in common that they represent the geometry of commutative and
point-wise spaces, like affine schemes or smooth manifolds. The first main goal
of this thesis is to show that tangent category theory applies to a larger family
of geometries, including algebraic non-commutative geometry. To construct these
examples, we employ the concept of operad and we show that every algebraic
operad generates two tangent categories: the algebraic and the geometric tangent

categories of an operad.

We start in Section 3.1 by recalling the tangent category of affine schemes and
by discussing the motivation which brought us to employ operad theory to explore
new kinds of geometries. In Section 3.2, we review the definition of an operad
and in Section 3.3 we recall the notion of an algebra over an operad. Section 3.4 is
dedicated to proving that the monad associated with an algebraic operad carries
the structure of a coCartesian differential monad. Section 3.5 is entirely dedicated
to the algebraic tangent category of an operad and to classifying its vector fields
(Section 3.5.1) and to prove the functoriality of the operation which sends an op-
erad to its algebraic tangent category (Section 3.5.2). Similarly, in Section 3.6, we
introduce the geometric tangent category of an operad and we classify its vector
tields (Section 3.6.1) and discuss the functoriality of the operation which sends an

operad to its geometric tangent category (Section 3.6.2).

Figure 3.1 displays the concept map of this chapter.
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Figure 3.1: The concept map of the chapter

3.1 Motivation

One of the main goals of this thesis is to employ tangent category theory in the
study of noncommutative geometry. The original idea of noncommutative geo-
metry is to treat associative, not necessarily commutative, algebras as geometric
spaces. Morally this resembles the approach of algebraic geometry, which looks
at commutative and unital rings as affine schemes. The starting point of our work
is the paper [18] in which Cruttwell and Lemay show how to construct a tangent
structure to capture some key geometric features of affine schemes. In particular,
they prove that the opposite of the category of unital and commutative algebras
cAlg®? over a commutative and unital ring R comes equipped with the following

tangent structure:

tangent bundle functor The tangent bundle functor T: cAlg®® — cAlg®® sends an
algebra A to the symmetric algebra of the module of K&hler differentials, that
is TA:= SsQA. Concretely, such an algebra is generated by all the elements
a of A together with the symbols da, for every a € A, satisfying the following
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relations:

a-b=ab
d(ra + sb) = rda + sdb
d(ab) = adb + bda

where - represents the multiplication of TA and the juxtaposition the one of
A; for every a,b € A and every r,s € R. Moreover, T sends a morphism
of algebras f: A — B to the morphism Tf of algebras which sends each
generator a € A to f(a) and each da to df(a);

projection The projection p: idcagr = T, regarded as a morphism of algebras,

sends each a € A to itself;

zero morphism The zero morphism z: T = idcajgor, regarded as a morphism of

algebras, sends each generator a € A to itself, and each da to 0;

n-fold pullback The n-fold pullback of the projection along itself, in the category
cAlg corresponds to the pushout T,,. Concretely, T,,A is the tensor product
of TA over A n-times, where the A-module structure of TA is induced by
the projection. Alternatively, T;;A can be described as the commutative and
unital algebra generated by all elements a of A and symbols da,...,d,a,

satisfying the following relations:
a-b=ab
dx(ra + sb) = rdga + sdib

dk(ab) = adb + bdya
foreverya,be A, r,seR,andk=1,...,n;

sum morphism The sum morphism s: T = Ty, regarded as a morphism of al-
gebras, sends each generator a € A to itself and each dya to dja + d2a. In the
equivalent description of TyA as the tensor product TA ®4 TA, dia + daa is
represented by da ® 1 + 1 ® da, 1 being the unit of A;

vertical lift The vertical lift /: T? = T, regarded as a morphism of algebras, sends

each generator a € A to itself, each da and each d’a to 0, and each d’da to da,
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where d’ denotes the Kidhler differentials associated to the second T in the

composition T2 = T o T;

canonical flip The canonical flip ¢: T? = T?, regarded as a morphism of algebras,
sends each generator a € A to itself, each da to d’a, each d’a to da, and each
d’da to d’da.

Moreover, since R has negatives, this tangent structure has also negatives given by:

negation The negation n: T = T, regarded as a morphisms of algebras, sends

each generator a € A to itself and each da to —da.

We refer to the tangent category just described as the geometric tangent category

of affine schemes.

3.2 Operads: the factories of algebraic objects

Our first goal is to generalize this construction to other kinds of algebraic objects,
like associative algebras. This will produce the first example of a tangent cat-
egory which captures some key geometric features of algebraic noncommutative
geometry. This is of course far from being an exhaustive description of noncom-
mutative geometry with tangent category theory. However, it opens the doors to a

new exploration and builds the basis for future work in this direction.

In this section we extend Cruttwell and Lemay’s construction to a large family
of algebraic objects: the algebras of an operad. To put it in a slogan: operads are
mathematical factories of algebraic objects. In this sense, operads are related to monads,
as we will soon discuss. Informally, an algebraic object A is given by an object, e.g.
a set, a space, or a module, together with a list of operations p, which take n inputs
from A and return a single output in A. These operations satisfy some relations.
For example, an associative algebra is an R-module together with an operation u
which takes two inputs of A and returns an output of A and such that, for every

a,b,and c of A, u(a, u(b, c)) = u(u(a,b), c). One can start thinking of such a y as a
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tree:

Then, the associativity relation can be expressed as an equation between trees:

7y

Notice that in order to express such a relation one needs a composition of trees,

that is, given two trees:

Y

the first one with m inputs and the second one with # inputs, we want to compose

v with y along the k-th input of u:
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More generally, if yq, ..., u, are trees with ki, .. ., k,, inputs, respectively, and u is
a tree with m inputs, we want to be able to compose each ; with u along the i-th

input of y1. We will represent the resulting tree with k1 + ... + k;,, inputs by:

p(p, -y thm)

or by:

v b, -, i)

Notice that such an operation y is associative in the following sense:

1 (yl(vgl), ... ,vl(cll)), oL, ym(vgm), ... ,vg:))) =
p(p, - im) (1/51), e ,vl({ll), e ,vgm), . ,v,(;:))

where the left-hand side of this equation is the tree formed by composing each p;

with the trees v(li), cee, v,((i_) and then composing the resulting trees ; (vf), e, vl({i, )

with u along the corresponding inputs, while the right-hand side represents the
tree formed by first composing each p1, ..., i with y and then composing the v](.f)
to the corresponding input of u(u1, ..., tm).

Secondly, to be able to abstractly represent the equation that expresses associ-
ativity for the binary tree 1, we also need to have a special tree 1 with 1 input and

1 output which plays the role of the identity, that is such that:

W) =p=pd,..., 1)

for any other tree p with m inputs and 1 output. Thanks to the operation y and the

unit 1, we can represent the associativity condition by the equation:

plu, 1) = p(l, w (3.2.1)

Finally, to express symmetries we also need an action of the symmetric groups over
the spaces of trees. To understand this, consider commutative algebras. These are
algebraic objects equipped with a binary operation u which satisfies the associativ-

ity condition of Equation (3.2.1), together with the condition u(a, b) = u(b, a). The
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idea is to change the tree u into a new tree u°P:

where the two inputs have been shuffled by the permutation 7 = (1  2). In general,
given a tree u with m inputs and a permutation o € S, over m elements, we denote
by u - o the tree with m inputs obtained by shuffling the m inputs of u with the
permutation 0. So, in our example, we write u°® = u - 1. So, the commutation

condition reads as:

peT=p

In a nutshell, this shows that every algebraic object can be axiomatized by a se-
quence {%(n)} where 9(n) is an object which collects all trees with n inputs, with
an associative operation y: 2(m)® P(k1)®...® P(km) = P(ki + ...+ ky) which
composes trees, with a unit 15 € 2(1) which plays the role of the identity, and
with a right action P(n) X S, — P(n) of the symmetric group S, which shuffles
the n inputs of the trees in &(n).

This is precisely the definition of an operad. For a complete introduction to the
theory of operads, we advise the reader to consult [46]. Let’s recall the definition,

beginning with establishing some useful notation.

Notation 3.1. Symmetric monoidal categories are denoted by the letter E and,
for the sake of simplicity, in the computations, we treat them as strict monoidal
categories equipped with a symmetric braiding.

A sequence of objects in a symmetric monoidal category E is denoted by {E(n)}.
The symmetric group over n distinct elements is denoted by S, and the right action
over the entries of a symmetric sequence by p. The n-fold tensor product A®...® A
of A with itself is denoted by A®", and the left action of S, on A®" via the symmetric

braiding is denoted by A.
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Definition* 3.2. An operad over a symmetric monoidal category E consists of a sequence
k, . P(m)@P(k1)®
o ®P (k) = P(ki+.. .+ky,) for every tuple of non-negative integers m; ky, ..., ki, €N,

{(n)} of objects of E together with a collection of morphisms yy,.k, ...,
called the multiplication maps of P, and a morphism 1 — (1), called the unit of P,
satisfying the following properties:

Pm)® 7)) () e...0 2())e...0 Pk 0 21" 6 ...0 P(i") TS )y @ P 4+ M. .ep”+. . +i")
1 m 1

Tkm

Pm) @ P(k)®...0 Pkn) © PN ®...® 9(1‘};’) ®.02("e..8 g(ij:”)
yez(iihe..e2(i e a2 e 02" )\L

1
Tk,

9°(kl+...+k,,,)®9°(i$”)®...®9°(i;.:))®...®9°(i§”’))®..4®9°(i;:’)) _ @(ig"+...+ij:> T L)

T ik

P(1)® P(n) ——3 P(n) Pn)e P(1) ——3 P(n)

r)®93(n)aT / @(M@TYT /

1Q® P(n) Pn)e1
Moreover, for each n € N, there is a right action of the symmetric group S, on P(n). More
precisely, if Aut(9(n)) denotes the group of automorphisms of P(n), then there is a group
homomorphism py: S;° — Aut(P(n)), where S, denotes the group of permutations over
n elements and composition, the opposite of the composition of S,,. The multiplication maps

are equivariant with respect to p, that is:

Pm) ® Pk1) @ ... ® Plkn) "2 P(1) ® Plkon) ® - .. ® Plko(m)

Pki+ ...+ k) > Pk +...+ky)

where o € Sy, and ok, .. k,, € Sky+...+k, denotes the permutation which shuffles each block of

.....

ki, ko, ..., ky elements via o as each block was a single element. Moreover, (o) represents

the action of the symmetric group via the symmetric braiding. Finally:

P(m) ® Pk1) @ ... ® Plhy) 2D 01y @ Plky1) ® - .. © PlKo()

Pky+ ...+ kp) > Plky+...+ k)

p(Ul@Gg@'“@Um)
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where 01 @ - - - ® oy, denotes the permutation over ki + ... + ky, elements which acts on

each block of k1, ko, ..., ki, elements as 01, 02, ..., 0y, respectively.

Remark 3.3. It is important to point out that there are many alternative but equi-
valent characterizations of (symmetric) operads, among which operads are defined
as monoids in the symmetric monoidal category of symmetric sequences, or as
algebras of a monad. We invite the interested reader to consult [46, Section 5],

which explores different approaches.

Notation 3.4. For operads in a symmetric monoidal category E we adopt the font
2. We refer to operads over the symmetric monoidal category of R-modules, for a
commutative and unital ring R, as algebraic operads. For an algebraic operad &,
we denote the generic element of #(n) s, A®" by (u; a1, ...,a,) or, sometimes by
(y; 4). In particular, this denotes an orbit of the right action of the symmetric group
of the representativeof t ® a; ® ... ® a,.

The unit of an operad & is denoted by 14 or simply by 1, the multiplication by
Yo or just y, and the associated monad by Sg. When the operad is algebraic, we

denote the multiplication map by:

pua, ooy pn) =y, - - - pin)

Usually, one requires the symmetric monoidal category E to have colimits. This
assumption will be clear in a moment. For now, let’s clarify the assumptions we

need for our construction in the following convention:

Convention 3.5. In the following, we denote by E a strict symmetric monoidal
category whose tensor product is denoted by ® and unit by 1 with countable
colimits and for which the tensor product ® commutes with countable colimits in

each variable.

As proved in [48, Proposition 4.7], under Convention 3.5, an operad & of E

generates a monad defined as follows:

endofunctor The endofunctor S : E — E, called the Shur functor of &, is defined

as follows:

Sap(V):= @ P(n) @, V"

neN
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where ®g, denotes the coequalizer %(n) ® V®" /S, between the right action
of S, acting over &(n) and the left action of S,, over V®" by shuffling via the

symmetric braiding;

multiplication The multiplication y: S2, = S is induced by the maps y: 2(n) ®
Pki)®...0 Pky) = P(ki + ...+ k), which lift to the coequalizer being

equivariant under the action of the symmetric groups;
unit The unit ): idg = S is induced by the unitn: 1 — 2(1).

Our discussion will mostly focus on algebraic operads, which are operads over the
symmetric monoidal category Modr of modules over a commutative and unital
ring R. In this case, we can interpret S»V in a pointwise fashion as the R-module

generated by elements of the form:

(U;x1,. .., Xm)

formed by trees with m inputs u together with m elements xy, ..., x,, of V, fufilling

the following equivariant relation:

(‘U CO0 X1y ey, xm) = (‘u7 xO(l)/ s /xa(m))
Similarly, S2,V is the R-module generated by elements:

(#; (1 xgl), ., x](cll)), N (T xgm), " x(::)))

satisfying a similar equivariant relation. So, the multiplication map is defined by:

y ([J; (‘ul;x(ll), e ,x](cll)), e ,([um;xgm), - ,xgz))) ‘=
= (H(‘Ulz e Hm); xgl), ... ,x;{ll), - ,xgm), - ’xl(ciz))

The unit map 7 is defined as follows:

n(x) = (1g; x)

for any x € V. For now, we are going to keep the discussion more general and E will

be considered a generic symmetric monoidal category satisfying Convention 3.5.
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Example 3.6. Consider an associative and unital algebra A over a commutative and
unital ring R. Then, we can define the operad A® which is an operad over the
monoidal category Modg, and whose sequence A®(n) is the trivial R-module 0 for
every n # 1 and A®*(1) = A. The multiplication and the unit of A® is induced by the
multiplication and the unit of A. So, the corresponding monad Sa. is the monad
which sends an R-module Vo A® V.

More generally, given a monoid object A of the symmetric monoidal category
E, A® is the operad over E whose only non-trivial entry (0 represents here the initial
object of E) is A*(1) = A and whose multiplication and unit are induced by the ones
of A. 50,54V =A®V.

Example 3.7. The associative operad /s is the algebraic operad generated by the
binary tree u, satisfying Relation (3.2.1). Concretely, &/35(n) is the group ring R[S, ],
the multiplication sends (0;01,...,0m) € R[S;] ® R[Sk,] ® ... ® R[Sk, ] to the
permutation which acts on M: = ki +... + k;, elements as follows: the first k()
elements are shuffled by o0,(1), the second k() elements are shuffled by 0,2 and
so on up to the last k;(,,) elements that are shuffled by o). Finally, the unit is the
unique generator of &/35(1) = R[S1] = R[L ]

To justify this presentation of o/4s, notice that ©/35(2) is generated by the two
binary trees p and u°P. Similarly, 9/45(3) is generated by the ternary trees u(u, 1)
and u(1, u), together with all the possible permutations of the inputs of these trees.
However, because of the associativity relation, we have that u(u, 1) = u(1, u), so
the remaining trees after the imposition of this relation must be in bijection with
S3. Similarly, the generators of @/45(n) are in bijection with the elements of S,,.

The operad wd/4s is also generated by u € «o/4(2) satisfying Relation (3.2.1),
and by a 0-ary operation 1 € w9/35(0), for which, u(n, 1) = 1 = u(1, n). Concretely,
wdls3(n) = ds3(n) for every n > 0 and «o/45(0) = R.

Example 3.8. The commutative operad o7z is the algebraic operad generated
by the binary tree p which satisfies the associativity condition of Equation (3.2.1)
together with u°? = -t = . To construct Go7z, one can start with &Js and quotient
by the relation p° = u. So, o772(2) = R. Gor2(3) is generated by p(u, 1) = u(1, p).
Moreover, for any permutation o € S3, u(u,1) - o is equivalent to one of the

following expressions: p(u, 1), u(u, 1), u(u, 1), u°P(u°?,1). However, because
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of the identification u°® = y, these are equal to u(u,1). So, also o72(3) = R.
Similarly, for any n > 0, €o7z(n) = R. For n = 0, we have Gov72(0) = 0. If we take
®orn (1), then we obtain the operad «o772, which is the unitary and commutative

operad.

Example 3.9. The Lie operad Z7¢ is the algebraic operad generated by the binary

tree v satisfying the following relations:

v+v-t=0

v(v, 1) +v(v,1)-c+v(v,1)-6?=0

where7=(1 2)eS;ando:=(1 2 3)e€ Ss. For a more explicit presentation of
Zie we refer the reader to [46, Section 13.2.3].

Example 3.10. The Poisson operad Pozs is the algebraic operad generated by two
binary trees u and v, u satisfying the same relations as the binary tree that generates
Gom and v satisfying the same relations as the binary tree that generates Zze.

Moreover, they satisfy the following compatibility:

vip, 1) =u(l,v)+uv,1)-0

where 0:= (2 3) € S3. Concretely, this relation reads as [ab, c] = a[b, c] + [a, c]b,

for any a,b, ¢, where [, ]: = v and juxtaposition represents L.

Example 3.11. Suppose that E is also closed, that is it admits an internal Hom-
functor [,]. Then, we can introduce the &z« (V) operad, for V € E, defined by
&nd(V)(n):=[V®",V]. The multiplication is induced by the internal composition:

Y [VE, Ve [VER, V]e. .. [VEh, V] - [vekit-th v

and the unit is given by the internal identity morphism 1 € [V, V].

3.3 Algebras of operads

So far we recalled and motivated the definition of an operad. At this point, we want

to point out that there are numerous generalizations of this concept, among which
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there are coloured operads (which are related to multicategories), non-symmetric
operads, planar operads, props, pros, and many others. We invite the reader to
consult [46, Chapter 5] for a list of some of these extensions. The next step is to
show that an operad generates algebraic objects. The main idea is to refer to the
algebraic theory of an operad as the category of representations of the operad. Let’s

briefly recall this notion (see [46, Chapter 5]).

Definition* 3.12. An algebra of an operad P consists of an object A of B together with a

collection of morphisms:
Op: P(n)@A" — A
called structure maps of the algebra, compatible with the multiplication, the unit of the

operad, as follows:

y®A®(kl+'“+k”‘)

Pm) @ P(k1)®...0 Pky) @ ABKi+-+kn) s Plhy. .. +ky) @ ABKtthn)

~

g)(m)®g)(k1)®A®k] ® ®9(km)®A®krrl 0

P(m)ROR...00

~ ~

P(m) @ A®™

S

0

PHA —2 5 A

I1®A

IR

and satisfying the following equivariant condition with respect to the symmetric actions:

P(n) @ A®" ‘M P(n) @ A®"

A A

Thanks to the compatibility between 0 and the operad structure, the relations

on the trees i are reflected in the properties of the operations u: A® ... A — A.
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Notation 3.13. For an algebra A of an operad &, we denote by 0: SA — A the
corresponding structure map and, when & is algebraic, we adopt the convention

to write:

ualay, ..., an):=ulay, ..., a,):=0(u;a,...,a,)

Example 3.14. Consider an associative and unital algebra A, then an algebra M of
the operad A® has a unique non-trivial map 6: A ® M — M, which is compatible
with the multiplication and the unit of A, that is:

(ab)(x) = a(b(x))
I(x)=x

So, M is a left-module of A.

Example 3.15. Consider the operad @/5. An algebra A of o3 consists of an R-
module together with linear morphisms 6: R[S,] ® A®" — A. Since 94 is
generated by the binary tree u, the algebraic structure of A is fully specified by
O2: R[S2]® A®A — A, which sends (y;4a,b) to u(a,b) and (u°P;a,b) = (u-t;a,b) =
(u;b,a) to u°f(a,b) = u(b,a). Moreover, 05: R[S3] ® A ® A® A — A sends
(u(u,1);a,b,c) to u(u(a,b),c) and sends (u(1, u);a,b,c) to u(a, u, c)). However,
since p(u, 1) = u(1, u), we have that:

wu(a, b), c) = ua, ub, c))
So, A is precisely an associative algebra.

Example 3.16. Consider the operad Go7z. An algebra A of o7z consists of an
R-module together with linear morphisms 6: A®” = R ® A®" — A. Since Gom
is generated by the binary tree yu, the algebraic structure of A is fully specified by
02: A® A — A, which sends (u;a,b) to p(a, b) and (u°?;a, b) to u°®(a, b). However,

since u = u°" we have that:

u(a,b) = u™(a,b) = (b, a)

Using a similar argument of Example 3.15, we also conclude that u(u(a,b),c) =
p(a, u(b,c)). So, A is precisely a commutative algebra. When we consider the

operad «Bov, then an algebra A of «€o77 is a unital and commutative algebra.
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Example 3.17. Consider the operad Z7e. An algebra A of Z7e consists of an R-
module together with linear morphisms 0: A®" = ZZe(n) ® A®" — A. Since Zre
is generated by the binary tree v, the algebraic structure of A is fully specified by
Oy: L1e(2)®@ A®A — A, which sends (v;a, b) tov(a, b). Moreover, since v+1°P = 0,

we have that O2(v + v°P; 4, b) is sent to v(a, b) + v°P(a, b) = 0, so we have that:
v(b,a) = v°P(a,b) = —v(a,Db)

Moreover, 03: Z4e(3)@ A®A®A — Asends (v(v, 1)+v(v,1)-c+v(v,1)-0% a,b,c)

to:
v(v(a,b), c) +v(v(c,a),b) +v(v(b,c)a) =0
which is the Jacobi identity. So, A is precisely a Lie algebra.

Example 3.18. Adopting a similar argument as in Examples 3.16 and 3.17, one can
easily see that an algebra A of the operad %oz is an R-module equipped with two
binary operations u and v, such that (A, ) is a commutative algebra and (A, v)
is a Lie algebra. Moreover, the structure map 63: Pois(3) @ AQRAQ®A — A
sends (v(u, 1);a,b,c) tov(u(a,b),c)and (u(1,v)+u(v,1)-0;a,b,c) to u(a, v(b, c))+
p(v(a, c), b) and thanks to the relation v(u, 1) = u(1, v) + u(v, 1) -  we have that:

v(u(a,b),c) = u(a,v(b,c)) + uv(a,c),b)
This implies that A is a Poisson algebra.
Let’s introduce now morphisms of -algebras.

Definition* 3.19. Given two algebras A and B of an operad P with structure maps 64
and 6B, respectively, a morphism of algebras f : A — B consists of a morphism f: A — B
of B, compatible with the structure maps of A and B, that is:

Py oA 2Ly 4

P(n)ef W’\L \Lf

P(n)® B®" ——% B

oB)
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Algebras of an operad & together with their morphisms form a category de-
noted by Algg.

In Section 2.4 we recalled that a monad is a machine which produces algebraic
objects and we also mentioned that every operad & is associated with a monad Sg.
So, it is natural to wonder if the algebraic objects produced by the monad Sy are
the same as the algebras of &. Indeed, an algebra of the monad S consists of an

object A of E together with a map S»A — A, that is:

P 7 &, 4% — A
neN

By definition of coproduct, this is equivalent to a collection of morphisms 6,,: P(1n)®
A®" — A, compatible with the multiplication and the unit of the monad and
equivariant with respect to the symmetric actions. This last property comes dir-
ectly from the definition of ®g,. Finally, recall that the multiplication and the unit
of Sg are induced by the multiplication and the unit of 2, so it is easy to see that
an algebra of S is precisely an algebra of & and vice versa. Similarly, morphisms
of algebras of operads correspond to morphisms of algebras of the corresponding

monads, so we have that Algg, = Algg,,.

3.4 The coCartesian differential monad of an operad

The main goal of this chapter is to associate each algebraic operad with a tangent
category which can be interpreted as a legitimate geometric theory of the operad.
The key step of our argument is to show that the monad associated with an operad
is a tangent monad. However, in order to obtain a tangent monad, we first need
a tangent structure on the base category E. For this purpose, in this section, we
focus on a special class of symmetric monoidal categories which carry a canonical

tangent structure. Let’s introduce this via the following convention.

Convention 3.20. We denote by E a symmetric monoidal category satisfying Con-
vention 3.5. We also assume that E has finite biproducts (see Example 2.11) and

that finite biproducts commute with the tensor product in each variable.

The archetypical example of such a monoidal category is the category of R-

modules over a commutative and unital ring R. When E = Modr we use the
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convention to call operads over such an E, algebraic operads. This convention is the
one adopted by Loday and Vallette in [46].

The key ingredient is the presence of biproducts, which means that finite
products and finite coproducts exist and that the unique morphism between them
induced by universality is an isomorphism. As already discussed in Example 2.11,
a category with biproducts has a canonical tangent structure, called the tangent
structure induced by biproducts, denoted by .L. Our goal consists of proving that
the monad associated with an operad is a tangent monad over the tangent category
induced by biproducts. Interestingly, when the base tangent category is induced
by biproduct, tangent monads are equivalent to a simpler concept, investigated by
Ikonicoff and Lemay in [30]: coCartesian differential monads. Let’s recall here this

notion.

Definition* 3.21. Let X be a category with biproducts. Then, a coCartesian differential
monad over X consists of a monad S over X together with a natural transformation
d: S = Sol, called the differential combinator, where L is the functor which sends
each object X of X to X ® X and each morphism f: X — Y to f @ f, satisfying the

following conditions:

zero rule

SA —2 3 S(A®A)
\ \LSR1
SA

additive rule

SA > S(A® A)
0
S(A® A) S(ida@A)

(S(ida®t1),S(ida®12))

~ ~

SAGADA)®S(ADABA) —— S(A®ABA)




linear rule

chain rule

lift rule

symmetry rule

SA —2 5 S(A@A)
A L—2> ABA

S5((St1,9})

$2A — % 4 §(SA®SA) S2(A @A)
Vl \LV
SA s S(A® A)

SABA) —2 3 SABABABA)

8]\ \Ls(m ®14)

SA ——— S(A@A)
SA ? > S(A®A)
d
S(A\e/a A) 5
d

SA®eADADA) m SAdADADA)

where 1: A® A — A ® A is the canonical flip (1172, 12T11).
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Remark 3.22. In the original [30, Definition 3.1], instead of a coCartesian differential

monad, the authors introduced the dual notion, that is a Cartesian differential

comonad. Since operads are usually associated with monads, not comonads, here

we prefer to employ the version introduced in Definition 3.21. The name was

already introduced in [29].
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Ikonicoff and Lemay’s original motivation for introducing coCartesian differen-
tial monads was to construct a monad which could generate a Cartesian differential
category (see [7]). They showed that the opposite of the Kleisli category of a
coCartesian differential monad is, in fact, a Cartesian differential category. Since
this result plays an important role in our story we want to recall this result here.
First, recall that the coKleisli category KI°P(S) of a monad S over a category E is the
category whose objects are the objects of X and morphisms f: A — B corresponds
to morphisms of X of the form [[f]|: B — SA, and composition of f: A — B and
g: B — Cis given by:

S
Ifel: c % g W 2 7, 60

where y: §2 = S is the monad multiplication. Finally, the identity morphisms are

given by [[ida]l:=n: A — SA, where 1) is the unit of the monad.

Proposition™ 3.23. The coKleisli category KI°P(S) of a coCartesian differential monad
(S, d) is a Cartesian differential category, whose product is the same as the one on E and

whose differential combinator D sends a morphism f: A — B to:

of1: B 542 5404
The Kleisli category of a monad, i.e. the dual of KI°?(S), is the category of free
algebras of the monad. For an algebra A to be free means that A = SA’ for some
object A’ and the structure map of A is given by SA = S2A’ L osar = A So, a
morphism f: A — B between two free algebras is a morphism f: SA” — SB’,
for some A’ and B’. By precomposing with the unit n of the monad, we obtain a
morphism [[f]]: A’ L osa L B. Let Free(S) be the category of free algebras of S

and all morphisms of algebras between them. Then, we have a functor:
Free(S) — KI(S)

which sends each free algebra SA’ to A’ and each morphism f: SA” — SB’ to

[f0: A 2 osar i> SB’. Similarly, each object A’ of KI(S) can be sent to SA’ € Free(S)

SIf1
and each morphism f: A" — B’ is sent to SA’ —f> 2B’ > SB’. This induces an

equivalence between KI(S) and Free(S). So, in particular, dualizing, we have that
KI°P(S) = Free®P(S).
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This, in particular, implies that the subcategory of free algebras of a coCartesian
differential monad is a Cartesian differential category. So, it is natural to wonder
if this Cartesian differential category could be associated with the category of
differential objects of a larger tangent category (see Section 2.2.2). The trick consists
of showing that every coCartesian differential monad is also a tangent monad with

respect to the base tangent category induced by biproducts.

Proposition 3.24. Consider a category with biproducts X. If (S,d) is a coCartesian

differential monad over X then, S equipped with the natural transformation:

S(m),V
0 SA®A) Y A e 5A
is a tangent monad over the tangent category (X, L) induced by biproducts, where V: S(A®

A) — SA is the natural transformation defined as follows:

S
V:SAeA)SSAeAeieA) T, 54
Proof. The proofisalongbut straightforward computation. We invite the interested

reader to consult the original paper [29]. O

Surprisingly, the converse of Proposition 3.24 also holds: every tangent monad

over a tangent category induced by biproducts is a coCartesian differential monad.

Proposition 3.25. If X is a category with biproducts and L is the tangent structure on X
induced by biproducts, then every tangent monad (S, ) over (X, L) defines a coCartesian

differential monad (S, d) whose differential combinator is defined as follows:

5(id,0,0,id
9. 5A A0 s A A®A) L SABA) ®SABA) D S(AB A)
Proof. The proofisalongbut straightforward computation. We invite the interested

reader to consult the original paper [29]. O

Propositions 3.24 and 3.25 show that the notion of coCartesian differential
monad over a category with biproducts and the one of a tangent monad over a
tangent category induced by biproducts are equivalent. We now employ this equi-

valence to prove the main result of this section. For this purpose, consider an object
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A of the base monoidal category E and, for each integer 7, consider the maps so
defined:
k=11®...0 1 ®...01:A" -5 (A®A)®"

——
k-th position

where the index k runs from 1 to n and (; and (5 denote the inclusions A - A® A

in the first and the second component, respectively. For E = Modg, 6; corresponds

to the following map:

Or(x1,...,xn) =((x1,0),...,(0,x5),...,(xy,0))

This family of maps induces a morphism, for each n:

n
Oui= Y idoin ® S P(n) @, A" — P(n) @, (A® A"
k=1

In particular, one can employ such morphisms to define:

dop: @ P(n) s, A®" M) @ P(n) ®s, (A® A)®E" (3.4.1)

neN neN
Theorem 3.26. The monad S associated with an operad 9 over a monoidal category E
satisfying Convention 3.20 is a coCartesian differential monad whose differential combinator
dw is defined in Equation (3.4.1).

Proof. We decide here to give the proof in the algebraic case, i.e. when E = Modg.
This is for two reasons: first, the proof in the algebraic case really clarifies each
aspect of the theorem, while the notation for the general case obscures the meaning
of it. Second, when one understands the proof in the algebraic case, one can easily
see how the proof generalizes to the general case. This is because all the steps in
the proof involve only morphisms which can be defined in any monoidal category
with biproducts. In the algebraic case, we do not use any specific aspect of the
category Modg.

Let’s start with the zero rule, which reads Sg(71) o d = 0:
(Sez(mt1)) 0 (usax, ..., an)

= Sp(m) | D (1 (a1,0),...,(0,a), .-, (@4, 0))
k=1
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D (wm(ar,0),..., m0,a), ., m(an, 0))
k=1

n
Z(‘l’l;all"'lol"'lan)
k=1
=0

The additive rule, which reads as S»(id® A) o d = + & (Sx(id ® t1), S (id ® 1)) 0 d,

can be proven as follows:
(Sx(id @ A) o d)(ps;ax, ..., an)

So(id ® A) (Z(y; (a1,0),...,(0,ax),...,(an, 0)))
k=1

n
D (w3 (@1,0,0),.., (0, a5,a), ..., (a4,0,0))
k=1
Let’s now consider the right-hand side of the equation:

(+ & (Sx(id® 11),Sx(id ® 12)) 0 I)(; a1, ...,a,)

(+ @ <Sg>(ld @ [1)/ Sg’(ld 2] L2)>) (Z(Ha (a].l 0)/ ceey (O/ ﬂk), ceey (ﬂn, O)))

k=1

D (3 (a1,0,0),...,(0,a5,0), ..., (a4, 0,0)) +
k=1
+(u; (a1,0,0),...,(0,0,ax),...,(a,,0,0))

D (w3 (@1,0,0),.., (0, a5, a5), .., (a4, 0,0))
k=1

The next step is to show the linear rule d o =1 o :

(d o n)(a)
(1 g;a)
(Le; (0, a))
(Lop; t2(a))
n(t2(a))

The chain rule requires that y oS ({S%(t1), d))ods,, = doy. To represent the generic

element of $2,A, we adopt the convention of denoting by 4 a tuple agk), cee aqu) of



elements of A:
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(y 0 Sa((Sx(11),9)) 0 ds,) (u; (u1;41), - - -, (tn; dn))
(y 0 S#((Sx(11),d))) (Z(#% ((p1:d1),0),...,(0, (uj; @), - -, ((ttn; dn), 0))
=1

2 (s (@0, @ o)), ..

kj
o s @0, 0,00, @) o),

i]‘=1

i (@,0), -, @, 0)))

D0 D) @”,0),....0,a0),.... (a}",0))

Sor(m1 & 114) (Z > (w3 (@1,0,0,0),...,(0,0,a;,0),...

k=1 j#k
...,(0,a,,0,0),...,(a,,0,0,0))+
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= a(%ﬂl/---/an)
Finally, the symmetry rule d o d = Sg(id ® 7 @ id) o d o d reads as follows:

Sp(id®t@®id)odod)(y;ai,...,an)

So(id @ 7 @ id) Z Z(y; (a1,0,0,0),...,(0,0,4;,0),...

k=1 j#k
,...(0,ax,0,0),...,(ay,,0,0,0))+

n
n Z(y; (a1,0,0,0),...,(0,0,0,a),...,(a,,0,0,0)
k=1

n

>0 (4:(a1,0,0,0), .., (0,21,0,0), ..., (0,0,a,0), ..., (@,0,0,0)) +
k=1 j#k

n
+ > (1:(a1,0,0,0),...,(0,0,0, ), ..., (a,0,0,0)
k=1

(@0 d)uwsar, ..., az)

This concludes the proof. m|

In the algebraic case, i.e. when E = Modg, the differential combinator dg is

defined over generators as follows:

I (s x1, -, %) = ) (5 (x1,0), ..., (0, %g), -, (xn, 0))
k=1

Since coCartesian differential monads are tangent monads, we obtain that the
monad associated with an operad is a tangent monad. Consider now the following

morphisms:

P ®...8 Ty ®...07: (A®A)E" — A%
——
k-th position

In the algebraic case, py is defined as follows:
Pk((xlr ]/1), M4 (xn/ yn)) = (xll ey ]/k, M4 x?’l)

From this, let’s introduce the following:

Q= Z<idg>(?l) ® 1", idy ® pr): P(n) ®g, (A® A" —
k=1
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— (g’(n) s, A®n) &) (9)(1’1) s, A®n)

In the algebraic case, we have:

an(#? (x]./' . -/yl)/ . -/(xnz]/n)) = (‘U;xl,. . -/xn)/ Z((u;xll' . 'ka/- . -;xn)
k=1

Finally, let a be so defined:
ap: (P Pm) s, (A0 AP 22 (B P(n) @5, A% @ P(n) @5, A”" (342)
neN neN
Corollary 3.27. The monad associated with an operad 9P is a tangent monad whose
distributive law is defined in Equation (3.4.2).

3.5 The algebraic tangent category of an operad

Theorem 2.73 shows that the category of algebras of a tangent monad is a tangent
category. On the other hand, Corollary 3.27 establishes that the monad associated
with an operad over a symmetric monoidal category E with biproducts is a tangent
monad. Putting together these two facts, we conclude that the category of algebras

of an operad comes equipped with a canonical tangent structure.

Definition 3.28. The algebraic tangent category Alg(9) of an operad &P over a sym-
metric monoidal category E satisfying Convention 3.20, is the Eilenberg-Moore object of

the tangent monad associated with the operad P, described in Corollary 3.27.

This section is dedicated to providing a complete description of this tangent
category. The first step is to understand the tangent bundle functor. It turns out
that the tangent bundle functor L sends a 9-algebra A with structure map 0 to
the 9-algebra A < A, known as the semidirect product of A with itself (see [46,
Section 12.3.2]). Concretely, A < A is the P-algebra over the object A ® A whose

structure map is defined as follows:
P) @ (A®A®" 2 P(n)© A" @ P(n) @ A% 2% Ae A

When E = Modg, the structure map is defined by:

p((ar, br), ..., (@m, bm)):={ulay, ..., am), Z(al, e, bk, ay)
k=1



114

Lemma 3.29. The tangent bundle functor L: Algg — Algg of the algebraic tangent
category of an operad P sends an algebra A to the semi-direct product of A with itself, i.e.
A A, and a morphism of algebras f: A — Bto f =< f: Ax A — B B, which, as a
E-morphism is just f & f.

Then, the algebraic tangent category Alg(2?) of an operad & is defined as follows:

category The objects of Alg(%) are P-algebras and morphisms are morphisms of

P-algebras;

tangent bundle functor The tangent bundle functor L: Alg(%) — Alg(Z) sends A
toAxAand f: A—> Btofxf: AxA— BxB;

projection The projection pY: L = idaj(s) is the natural transformation whose
underlying E-morphism is the projection from the first component 7t;: A @
A — A;

zero morphism The zero morphism zW: id Alg(#) = L is the natural transforma-
tion whose underlying E-morphism is the injection into the first component
11: A> ADA;

n-fold pullback The n-fold pullback L, : Alg(%) — Alg(2) of the projection along
itself is the functor which sends an algebra A to A < A", with A" =A@ --- @
A. Moreover, the k-th projection, denoted by nf): L, = L is the natural
transformation whose underlying E-morphism projects the first component
in the first component and the (k + 1)-th component to the second component,
ie. A® A" ST 4 g 4

sum morphism The sum morphism s"): I, = I is the natural transformation
whose underlying E-morphism acts as the identity in the first component
and sums the other two, thatis A ® A? LNy ®A;

vertical lift The vertical lift () : I = 12, where 12 denotes L o I, is the natural
transformation whose underlying E-morphism sends the first component to
the first one and the second component to the fourth one, thatis A® A dadrma,

ADADABDA
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canonical flip The canonical flip ¢'¥): I? = L2 is the natural transformation whose

underlying E-morphism switches the internal components, that is A @ A &
ida®Tdid

ADA RhiciN ADPADA DA wheret: A® B — B @ A is the canonical

braiding.

Finally, if E is additive, which means that it is also Ab-enriched, then Alg(2) has

also negatives:

negation The negation n"): I = I is the natural transformation whose underly-

ing E-morphism acts as the identity on the first component and negates the
second one, thatis A ® A idAi> A A.

When & is algebraic, thatis E = Modg, then we have a more concrete description

of the algebraic tangent structure of . We already described the semi-direct

product of a P-algebra A with itself, then the natural transformations are defined

as follows:

pm(a,u):: a
zW(a):= (a,0)

(L), o
s“(a;uy, us):= (a,u; + us)

b P (35.1)

I'"“(a,u):=(a,0,0,u)

cWa,u,v,w):=(a,v,u,w)

na, u):= (a,—u)

Example 3.30. Consider the symmetric monoidal category of Z-modules, i.e. the
category of abelian groups. This category is additive. Consider the operad w67z
described in Example 3.8 over Modz. Then, the category of algebras of «€o7 is the
category cRing of commutative and unital rings. Spelling out the details about the
tangent bundle functor I, one realizes that the semi-direct product R < R of a ring
R with itself, is isomorphic to the ring R{¢) of dual numbers, which we recall is the
ring of terms 7 + s¢ with &2 = 0. In particular, the isomorphism sends R <R 3 (r, s)
to r + se. Thus the algebraic tangent category Alg(«&ov72) is isomorphic to the

tangent category (cRing, L) described in Example 2.13.

Example 3.31. Consider the symmetric monoidal category of Z-modules and the

operad wefss described in Example 3.7 over Modz. The category of algebras of «.a/ss
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is the category Ring of unital and associative, but not necessarily commutative,
rings. Again, one can represent the tangent bundle functor LR as R < R = R(¢).
Although this tangent structure is quite similar to the one of cRing, this is the first
example of a non-trivial tangent structure on the category of non-commutative

rings.

Example 3.32. The algebraic tangent category Alg(Zze) of the operad Z7e, de-
scribed in Example 3.9, over Modp is the tangent category over the category of Lie
algebras, whose tangent bundle functor L sends a Lie algebra g to the Lie algebra

g =< g, which is the the Lie algebra over g @ g whose Lie bracket is so defined:

[(&, 1), (8", h)] = (g, &) [8, WI+[g" h])

The projection, the zero morphism, the sum morphism, the lift, and the canonical

flip are defined as in Equation (3.5.1).

3.5.1 Vector fields in the algebraic tangent category of an operad

Remember that a vector field in a tangent category is a section of the projection.
So, it is natural to wonder what vector fields in the algebraic tangent category
of an operad represent. Since the algebraic tangent category of an operad is the
Eilenberg-Moore object in the category of tangent categories of a tangent monad,
one could also ask the same question for the tangent category of algebras of a generic
tangent monad. In general, we do not have a good characterization of vector fields
in this abstract context, unless the tangent monad is in fact a coCartesian differential
monad. Let’s start by recalling the definition of a derivation over an algebra of a

coCartesian differential monad (see [44]).

Definition* 3.33. Let (S, d) be a coCartesian differential monad over a category X with
biproducts. An S-derivation over an S-algebra (A,0: SA — A) is an X-morphism

0: A — A making the following diagram commutative:

0

SA s A
S(Ae A) s SA s A

S(ry+m20) ~ 0
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Consider now an algebraic operad & and a -algebra A. A P-derivation of
A over A consists of a morphism of R-modules 6: A — A such that, for every

ai,...,an and every u € P(m):

S(u(ar, .., am) = > ular, ..., 5(ax), ..., am) (3.5.2)
k=1

It is natural to wonder if this notion of derivation coincides with the derivation

associated with the coCartesian differential monad of the operad.

Lemma 3.34. For an algebraic operad 5, P-derivations of a P-algebra A are precisely So-
derivations of A, when the monad Sg is equipped with the differential combinator defined
in Theorem 3.26.

Proof. Spelling out the definition of an Sg-derivation, one finds out that such a

derivation consists of a morphism of R-modules 6: A — A such that:

o(ulay, ..., am))
= O(Sp(my + m20)(A(w; a1, - - ., am)))

0 (Sgs(T(l + 7150) (Z(y; (a1,0), ..., (0,ak), .., (@, 0))))
k=1

e] (Z(y; ay,...,0(ax),..., am))
k=1

Z way, ..., 5(ak), ..., am)
k=1

which is precisely the Leibniz rule of Equation 3.5.2. O

The main result of this section is that, for a coCartesian differential monad,
the vector fields in the corresponding algebraic tangent category are equivalent to

derivations.

Proposition 3.35. Let Alg(S, d) denote the tangent category associated with a coCartesian
differential monad (S, d). The vector fields v: A — LA over an S-algebra A in the tangent
category Alg(S, d) are equivalent to S-derivations over A. Moreover, if the base category
is additive, then this equivalence lifts to an isomorphism of Lie algebras between the Lie
algebra of vector fields, whose Lie bracket is defined as in Section 2.2.1, and the Lie algebra

of S-derivations, whose Lie bracket is given by the commutator.
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Proof. Let’s start by proving that vector fields are equivalent to S-derivations. Con-
sider a vector field v: A — LA. Since LA, as an E-object, is A ® A, one can consider
the E-morphism 6,: A % LA 25 A. We want to show that 0, is indeed an S-
derivation. First of all, since v is an S-algebra morphism, the following diagram

commutes:
SA — 5 S1A

o

~

0 LSA

Lo
~ ~

A—— 1A

where a: S o L = L o S is the natural transformation:

S ,0S
a: S(A@A) ST o4 g 5a

Since, by definition, 6, = vy and vn; = vp = id4, we have that:
(v ®v)(T + Ttg) = T + 120,
Thus:

dAS(11 + T120,)0
= daS((v®v)(my +114))0
= daS(v ®v)S(my + 7114)0
= S5(v)daeaS(m1 + 114)0
= S(v)LOamn,
= Oumy
= 00,

where we computed dagaS(mt1+74)0 = LOam,. Let’s now consider an S-derivation

ida,0 .
0: A — A and let’s consider vs: A <—A—>—> LA. By construction, vsp = vsm1 = ida.

We need to show that v is a morphism of S-algebras. Notice first:

(vs ® vs)(T11 + T14) = 01 + TT20
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Then:

5(v5)(5(m1), dS(m1 + 74))0

= (S(vsm1)6, 5(v5)dS (11 + 114)0)

= (0,dS(vs ® v5)S(m1 + 7114)0)

= (0,95((vs ® vs)(11 + 74))0)

= (0,0dS(m1 + 120)0)

= (0,00)

= 0(ida, 0)

= Bus
Clearly, the functions v + 6, and 6 + v; are inverse to each other. Now, suppose
that the base category is additive and let’s show that the Lie bracket is preserved by
v — 0,. Let’s start by noticing that on the base category, where biproducts induce
the tangent structure, vector fields are precisely morphisms v: A — A ® A for

which vy = id4. So, vector fields are in bijective correspondence with morphisms

0p: A — A. Let’'s now consider two vector fields u,v: A — A & A; then:
[u,v] = {ulv —vluc}

In particular:

(ida,00,0.,00004)

ulov: A ADADADA
<idA/60/(3u/5uoév>
vdluc: A ADADADA
(id4,0,0,0400,—0,,004)
ulv —ovluc: A APAPADA

Since the base tangent structure is induced by biproducts, every object has the
structure of a differential object, so, in particular, the bracket operation {—} consists
of precomposing a morphism f: B — I?A = A® A® A ® A for which frig =0
with 774. So:

ida 05004064004
[u,v] = {ulv —vluc} = (ulv —vluc)ny: A fda ) ADA

Therefore, under the bijective correspondence v + (id4, 0,) between vector fields

of the base tangent category and morphisms 6,: A — A, the Lie bracket induced
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by the tangent structure corresponds to the Lie bracket defined by the commutator.
To conclude, notice that the forgetful functor Alg(S,d) — (X, 1) is a strict tangent
morphism. Thus, the Lie bracket lifts along the forgetful functor and therefore,
when X is additive, the bijective correspondence between vector fields in Alg(S, d)

and S-derivations becomes an isomorphism of Lie algebras. |

By putting together that the algebraic tangent category Alg(9?) of an operad
P is the algebraic tangent category of a coCartesian differential monad (Sg, d%)
and that, for an algebraic operad & Sgx-derivations are S-derivations, one finds
a complete classification of vector fields in the algebraic tangent category of an

operad.

Theorem 3.36. For an algebraic operad P, there is an isomorphism of Lie algebras between
the Lie algebra of vector fields v: A — LA of the algebraic tangent category Alg(Z) whose
Lie bracket is induced by the algebraic tangent structure, and derivations 6: A — A in the

operadic sense, whose Lie bracket is defined by the commutator.

3.5.2 The functoriality of the algebraic construction

So far, we have shown that the category of algebras Algg of an operad & over a
symmetric monoidal category with biproducts carries a canonical tangent structure
L. In particular, we call this tangent category the algebraic tangent category of &
and, when & is algebraic, we have a complete characterization of the vector fields
in terms of derivations over operadic algebras.

It is natural to wonder if the operation which sends an operad & to its cor-
responding algebraic tangent category Alg(%) is functorial. In particular, one is
interested in seeing if morphisms of operads are canonically sent to morphisms
between the corresponding tangent categories in a compatible way with the com-
position and the identities. In this section, we explore this question. The first
step is to recall the definition of a morphism of operads. For the purpose of this
discussion, we keep the base symmetric category E fixed and we only consider

morphisms of operads over this base category (see [46, Chapter 5]).

Definition* 3.37. A morphism of operads ¢ : P — ' between two operads P and
P’ over the base category E consists of a sequence {@,,: P(n) — P’ (n)} of morphisms of
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E, compatible with the unit and the symmetric actions of the operad 9. Concretely, these

compatibilities are expressed via the commutativity of the following diagrams:

1 — % 2(1) Pn)@Pk)®...0 Plky) ——3 Pk + ...+ kn)

\‘ \LV (Pn®¢k1®~--®¢kn\l/ \L@k1+...+kn
N

P'(1) Pn)@ P (k)®...® P (k,) T} P (k1 +...+ky)

Furthermore, ¢ is equivariant with respect to the symmetric actions of the operads.

In the following, when there is no confusion, we simplify notation by omitting
the subscript 7 in the morphisms ¢,. For algebraic operads &% and %’, a morph-
ism of operads is a sequence {@,: P(n) — P'(n)} of morphisms of R-modules

satisfying the following conditions:

p(lp) =1g
p(uus, -, pm) = (W@, - - -, ()
p(p-0)=@(u) o

Example 3.38. Consider the algebraic operads @45 and G772, respectively described
in Examples 3.7 and 3.8. Both /45 and ¢z are generated by a binary tree. To
distinguish, we denote by u and v the two binary trees of &35 and o7z, respectively.

Moreover, both u and v satisfy the same relation:

p(, p) = p(y, 1)
v(1,v) =v(v, 1)

which encodes associativity. However, v satisfies an extra relation:
veT=v

which encodes commutativity. Despite this difference, thanks to the associativity
relation, there is a morphism of operads 35 — o7z which sends y to v. In
fact, one can see €7z as the coequalizer in the category of operads of the maps
id, 7: 45 — 35, where T sends pto u- 7, with = (1 2). Then, the coequalizer

map 34 --> o is precisely the morphism which sends u to v.
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Equivalently, from the concrete description of the operads #/s5 and Go72, one can
describe the morphism ¢ : 945 — Gore as the sequence of morphisms R[S,] — R
which send each generator o € S, to 1, for every n > 0, and the trivial morphism
0— 0forn =0.

This morphism lifts to the unital versions of these two operads. In particular,
the operads w45 and «Go7 are generated by a binary tree and by a unitary tree e,

for which:

ple, 1) =1=p(l,e)
vie,1) =1 =v(1,e)

Thus, there is a morphism of operads ¢: w33 — w«Eorz which sends e to itself
and p to v. Concretely, this morphism is defined as ¢ : &35 — G077 for each n > 0

and for n = 0 it is just the identity R — R.

Example 3.39. It is well-known that an associative algebra A equipped with the
commutator [, | defines a Lie algebra. This extends to a functor Alg,,, — Algy,,
from the category of associative algebras to the one of Lie algebras. It turns out this
functor is induced by a morphism of operads Fze — /43. For a description of this

morphism we refer to [46, Section 13.2.5].

Operads over E together with their morphisms form a category denoted by
Operad(E). When E is clear from the context we omit it from the notation. Moreover,
for algebraic operads, we simplify notation and denote by Operady the category
Operad(Modg).

A morphism of operads ¢: % — %’ induces a morphism of monads Sy : S» —
So between the corresponding monads. When the operads are algebraic, this

morphism is defined as follows:

(Wsx1, oo, xm) = (@(U); X1, ..o, Xm)

where (y;x1, ..., Xy) is the generic element of S»V, for an R-module V. On the
other hand, a morphism of monads ¢ : S — S’ between two monads over a category
X, induces a functor ¢*: Algs; — Algg, which sends an S’-algebra A with structure

map 0: S’A — Atothe S-algebra A with structure map SA Losad A Moreover,
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@ sends a morphism of S’-algebras f: A — B to the morphism of S-algebra
@ f: "A — ¢*B whose underlying X-morphism is just f. So, by putting together
these two functorial operations, Operad(E) — Mnd(E) and Alg: Mnd°?(E) — Cat,
one finds a functor Alg: Operad®’(E) — Cat which sends an operad to the corres-
ponding category Algg of algebras and a morphism of operads ¢ : % — 9 to the
corresponding functor ¢*: Algg — Algg.

The first question is to see whether or not, for a morphism of operads ¢ : # —
P, ¢~ lifts to a tangent morphism between the algebraic tangent categories of the
two operads. To begin with, notice that, for any tangent category (X, T), there
is a functor TngMnd(X, T)°®* — TngCat which sends a tangent monad (S, a) over
(X, T) to the corresponding algebraic tangent category Alg(S, ) and a morphism
@:(S,a) = (5, a) of tangent monads, which consists of a morphism of monads
@: S — S’ which is compatible with the distributive laws, to the strict tangent
morphism ¢*: Alg(S, a) — Alg(S’, &').

To construct this functor, recall that, for Theorem 2.73, if a 2-category C admits
the construction of algebras, so does Tng(C), so in particular there is a 2-functor
Alg: TngMnd(C) = Mnd(Tng(C)) — C. Since we are only interested in tangent
monads over a given tangent category, we can precompose this functor with the
inclusion functor TngMnd®?(C; X, T) — TngMnd(C) of tangent monads over a fixed
tangent object (X, T).

Notice that, by convention, morphisms ¢ : S’ < S in the category Mnd°P(C; X) of
monads over a fixed X correspond to morphisms (idx, ¢): (X,S) — (X, S’). Simil-
arly, morphisms of TngMnd®?(C; X, T) ¢(S’, a’) < (S, @) correspond to morphisms
(idxT), @): Alg(S, a) — Alg(5’, a’). This is the reason why one needs to take the
opposite of the category TngMnd(C; X, T).

When we apply this construction to the 2-category Cat of algebras, which ad-
mits the construction of algebras, we obtain precisely the functor TngMnd(X, T) —
TngCat. Moreover, by unpacking the construction of algebras Alg: Mnd(Cat) — Cat
it is easy to see that a morphism ¢: (S, a) — (S’, a) of tangent monads, which con-
sists of a morphism of monads ¢: S — S’ which is compatible with the distributive
laws, is sent by Alg to a strict tangent morphism. Let’s summarise this discussion

as a result.
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Proposition 3.40. The functor Alg: Mnd°?(X) — Cat which sends a monad S over a fixed
category X to the corresponding category of algebras Algg and a morphism ¢: S" < S
of monads (opposite) to ¢*: Algs, — Algg, extends to a functor Alg: TngMnd°P(X; T) —
TngCat_.

The next step consists of showing that a morphism ¢: % — 9’ of operads
is compatible with the differential combinators of the corresponding coCartesian
differential monads. In particular, we want to show that the following diagram

commutes:

SpA —22 5 SL(A® A)

Sq)A\L \qu)(AeaA)

So A 8—> Saw(A®A)
‘9’/

Proposition 3.41. The morphism Sy,: S — Sgv of monads induced by a morphism
Q: P — P is compatible with the differential combinators. In particular, the functor
S: Operad(E) — Mnd(E) extends to a functor S: Operad(E) — TngMnd(E, L), which
sends an operad P to the corresponding tangent monad (Sg, ) and a morphism ¢ : P —

P’ of operads to a morphism Sy : (S, a ) — (Sgw, a ) of tangent monads.
Proof. Recalling Equation (3.4.1), it is easy to see that the diagram:

" ide®0
P(n) @s, A% R () @5, (A @ A

(P®A®H\L \L(p@(AeaA)‘g’”

P'(n) s, A®" ——— P'(n) ®;, (A ®A)>"
Zk:l |d9’®5k

commutes and so, in particular, S, is compatible with the differential combinat-
ors. Moreover, the correspondence between coCartesian differential monads and
tangent monads over the tangent category induced by biproducts extends to a func-
tor. In particular, it is not hard to see that a morphism of coCartesian differential
monads, which consists of a morphism of monads compatible with the differential
combinators, is sent to a morphism of tangent monads. Therefore, the operation
which sends an operad to its corresponding tangent monad extends to a functor
Operad(E) — TngMnd(E, L). O
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By putting together the two functors S: Operad(E) — TngMnd(E,.L) and
Alg: TngMnd®°P(E, L) — TngCat_ we obtain a functor Alg*: Operad®?(E) — TngCat_.

Proposition 3.42. The operation which sends an operad P to the corresponding algebraic

tangent category Alg(9P) extends to a functor Alg": Operad®®(E) — TngCat_.

Interestingly, the functor ¢*: Algg — Algy induced by amorphism ¢ : & — &’
of operads admits a left adjoint 1 : Algs — Algg. Concretely, g1 sends a %-algebra
A to the 9’-algebra ¢, A defined by identifying the two algebra structures over the
free algebra S A, induced by the multiplication of the operad 9, that is the free
algebra structure, and the one induced by the structure map of A as a P-algebra.
In a nutshell, ¢ is the coequalizer in the category of %’-algebras between the

. Sg’s(ﬁ 2 7/, SF/’ 0
morphisms SgSgA —— S, A — S A and S SgpA —— S A:

S S¢ ) Y
SopSpA — S, A ——— SgpA ———-% pA

\_/'

Sq 0
In particular, the structure map of ¢ A is induced by y’ as follows:

2
S50

S2,S 'y
S2,5pA —270 3 A 22V G2 Ay SLpA

| | '
y'S‘@\L V'S v i O
S S \l/ Y’ \l/ ¥
S SpA '—(P> G2 A — SppA —— (pgA

\_/'

Sg 0
Moreover, a morphism f: A — B between two -algebras is sent to the unique
morphism ¢:f: p1A — ¢\B:
S0

s/\‘

C/S ’
S SapA #) S2 VA y% SgpwA ——> QD[A

| | !
sg,/sgofl S2.f So f i o f
SL@,S \l/ y/ \l/ \I/
S SoB %(P S2 B —> S%B —— @B

\_/'

S0
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Example 3.43. As discussed in Example 3.38, there is a canonical morphism of
operads @: 945 — Gorn, which sends the generator p of @45 to the generator
v of Gore. This induces an a pair of adjoint functors ¢i: Alg,,, S Algg,,,: ¢
The right adjoint ¢* sends a commutative algebra to its underlying associative
algebra and a morphism of commutative algebras to the underlying morphism of
associative algebras. More interesting is the left adjoint ¢ which consists of the
abelianization functor, which sends an associative algebra A to its abelianization
A/[A, A]. Concretely, A/[A, A] is the quotient between the algebra A and the
ideal known as the commutator of A, generated by all the terms of the form
[a,b]: = ab — ba. A morphism f: A — B of associative algebras lifts to the
quotient, since f[a,b] = f(ab —ba) = f(a)f(b) — f(b)f(a) = [f(a), f(b)]. The lift
f: A/[A, Al — B/[B, B] is precisely ¢ f.

Example 3.44. As discussed in Example 3.39, there is a canonical morphism of
operads ¢ : Zie — wdlss. This induces an a pair of adjoint functors ¢1: Algy,, S
Alg,., - @*. The right adjoint ¢ sends an associative algebra A to the Lie algebra
over A whose Lie bracket is defined by the commutator [, |: A®A — A,[,]: (a,b) —
[a,b]: = ab — ba of A. The left adjoint ¢, sends a Lie algebra g to its universal
enveloping algebra Env(g). Concretely, Env(g) is obtained by quotienting the tensor
algebra Tens(g), i.e. the free associative algebra generated by elements of g, by the
quotient generated by a ® b — b ® a — [a, b], where [, | denotes the Lie bracket of g.

A morphism f: g — ¢ of Lie algebras lifts to the quotient, since f(a ® b —
b®a—|[a,b])=f(a)® f(b) - f(b) ® f(a) — [f(a), f(b)], and the lifted morphism
f: Env(g) — Env(g’) is precisely ¢ f.

At this point, it is natural to wonder if the functor Operad(E) — Cat which
sends an operad % to Algs and a morphism ¢: % — P’ of operads to the left
adjoint ¢;: Algez — Algg also extends to a tangent morphism. This question
opens a more general question: if the underlying functor G: X — X’ of a tan-
gent morphism (G, f): (X,T) — (X', T") between two tangent categories admits
a left adjoint F: X’ — X, does the left adjoint F extend to a tangent morphism
(F,a): (X, T) = (X,T)?

The answer is positive whenever (G, ) is a colax tangent morphism. In par-

ticular, the left adjoint extends to a lax tangent morphism (F, a). This interesting
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relationship between colax and lax tangent morphisms has a natural contextual-
ization in the double category TngCat of tangent categories. Recall, that tangent
objects can be organized in a double category whose horizontal morphisms are
lax tangent morphisms and vertical morphisms are colax tangent morphisms (cf.
Section 2.3). Recall also that a conjunction is a generalization in the context of

double categories of an adjunction (see [52, Definition 7]).

Definition* 3.45. In a double category, a conjunction (n, €): F 4 G consists of a hori-

zontal morphism F : X — X’ and vertical morphism G: X’ -» X together with two double

7k

satisfying triangle equalities.

cells:

&
&

— X
“]

X/

&

\\\l

3 ——
> 4t
{\

Proposition 3.46. A conjunction (F, a): (X, T) & (X', T’): (G, B) in the double category
Tng(C) of tangent objects of a 2-category C consists of an adjunction (n,¢e): F 4 G in C
together with a colax distributive law : To G = Go T and its matea: Fo'T = T’ o F
along the adjunction (n, €): F 4 G. In particular, o is defined by:

FTy FBF , eT'F
a:FoTl— FoToGoF —FoGoT oF—— T'0oF

Proof. Let’s start by proving that (F, @) is a lax tangent morphism. The first step is
to show that « is compatible with the projections, i.e. apy = Fp, where p” denotes
the projection of the tangent structure T’. We will adopt a similar notation for
the other 2-morphisms of the tangent structures. This amounts to showing the

commutativity of the following diagram:

ET/oF

Fo T—)F ToGoFHPOGOT’OF—>T'OF

Fvco p FoG)v!,
Nat pe F\I/ Bipp") J/( P Nat

Fp FoGoF =————=TFoGoF Pr

Z
N

<
aF
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To express the commutativity of the diagrams that compose the whole diagram we
adopted the following convention: with Nat we denote commutativity by naturality;
by (B;p,p’) we denote the compatibility between f and the projections; and A
indicates the triangle identities between the unit and the counit of the adjunction.
In the following, we adopt a similar notation.

The second step is to prove the compatibility with the zero morphisms. This

AR

amounts to showing that Fza =z, i.e.:

FoT F /
FoT J} FoToGoF i} FoGoT oF ﬁ) T’ o F
Nat Fzgor (B;z,2) (FoG)zg Nat
Fz FoGoF FoGoF zl,
A
Fn Er
F F

Let’s show the compatibility with the sum morphism, which is (a)2s;. = Fsa:

FoT
POTQ ﬂiPOTQOGQOFg

Fs Nat
Fol —mmy

FSGOF

F(B2)r,

S

(B;s,8")

(e2)7 oF
FoGyoT,o0F, 4 T, o Fy
(FoG)sy Nat Sk

FOTOGOFT>FOGOT’OP4F>F
F

€170

Let’s now show the compatibility with the vertical lifts, i.e. al; = FlarT a:

(FoT)n
FoTl —————3% FoToGoF

FoGoT oF — M ,F

Flgor

Nat
(FoT)nroGer

FI

oToGoFoToGoF

(FoToGoFoT)n

FoT? ——»
° (FoTyr

(FoT)pr

FoT?0GoF —— S FoToGoT oF

(FOT)']GuT’\-FJ/

FoToGoFoGoT oF

(FoToGoF)Br

FproroGer

FoGoT'oFoToGoF

Nat
(FoGoT'oFoT)n

FoToGoFoT ———% FoGoT/ oFoT
Fpror

?‘T'aFaTJ

T'oFoT

Nat

FoToGoFoGoT oF

FoGoT' oFoToGoF

(FoG)I

Fprrop

FoToGoT oF ————* S FoGoT?oF

T(FoToG)rTrnp

Nat
(FoGoT)error
FBFoGoToF
FoGoT' oFoGoT o
(FoGoT'oF)r

ET’0FoGoT/ oF

\LT’oFoTcGuF

T'oFoToGoF ————
(T'oF)Br
T(T’cro'r)q

T oFoT

T’OFOTOGOFT,*}T’ZOF
eqror
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Finally, the compatibility with the canonical flips, i.e. ozTT’azc;E = FcarT a:

FoT? (FoT)r

(FoT)n

Fc

FoT2 —— 3 F
° (FoTypr

Nat

T'oFoT

fT'aFaTT

Fpror

————— 3 FoToGoFoT ————3% FoGoT'oFoT

(FoGoT’oFoT)y
Nat
(FoToGoFoT)n FoGoT'oFoToGoF
Nat Fproracer
oToGoFoToGoF
(FoToGoF)Br
(FoT)roor FoToGoFoGoT/ oF
Nat

(FoT)getvor

FoT?0GoF ———— S FoToGoT oF

(FoT)pr

Fegor

(FoT)Br

FoT?0GoF ——"— 3% FoToGoT oF

Nat (FoT)getver
(FoT)NTeGoF FoToGoFoGoT' oF

(FoToGoF)Br

oToGoFoToGoF

FBroTeGoF

(FoToGoFoT)n FoGoT' oFoToGoF

Nat
(FoGoT’oFoT)y

o0ToGoFoT ——— > FoGoT/ oFoT

Fpror

T oFoT

Nat

(Bie,c)

Nat

T oFoT

J/(T’oFoT)q

T"oFoToGoF ————% T"oFoToGoF —————

(T'oF)Br

T’ eqrop

T/ZOF

£T/oFoToGoF
Nat
FoGoT oFoToGoF ET/6FaGoT!oF
Nat
FBrogot/oF
FoGT'oFoGoT oF/, .
T’“oF
FBrogot/oF
FoToGoFoGoT/ oF (FoGoT')eror
(FoToG)error Nat
FoToGoT oF ————— % FoGoT?oF
Fprrop
(FoG; Nat 4
’ Fprror ”
FoToGoT'oF —————% FoGoT"”oF

T(FoToc)rTrnr

FoToGoFoGoT oF

FBroGotroF

(FoGoT'oF)Br

FoGoT oFoToGoF

Jj'l"c;c'l °GoF

T"oFoToGoF —————

T{T’OFOT)W

T oFoT

Nat

(FoGoT")error

ET/oFoGoT/ oF

Nat

’ 72
Torp ToFoToGoF?W)T oF

So far, we proved that (F, ) is a lax tangent morphism. The next step is to prove

that:

X T) 4 @, T) (X,T) =—— (X, T

Ui

(X, T) (X, T)

(G.B) (G.B)

(Xz T) W (X// T/)
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are tangent double cells. This amounts to showing the commutativity of the fol-

lowing diagrams:

T s GoFoT FoToG FoToG
Tn Nat (GoFoT)n (FoT)ng A
TOEOFWGOFO&:OGOF FoToEoFonFOTOG
BE Nat (GoF)Br FBrog Nat FB
Go:l:’oFM)GoFoEoT’oF FOGO’?[;OPOG(FOGOT/E C\;OT’
A GeQor ET0FoG Nat e
GoT oF Go\Tf’oF T’o\lgoG o }%‘/’

The converse is a straightforward computation we leave for the reader to spell

out. O

Remark 3.47. Consider a strong tangent morphism (G, ): (X', T") — (X, T) whose
underlying functor G admits a left adjoint F: X — X’. Since a strong tangent
morphism is, in particular, a colax tangent morphism, by Proposition 3.46, we
conclude that F extends to a lax tangent morphism (F, @) whose distributive law is
induced by f via mates along the adjunction between the two underlying functors.
Since (G, B) is strong, a natural question is whether or not also (F, «) is strong,
i.e. if also & is an isomorphism. The answer is no, as explained in Remark 3.52.
The reason why the operation of taking the conjoint of a colax tangent morphism
does not preserve strength comes from the fact that the mate of the inverse of the

distributive law f is not, in general, well-defined.

The key observation is that the distributive law « that makes the left adjoint
F of the underlying functor of a colax tangent morphism (G, ) into a lax tangent
morphism (F, ) is fully determined by the colax distributive law . On the other
hand, the tangent morphism Alg*(¢) associated with a morphism ¢ of operads is
a strict tangent morphism whose underlying functor ¢* has a left adjoint ¢,. Since
strong, and then, in particular, strict, tangent morphisms are also colax tangent

morphisms, Proposition 3.46 implies that ¢ comes equipped with a lax distributive
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law which makes it into a lax tangent morphism. From this, we argue that the
operation which sends an operad & to its algebraic tangent category Alg(%) extends
to a covariant functor which sends a morphism of operads ¢ to a lax tangent
morphism whose underlying functor is ¢:.

In order to fully characterize the associated distributive law i: 1oL = Lo ¢,
we first need to fully understand the unit and the counit of the adjunction (1, €): ¢ 4

@*. The unitn: A — @*¢1A is defined by the E-morphism:
L
n:A— SpA— @A

where 1 g denotes the unit of the monad associated to &’ and the second morphism
is the coequalizer morphism. To define the counit, consider a &’-algebra B with

structure map 0: S B — B, then:

SaS ’
SwSpB —— 52 B —L 3 5B — 5 ¢'B

\/ S | 0 \ :
P! [z] I e
S @'0) 1 s
g

> B

S B

where ¢*0 denotes the structure map of ¢*B.

Proposition 3.48. The operation which sends an operad 9P, over a symmetric monoidal
category B which satisfies Convention 3.20, to its algebraic tangent category Alg(9) extends
to a pseudofunctor Operad(E) — TngCat which sends a morphism @,: P — P’ to the lax
tangent morphism (¢, p1): Alg(P) — Alg(F”’), where P is the distributive law defined as

follows:
prdn . . el
Pr: (p;oL—)(p!oLO(p opr=@ioQ ologo! —)LO(P[

Remark 3.49. Notice that, since the left adjoint of a given functor is only determined
up to a unique isomorphism, we need to choose for each morphism ¢ of operads
of a representative of the class of isomorphism of left adjoints of the functor ¢".
This implies that Alg, cannot be a strict functor, but rather a pseudofunctor whose
associator and unitors are induced by these unique isomorphisms between left

adjoints.
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For algebraic operads % and 9%’ and a morphism ¢: % — %’ of operads the
distributive law B, is defined as follows. Given a P-algebra A, (L7 A) is the
9’-algebra generated by pairs (a, b) for a,b € A, satisfying some suitable relations
defined by the coequalizer that defines ¢,. Similarly, also L?)(¢A) is generated
by pairs (a,b) for a,b € A. So, fi sends each generator (a, b) to the corresponding

generator (a, b).

Example 3.50. Consider the operads &5 and o772 of Examples 3.7 and 3.8, respect-
ively. Since the generator v of o7 satisfies the same relation as the generator u of
33, there is a quotient morphism ¢ : 933 — Gome of operads (see Example 3.43),

which sends p to v, and that induces an adjunction:

(P!: Algdm (:> Alg%om: (P*

¢” sends a commutative algebra B to the underlying associative algebra ¢*B, while
@1 sends an associative algebra A to its abelianization A/[A, A], where [A, A] de-
notes the commutator, i.e. the ideal generated by symbols ab —ba, forany a, b € A.

The functor Alg" maps the morphism of operads ¢ to the strict tangent morphism
over the pullback functor ¢*, which makes Alg(€o72) a tangent subcategory of
Alg(f45).

The functor Alg, maps the morphism of operads ¢ to the lax tangent morphism
whose underlying functor is the abelianization functor ¢;. To understand what is
the corresponding distributive law ¢ o L(#8) 5 1(Gom) o ¢, first notice that, for
an associative algebra A, (p!(L(“Q"”")(A)) is the abelianization of A < A. It is not hard
to see that this is isomorphic to ¢(A) x ¢1(A) which is precisely L&) (¢p(A)).
On the other hand, the distributive law sends the generator (a,b) € @i(A x A)
to (a,b) € pi(A) < ¢1(A). Thus, the distributive law is precisely the isomorphism
between the abelianization of AxA and the semi-direct product of the abelianization
of A with itself.

Example 3.51. Consider the operad Z7ze described in Example 3.9. There is a
canonical morphism of operads ¢ : Lze — w4 (see 3.39). Consider the induced

adjunction:

P1: Algg, S Alg,q: (P*
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The pullback functor ¢* sends an associative algebra A to the underlying Lie algebra
with Lie brackets defined by the commutator [a,b]:= ab — ba. On the other hand,

the left adjoint ¢ sends a Lie algebra g to its universal enveloping algebra Envg.

The functor Alg” sends ¢ to the strict tangent morphism whose underlying
functor is the pullback functor ¢*. The functor Alg, sends ¢ to the lax tangent
morphism whose underlying functor is the universal enveloping algebra functor
@1. To understand the distributive law ¢, o L) — I(“¥%) o ¢, we first take a
closer look at ¢)(L)(g)) and L“*)(¢,(q)), for a Lie algebra g. The former is the
universal enveloping algebra of the semi-direct product g =< g. Concretely, this is
the associative algebra generated by pairs (g, k) for each g, h € g, satisfying the

relation:

(&, Mg W)= (g W) (g, h) = (g, 8], [ ] +[h g (3.5.3)

The second one is the semi-direct product of the universal enveloping algebra with
itself. Concretely, this is the associative algebra of pairs (g, h) for g, h € Envg,

satisfying the relations:

(g, (g W) =(gg gh"+hg')
gh—hg=1g,h]

(3.5.4)

It is straightforward to see that the latter relations imply the former ones, thus
there is a canonical morphism of Lie algebras (p!(L(%“‘)(g)) — L(M‘”)((p;(g)), which

corresponds to the distributive law.

Remark 3.52. Proposition 3.42 shows that the functor Alg" sends a morphism of
operads to a strict tangent morphism. One can imagine that Alg, should also send
a morphism of operads to a strict, or maybe strong, tangent morphism. However,
as discussed in Remark 3.47, the operation of taking conjoints does not preserve
strength. In particular, Example 3.51 furnishes a counterexample of this conjecture,

indeed the relations of Equation (3.5.3) do not imply relations of Equation (3.5.4).
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3.6 The geometric tangent category of an operad

A well-known fact of algebraic geometry (cf. [19]) establishes that the category of
affine schemes over R and the opposite of the category of commutative and unital R-
algebras are equivalent. Starting from this observation, one would like to interpret
the opposite of the category of algebras over a given operad & as operadic affine
schemes of type &. Inspired by this insight, Ginzburg in [25] and [26] suggested
to think of operadic algebras in a geometric sense. Crucially, not the category of
operadic algebras, but its opposite is the correct category to establish a geometric
interpretation of these objects.

To understand why this is the case, let us consider the example of commutative
and unital algebras. From a categorical point of view, a point of an object A in a
category consists of a morphism from the terminal object to A. In the category
cAlg of commutative and unital algebras, the terminal object is the zero algebra, so
the only point of an algebra A is just the zero 0: 0 — A. On the contrary, in the
opposite of the category of commutative and unital algebras cAlg®?, the terminal
object is the ring R, so a point of an affine scheme A, i.e. an algebra seen as an
object in cAlg®?, consists of an algebra morphism w: A — R.

To understand why this is a good notion of point, consider the coordinate ring
A:= R[x,y]/(p(x,y)) of a polynomial p(x, y) in two variables. Then, a point of
A consists of a morphism of algebras w: R[x,y]/(p(x,y)) — R, which is fully
determined by the values x¢: = w(x) and yo: = w(y). However, from the relations
which define the algebra A, p(xo, yo) = 0. So, a point w: A — R in the categorical
sense is equivalent to a point on the affine scheme represented by the locus of the
polynomial p(x, y).

Another important reason why one should consider the opposite of the cat-
egory of algebras as the category of true geometric objects, is the Gelfand-Naimark
functor. Such a functor sends a finite-dimensional Hausdorff locally compact to-
pological space M to the commutative C*-algebra of complex-valued continuous
functions of M. This functor, which is contravariant, establishes an equivalence
between the categories of Hausdorff, locally compact, topological spaces and the
opposite of the category of commutative C*-algebras. In particular, this equival-

ence suggests treating the opposite of the category of C*-algebras as a category of
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geometric objects.

From the perspective of tangent category theory, one would like to define a
tangent structure on the opposite of the category of operadic algebras capable
of capturing the geometry of operadic affine schemes. This has already been
explored by Cruttwell and Lemay for commutative and unital algebras ([18]). In
particular, as shown in Example 2.14, the opposite of commutative and unital
rings cRing®® comes equipped with a tangent structure. This tangent structure,
tirst introduced by Cockett and Cruttwell in [12], was then extensively studied by
Cruttwell and Lemay as the correct tangent structure capable of capturing some
important geometric features of affine schemes.

As explained in Section 2.2.6, the existence of a tangent structure on cRing®® is
a consequence of the adjunctability of the tangent structure on cRing. With this
in mind, it is natural to wonder a more general question: when is the tangent
category of algebras of a tangent monad adjunctable (see Section 2.2.6)? Cockett,
Lemay, and Lucyshyn-Wright in [15, Theorem 26] answered this question in the
context of differential categories with finite biproducts. Here, we want to extend
the same idea for a general tangent monad. The main idea is to employ Johnstone’s
adjoint lifting theorem [33, Theorem 2] which establishes that, for a monad S
over a category X, given an endofunctor L: X — X of X and a distributive law
a:Sol = LoS§ so that I can be lifted to the algebras I: Algs — Algg, if the
category Algg of algebras of S admits coequalizers of reflexive pairs, then whenever
L has a left adjoint T, so does the left I. In particular, this implies that when Algg is
finitely cocomplete, then adjunctions of endofunctors T - L over the base category

X can be lifted along the forgetful functor Algg — X.

Proposition 3.53. Suppose the category of algebras Algg of a tangent monad (S, o) over a
tangent category (X, L) admits coequalizers of reflexive pairs. If (X, L) is adjunctable, so
is the tangent category Alg(S, @) = (Algs, L®)). In particular, Geom(S, a):= (Alge”, T'®))

is a tangent category. Finally, if X has negatives, then so does Geom(S, av).

Proof. This result follows directly from the adjoint lifting theorem: since the cat-
egory Algs admits coequalizers of reflexive pairs, the adjunctions T, 4 L, defined
by the adjunctability of (X, L) can be lifted to Algg, so in particular, the lifted tangent
bundle functor L®) admits a left adjoint T¢®). Now, consider the n-fold pullback
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L, of the projection p') along itself. The lift L;S) is the functors which map an

S-algebra A with structure map 0: SA — A, to the S-algebra I, A with structure

" €0 : , : :
map SL,A 2, 1,SA =25 1, A, where a, is the unique morphism defined by the

universality of the diagram:

(L)
SI,A i s STLA

N
N Qn
AN a
N
X g

I,SA —— 1SA

J
ST[(fL) n(l‘T‘) S\I/ \Lp(l) S Sp (L)

LSA — SA

p(l) S
o
v

SLA

~

SA

/

Sp(‘l‘)

On the other hand, this is also the n-fold pullback of the projection p®: 1.5 =
idalg, along itself. Thus, the left adjoint T, of .L, is lifted to the left adjoint T;S) of
L&,S). Thus, Alg(S, a) is adjunctable. O

Corollary 3.54. Suppose X is a category with biproducts and (S, d) a coCartesian differ-
ential monad over X. Then, if the category Algg of algebras of S admits coequalizers of
reflexive pairs, the algebraic tangent category Alg(S, d) = (Algs, L)y is adjunctable and in
particular, Geom(S, d) = (Algy’, T(®)) is a tangent category. Finally, if X is also additive,
then Geom(S, d) has negatives.

Proof. The algebraic tangent category Alg(S, d) of a coCartesian differential monad
is the algebraic tangent category of the associated tangent monad over the tangent
category (X, L) induced by biproducts. However, each functor .L,,, which sends an
object Aof Xto AGA®---®A ((n+1)-times) is self-adjoint. So, by Proposition 3.53
we conclude that the algebraic tangent category Alg(S, d) of (S, d) is adjunctable. O

We are finally in the position to define the tangent category of operadic affine
schemes over a given operad. The idea is to apply Corollary 3.54 to the coCartesian
differential monad associated with an operad & and obtain a tangent structure

T?) over the category Alg?? of operadic affine schemes over 2.
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Theorem 3.55. The algebraic tangent category Alg(F) of an operad P defined over a
symmetric monoidal category E with biproducts satisfying Convention 3.20 is adjunctable
and in particular, the category of operadic affine schemes Geom(ZP): = (Alg;’, T@)) is a
tangent category. Finally, if E is also additive, then Geom(Z) has negatives.

Proof. The first step is to realize that the category Algg of operadic algebras has
finite colimits, so in particular, has coequalizers of reflexive pairs. This is proved
in [48, Proposition 6.4]. Notice in particular, that E, by Convention 3.20, satisfies the
hypothesis of this result. Then, for Corollary 3.54, the algebraic tangent category
of the operad 2, which is, by definition, the algebraic tangent category of the

associated coCartesiann differential monad, is adjunctable. O

Definition 3.56. The geometric tangent category of an operad P is the tangent category
Geom(2) over the category of operadic affine schemes defined in Theorem 3.55.

Theorem 3.55 furnishes an abstract definition of the tangent category of operadic
affine schemes over a given operad. In the rest of this section, we want to give
a concrete description of this tangent category. The key is to characterize the left
adjoint T'¥) of the algebraic tangent bundle functor 1), A suggestion to construct
T@) comes from the definition of the tangent bundle functor T over the opposite
category of commutative and unital algebras, as described by Cruttwell and Lemay
in [18]. Concretely, the tangent bundle functor sends a commutative and unital
algebra A to the symmetric algebra over A of the module of Kahler differentials
QA of A,ie. TA = SpQA. One can extend the notion of the module of K&hler
differentials to operadic algebras. For this purpose, let’s first recall the notion of a
module over an algebra over an operad. The interested reader can find this notion
in [27] or [46, Section 12.3.1].

Definition* 3.57. A module over a SP-algebra A consists of an object M of the base
monoidal category E equipped with a collection of morphisms of E, called the structure
map of M:

Uni1: Pn+1) QA" @M - M



138

compatible with the algebra structure map as follows:

P 1)®0Q...
Pn)@ Pk1)®A® @ ... @ Pk, +1) ® A%k @ M Mﬂ@(n +1)®A®" Q@M

~

Pn)@ Pk1)®...0 Pk, +1) @ A8Ki++ku) @ M Y

YRA® 1®.. .0 A% @M

v ~

Plky+ ...+ k, +1) @ ABKi+-Fkn) @ M m s M

and satisfying an equivariant condition with respect to the symmetric actions. Given two
A-modules M and M’ a morphism of A-modules g: M — M’ consists of an E-morphism
g: M — M’ satisfying the following compatibility with the module structures:

P+ @A QM — 5 M

9’(n+1)®A®”®gl lg

95(71+1)®A®W®M/ T> M’

Notation 3.58. For an A-module M of a 9-algebra A, we denote the structure map
by ¢: P(n+1)®@ A®" @ M — M. When £ is algebraic, we adopt the convention to

write:

‘uM(all"'/ai’llx)::#(all"'la?’llx)::LP((u;all"'lanlx)

Moreover, we also write up(as, ..., x,...,a,):= u(ay, ..., ak-1, X, aks1, - - ., a,) for
pe€Pmn+l),a1,...,0-1,0k1,...,4, € Aand x € M todenote (u-o)(ai, ..., a,, x),
foro=(k k+1 ... n+1).

For algebraic operads, the compatibility condition of Definition 3.57 reads as

follows:

1 (ylA(agl), o, agl)), o, ynM(a(ln), o, a,((’z), x)) = wlus, ..., ‘un)M(agl), o, a,((:), x)

The equivariant condition, in this context, reads as follows:

(4“ : 0)(1’11/ Y X) = (u(aa(l)/ < Ag(n), X)
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for every o € S,, where S, is regarded as subgroup of S,1. In the following, in the
context of algebraic operads, we adopt the convention of writing;:

play, ..., x, ..., a,)

where x € M is in the k-th position, for:

(p-o)ai, ..., an,x)

whereo =(k ... n+1)represents the cyclic permutation (going counterclock-
wise) which shifts the last n + 1 — k terms. The next step is to recall the notion of

derivation for operadic algebras (see [46, Section 12.3.7]).
Definition* 3.59. A derivation of a P-algebra A over an A-module M consists of an
E-morphism 6: A — M satisfying the following condition:

®n
P +1) @ Aen+) ZUDBATE0 2 1) g A% @ M

s 5{ J/w

Pn+1)@ A" @ M > M

where Oy is defined as follows:

) P(n+1)RASK-Dgs0ASM—k)

Ok: P(n+1)® AB+1 Pn+1)® A®RK-1) o M @ ARF)

o®&
L>99(n+1)<z§>A®”®M

with pg the right action of the symmetric group S, over P(n+1),0 =(k ... n+1l),
and ¢ the shuffling induced by the braiding.

For algebraic operads, a derivation of a 9-algebra A over an A-module M is an
R-linear morphism 6: A — M satisfying the following condition:

n+1

S(u(ar, .., an1)) = Y par,...,8(ay), ..., ans1)
k=1

In particular, for the operad &5 of Example 3.7, since it is generated by a binary
tree u € 9/35(2), the condition for a R-linear morphism 0: A — M to be a derivation

in the operadic sense is precisely the usual Leibniz rule:

o(u(a, b)) = u(d(a), b) + p(a, 5(b))
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It is straightforward to see that for a morphism f: A — B of 9-algebras, and a
derivation 6: B — N of B over a B-module N, the composition A i> B N defines
a derivation f*6: A — f*N of A over the A-module f*N, whose module structure
is the restriction of scalars of N via f. Moreover, for an A-module morphism
g: M — N and a derivation 6: A — M, it is also straightforward to see that the

composition A 2 M % N is also a derivation of A. This induces a functor:
Der(A,—): Modg — Modg

which sends an A-module M to the R-module of derivations 6: A — M of A over
M and a morphism g: M — N of A-modules to the R-linear morphism which
sends a derivation 0A — M to the composition 6g: A — N. When the operad is
algebraic this functor is representable by an A-module QQA. This is equivalent to

saying that there is a natural isomorphism:
Der(A, M) = Mod4(QA, M)

Concretely, QA is the A-module generated by symbols da, for every a € A satisfying

the following relations:

d(ra + sb) = rda + sdb

n

d(u(ay,...,an)) = Zy(al,...,dak,...,an)

k=1
where on the right side of the last equation we employed the A-module structure.
In particular, QA is the A-module equipped with a derivationd: A — QA, which
is the R-linear morphism which sends a € A to da € QA, uniquely defined by
the following universality condition. If 6: A — M is a derivation of A over an
A-module M, 6 factors uniquely through d, i.e. there is a unique morphism of

A-modules 6: QA — M such that the diagram:

commutes.
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Definition* 3.60. For an algebraic operad &P the module of Kdihler differentials of a
P-algebra A is the A-module QA equipped by the universal derivation d: A — QA as
defined above.

For the operad «Gov7:. of Example 3.8, it is not hard to see that the module
of Kahler differentials QA of a unital and commutative algebra A is precisely the
usual notion of this module. In particular, QA = I/I?, where I is the kernel of the
multiplication mapv: A® A — A.

Since a morphism f: A — B sends derivations 6: B — N of B over a B-module
N toderivations f*0: A — f*N, this, together with the representability of Der(A, —),
implies that the operation which sends an -algebra A to the module of Kéhler
differentials A, extends to a functor Q): Alggs — Mod which sends a 9P-algebra A
to the pair (A, QA) and a morphism f: A — B to f: A — B equipped with the
morphism QA — f*QB of A-modules which send each da € QA todf(a) € f*QB.

In order to define the tangent bundle functor T Alg?, — Alg?, we need to send
the A-module QA back to a F-algebra without losing the information about the
Kéhler differentials. For the commutative and unital case, this was done by sending
QA to the symmetric algebra over A of QA, S4QQA. We want to define a similar
construction for operadic algebras. To characterize more generally the functor Sa,

consider the functor:
Restrg: A/Algs — Modg

which sends a morphism of P-algebras q: A — B to the A-module g*B over B
induced by g and a morphism f: B — B’, such that 4f = g’ for g: A — B and
q': A — B’, to the morphism of A-modules 4°B — ¢*B’, whose underlying R-linear
morphism is f. This functor admits a left adjoint Free4: Modg — A/Algg, which
sends an A-module M to the free 2-algebra under A, A — FreeaM of M.

Lemma 3.61. Foranalgebraic operad & and a P-algebra A, the functor Restra: A/Algep —
Mod 4 which sends a morphism of P-algebras A — B to the corresponding A-module, has
a left adjoint Freea: Mody — A/Algg, which sends an A-module M to the SP-algebra
under A, A — FreeaM. In particular, FreeaM, is the P-algebra obtained by quotienting
the free P-algebra Sz(A & M) by the ideal generated by the relations:

(#7 (all O)/ ey (akl x)/ ceey (ai’ll 0)) = (‘LLA(all ceey ai’l)l HM(all ey Ak=1,X, k41, -+, ai”l))
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foreveryay,...,a, € A, x € M, u € P(n), and any positive integer n.

Proof. First, notice that the R-linear morphism t4: A — Free4M whichsendsa € A
to (a,0) € FreeaM is a well-defined 9P-algebra morphism, since the relations imply
that:

trreeam(ta(ar), - - -, ta(an))
= (4;(a1,0),...,(an,0)
= (palay,...,an), um(ay,...,0,...,a,))
= (a(a,...,an),0)

= LA(‘uA(al,. . .,ﬂn))

In order to show that Free4 is a left adjoint of Restry, let’s define the unitn: M —
RestrsFreeaM and the counit ¢: FreeqRestra(q: A — B) — q. First, notice that
RestrsFreeaM is the A-module induced by the 9°-algebra morphism t(4: A —
FreeaM. Let’s show that the R-linear morphism t¢p1: M — Free4M which sends

x € M to (0, x) € FreeaM is a well-defined morphism of A-modules:

LEreeam(an, - - -, an, ta(x))

= (u;(a1,0),...,(an,0),(0,x))

= (ua(ay,...,a,,0), um(as, ..., a,,x))
= (0, um(a, ..., an, x))

= LM(HM(al,---/an/x))

So, nm: = tm. Let’s now focus on the counit. First, realize that, for a morph-
ism g: A — B of P-algebras, FreeqRestra(q) is the morphism 14: A — FreesB
of P-algebras which sends a € A to (a,0) € Free4B, where B is the A-module
with module structure induced by q. Let’s define on generators (a,b) € A &
B the morphism mp: FreeaB — B which sends (a,b) to b. As an A-module
morphism, this extends to a morphism which sends (u;(ai, b1),...,(an, by)) to
ZZ:l us(g(ai),...,q(ak-1),bx, q(ax+1), - .., q(an)). Let’s show this lifts to the quo-

tient:

7—(B(‘U7 (all O)/ ey (akl b)/ ey (aTlI 0)) = [JB(‘Zl, ceey k-1, bl Ak+1s- -+ aVl)
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ng(ualay, ..., an), ygslas, ..., b,..., a,)) =

= [JB(q(ﬁh), <y q(ﬂk—l)/ b, Q(ak+1)r R Cl(an))

where we denoted by q*B the A-module B induced by 4. Let ¢ be mg. We now need
to prove the triangle identities ¢free, © Freean = idFree, and Restrs e onRestr, = idRestr, -

Consider (a,x) € A @ M. Then, we have:

EFreeq (Freean(a, x))
= EFree, (Freean((0,0), (a, x)))
(a,x)

Let’s now consider g: A — Band b € B:

Restr 4 &(MNRestr, (D))
Restrae(0,b)
= b

This proves that Freey is a left adjoint of Restr4. m|

Remark 3.62. In the following, for the sake of simplicity, we adopt the same notation
for the functor Frees: Mody — A/Algs which sends an A-module M to the -

algebra morphism 14: A — Free4M and the -algebra Freeq M, codomain of ¢4.

Remark 3.63. Frees sends an A-module morphism g: M — M’ to the morphism of

P-algebras under A, Freesg: FreeaM — Freeq M’ which sends the generator (a, x)

to (a, f(x)).

The next step is to compose the two functors Q: Algg, — Mod and Freey : Mody —

A/Algg together.

Lemma 3.64. For a SP-algebra A, the 9P-algebra FreeAQA can be represented as the 9-
algebra generated by all elements a of A and symbols d'?)a, for each a of A, satisfying the

following relations:

/.lTA(al, R al/l) = ‘LlA(a].l R a‘/l)

d)ra + sb) = rdPa + sd @b



144

n

d(gj)(HTA(all ceey an)) = Z ,UTA(all sy d(ga)ak/ ceey an)
k=1

foreveryay, ..., a, € A.

Proof. By construction, Free4 QA is the 9-algebra defined as the quotient of the free
SP-algebra over A @ QA by the relations:

(u; (a1,0), ..., (ak, dD), ..., (a,,0) = (ua(ay, ..., an), poala, ..., d9b, ..., a,))

for every ay,...,a,,b € A. The image of the J-algebra 14: A — FreeaQA which
sends a € A to (a,0) defines a copy of A inside of Free4QA. Denote by TA the
P-algebra generated by all a and all d”)A as above and define the morphism
@: FreeAQA — TA which sends (a,d?)b) to a + d?)b. Let’s prove this is a well-
defined morphism of S -algebras:

(P(Ha (a].l 0)/ ey (ﬂk, d(g’)b)/ ey (an/ 0)

yTA(a1+O,...,ak+d(9’)b,...,an+O)

HTA(all cety ak/ sy al’l) + uTA(all cecy d(@)b/ cecy ai’l)

pa(ar, ..., an) + poa(a, ... AP, , )

e(palay, ..., an), uoa(as, ..., d%p, ..., a,))

pa(ai, ..., a,) + paa(a, ... AP, , )

Let’s now consider the morphism 1p: TA — Free4QA which sends the generator a
to (a,0) and d)a to (0,d®)a). Let’s first show this is a well-defined morphism of

P-algebras:

Plurala, ..., an))
(u;(a1,0),...,(an,0))
(ualai, ..., an),0)
(pala, ..., a,))

Y(d P (ra + sb))
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(0,dY)(ra + sb))
r(0,d%)a) + s(0,d”)b)
= rip(dPa) + sy(dPb)

PP uralay, ..., an)))
0, d" ualar, . .., an)))

n
0, Z poala, ... AP, ay)
k=1

¢(#TA(&1, vy d(g))ak/ sy a?’l))

Finally, notice that:

p(a)) =@, 0)=a+0=a
e(dPa)) = 9(0,d?)a) =0+ dPa = d P

P(p(a,d?D)) = Y(a +dPb)) = (a,0) + (0,d?)b) = (a,d ")
So, 1 and ¢ are inverses to each other. m|

Remark 3.65. In the following, for the sake of simplicity, we simplify notation and
omit the superscript (¥) when the operad & is clear from the context. Moreover,

we will not distinguish between Free4QA and TA.

Remark 3.66. Given a morphism f: A — B of 9-algebras, T sends f to the &-
algebra morphism Tf: TA — TB which sends the generators a and d”)a to f(a)
and d'?)f(a), respectively.

Lemma 3.67. The functor T\?): Algg, — Algg, which sends a P-algebra A to TV A=
TA, is a left adjoint of the tangent bundle functor L' : Algg, — Algg of the algebraic

tangent structure of P.

Proof. To prove that T: = T*) is a left adjoint of L: = I¥), let’s define the unit
n: A — LTA and the counit eT.LA — A. Letn be the morphism whichsendsa € A
to(a,da) € LTA and let ¢ be the morphism which sends the generators (4, b) € TLA
toa and d(a,b) € TLA to b. Let’s start by showing they are well-defined:

n(ua(ay, ..., a))
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= (uralai, ..., an),d(ura(as, ..., a,))
= (MA(m,...,an),ZuTA(m,..-,dak,...,an))
k=1

= [JLTA(({Zl, day),...,(ay,day))
= prratn(a), .., ()

e(uppa(ar, by), ..., (an, by)))
= palay, ..., an)
= pa(e(ay, by), ..., elan, by))
= pppalear, by), ..., e(an, by))

e(d(r(a, b) +s(a’, 1))
= (0,d(rb + sb"))
= #(0,db) + (0, db’)
= re(d(a, b)) +se(d(a’, b))

€(d({l((alz b1),...,(an,byn))))

= g(d([/l(al, ce ,ﬂn), Z ‘U(al, ey bk/ sy al/l)))
k=1
= Z‘u(al,...,bk,...,an)
k=1
= Z p(e(ay, by), ..., e(d(ag, b)), ..., (an, by))
k=1

= g(Z y((al, bi1),...,d(ax, by),...,(an, by))
k=1

This shows that 1 and ¢ are well-defined %-algebra morphisms. Let’s prove the

triangle identities:

Le(nu(a, b))
Le((a, b),d(a, b))
(¢(a, b), e(d(a, b))



147

= (a,b)

er(Tn(a))
= e7(a,da)

= a

er(Tn(da))
er(d(a,da))
= da

This proves that T is a left adjoint of L. O

Theorem 3.68. For an algebraic operad P, the geometric tangent category Geom(ZP)
defined in Theorem 3.55 is given as follows. For the sake of clarity, all morphisms are

regarded as morphisms of P-algebras:

tangent bundle functor The tangent bundle functor T'¥) Alg?) — Alg?y, regarded as
an endofunctor of Algg, is the left adjoint of the algebraic tangent bundle functor
L) described in Lemma 3.64;

projection The projection p(T): idGeom(2) = T#) is the natural transformation p(T): A—
T A which sends a € A toa € TA:

zero morphism The zero morphism 2D () = idGeom(2) 18 the natural transforma-
tion zW: TP A — A which sendsa € T) Atoa € Aand d?a to 0;

n-fold pullback The n-fold pushout (in Algg) of the projection along itself is the functor
Tf;@): Alggp — Algg which sends an algebra A to the algebra T;‘@)A generated by
all a of A and symbols d(l‘@)a, e ,dfg@)a, for each a € A, satisfying the following
relations:
‘l’le/lg’)A(all R an) = ‘LlA(a].l R a?l)

dg‘@)(ra +sb) = rdgg‘))a + sdg‘@)b
n

a7 g @, @) = Y o, @1, day, )
k=1

foreveryay,...,a, € Aandeveryi=1,...,n;
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sum morphism The sum morphism s T) = T(Q‘@) is the natural transformation

s TP A — TV A which sends a € TV A toa € TS A and dPa to d'"a +

d(fb)a;

vertical lift Thevertical lift I : T’ = T s the natural transformation 1D : T@A —
TP Awhichsendsa € T Atoa e TP A, dP)yg e TP Aand d @) g € TP A
to0 € TPA, and d9'dP)g ¢ T4 to d Py € TPA:

canonical flip The canonical flip ¢: T@? = T?

D TP A — TP? A which sends a € TP A toa e T(‘%QA, 4Py e T@)?A
t0d @' q e T@?A 4P 3 € TP?A 1o dPa € TO?A and P dPg e TO)?A
to d@) 4P € T@)?A:

is the natural transformation

negation The negation n'™: T(%) = TP is the natural transformation n™: T#A —
T Awhichsendsa € T Atoa € T AanddPa € TP Ato—dPa e TPA.

Example 3.69. Consider the operad «&v7. described in Example 3.8. The module of
Kéahler differentials QA of a commutative and unital algebra A is precisely the usual
notion of the module of Kdhler differentials of A. Concretely, QA is the quotient
of the kernel I of the multiplication map v: A® A — A by I?, ie. QA =1/I%
Equivalently, (A can be described as the A-module of symbols da, for each a € A,
such that:

d(ab) = adb + bda

for every a,b € A. The functor Frees sends an A-module, which is precisely a
left A-module, M to the symmetric algebra over A, i.e. SyM. Concretely, if M is
a free module of A generated by a set of generators I', then SsI' is the algebra of
polynomials in the variables I' and coefficients in A.

Putting together these two pieces of information we obtain a description of the

geometric tangent structure associated with «Go7z:

tangent bundle functor The tangent bundle functor T: cAlg®® — cAlg®?, regarded
as an endofunctor of cAlg, sends a commutative and unital algebra A to S4QA
and a morphism f: A — B to the morphism SfQf which sends each a € A
and each da € QA to f(a) and df (a), respectively;
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projection The projection p(T) : idGeom(uom) = T, regarded as a morphism of cAlg,

is the natural transformation p(™): A — TA which sends a € A to a € TA;

zero morphism The zero morphism zZD:. T= idGeom (o), Te€garded as a morph-
ism of cAlg, is the natural transformation z{™): TA — A which sends a € TA
toa € Aand da to 0;

n-fold pullback The n-fold pushout (in cAlg) of the projection along itself is the
functor T, : cAlg — cAlg which sends an algebra A to the algebra T, A which
is the n-fold tensor product TA ®a ... ®4 TA of TA over A n-times;

sum morphism The sum morphism s(™: T = T, regarded as a morphism of
cAlg, is the natural transformation s™: TA — TyA which sends a € TA to
a€TyAanddatoda®1 +1 ®da;

vertical lift The vertical lift [™: T? = T, regarded as a morphism of cAlg, is the
natural transformation I(¥: T2A — TA which sends a € T?A to a € TA,

da € T?’Aand d’a € T2A to 0 € TA, and d'da € T?A to da € TA;

canonical flip The canonical flip ¢™: T? = T?, regarded as a morphism of cAlg,
is the natural transformation c¢™: T2A — T2A which sends a € T2A to
a € T?A, da € T?Atod’a € T?A, d’a € T?A to da € T?A, and d’da € T?A to
d’da € T?A;

negation The negation n(™: T = T, regarded as a morphism of cAlg, is the natural
transformation n{™): TA — TA which sends 2 € TA to a € TA and da € TA
to —da € TA.

This tangent category is precisely the tangent structure originally described by
Cockett and Cruttwell in [12] and recently re-analyzed by Cruttwell and Lemay
in [18]. In particular, when the base ring is R = Z, this is also precisely the tangent

category described in Example 2.14.

Example 3.70. Consider the operad w45 described in Example 3.7. The module of
Kdhler differentials QQA of an associative and unital algebra A is the noncommut-
ative version of the usual notion of the module of Kdhler differentials. Concretely,

QA is precisely the kernel I of the multiplication map v: A® A — A by I 2 ie.
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QA = I, as described by Ginzburg in [25]. Equivalently, QA can be described as
the A-bimodule of symbols da, for each a € A, such that:

d(ab) =adb+da-b

for every a,b € A. The functor Frees sends an A-module, which is precisely a
A-bimodule, M to the tensor algebra over A, i.e. TensgM. Concretely, if M is a
free module of A generated by a set of generators I, then TensI is the algebra of
noncommutative polynomials in the variables I" and coefficients in A.

Putting together these two pieces of information we obtain a description of the

geometric tangent structure associated with zo/4s:

tangent bundle functor The tangent bundle functor T: Alg°®® — Alg®°?, regarded as
an endofunctor of Alg, sends a commutative and unital algebra A to Tenss QA
and amorphism f: A — B to the morphism Tens;Qf which sends eacha € A
and each da € QA to f(a) and df(a), respectively;

projection The projection p(T): idGeom(uass) = T, regarded as a morphism of Alg,

is the natural transformation p(™: A — TA which sends a € A to a € TA;

zero morphism The zero morphism zD. T = idGeom(warss), Tegarded as a morph-
ism of Alg, is the natural transformation z(¥): TA — A which sends a € TA

toa € Aand da to 0;

n-fold pullback The n-fold pushout (in Alg) of the projection along itself is the
functor T}, : Alg — Alg which sends an algebra A to the algebra T, A which is
the n-fold free product TA #4 - -- x4 TA of TA over A n-times;

sum morphism The sum morphism sM. T =T, regarded as a morphism of Alg,
is the natural transformation s : TA — TsA whichsendsa € TAtoa € TyA

anddatoda=1+ 1 *da;

vertical lift The vertical lift I(T): T2 = T, regarded as a morphism of Alg, is the
natural transformation I(¥: T2A — TA which sends a € T?A to a € TA,

da € T?’Aand d’a € T?2Ato 0 € TA, and d'da € T2A to da € TA;
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canonical flip The canonical flip ¢ : T? = T?, regarded as a morphism of Alg, is
the natural transformation ¢(T): T2A — T2A whichsendsa € T2Atoa € T2A,

da € T2Atod’a € T2A,d'a € T2Atoda € T2A, and d’da € T2A to d’da € T2A;

negation The negation n(™): T = T, regarded as a morphism of Alg, is the natural
transformation n{™: TA — TA which sendsa € TAtoa € TA and da € TA
to —da € TA.

This represents a completely new example of a tangent category and the first
instance of non-commutative geometry, this being the category of non-commutative

affine schemes, described using tangent category theory.
Example 3.71. Consider the operad Z7z¢ described in Example 3.9.

tangent bundle functor The tangent bundle functor T: LieAlg®® — LieAlg®?, re-
garded as an endofunctor of LieAlg, sends a Lie algebra g to the Lie algebra

generated by all ¢ € g and all dg, for each g € g, such that:
[8/ h]Tg = [8/ h]g
d(rg+sh) =rdg + sdh
dlg, il = [dg, k] +[g, dh]

projection The projection p(T) : idGeom(wie) = T, regarded as a morphism of LieAlg,

is the natural transformation p(T): g — Tgwhich sends ¢ € gto g € Tg;

zero morphism The zero morphism zZD:. T= idGeom (), Tegarded as a morphism
of LieAlg, is the natural transformation zM: Tg — g which sends g e€Tgto

g € gand dg to 0;

n-fold pullback The n-fold pushout (in LieAlg) of the projection along itself is the
functor T, : LieAlg — LieAlg which sends an algebra g to the algebra T,g
which is generated by all ¢ € gand alld g, ...,d,g, for each g € g, such that:

[g/ h]Tg = [gr h]q
di(rg +sh) = rdyg + sdih
delg, i) = [dkg, h] + [g, dkh]

foreveryk=1,...,n;
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sum morphism The sum morphism s(): T = Ty, regarded as a morphism of
LieAlg, is the natural transformation s(M:. Tg — Tsq which sends g € Tgto

g € Togand dg todi g +dag;

vertical lift The vertical lift I(D: T2 = T, regarded as a morphism of LieAlg, is
the natural transformation [™: T2g — Tg which sends ¢ € T?g to g € Tg,
dg € T?gand d’g € T?g to 0 € Tg, and d’dg € T?g to dg € Tg;

canonical flip The canonical flip ¢(™): T? = T2, regarded as a morphism of LieAlg,
is the natural transformation c¢(™): T2g — T?gwhichsends ¢ € T?gto g € T?g,
dg € T?gtod’g € T?g, d'g € T?gtodg € T%g, and d’dg € T?g to d’dg € T?g;

negation The negation n™: T = T, regarded as a morphism of LieAlg, is the
natural transformation n™: Tg — Tg which sends g € Tgto g € Tg and

dg € Tgto —dg € Tg.

3.6.1 Vector fields in the geometric tangent category of an operad

For an adjunctable tangent category (X, .L) vector fields over an object M are in
bijection with the vector fields of the adjoint tangent category (X°?, T) over M. This
comes directly from the adjunction T 4 L between the tangent bundle functors.
Indeed, each morphism v: M — LM corresponds to a morphism o: TM — M
and vice versa. Less obviously, in the presence of negatives, the Lie bracket of
vector fields (see Section 2.2.1 for this construction) is also preserved. Recall, that,

the Lie bracket between two vector fields vy, vs: M — LM is defined as follows:
[Ulr ZJZZI(LL) = {01142)2 - lelC(l)}(l)

Recall that, given a morphism f: N — I?M for which fIp) = fpMplz(L)
{f}¥: N > 1M is the unique morphism such that ({f}V), fp(D)v) = f
(see [12, Section 2.5]). To simplify notation, let’s write {{ f }}(L) for the morphism
{AW, )Y N - IoM.

Lemma 3.72. Let (X, L) be an adjunctable tangent category with adjoint tangent category
(X°P,T) and let f: N — TL2M be a morphism, where M and N are objects of X, for
which fIp™ = fpMpz), The following formula holds:

(D = (o
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where f*: TN — M is the mate of f along the adjunction (n,e€): T A 1, that is:

T2
£ 25 w2 ram S M
Proof. To prove this result, we need to show that the mate {{ f }}(L)ﬁ : ToN — M of
the unique morphism {{ f B N — I,M satisfies the same universality property

as {{fﬁ}} (T), that is:

v = g

Recalling that v(T) is the mate of v(*) and using that mates preserve pasting diagrams
(cf. [1, Proposition 2.2]), one concludes that v {{ f }}(L)ﬁ is the mate of {{ f }}(l) Vi) =
f. Finally, from the definition of {{f}} we conclude that { f¥}(T) = {f ¥, O

Proposition 3.73. Suppose (X, L) is an adjunctable tangent category. There is a bijective
correspondence between vector fields of (X, L) over an object M € X and vector fields of the
adjoint tangent category (X°P,T) over M. Moreover, if (X, L) has negatives (and thus so

does (X°P,T)) this bijective correspondence preserves the Lie bracket.

Proof. Let’s start by defining the correspondence. Consider a vector field v: M —
LM over an object M in (XI). Since T is left adjoint of I, v corresponds to a

morphism v¥: TM — M. Concretely, v* is defined as follows:
of: TM —5 TLM 5 M

where ¢ represents the counit of the adjunction T 4 L. We need to show that
0¥, regarded as a morphism v#: M « TM of X, is a section of the projection
pM: TM « M. Recall that p) (as an X-morphism) is the mate of p*". Using
that mates preserve pasting diagrams whenever the mate of each diagram is well-
defined (cf. [1, Proposition 2.2]), one concludes that p(T)v(ﬁ) (in X) is the mate of
op™ = idp. So, we conclude that v® is a vector field in (X°P, T). Similarly, given a
vector field u: M < TM over M in (X°°, T), employing the adjunction T 4 L, we

find a morphism u”: M — LM, defined as follows:

L
WM ITM 2 LM
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Using a similar argument as the one employed before, it is straightforward to see
that u" is a section of p"). Moreover, it is also easy to see that (v#)" = v and that
(u”)# = u. Let’s now focus on the Lie brackets. First, recall that the Lie brackets

between two vector fields u1, us: M <« TM of (X°P, T) are defined as follows:
[1, ua] = {Tusuy — D Tuyuy}®

where the composition is in X. Consider now, two vector fields v{,ve: M — LM
of (X, L) and consider [vg,vg]. Since the negation nM the sum morphism s(M),
and canonical flip ¢(™) are mates along the adjunction (1, ¢): T 4 I, employing that
mates of pasting diagrams is the pasting of the mates, whenever the mate of each
diagram is well-defined we conclude that ¢#: = Tvgvit - CTTvgvg is the mate of

@:=v1Lvy — valog c(L), Finally, employing Lemma 3.72, we conclude:
[of, 081 = (9 = {9} V" = [01, 0]
This concludes the proof. m|

Theorem 3.74. For an operad P the Lie algebra V/Field(Geom(ZP); A) of vector fields in
the geometric tangent category Geom(P) over an operadic affine scheme A is isomorphic to
the Lie algebra Ders,,(A) of Sg-derivations over A. Moreover, when P is algebraic, these

two Lie algebras are also isomorphic to the Lie algebra Der »(A) of S-derivations.

3.6.2 The functoriality of the geometric construction

In this section, we want to address the question of how the adjunctions induced by
morphisms of operads between the corresponding categories of algebras interact
with the geometric tangent structures. In Section 3.5.2 we fully characterized how
these adjunctions interact with the algebraic tangent structures. We also character-
ized the geometric tangent category of an operad as the adjoint tangent category
of the algebraic one. So, it is natural to pose a more general question: does the
operation (—)°° which sends an adjunctable tangent category to its adjoint extend
to a functor which sends a tangent morphism to a tangent morphism between the
adjoint tangent categories? Solving this problem will answer the first question.
The crucial observation is the following. Suppose (X, .L) and (X', L") are two

adjunctable tangent categories whose adjoint tangent categories are respectively
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(X°P,T) and (X’°P, T"). Consider a lax tangent morphism (F, a): (X, L) — (X', L’),

whose distributive law is a: F o . = I’ o F. Then we can define a°P as follows:
a®P: T’OFET'OPOLOTET'OL’OFOTEFOT

where (0,7): T 4 L and (0’,7'): T” 4 1I/. We claim that (F°?, a°?): (X°?,T) —
(X°P,T’) is also a lax tangent morphism.

In the following, let’s denote by adjTngCat the 2-category of adjunctable tangent
categories, lax tangent morphisms, and natural transformations compatible with

the distributive laws of the tangent morphisms.

Proposition 3.75. The operation which takes an adjunctable tangent category (X, L) to its
associated adjoint tangent category (X°P, T) extends to a pseudofunctor (—)°P : adjTngCat —
adjTngCat, which equips the 2-category adjTngCat with an endofunctor together with a nat-

ural isomorphism (—)°P o (—=)°P = id,djTngCat-

Proof. By definition, the natural transformations (i.e. projection etcetera) of the
adjoint tangent structure T of a tangent structure L are mates along the adjunction
(0,7): T 4 L between the tangent bundle functors of the corresponding natural
transformations of L. Thanks to [1, Proposition 2.2], the mate of a pasting dia-
gram is the pasting diagram of the mates, as long as the mate of each morph-
ism of the diagram is well-defined. Therefore, given a lax tangent morphism
(F, a) the distributive law a°P is compatible with the tangent structures and thus
(F°P, a®P) is a lax tangent morphism between the corresponding adjoint tangent
categories. To prove that (—)°P is a pseudofunctor notice first that, given three ad-
junctable tangent categories (X, L), (X', I’), and (X”, L”) with adjoint tangent cat-
egories (X°P, T), (X’°, T") and (X"°P, T”), respectively, and two lax tangent morph-
isms (F, a): (X,L) — (X, L') and (G,B): (X', L") — (X", L"), the composition of
(F°P, a®P) with (G°P,B°P) is (G°P o F°P,Ga®P o ﬁ;p). This must be compared with
the opposite of the composition (G o F, fr o Ga). However, for the pasting dia-
gram property of mates, these are the same lax tangent morphism. Similarly, we
can argue that (id3, id}”) corresponds precisely to (idxor, idT). Finally, notice that if
(X, L) is adjunctable, then so is its adjoint tangent category (X°P, T) and its adjoint
is (isomorphic to) (X, L). O
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Remark 3.76. We point out that (—)°P defined by Proposition 3.75 is only a pseudo-
functor and not a strict functor because the choice of a left adjoint for the tangent
bundle functor L is only unique up to a unique isomorphism. This implies that
associativity and unitality are only defined up to a unique isomorphism, which

defines the associator and the left and the right unitors of (—)°P.

Remark 3.77. One could hope that a similar endofunctor (—)°® could also occur in
the 2-category adjTngCat,, of adjunctable tangent categories, colax tangent morph-
isms, and corresponding tangent natural transformations. However, this is not
the case. The reason is that mates of the colax distributive laws along the adjunc-
tions of the tangent bundle functors are simply not well-defined. This breaking
of symmetry plays a crucial role in understanding the differences between non-
commutative algebraic geometry and the geometry of affine schemes. We will

come back to this point later in Example 3.81.

Before proving the functoriality of the operation which takes an operad to its

geometric tangent category, we notice an interesting fact.

Lemma 3.78. Consider a strong tangent morphism (G, a): (X', L) — (X, L) between
two adjunctable tangent categories. Suppose also that the functor G has a left adjoint F 4 G
and write f:= a™': Lo G = G o L' for the inverse of «: G o L’ = Lo G. Then the
corresponding tangent morphism (F°P, (B1)°P): (X°P,T) — (X'°P,T") over the left adjoint

F and between the adjoint tangent categories is also strong.

Proof. By Proposition 3.46, the mate of  along the adjunction F 4 G defines a lax
tangent morphism (F, f1): (X, L) — (X', 1), where fi: Fo L = I'oF.

By Proposition 3.75, the mate of the distributive law a along the adjunctions
between the tangent bundle functors and their left adjoint defines a lax tangent
morphism (G, a°?): (X', T") — (X°P,T), so that, as an X-morphism, a°®: T o
G = G oT’. Similarly, fi defines, again by mating, a lax tangent morphism
(F°P,(B1)°P): (X°P,T) — (X'°P, T"), so that, as a X’-morphism, (B1)°P: T'oF = FoT.

Interestingly, #° admits a second mate along the adjunction (1, ¢): F 4 G:

FT Fa®PF T'F
(a°p)!:FoT—n>FoToGoFa—>FoGoT’oFé—>T’oF
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regarded as a morphism in X’. Thus, we also obtain a colax tangent morphism
(F°P, (a®P)): (X°P, T) -» (X'P,T’). To prove that (aP) is the inverse of (B1)°P,
consider the following diagram:

FoT — ™ S FoToGoF — FISF s FoToGol/oT oF — 1 4 FoToLoGoT oF F %K FoGoT oF — IF _y ToF
rTﬂl lr”rcrﬁ JVFTG.L'T'FH T'FO
FoToloT FoToGoFolLoT FoToGol/oT oFoLoT T'oFolLoT
FTIyT Nat FTGFLyT Jrr'rc_L"qu T T'FLyT
FoToLoGoFoT FoToGoFoLoGoFoT FoToGol/oT'oFoLoGoFoT ToFoLoGoFoT
FTBFT FTGFBFT Nat JVF'I'GJ,”I”F/WI Nat. T'FBFT
FoToGol/oFoT M FoToGoFoGol/oFoT FoToGol/oT'oFoGol/oFoT T'oFoGol/oFoT
A
\ l{»']'(:t«l.'l»w J/PI'G.],' T'el/FT T'el’FT
FoToGol/oFoT —CH L Fo6Gol/oT o/ 0FoT Tol/oFoT
FTGL/TET TFT

! — = —
FoToGol/oFoT AT FoToLoGoFoT FrGET FoGoFoT T FoT

where (n,¢): F 4 G, (0,7): T 4 L and (6’,7): T 4 I’. This shows that the

following diagram commutes:

FoT @ > To F
FTO
Fo T:;L oT
FTInT (Br)°P

FoTolLoGoFoT

FTBFT

~ ~

POTOGOL'OFOTWPOTOLOGOFOTWFOGOFOTT}FOT

However:

FoT FoT
FTO A
FoTolLoT FrT > FoT
FTInT Nat
~N A
FoTolLoGoFoT =——— FoToloGoFoT FnT
FTBET p=at

FoToGol oFoTWFOTOLOGOFOTWPOGOFOTWFOT

We just proved that (B1)°P o (a°P); = idpr. Similarly, one can prove the converse and

conclude that (a®P), is the inverse of (8:)°P, as expected. O
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Remark 3.79. Given a pair of conjoints (F,f1) 4 (G, a) in the double category
of tangent categories where (G, a) is a strong tangent morphism, Lemma 3.78
establishes that the pseudofunctor (—)°® maps (F,f!) 4 (G, a) to another pair of
conjoints (G°P, a®P) 4 (F°P,(B1)°P) and that (F°P,(B1)°P) is also a strong tangent
morphism. However, if (G, a) is strict this does not imply that (F°P, (81)°P) is strict

as well.

In the following diagram, we represent the proof of Lemma 3.78.

‘B F;G> ﬁ!
inverses \L(_)Op
a (Br)°P

1
7
(_)Op 7
-
-’ inverses
k.

a® —— (a*®),

Starting from f3, which is the inverse of the strong distributive law «, by moving to
the right, i.e. by mating along the adjunction F 4 G, we obtain a lax distributive
B1, which, as noticed in Remark 3.52, in general, is not invertible. By moving down
from B, by applying the pseudofunctor (—)°?, we obtain a lax distributive law
(B1)°P. Similarly, by starting from a and moving down, i.e. applying (—)°?, we
obtain a lax distributive law a°P, which, as mentioned in Remark 3.76, in general,
is not invertible. Finally, by moving from a°P to the right, i.e. by mating along the
adjunction F 4 G, we obtain a colax distributive law («°?); which turns out to be
the inverse of (f)°P.

We can now prove the functoriality of the operation which takes an operad to its
associated geometric tangent category. Similarly, as for the algebraic counterpart
of this construction, this operation extends to two functors, one mapping operad
morphisms ¢ to a lax tangent morphism whose underlying functor is (¢*)°® and

the second to a strong tangent morphism whose underlying functor is ¢;”.

Proposition 3.80. The operation which takes an operad 9 to its associated geometric
tangent category Geom(9P) extends to a contravariant pseudofunctor Geom™: Operad®® —

TngCat which sends a morphism of operads ¢ : P — P’ to the lax tangent morphism
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(p*, a*): Geom(P’) — Geom(ZP), where a* is defined as follows:
Te*0’ T T’
a':Top" ——> Top ol/oT =ToLogp ' oT —— @ o T’
where (0,7): T 4 L and (6/,7'): T 4 I/ and we adopted the notation T: = T,
L:=I1, 17:= T, and I/ := L&),

Moreover, the same operation extends also to a covariant pseudofunctor Geom;: Operad —
TngCat. which sends a morphism of operads ¢ : P — P’ to the strong tangent morphism
(p1, ar): Geom(P) — Geom(P’), where a is defined as follows:

, T ¢0 , BT , , 7o T
ar: T"opy—— T ogo;o_LoT———>T ol opioT ——> @roT
where P is defined as in Proposition 3.48.

Concretely, given a morphism ¢: # — %’ and a 9’-algebra B, ¢*(1'B) is
a P-algebra generated by all b € B and by symbols d’b, for b € B, satisfying
suitable relations. On the other hand, T(¢*B) is generated by all b € B and by
symbols db, for b € B, satistying suitable relations. Thus, the distributive law
a*: T(¢*B) — ¢*(T’B) associated with ¢ sends each b to b and each db to d’b.

Similarly, given a -algebra A, ¢i(TA) is generated by all 2 € A and by da for
a € A, satisfying suitable relations. On the other hand, T’(¢1A) is generated by all
a € A and by d’a, for a € A, satisfying suitable relations. Thus, the distributive law

ar: @I(TA) = T’(¢1A) sends each a to a and each da to d’a.

Example 3.81. In Example 3.51 we showed how the canonical morphism of operads
@ : udss — uBorm is mapped by the functors Alg” and Alg,. The functor Geom™ maps
@ to the lax tangent morphism defined over the pullback functor ¢*. Interestingly,
this lax tangent morphism is not strong, i.e. the distributive law T*“%) o ¢* —
@* o T(“6™) (as a udlss-algebra morphism) is not an isomorphism.

To prove that, notice that the module of Kahler differentials Q*“¢“?)A of a
commutative algebra A is given by quotienting the ideal I: = ker (v: A ®r A —
A), where v represents the multiplication of A, by I%, i.e. QA = I[/I?. If B is
an associative algebra, the corresponding module of Kéhler differentials Q“#*)B
is simply given by the ideal I: = ker (u: B ® B — B), where u represents the
multiplication of B (see [25] for a detailed description of both the modules of

Kéhler differentials in the commutative and in the associative case).
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Thus, for a commutative algebra A, there is a natural quotient map Q“/#)r*(A) =
I — I/I? = Q“”) A, The distributive law is induced precisely by this quotient
map since it maps the symbols d“##)g to d“¢**)a. If the distributive law was an
isomorphism such a comparison map between the modules of Kéhler differentials
would be invertible, which it clearly is not. We note that a similar argument was
used by Ginzburg in [25] to distinguish between “noncommutative geometry in the
small, and noncommutative geometry in the large”, meaning that the former “is a
generalization of the conventional ‘commutative” algebraic geometry to the non-
commutative world”. The latter instead “is not a generalization of commutative
theory. The world of noncommutative geometry ‘in the large” does not contain
commutative world as a special case, but is only similar, parallel, to it.” ([25,
Introduction]).

Finally, the functor T, maps the morphism of operads ¢ to the strong tangent
morphism whose underlying functor is the (opposite of the) abelianization functor
@1. The corresponding distributive law T“¢7)o ) = ¢ 0 T(“¥%) (as a commutative

algebra morphism) is the commutative algebra morphism:
T(u%om) (A/[A,A]) — T(MJJ)A/ [T(MJJ)A’ T(u,QidJ)A]

which sends the generators [a] and d“¢**)[a] to [a] and [d“¥)a], respectively,
where we used the square brackets to indicate the left coset given by the commutator
and an element of the associative algebra A. It is not hard to see that the algebra
morphism T(wdi) A — T(WEom)(A/[A, A]) which sends each a to [2] and d“##)g to

d“@&em)[ 4] is well-defined and provides an inverse for the distributive law.

Example 3.82. In Example 3.51 we showed how the canonical morphism of operads
@ Lie — wdlss is mapped by the functors Alg* and Alg,. The functor Geom* maps
@ to the lax tangent morphism whose underlying functor is (the opposite of) ¢*. In
order to understand the distributive law T(*¥*) 0 p* = ¢* o T(“#) (as an associative
algebra morphism), let’s first take a closer look at T\“*)(¢*(A)) and @*(T“#*)(A))
for an associative algebra A. The former one is the Lie algebra generated by a € A

and by symbols d“*)a for each a € A, satisfying the following relations:

[a,b] = ab —ba
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d'“)([a, b]) = [d““a, b] + [a,d“b]

The second algebra is generated by a € A and by symbols d“#)g for each a € A,

satisfying the following relations:

[a,b] = ab—ba
d@“9) (ab) = d“¥) g . b + ad @)y
[a, d“")p] = ad“)p — d“F)p . g

[d(mszw)a’ d(ww)b] — d(udaa)ad(mszfad)b _ d(w%a)bd(ww)a

Note that the relations of the former one are implied by the relations of the latter.
The canonical quotient map T(i%)((p*(A)) — (p*(T(“‘M)(A)) corresponds to the
distributive law. Note that such a map is not an isomorphism.

Finally, the functor Geom; maps ¢ to the lax tangent morphism whose under-
lying functor is the (opposite of the) universal enveloping algebra functor ¢;. To
understand the distributive law T“#*) o @, = ¢ 0 T(¥*) (as an associative algebra
morphism), we first take a closer look at T“¥#)(¢@,(g)) and @i(T(¥**)(q)) for a Lie
algebra g. The former is the associative algebra generated by all ¢ € g and by

symbols d“##) ¢ for each g € g and satisfying the relations:

gh—hg=1[g,h]
d(mszm)(gh) — d(u&fdd)g h+ gd(mszm)h
The latter is the associative algebra generated by ¢ € g and by symbols d(“*)¢ for

each g € g, satisfying the relations:

gh—-hg=1[g, hl

d(gie)g h— hd(gig)g — [d(gig)g’ I’l]

gd(gig)h _ d(gig)h g = [g, d(gie)h]

d(gie)g . d(gie)h _ d(gie)h . d(Jie)g — [d(gie)g’ d(gie)h]

d g, h] = [d¥g, h] + [1, d¥g]
Because the first set of relations implies the latter, this allows us to define a morph-
ism of associative algebras ¢i(T(#*)(g)) — T“¥*)(¢)(g)), which corresponds to

the (inverse of the) distributive law. Thanks to Lemma 3.78, this morphism is an

isomorphism.



Chapter 4

The differential bundles of the geometric tangent category of an

operad

In Section 2.2.5 we recalled an important construction of tangent category theory:
differential bundles. As mentioned earlier, differential bundles represent the ana-
logs of smooth vector bundles in the context of a tangent category. In the original
definition of Cockett and Cruttwell (cf. [10, Definition 2.2]), the underlying bundle
of a differential bundle was not required to be a tangent display map (indeed this
is only a more recent concept). However, in [11, Section 4.21] the same authors
introduced the concept of display differential bundle as a differential bundle which
is also a map of a given tangent display system. Then, using this notion, they
proved that display differential bundles over a given object M in a tangent category
(X, T) are precisely differential objects in the slice tangent category (X, T)/M over
M.

Thanks to the introduction of tangent display maps as in Definition 2.24, we
can now forget about the choice of a tangent display system and work directly with
tangent display maps. So, as in Definition 2.41, for a display differential bundle we
mean a differential bundle which is also a tangent display map.

As mentioned, the construction of the slice category (X, T)/M plays a crucial
role in the story of differential bundles. The goal of this chapter is twofold: under-
standing what the slice category of the geometric category Geom(%) is for a given
algebraic operad & over an operadic affine scheme A, and classifying differential
bundles in Geom(&%). In particular, in operad theory, the enveloping operad %
of a P-algebra A is the operad whose algebras are equivalent to morphisms of
P-algebras of type A — E, i.e. Alggu = A/Algsn. When we consider the opposite
of the category of P-algebras we obtain:

Alg;?(A) = Algg/A

162
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Figure 4.1: The concept map of the chapter

since the coslice of a category is the slice of the opposite category. So, it is nat-
ural to wonder what is the relationship between the geometric tangent category
Geom(2W) of the enveloping operad of a P-algebra A and the slice tangent cat-
egory Geom(2)/A of the geometric tangent category of & over A. In Section 4.2.1
we prove that these two tangent categories are equivalent to each other, proving
that slicing behaves well with respect to the operation which sends an operad to its
geometric tangent category. In particular, this shows that the slice tangent category
of the geometric tangent category of an operad is still a geometric tangent category

of an operad.

This fact can be harnessed to simplify the classification of differential bundles
in Geom(%). The idea is to classify differential objects in the geometric tangent
category of an arbitrary operad and then look at differential objects in Geom(%4).
Employing that Geom(2) = Geom(%)/A and that differential bundles in Geom(%)
over A are precisely differential objects in Geom(%?)/A we conclude the classification

of differential bundles.

This proof strategy for the classification of differential bundles fully relies on
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the equivalence between the slice of Geom(%) and Geom(2W). In order to prove
this equivalence, we first need to reconceptualize the operation of taking the slice
of a tangent category in terms of a right adjoint. In Section 4.1 we discuss this
point, in Section 4.2.1 we recall the construction of the enveloping operad, and
we prove the first the equivalence Geom(PW) = Geom(Z)/A. In Section 4.3.1 we
classify differential objects in the geometric tangent category of any given operad,

and finally, we classify differential bundles, in Section 4.3.2.

Figure 4.1 displays the concept map of this chapter.

4.1 The slice of the geometric tangent category of an operad

This section is dedicated to understanding the slice tangent category of the geo-
metric tangent category of a given operad over an operadic affine scheme. The
tirst step is to revisit the construction of the slice of a given tangent category. We
want to show that the operation which sends a pair formed by a tangent category
(X, T) together with an object A of X, to the corresponding slice tangent category
(X, T)/A extends to a right adjoint functor of the functor Term which singles out
the terminal object » of a Cartesian tangent category, i.e. Term(X,T): = ((X, T); *).

Let’s start by recalling the notion of a Cartesian tangent category.

Definition* 4.1. A Cartesian tangent category is a tangent category (X, T) whose un-
derlying category X has finite products (including the terminal object) and for which the
tangent bundle functor preserves these products. Moreover, given two Cartesian tangent
categories (X, T) and (X', T’), a Cartesian (lax/colax/strong/strict) tangent morphism
(F,a): (X,T) = (X', T) is a (lax/colax/strong/strict) tangent morphism (F, a) whose
underlying functor F: X — X' preserves Cartesian products (including the terminal ob-

ject).

Cartesian tangent categories together with Cartesian lax tangent morphisms

form a category denoted by cTngCat.

Example 4.2. For a given operad & the algebraic tangent category Alg(%) of 2 is

Cartesian. This is a direct consequence of the fact that Algg is complete and that
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the algebraic tangent bundle functor 1\¥) is a right adjoint and thus it preserves all

limits.

Example 4.3. For a given operad & the geometric tangent category Geom(%) of & is
Cartesian. This is a direct consequence of the fact that Algg is cocomplete and that
the geometric tangent bundle functor I(*), regarded as an endofunctor of Algg, is

a left adjoint and thus it preserves all colimits.

One can see that the slice tangent category (X, T)/A of any (non-necessarily
Cartesian) tangent category over a given object is always a Cartesian tangent cat-
egory. Indeed, since the objects of (X, T)/A are the tangent display maps q: E — A
of (X, T) with A for codomain, given two such tangent display maps q: E — A
and q': E" — A, the pullback g X4 q': E X4 E" — A in X of g along q’ always
exists. However, regarded as an object of (X, T)/A, g X4 g’ is the Cartesian product
of g with 4’. By induction, all finite products (the terminal objects will just be
the tangent display map id4a: A — A) exist in (X, T)/A. Finally, since T in X pre-
serves pullbacks between tangent display maps, the tangent bundle functor T4) of
(X, T)/A preserves products in (X, T)/A.

Lemma 4.4. The slice tangent category (X, T)/ A of a tangent category (X, T) over a given
object A of X is a Cartesian tangent category.

Let’s introduce the category of tangent pairs.

Definition 4.5. A tangent pair consists of a pair (X, T); A) formed by a tangent category
(X, T) and an object A of X. Moreovet, a morphism ((X, T); A) — (X', T"); A’) of tangent
pairs consists of a pair ((F, a); @) formed by a lax tangent morphism (F,a): (X,T) —
(X, T") which preserves tangent display maps over A i.e. for which every tangent display
map q: E — A is sent to a tangent display map Fq: FE — FA, together with an
isomorphism ¢ : FA — A’ of X'.

The composition of two morphisms ((F,a);¢): ((X,T);A) — (X', T');A"),
(G, B);Y): (X, T'); A") — ((X”,T"); A”) of tangent pairs is defined as the tan-
gent morphism (G,p) o (F,a) = (G o F,Gapr) together with the isomorphism
GFA e, GA’ s, A”. Notice, in particular, that since G preserves tangent dis-

play maps and tangent display maps are closed under composition, this defines a
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morphism of tangent pairs. Therefore, tangent pairs together with their morphisms
form a category denoted by TngPair.

We are now in the position to introduce the pseudofunctor Term: cTngCat —
TngPair which sends a Cartesian tangent category (X, T) to the tangent pair (X, T); »),
*+ being the terminal object of X. The terminal object * is uniquely defined only up
to unique isomorphisms; therefore, to define Term we are making a choice of one
of the terminal objects of each X. In the following, we abuse notation and refer to *
as the terminal object.

Notice that, since pullbacks over the terminal objects are precisely Cartesian
products, tangent display maps over the terminal object consist of those objects E
of X for which the Cartesian product E’ X E exists for any other object E’ and for
which this product is preserved by T, i.e. T(E’ X E) = TE’ x TE. Therefore, for a
Cartesian tangent category (X, T) tangent display maps over the terminal object are
all the objects. This observation implies that Term is a well-defined functor. Indeed,
given a Cartesian tangent morphism (F, a): (X, T) — (X', T’) let Term(F, a) be the
pair ((F, a);!) formed by (F, ) (notice that Cartesianity implies that F sends tangent
display maps of (X, T) over the terminal object * of X to tangent display maps of
X’ over F* = #’) and by the isomorphism !: F+ — #" (notice that this is trivially a
tangent display map since it is an isomorphism).

On the other hand, we can also define the pseudofunctor Slice: TngPair —
cTngCat which sends a tangent pair ((X,T);A) to the slice tangent category
Slice((X, T); A): = (X, T)/A. To understand how Slice acts on morphisms of tan-
gent pairs, we first need to show that we can lift such a morphism to the slice
tangent categories.

In the following, we adopt the following notation. For a tangent display map
q: E — A we denote by g*: TWE — A the pullback of Tq along z (which exists
since q is a tangent display map). Moreover, we denote by &;: TAE — TE the

morphism in the pullback diagram commute:

TAE L} TE

ﬂ J ln,

A———TA
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When g is clear from the context, we omit it from the notation.

Remark 4.6. Term and Slice are not strict functors but rather pseudofunctors. This
comes from the fact that terminal objects and slice tangent structures are only
defined up to unique isomorphisms. Thus, the associators and unitors are defined

by these unique isomorphisms.

Proposition 4.7. Consider two tangent pairs (X, T); A) and (X', T"); A’) and a morphism
of tangent pairs (F, a); ¢): (X, T); A) — (X', T'); A’). Let q: E — A be a tangent
display map in (X, T) over A. Finally, consider the morphism 0,: F TAE — T"WFE, as

the unique morphism which makes commutative the following diagram:

F¢
FTWE ! s FTE
\\\ Qq /
\\ [0 4
\\/( )/
T FE y T'FE
| Fq
T'Fq
~N Nat
(Fqo)* T'FA
Fq* FTq
T ¢
~ ~-
A’ Z s T’A’ a
e g \
FA > FTA
Fz

Therefore, the functor:
F:X/A—->X/A
Fq P
F(g: E—> A)— (FE—FA - A)
F(g:(q: E—=A) = (q": E' = A)) = (Fg: (Fap) — (Fg'9))
extends to a lax tangent morphism:
(F,a)/¢: (X, T)/A - X, T)/A

whose distributive law is defined by the natural transformation 6,: FTWq — T WEy.
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Proof. For starters, let’s prove the compatibility between 0 and the projections:

EFT@A) q L} T’(A/)Fq
FP(A)\L )
p
Fq

which corresponds to the diagram:

FTWE —% & TAFE

F¢ (6,a;8) &F
~ ~
FTE a—> T'FE
Fp (a;p) PF
~ ~
FE ———= FE

Let’s take into consideration the compatibility diagram between 0 and the zero

morphisms:

FTWy —2 5 Wy
Fz@) ,
)
Fq

To show that, first, consider the diagram:

FTWE 0 s A EE

AN AN
Fé &r
(@,0:8)

M| (6  FTE —— T'FE @0 |z

/ (@) \
E F

Thus FzW0&r = ZI(EA,)E r and from the universality of £r we conclude that F z(Ag =

F E
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(A7)
Zp

ism:

, as expected. The next step is to prove the compatibility with the sum morph-

Ty =%

(4)
o)

FTWg —— TWFyg
Thus, consider the following diagram:

Ox0

FTVE s T'YYFE

\M‘f (0,05) V

FToE —%% T,FE

Fs@) (5;8) FS\L (a;8) \LSF (5:) S;An

FTE —%— T'FE

/ (a,0:6) \
Vv ~

FTWE N T A EE
0

Thus, FsWo&r = (0 x Q)Sl(:A,)E r and from the universality of £r we conclude that

FsWo = (0 x 0)s1), as expected. Let’s prove the compatibility with the lift:

FT(A)q > T’(A,)Pq

FlWl J{lff')

F(T(A))Zq - TI(A')FT(A)q _ (T’(A’))2Fq
O1a) T4
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As before, consider the following diagram:

FTWE 0 s T"A)FE
0. &
Fe (@,0;8)
FTE - > T'FE
Fl (o1 Ip
FI) (1:6) FT?2E —** 3y 'FTE — % T2FE (1:6) 1
AN /I\ AN
Fér (a,0;8) &rr Nat v
|
’ ’(A’) ’
FTATE L) T A ETE u) T AT FE
/I\
7(A! (A7)
FTV . T(Al )FE (ale;é)\ &

F(T@W)2E s "W FTAE s (T"A))2FE
Ora) TWo

Therefore, GléA/)T’ (A/)c‘ZET'p =F l(A)GT(A)T’ W1/ (A')EETfp. By the universality of
Tl(A/)égT/F we conclude that Qll(:A/) =F Z(A)QTM)T’(A/)Q, as expected. Finally, let’s

prove the compatibility with the canonical flip:

F(TW)y2g 10y ) prayg T puiayyap,

A
F C(A)\L J,CF

F(T(A))2q - TI(A')FT(A)q _ (T’(A,))2Fq
O1a) T4
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Thus:
F(T(A))QE O.1(4) y T'(A’)FT(A)E TA)g N (T/(A’))QFE
| ar
Nat T (a,056) T¢
FTW¢g 1
FTWTE — T A)FTE — T A)TFE
T ™%
|
F&r (a,0;8) &rr Nat ErF
~ \l/ ~
FTE a—T> T'FTE T} T2FE
FC(A) Fc (OL;C) CF C;:Al)
(c;8) 4 4 (c;8)
FT?2E — 2 T"FTE — X% 3 T2FF
AN /I\ AN
Fér (a,0;8) EFT Nat ErF

|
’ ’(A,) ’
FTWTE 9 ) prp Ty A vpE

/I\
ETA) (A e T/(4)
¢ Nat T FE (a,0;8) ¢
~N- | ~

F(T4)2E s T"WFTAE s (T"A)2FE
Op(a) TWe

This proves that 61 T 6T Wserr = Fe@ O T'WOT Vg r. Finally,
using the universality of T’(A/)E E1r we conclude that Oy /A QCZ(:A’) = Fc@) Or4) T/A) o,

as expected. O

Proposition 4.7 allows us to lift morphisms of tangent pairs to the corresponding
slice tangent categories. Thanks to this, we can define Slice to be the pseudofunctor
which sends a morphism ((F, a); ¢): (X, T); A) — ((X’,T"); A’) to the lax tangent
morphism (F, a)/¢. Notice also that since F preserves tangent display maps over

A, it also preserves the Cartesian products between tangent display maps over A.

Remark 4.8. Notice that, to define morphisms of tangent pairs one could have
asked ¢ to simply be a tangent display map. However, in order for (F, a)/¢ to

preserve Cartesian products we needed ¢ to be an isomorphism.

The next step is to find sufficient conditions on a morphism of tangent pairs for
the corresponding tangent morphism over the slice categories to be strong. This

will play a key role in our story. Let’s introduce a definition.
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Definition 4.9. Given two tangent pairs ((X,T); A) and (X', T");A’), a morphism
((F,a);p): (X,T);A) = (X', T"); A’) of tangent pairs is Cartesian if the following
diagrams:

F
FTE —%— T'FE  FTWE i> FTE

FTA —— T'FA FA 4> FTA

are pullback diagrams, for every tangent display map q: E — A of (X, T) over A.

Remark 4.10. Notice that, even if the functor F underlying a morphism of tangent
pairs preserves tangent display maps over the given object A of the pair, it is not
guaranteed that F preserves also tangent display maps over TA. This is the reason

why in Definition 4.9 we required the right diagram to be a pullback.

Lemma4.11. A Cartesian morphism of tangent pairs ((F, a); ¢): (X, T); A) — (X', T'); A')
lifts as a strong tangent morphism to the slice tangent categories. Concretely, this means
that the natural transformation 0,: FTWg — TWEF q defined in Proposition 4.7 is

invertible.

Proof. Consider the following diagram:

FTWE X s FTE — % s T'FE

i Fqu
FT@g FTA T'Ff
F A F A
P i T
Pt Y

z

where we used that Fza = zr. Thanks to the Cartesianity of ((F, a); ¢), this is a
pullback diagram since it is formed by pullback diagrams. In particular, the bottom

square diagram is a pullback because ¢ is an isomorphism. On the other hand, by



173
definition, 0 is defined by the diagram:

T FE

iy
N &r
\
\
’ \
(A )(Fﬁ(l)) \\ T FE
\
N / J/
\

TFA

T’(p
(A)E T'A’

However, the top and the right rectangular sides of this triangular diagram are

pullbacks, so 6 must be an isomorphism. O

We can finally characterize the operation which takes a tangent pair to its slice

tangent category as an adjunction between pseudofunctors.

Theorem 4.12. The pseudofunctors Slice: TngPair & cTngCat: Term form an adjunc-
tion whose left adjoint is Term, the right adjoint is Slice, the unit (U,n): (X,T) —
Slice(Term(X, T)) = (X, T)/*, as a Cartesian tangent morphism between Cartesian tan-

gent categories, is the isomorphism:

U: X — X/=
UA) - (11 A — #)
U(f: A= B)— (f(I: A—> %) > (I: B—+))

idTA

n: (U(TA)) = (: TA = ») — (1: TA = ») = T(U(A))

and the counit ((C, €); ¢): Term(Slice((X, T); A)) = (X, T)/A;ida) — (X, T); A) is the
morphism of tangent pairs:

C:X,T)/A— (X, T)

C(qg:E—>A)—E

C(g:(g:E—>A)—>(g":E - A)—(g:E—E)
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e: C(TW(q: E - A)) = TWE 5, = T(C(q: E — A))

@:Clida: A—>A)=A Y A
Proof. Let’s start by noticing that the unit and the counit are well-defined morph-
isms. The underlying functor U of the unit is clearly Cartesian, so (U, 1) is well-
defined. Let’s focus on the counit. A tangent display map in (X,T)/A over
ida: A — A consists of an object g: E — A of (X, T)/A, i.e. a tangent display
map of (X, T) over A, together with a morphism q’: E" — A for which g’ida = g.
This implies that tangent display maps of (X, T)/A over id4 are also tangent display
maps of (X, T) over A. So, the underlying functor C of the counit sends tangent
display maps to tangent display maps.

The next step is to show that the unit (U, ) and the counit ((C, ¢); @) satisfy the

triangle identities. Let’s start by considering the following diagram:

Term(X, T) M) Term(Slice(Term(X, T)))

\ \L((CrE)KP)Term

Term(X, T)

for a tangent category (X, T) with terminal object. However, it is straightforward
to realize that the underlying tangent morphisms (C, €) and (U, n) of ((C, €); ¢)Term
and Term(U, 1) define the equivalence between (X, T) and (X, T)/* and that, by the
universality of the terminal object, the composition of the comparison morphisms
@ = id. and !: U* — = is the identity over the terminal object. Similarly, by

considering the diagram:

Slice((X, T): A) P Glice(Term(Slice((X, T): A)))

\ \I/SIice((C,e);(p)

Slice((X, T); A)

for a tangent pair ((X, T); A), it is straightforward to show the underlying tangent
morphisms of Slice((C, ¢); @) and (U, 1)sjice define the equivalence between (X, T)/A
and ((X,T)/A)/ida and that the composition of the comparison morphisms gives

the identity. Finally, notice that the unit is always an isomorphism. O
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Remark 4.13. As mentioned in the introduction of Section 2.2.4, in the original pa-
per [41], the author of this thesis employed a different approach to define the slice
tangent category. Instead of considering only tangent display maps as objects of
the slice tangent category, all morphisms with a fixed codomain were considered.
However, since the existence of tangent pullbacks along these morphisms is re-
quired in order to define the slice tangent structure, only so-called sliceable objects
were considered. We suggest the interested reader to consult the original paper
for details. This discrepancy in the definition of the slice tangent category in the
original paper results in a different adjunction. Instead of having an adjunction
Term 4 Slice between tangent pairs and Cartesian tangent categories, in the original
paper, we proved the existence of an adjunction between tangent pairs and tangent
categories with a terminal object. We also need to point out that the morphisms of

TngPair in the original paper were not required to preserve tangent display maps.

4.2 The slice tangent categories of the affine schemes over an operad

The previous section was dedicated to characterizing the slicing of tangent cat-
egories via the adjunction between two pseudofunctors. A similar phenomenon
happens in the realm of operads: given an operad & and a 9-algebra A the en-
veloping operad ) of % over A is the operad whose category of algebras is
equivalent to the coslice category of Alg, under A.

The goal of this section is to prove that these phenomena are two faces of the
same coin: the geometric tangent category of the enveloping operad of & over A
is equivalent to the slice tangent category of the geometric tangent category of &
over A.

Let’s start by recalling the definition of the enveloping operad of a pair (%; A).
We advise the interested reader to consult [6], [46], or [21]. For this purpose, recall
that since the category of algebras of an operad & is cocomplete, each operad has an
initial algebra, which corresponds to the R-module 9(0) together with the structure
map P(m) @ P(0)*" — P(0) defined by the operadic composition. This allows
us to introduce an operation P — (2; %(0)) between operads and operadic pairs.

Notice that by a operadic pair we mean a pair (%°; A) formed by an operad & and a
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P-algebra A. Moreover, given two operadic pairs (%; A) and (9’; A’) a morphism
of operadic pairs (f; ¢): (#;A) — (9; A’) is a morphism of operads f: & — P
together with a morphism of P-algebras ¢: A — f*A’, f*: Algg — Algg being
the pullback functor induced by f. Operadic pairs together with their morphisms

form a category that we denote by OprPair. So, we have:

Init: Operad — OprPair
Init(P): = (P; %(0))
nit(f: P — P):=(f;!: 2(0) = f*2(0))

! being the unique morphism of -algebras induced by the universality of the
initial algebra 2(0). Concretely, ! sends an element u € 2(0) to fo(u).

Init admits a left adjoint Env (cf. [6]), which sends an operadic pair (; A) to the
corresponding enveloping operad Env(%; A): = P, Following the description
provided by [21, Section 4.1.3], P4 ig generated by the symbols (u;ay, ..., ak|, for
every u € P(m +k), ai,...,ar € A and every non-negative integer k (when k = 0,

(u| are the only terms) which satisfy the following relations:

([Ja ai, ... Iv(ai/ s /ai+l’l)/ s /ak+1’l| = ([J ojviay, ... Iak+}’l| (421)

forue P(m+k),vePmn)anday,...,arn € A, where we used the notation p o; v
for u(le,...,v,...,1»). In particular, it is not hard to see that PA(0) = A. So, the
functor Env sends a morphism of operadic pairs (f, ¢): (#;A) — (2';A’) to the

morphism of operads Env(f; ¢): P — 9/4) defined on generators as follows:

(s a1, ..., ak] = (f(w); pa), ..., plag)l

From this description of the enveloping operad, itis not hard to see that an algebra A’
of the enveloping operad 2 is precisely given by a #-algebra C*A’, C: P — P
being the canonical inclusion y +— (u|, together with a morphism of 9*-algebras
A — C*A’ induced by the structure map A = 24 (0) — C*A’ of A’

Conversely, every morphism of P-algebras f: A — A’ induces a #Y-algebra

structure over A’ defined as follows:

(y;tll, . .,akl(bl, . ..,bm):z ‘uAf(f(al),. . .,f(llk),bl,. . ,bm)
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forue P(m+k),ay,...,ap € Aand by,..., b, € A’. This proves that the category
of #W-algebras is equivalent to the coslice category of P-algebras over A (cf. [6,
Lemma 1.7]).

4.21 The geometric tangent category of the enveloping operad

Theorem 4.12 establishes that Term and Slice form an adjunction and from our
discussion on the enveloping operad we also know that Env and Init form an
adjunction. We would like to compare Term with Init and Slice with Env. However,
Term is a left adjoint, while Init is a right adjoint and similarly, Slice is a right adjoint
and Env is a left adjoint. To solve this issue, we transpose the adjunction Env 4 Init
to the opposite categories. To compare these functors, notice that Geom® extends to

operadic pairs as follows:

Geom®: OprPair®® — TngPair
Geom*(; A): = (Geom(2); A)
Geom'((f, ) (% A) = (F; A)) =
(Geom’(f) = (f*,@"); 9 A — @"A'): (Geom(); A) — (Geom(%'); A)

Note that, since Algg is cocomplete and the tangent bundle functor is a left adjoint
(and therefore it preserves all colimits), every morphism of Geom(&%) is a T(*)-

display map.
Lemma 4.14. The following diagram:

Init

Operad®® ——— OprPair°?

Geom"l \LGeom*

cTngCat T TngPair

commutes.
Proof. 1t is straightforward to see that, for an operad 2:

Geom*(Init((2)) = (Geom(L); (0)) = Term(Geom(Z)) = Term(Geom*(P))
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and for a morphism of operads f: % — 2"

Geom*(Init(f)) = Geom*(f;!: f*%'(0) « 2(0)) =
=(f", a1 P0) - 72 (0)) = Term(f*, a*) = Term(Geom*(f))

So, the diagram commutes. m|

Thanks to Lemma 4.14 we can now also compare the functors Env and Slice.
Crucially, to do that we are going to use that Init 4 Env (on the opposite categories)
and that Term 4 Slice form adjunctions. In general, given a square diagram as

follows:

° - ; [
u/
F \
° [
u

with (n,¢): F4U and (1, ¢’): F’ 4 U’ forming adjunctions, then if the diagram:

commutes, then, by using mates (see [35]), we can define the following natural

transformation:

7 uH !

Goll' XS5 UoFoGol'=UoHoF oll' —— UoH
A priori, there is no reason to conclude that such a natural transformation is a
natural isomorphism. In order to prove that the natural transformation induced by
the adjunctions Init 4 Env, Term 4 Slice, and by Lemma 4.14 is an isomorphism, we
need to show that the counit of Init 4 Env induces a Cartesian morphism of tangent

pairs over the geometric tangent pairs.

Lemma4.15. The counit, regarded as a morphism of OprPair, (C, €): (2; A) — Init(Env(P; A)) =
(P4 PA(0)) of the adjunction Init 4 Env induces a Cartesian morphism of tangent pairs:

Geom*(C, €): Geom*(2W): 2N(0)) = Geom*(P; A)
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Proof. Let's start by recalling the definition of the counit. C: % — %@ is the
morphism of operads which includes & into 2 by mapping u € %(m) into
(ul € A (m). Moreover, ¢: A — C*2@(0) is the isomorphism A 3 a — (1»;4| €
C*PA(0), where 15 € (1) is the unit of 2. To see that this is an isomorphism,
notice that the generators of QJ(A)(O) are all the symbols (y;a1,...,ay| for every

p € P(m)anday,...,a, € A, but thanks to the relations (4.2.1) we also have:

(a1, ..., a;m|l = Qo) ar, ..., aul = Qo ula, ..., am)l

So, with the identification a = (15; a| we have that 24)(0) is equal to A. Notice
also that, given a 2W-algebra A’, C*A’ is the P-algebra over A’ with structure map
defined by:

uby, ... by):= (ula by, ..., bw)

To distinguish between the different tangent structures, for this proof we adopt
the following convention: we denote by T the geometric tangent structure of &, by
TA") the slice tangent structure on A’, and by T4 the geometric tangent structure of
P,

The Cartesianity of Geom*(C, ¢) means that for a morphism q: A’ — E of 24)-
algebras the diagrams in the category of S -algebras:

cT %
C*TAA/ %ﬁ C*TAE TC*A’ 0‘% C*TAA/

C*ZA\L J{C*éq TCW\L J{C*TM

C*A’ = CY(TA)WE TCE —— C'T4E

are all pushout diagrams, where 4. is the morphism defined by the pushout dia-

gram in Alg g):

’ Taq
TyA! ————> TpE

N

A s (Tp)WE

Let’s then consider the first diagram. Under the identification Alggu) = Alggs/A,
the functor C*: Alg,u = Algsn/A — Algg coincides with the forgetful functor,
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which sends a morphism f: A — A’ of JP-algebras to the 9-algebra A’. Notice
that the forgetful functor X/M — X from the slice category of a category X over
an object M of X preserves all connected limits, therefore, dually, the forgetful
functor M /X — X preserves all connected colimits. In particular, pushouts are
connected colimits and thus C* preserves all pushouts. Thanks to this general fact,
we conclude that the first diagram is a pushout.

Finally, let’s prove that the diagram which expresses the naturality of a* is also
a pushout. The first step is to lift a* to a morphism of %“-algebras a* so that
C*(a*) = a*. Secondly, we are going to show that a* is a coequalizer morphism
from direct inspection, and finally, we use that C* preserves the universal property
of a* to conclude our result.

Let’s start by noticing that, since A’ is a 2(4)-algebra it corresponds to a morph-
ism of P-algebras p: A — C*A’. Moreover, using the projection we obtain a
morphism A LA c'A L TerA of P-algebras which defines a new %W-algebra
TC*A’. Concretely, this is the %(4-algebra defined over TC*A’ whose structure
map is defined by:

(wsar, ..., akl(x1,..., xn) = urca(B@), ..., plax), x1, ..., Xm)

Then, it is not hard to see that a* can be lifted to a morphism of %“-algebras
a*: TC*A’” — TaA’, which sends an element y € TC*A’ to a*(y) € T4A’. Re-
call also that, by construction, a* sends the generators b and db of TC*A’ to the
corresponding generators b and d4b of C*T4A’.

By direct inspection we see that the ?“)-algebra T4 A’ is generated by all b € A’
and by symbols dsb for b € A’, satisfying the following properties:

(wsar, ..., aklra (b, ..., b)) = (a1, ..., akla(by, ..., by) =
= ‘U'C*A/(‘B(al)/'"Iﬁ(ak)lbll"'/bm)

m
da((w; a1, .., akl(by, ..., bm)) = Z(H;ﬂh oo ag|(by, ..., dabj, ... by)
j=1

m
= Z ‘UC*TAA'(,B(al)/ s /ﬁ(ak)/ bl/ ceey dAbj/ ey bm)
j=1

Similarly, it is not hard to see that TC*A’ is also generated by b € A’ and by symbols
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db, for b € A’, satisfying the following properties:

(y;al,...,ﬂklm(bl,...,bm) =

= MTC*A’(ﬁ(al)/ oo /ﬁ(ak)/ bl/ ey bm) = HC*A’(ﬁ(al)/ oo /ﬁ(ak)/ bl/ ey bm)
m
d(u(by, ..., b)) = Zy(bl,...,dbj, o b
j=1
Itis clear from this that the relations of T4 A’ imply the ones of TC*A’. Since a* sends

generators to corresponding generators, this implies that T4A’ can be represented

as a quotient algebra of TC*A’ over a specific ideal I, that is T4A” = TC*A’/I, and

that a* is the quotient map TC*A’ — TC*A’/I. Direct inspection shows that the
ideal I is generated by all the d4(B(a)) for every a € A, thatisin ToA’, da(B(a)) = 0.
Using a similar argument as the one we used to prove that the first diagram was
a pushout, we conclude also that a* is a quotient map TC*A” — C*T4A’, so that
C*TAA’ is a quotient algebra of TC*A’ over an ideal I generated by d4(5(a)) = 0.
Let’s now come back to the naturality diagram and consider ¢: TC'E — K and
h: C*T4A’ — K as follows:

TC*'A" — % 5 C*T4A’

TC*q\L J{C*TAq
h

TC*E T C*TAE

This implies that:

h(b) = g(q(b))

h(dab) = g(q(db)) = g(dg(b))
for every b € A’. Notice that, since E is a @(A)-algebra, we can also define a
morphism of P-algebras y: A — E and that since g is a morphism of @(A)—algebras

we have that g(B(a)) = y(a). So, tolift g to C*T 4 E we need to show that g(dy(a)) = 0,

however, we have the following:

g(dy(a))
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g(df(B(a))
g(dh(dap(a)))
=0

where we used that daf(a) = 0. This proves that we can lift g to TC*E/I = C*T4E,
that is we find a morphism [g, h]: C*T4A’ — K. We leave it to the reader to
prove that such a morphism is the unique morphism which makes commutative

the following diagram:

TC*A" —% 5 C*T4A’

TC*Q\L J{C*TA[]

TC*E T> C*TyE

This concludes the proof. m|
We can prove the main result of this chapter.

Proposition 4.16. Consider the tangent morphism obtained as follows:
- (um)Geom*Env i "
Geom” o Env ——— Slice o Term o Geom” o Env =

) . . Slice(Geom™(C,¢)) . .
= Slice o Geom® o |nit o Env Slice o Geom

This defines an equivalence of pseudofunctors which makes the following diagram commut-

ative:
Operad®P (EL OprPair°P

Geom*l \LGeom*

cTngCat w TngPair

Proof. By Theorem 4.12, (U, n) is an equivalence of tangent categories. Moreover,
thanks to Lemma 4.15, Geom*(C, ¢) is a Cartesian morphism of tangent pairs. By

Lemma 4.11, Slice maps Cartesian morphisms into strong tangent morphisms.
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Thus, Slice(Geom™(C, ¢)) is strong. Finally, thanks to [6, Lemma 1.7] the functorial
component of Slice(Geom*(C, ¢)) is an isomorphism between the categories of 2(4)-
algebras and the coslice category of 9 -algebras under A, i.e. the slice category

Alg?) /A. Therefore, Slice(Geom*(C, €)) is an equivalence of tangent categories. O

Theorem 4.17. Given an operad 9 and a P-algebra A, the geometric tangent category of
the enveloping operad PN of P over A is equivalent, as a tangent category, to the slice

tangent category over A of the geometric tangent category of . In formulas:
Geom(2W) = Geom(P)/ A

Thanks to this characterization, we can now understand the vector fields over
a PW-algebra. For this purpose, recall that for a morphism of %-algebras f: A —
A’ and a A’-module M (see Section 2.2.5 for details) a p-relative derivation is a

derivation 6: A" — M, i.e. an R-linear morphism which satisfies the Leibniz rule:

5(u(by, ..., by)) = Z u(by, ..., 5(by), ..., by
k=1

and moreover 6 o § = 0.

Corollary 4.18. For an operad P, a P-algebra A, and a PD-algebra A’, the vector fields
over A’ in the geometric tangent category of P4 are in bijective correspondence with

B-relative derivations, p: A — C*A’ being the morphism of P-algebras corresponding to
the P“N-algebra A’.

Proof. Recall that in [29, Corollary 4.5.3] it was proved that vector fields in a geo-
metric tangent category of an operad correspond to derivations over the operadic
algebras. Concretely, a vector field v: TA — A, regarded as a morphism of -

algebras, corresponds to a derivation 6,: A — A defined by:
Ov(a):=v(da)
Viceversa, a derivation 6 defines a vector field v5: TA — A by:

v(a):=a

v(da):= o(a)
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Thanks to Theorem 4.17, we have that Geom(2) = Geom(%)/A, thus, given a
morphism f: A — C*A’, by definition of the slice tangent category, the tangent
bundle functor T of Geom(2)/A is given by the coequalizer (in the category of
P-algebras):
TCA T e -y T
Tpzp

or equivalently, by the pushout diagram:

TA —F § TCrAY

[

A —— TOA

This implies that T() A’ is the quotient of TC*A’ by the ideal generated by df(a), for
every a € A. Therefore, a vector field v: TAA — A’ corresponds to a derivation
0p: A” = A’ defined by 6,(b): = v(db), and satisfying the following:

b0(B(a)) = v(dB(a)) = 0

that is a S-relative derivation of A’. Conversely, a -relative derivation 6: A" — A’
being a derivation over A’, defines a vector field v5: TC*A” — C*A’ over C*A’ by
vs(b): = b and vs(db) = 6(b), but since 0 is p-relative, vs(df(a)) = 6(B(a)) = 0, thus
vs lifts to TWA” — A’. O

4.3 The classification of differential bundles

This section is dedicated to the classification of differential bundles in the geometric
tangent category of a given algebraic operad. Our approach is in two main steps:
tirst, we classify differential objects in the geometric tangent category of an arbitrary
operad, and second, we employ that differential objects in the slice tangent category
over a given object are precisely (display) differential bundles. Theorem 4.17 proves
that the slice tangent category Geom(2°)/A of the geometric tangent category of an

operad &, over an affine scheme A, is equivalent to the geometric tangent category
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of the enveloping operad 2 of % over A. Thus, differential bundles over A in
Geom(%) are differential objects in Geom(2W),

In Section 4.3.1 we prove that differential objects in Geom(2) are equivalent to
left modules over the unital and associative ring %(1). This implies that differential
bundles over an arbitrary operadic affine scheme A of an operad & are equivalent
to modules over the S -algebra A. We also show that linear morphisms (linear
in the tangent category sense) between differential bundles correspond to linear
morphisms (linear in the algebraic sense) between the corresponding modules
in a contravariant fashion. In a nutshell, we prove the following equivalence of

categories:
DBndjn (Geom(%); A) = Mod°P(2; A)

where on the left we denote the category of differential bundles of Geom(%) over
A and linear morphisms and on the right the opposite of the category of modules
over the operadic algebra A, in the operadic sense.

Finally, we show that this equivalence is also an equivalence between tangent
categories, where the tangent structure of Mod°P(%; A) is the adjoint tangent struc-
ture of the one induced by biproducts, and the one of DBndj,(Geom(Z); A) is the
restriction to differential bundles and linear morphisms of the slice tangent struc-
ture of Geom(2)/A.

4.3.1 The classification of differential objects

Intuitively speaking, differential objects, reviewed in Section 2.2.2, are objects in
a tangent category which behave like Euclidean spaces in the category of smooth
manifolds: they have a distinct point, the zero, they have a translation symmetry,
axiomatized by the sum operation, and their tangent bundle is trivial.

In Section 3.4 we proved that the monad associated with an operad, assum-
ing the base monoidal category to have biproducts as in Convention 3.20, is a
coCartesian differential monad. We also discussed how a coCartesian differential
monad is precisely a monad for which the associated coKleisli category, i.e. the op-
posite of the Kleisli category, is a Cartesian differential category. Since differential

objects also form a Cartesian differential category, it is natural to wonder whether
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or not the differential objects of the geometric tangent category of an operad form
precisely the coKleisli category of the associated coCartesian differential monad.

To investigate this question, first consider a tangent monad (S, &) over an ad-
junctable tangent category (X, .L) and whose category of algebras admits reflexive
coequalizers, so that Algy’ is a tangent category denoted by Geom(S). Therefore,
the free functor F: X — Algg which sends objects A of the base category X to the
corresponding free algebras F(A) = (SA, y), y being the monad multiplication, ex-
tends to a strong tangent morphism (F, 7): (X°P, T) — Geom(S) between the adjoint
tangent categories.

To understand why this is the case, recall that the forgetful functor U : Alg(S) —
(X, L) is a strict tangent morphism. Employing Lemma 3.78 to the strict, so in
particular strong, tangent morphism U we conclude that the free functor F: X —
Alg??, which is the left adjoint of U, extends to a strong tangent morphism over
the adjoint tangent categories: (F,7): (X°°,T) — Geom(S), where we recall that
Geom(S) denotes the adjoint tangent category of Alg(S). Strong tangent morphisms
preserve differential objects so all free S-algebras generated by differential objects

of the base tangent category (X, L) are also differential objects of Geom(S).

Proposition 4.19. If (S, a) is a tangent monad over an adjunctable tangent category (X, L)
and the category of algebras of S have reflexive coequalizers, the free functor F: X — Alg
restricts to a functor DObj(X, T) — DObj(Geom(S5)).

Theorem 4.20. The free algebras of a coCartesian differential monad (S, ) are differential
objects in the geometric tangent category Geom(S) of (S, d). In particular, free algebras of an
operad P defined over a monoidal category which satisfies Convention 3.20, are differential

objects in Geom(9P).

Proof. Thanks to Proposition 4.19 the free functor F: X — Algg extends to a strong
tangent morphism (X, L) — Geom(S). Moreover, since L is the tangent structure
induced by biproducts, every object of X is a differential object in (X, L). In particu-
lar, DObj(X, T) = X. Since strong tangent morphisms preserve differential objects,

every free S-algebra is a differential object in Geom(S). O

Unfortunately, this result does not guarantee the converse: there could be dif-

ferential objects in Geom(2°) which are not free algebras. Indeed, Example 3.14



187

constitutes a counterexample. We leave it to future work to classify for which tan-
gent monads differential objects in their geometric tangent categories are precisely
the free algebras.

To provide a complete classification of differential objects of the geometric tan-
gent category of an operad we first recall that, in a Cartesian tangent category,
differential objects can be regarded as differential bundles over the terminal object
(cf. [11, Proposition 3.4]).

Proposition* 4.21. In a Cartesian tangent category, differential objects are precisely dif-

ferential bundles over the terminal object.

Interestingly, also (linear) morphisms of differential objects are carried over by
the correspondence between differential objects and differential bundles over the
terminal object and so it extends to an equivalence of categories. For this purpose,
recall that a morphism of differential objects is linear if it preserves the differential
projection and a morphism of differential bundles is linear if it preserves the vertical
lift.

Proposition 4.22. Given a Cartesian tangent category (X, T), the category DObj, (X, T)
of differential objects and linear morphisms is equivalent to the category DBndjn, (X, T); *)

of differential bundles over the terminal object + and linear morphisms.

The second step is to recall that, in the presence of negatives, differential bundles
can be fully characterized as pre-differential bundles satisfying Rosicky’s univer-

sality condition, as shown by MacAdam in [47].

Definition* 4.23. A pre-differential bundle in a tangent category (X, T) consists of a
morphism q: E — M together with a section z;: M — E, called the zero morphism and

morphism l;: E — TE, called the vertical lift, for which the following axioms hold:

I
— ' SV TE

l
E q
\LP Zq/l\ z TI,
E M
Zq

M%

AN

R4 m
T 4——m

Zq
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Moreover, in a Cartesian tangent category (X, T), a pre-differential bundle is universal if

the n-fold tangent pullback of the projection q along itself exists and the following diagram:

1
E—' STE

Q\L J/(Tq,m

M —— TMXE

(z,2q)

is a tangent pullback.

MacAdam proved (cf. [47, Corollary 2.2.5]) that, when a tangent category has
negatives, it suffices to have a universal pre-differential bundle to define a differen-
tial bundle uniquely. In particular, a universal pre-differential bundle comes with

a sum morphism s, : Es — E. Let’s restate this important result.

Proposition* 4.24. In a tangent category with negatives, differential bundles are equivalent

to universal pre-differential bundles.

Since the geometric tangent category of an algebraic operad has negatives, in
our proof, we treat differential objects as universal pre-differential bundles over
the terminal object. Recall also that the terminal object of Geom(%?) is the initial
P-algebra 9(0). With this in mind, let’s start by showing that the functor Freeg)
sends modules over the initial -algebra 2(0) to differential objects of Geom(%).

Proposition 4.25. Let M € Mod () be a (0)-module (in the operadic sense, see Defini-
tion 3.57). Therefore, the 9P-algebra Freeg )M is a differential object in Geom(Z).

Proof. First note that the functor Freeg(): Mods) — Algg is well-defined since
P(0) is a SP-algebra. Let’s start by defining the zero-morphism of Freeg)M.
Let’s recall that Freegs ()M is the P-algebra generated by pairs (a, x) € 2(0) X M,

satisfying the following relations:

([U, (all O)/ ey (Olk, x)/ ey (an/ O)) = (‘Ll(all ey an)/ ‘Ll(all ey A1, X, Bkt 1y ey an))
(4.3.1)
for every u € P(n), ay,...,a, € P(0), x € M, and any positive integer n. Let’s

consider the morphism:

C: So(2(0) x M) 227 s (2(0) B 2(0)
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where 0 is the structure map of the 9-algebra 2(0). This is a well-defined -
algebra morphism since it is the composition of P-algebra morphisms. Let’s prove
that this morphism lifts to Frees M by showing that it is compatible with the
relations (4.3.1):

Cys (@1,0), ..., (ak, x), ..., (an, 0))
= O0(S(2, ) (;(a1,0),...,(ak,x),...,(an,0)))
= O(wai, ..., an)
= ulay, ..., ay)

= C(H(all ey (Xl)/ #(all ey 01, X, K ft 1,00y an))

This proves that C lifts to the quotient and therefore it provides a well-defined -
algebra morphism Freeg M — °(0) that, abusing notation, will be also denoted
by C. The second step is to provide a vertical lift for Freeg)M. To define this
morphism, note that the tangent bundle functor T preserves colimits since it is a
left-adjoint. This allows us to regard TFreeg)M as the SP-algebra generated by
pairs (a, x) € P(0) x M and symbols d(«, x), for (o, x) € P(0) X M, satisfying the
relations (4.3.1) and the following:

d(#(al/ ey an)l H(all ey X1, X, Ok41y - -y an)) =

= > (s (@1,0),., d(@z,0),..., (ar, ), ..., (@, 0)+ (432)
ik

+ (u; (a1,0),...,d(ak, x),...,(ay,0))

Let’s consider the morphism:

A: TSa(2(0) x M) — Freeg M
AMa,x):=[(a,0)]
Ad(er, x)): = [(0,x)]

We used the square brackets to indicate the equivalence classes in the quotient
Freegp)M. For Theorem 4.20, the free algebra S4»(2°(0) X M) is a differential object,
so we conclude that T(S%»(ZP(0) X M) = S»(ZP(0) X M) X S»(P(0) X M) = S»(%(0) X
M x P(0) x M). Therefore, TS#»(2(0) x M) is a free S-algebra and then A is a well-
defined % -algebra morphism. The next step is to show that A lifts to TFreeg )M
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by showing that it is compatible with the relations (4.3.1) and (4.3.2). Let’s start by
proving the compatibility with (4.3.1):

A (a1,0), ..., (ak, x), ..., (an, 0))
[(; (a1,0),..., (an,0)]
[(u(ar, ..., a,),0)]

A([l’l(all ey an)/ (Ll(all e Of—1, X, g1y e ey 0(1’1))

where in the second passage we used Equation (4.3.1). Let’s prove the compatibility
with the relations (4.3.2). First notice that:

Ad(u(ar, ..., an), ulan, ..., ak=1, X, k1, - .-, Qn))) =

= [(O/ [u(all ey Ok, X, Eft 1,00y an)]

On the other hand:

A D (i@, 0), ., d(@i, 0), - (g x), - (e, 0)
i#k
+(u; (@1,0), ..., d(ak, x), ..., (ay,0)))
D s (@:,0),,(0,0), .., (@, 0), ..., (@, 0))] +
i+k
(s (@1,0), ..., (0,%), ..., (an,0))]

= [(Oly(all"'lak—llxl ak+1/"'/a7’l))]

This proves that A is compatible with the relations of TFreeg)M and that it can
be lifted to a morphism of P-algebras TFreesM — Freeg M, that, abusing
notation, will be denoted by A. The next step is to show that (A, C, A) is a universal
pre-differential bundle over 2(0). Notice first that in Geom(Z) every map is a
T#)-display map, so we do not need to prove the existence of the n-fold tangent
pushout (regarding the maps as morphisms in Algg) of the projection along itself.

Let’s start by showing the compatibility between the vertical lift [ and A, i.e.
Aol =AoTA. Using the presentation of T?Freeg(y)M, we show the equivalence of

the two morphisms on generators as follows:

AMl(a,x)) = Aa, x) = (,0)
A(l(d(a, x))) = A(0,0) = (0,0)
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A(l(d(a, x))) = A(0,0) = (0,0)
A(l(d"d(ar, x))) = A(d(a, x)) = (0, x)

AMTA(a, x)) = AMa, x) = (a, 0)
ATA(d(e, x))) = A0, x) = (0,0)
AMTAd (a, x))) = A(d(a, 0)) = (0,0)
AMTA(d d(«, x))) = A(d(0, x)) = (0, x)

The next step is to prove the compatibility between the projectionand A,i.e. Aop =
l'o C, where ! :: P(0) — Frees(0)M is the unique J-algebra morphism defined by

la:=[(a,0)]. Thus, on generators:

Alp(a, x)) = Ma, x) = (a,0) =l(a) =!(C(a, x))

Let’s show the compatibility between A and the zero morphism,i.e. oA = Co z:

C(AMa,x)) = C(a,0) = a
C(A(d(a, x))) = C(0,x) =0

Cz(a, x)) = (e, x) = a
C(z(d(a, x))) = C(0,0) =0

This proves that (Freeg M, C, A) is a pre-differential bundle over 9(0). Let’s prove

the universality of the vertical lift, which corresponds to stating that the diagram:

T!,
P(0) U FreegoM l} TFreeg )M

[z,C]\L \L/\

P(0) > FreegpoM

!

is a pushout diagram. Since the tangent bundle functor is a left adjoint it follows
directly that this is also a tangent pushout. For this purpose, consider two morph-

isms f: TFreepM — X and g: P(0) — X of P-algebras, making the following



diagram commutative:

T!,
9 (0) U FreegoM l} TFreeg )M

[z,C]\L l}\
f

P(0) > FreegoM

X
8

We want to provide a morphism /1 : Freeg)M --> X of 9-algebras so that:

T!,
9 (0) U FreegoM l} TFreeg )M

[z,C]\L l}\

2(0)

commutes. First, note that, since f o [T!, p] = g o [z, C] we have that:

fla,x) = g(a) = f(a,0)
f(d(,0)) =0

Thus, let’s define /1 on generators as follows:

h(a, x):= g(a) + f(d(0, x))

192

Let’s first prove that h is well-defined, i.e. that it is compatible with the rela-

tions (4.3.1):

h(u; (a1,0), ..., (ak, x),...,(an,0))
[“l(g(al)l s /g(ak) + f(d(O/ X)), R g(an))
wgla), ..., glak), ..., glan)) + p(g(as), ..., f(d0,x)),..., glan))
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u(f(ar,0),..., fak,0),..., flan, 0) + u(f(a1,0), ..., f(d0,x)),..., flar,0)
fl(u;(a1,0), ..., (an, 0)] + f[(y;(a1,0),...,d(0,x),...,(an,0))]

fllular, ..., an), 0]+ f[dO, u(aq, ..., ak-1, X%, Aks1, .-, an))]
g(ular, ..., an)) + (O, ular, ..., k=1, %, Qk+1, ..., An)))

h(u(ay, ..., an), wlay, ..., ¢k-1,%, Qgs1, - - -, n))

This shows that h is a well-defined 9-algebra morphism. Let’s now prove that
hoAd=f:

h(A(a, %) = h(a,0) = g@) = f(a,x)
h(A(d(a, ) = 1(0, %) = £(d(0,x) = f(d(a,0)) + F(d(0, x)) = f(d(a, x))

Let’s also prove the compatibility with |, i.e. that ho! = g:

h(((a)) = h(a,0) = g(a)

The final step is to show that / is the unique morphism so that h o A = f and

ho! = g. Let’s consider a second morphism h’ satisfying these conditions, so that:
h'(a,x) = W' (a,0) + h'(0,x) = h'({(a)) + h'(A(d(0, x))) = g(a) + f(d(0, x)) = h(a, x)

In conclusion, we constructed C and A so that (Freegs(O)M ,C, A) is a universal pre-
differential bundle over the terminal object of Geom(Z?). We conclude that Free g, M

is a differential object. m|

Proposition 4.26. Let (A, o, C, A) be a differential object (regarded as a differential bundle
over the terminal object) in the geometric tangent category Geom(%) of an algebraic operad

P and let D, be the morphism so defined:
D)\(ll):= /\(dll)
Thus, D)(A) is a (0)-module (in the operadic sense).

Proof. In order to prove that D)(A) is a 9*(0)-module we need to provide linear
morphisms ¢,,11: P(n +1) ® P(0)°" ® Dy(A) — DA(A):

Y1y an, ..., an,Di(a)):= Dy(u(lay, ..., lay, a))
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where !: (0) — A and show that ¢, are compatible with the operadic composi-
tion. First, let’s prove that 1, is well-defined. Note that from the Leibniz rule we

have that:
n

D)\(lu(!all cecy !an/ a)) = Z [“l(!all cecy D/\(!Oél), cecy !ai’ll Ll) + [u(!all ctcy !ai’ll D/\(a))
k=1

However:
D(la) = A(d(lar)) = A(T!(da)) =!(z(da)) =10 =0
where we used that A o T! =! o z. Thus:

D/\([“l(!all sy !ai’ll a)) = [J(!Oll, cecy !aﬂl D/\(ﬂ))

This proves that ¢, is well-defined. Let’s show the compatibility between 1, and

the operadic composition:

’707’14-1(“; az, ... /V(akl ceey ak+m)/ <o Onymy, D)\(ﬂ))
= [“l(!all sy !V(O(k, sy ak-H’n)/ sy !am+nz D)\(a))
= pllay, ..., v(lak, ..., 'akem), - \@man, Da(a))(u o v)(lag, . .., \@msn, Da(a))

= ¢n+m+1(,u Ok Vi1, -, Xntmy D)\(”))

Unr1(s a1, oy @, Yins1 (Vi Qust, - oo pgmsr, Da(a)))
= Yna(gar, ... an,v(lapa, .. \anemer, Da(a)))
= ullay, ... lag, v(lansr, ..., \anemsr, Da(a)))
= (ponsrv)(lay, ..., ' @neme1, Dr(a))

= Ebn+m+2([l Opsl Vi1, ..., Apams1, Dr(a))

The compatibility with the symmetric action is left to the reader. This concludes

the proof. O

Proposition 4.27. Consider a 9(0)-module M € Modg). Then there exists an iso-
morphism of 9(0)-modules:

M- DA(Freega(o)M)
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Proof. Let’s start by proving the existence of a morphism M — D, (FreegM). For

this purpose, note first that, by definition of A over FreegsM we have that:
Da(a, x) = Ald(a, x)) = (0, x)

Thus, on generators:

Da(u; (a1, x1), ..., (an, xy)) = Z(H; May, x1), ..., AMd(ak, x¢)), ..., (an, xp)) =
k=1

= Z(#, (0(1,0), ey (O, Xk), ceey (aTl/O))
k=1

Let’s define the following morphism:
@: D)FreegpoyM — M

defined by:

n
QO(DA(H, (all xl)/ ceey (ai’l/ xi’l))) P= Z [Ll'(all e =1, Xy Kkt e ey an)
k=1
Note that:

pla,x)=x

Let’s first prove that ¢ is well-defined. First, notice that p(Dx(a, x)) = ¢(0, x), thus

¢ does not depend on a. Moreover, it is compatible with the relations (4.3.1):

@(Dalp; (a1,0), ..., (ak, x), ..., (an,0) = ular, ..., k-1, X, Aks1, - ., An)
(P(D/\((u(all ey an)/ (Ll(all e Of—1, X, kg 1y e ey ai’l))) =

= H(all ey A1, X, k41,00 -y an)
Thus, ¢ is well-defined. Let’s prove that ¢ is a 2(0)-module morphism:
P([YPn1(y; ar, ..., an, Da(a, x)]) = @(Da([(y; (a1, 0), ..., (an, 0), (a, x))]) =
= o(Da([(ular, ..., an, a), ular, ..., an,x)]) = ulay, ..., an, x)

where we used the relations (4.3.1). The next step is to provide an inverse for ¢.

Consider the following morphism x : M — D, (Freeg)M) so defined:

x(x):=1[(0, x)]
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Thus:
P(x(x)) = ([0, x)]) = x
X(@(Dal(e, x)])) = x(x) = [(0, x)] = Dal(a, x)]
This proves that ¢ is a 9°(0)-module isomorphism, as expected. O

Proposition 4.28. Given a differential object (A, o, C, A) in the geometric tangent category
Geom(2) of an algebraic operad P, there is an isomorphism of SP-algebras:

Freegp)DyA — A
Proof. Consider the following morphism:
Y : Freep)DA(A) — A
defined on generators by:
Y(a, Da(a)):=!a + Dy(a)

The first step is to prove that 1 is well-defined, i.e. it is compatible with the
relations (4.3.1):

P(s (a1,0), ..., (@, Da(@), ..., (@n, 0)) =
=u(lay,...,!ax+Dx(a),..., lay) =

=ullay, ... lag, ... \ay) +u(lay, ..., Dy(a),..., lay) =
=lu(ar, ..., an) + Da(u(ay, ..., a,...,a,)) =

=¢P(u(ar, ..., an), Da(ular, ... a,...,a,))) =
=y(ular, ..., an), way,...,Di(a), ..., an))

This proves that 1 is well-defined. The goal is to show that 1 is an isomorphism.
In order to do that, consider a morphism 6 : TA — Freegp)D)A so defined on

generators by:

6(a): = [(C(a),0)]
5(da): = [(0, Dy(a))]
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Note that, since D, is a derivation of A, it follows that ¢ is a well-defined °-algebra

morphism. The next step is to consider the following diagram:

|
TPO)UA -2 T4

[Z,C]l l?\
) 5

P(0) ——— A

Freega(o)D/\A

!
Let’s prove that the diagram commutes, i.e. that 6o[T!, p] =!o[z, C]. On generators:

O([T!, pl(B;a)) = 6(1 +a) = (C(1B) + C(a),0) = (B + C(a),0)
O([T!, p1(dB;a)) = 6(d!p +a) = (0, Da(!f)) + (C(a), 0) = (C(a), 0)

([z, C1(B; a)) =!(B + C(a)) = (B + C(a), 0)
([z, C1(dp; a)) =!(C(a)) = (C(a), 0)
Employing the universality of the vertical lift, we obtain a J-algebra morphism

P71 A — Freegg)D)A. Let’s prove that ! is an inverse for i. To do that, consider

the diagram:

T!,
TPO)UA -2y T4

P0) — A

We want to prove that p o 6 = A. Notice that io! =! comes for free from the
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universality of the initial algebra 9°(0). Thus, on generators:

P(6(a)) = ¢(C(a), 0) =C(a) = Aa)
(6(da)) = (0, Dr(a)) = Da(a) = A(da)

This proves that 1 o ™! is the unique morphism making commuting the following
diagram:

|
TPO) LA 2y 14

[Z,C]\L \LA

PO) —— A

However, so does the identity over A. Therefore, 1 o ™! = id4. Let’s finally show

the converse:

v~ (Y(a, Da(a))
= ¢ (la + Da(a))
= ¢y~ (la) + P~ (A(da))
= la+06(da)
= (,0) + (0, Dx(a))
= (a,Da(a))

This concludes the proof. O

Theorem 4.29. There is an equivalence between the categories of differential objects and
linear morphisms in the geometric tangent category Geom(2) of an algebraic operad 5 and

the opposite of the category P(0)-modules in the operadic sense and FP(0)-linear morphisms:
DObj;,,, Geom(P) = Mod®(%; (1))

Proof. The existence of this correspondence between the objects of these two cat-
egories is a direct consequence of Propositions 4.27 and 4.28. Let’s prove that

this correspondence preserves linear morphisms. Consider a linear morphism
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f: A — B of differential objects of Geom(%). The linearity of f expresses the

commutativity of the diagram:

Tf
TA ——— TB

A B

where A4 and Ap represent the lifts of A and B respectively. This implies that:

f

Day(f(a)) = Ap(df(a)) = Ap(Tf(da)) = f(Aa(da)) = f(Di,(a))

So, f restricts to the image of D,,. Conversely, if f: M — N is a %(0)-module

morphism, then Freeg) f is linear (in the sense of differential objects):

Freeg (o) f (Al(a, x)]) = Freeg() f[(a, 0)] = [(a, 0)]
Freeg(o) f(A(d[(a, x)])) = Freeg o) f[(0, x)] = [(0, f(x))]

A(Tf (@, x)]) = Al(a, f(x))] = [(a,0)]
A(Tf(d[(a, )])) = Ald[(a, f(x)]) = [(0, f(x))]

This proves that Freeg) f is linear. m]

The enveloping algebra of a 9 -algebra A is the associative and unital algebra
PA(1), denoted by P(A). Ttis not hard to see that 2 itself is the enveloping operad
of the initial algebra 9(0). Consequently, 9(1) is the enveloping algebra of %(0).
One of the main striking features of the enveloping algebra of a 9-algebra A is that
modules over A in the operadic sense are equivalent to left modules over Z(A).

We advise the reader to consult [6, Theorem 1.10] for a proof of this result.

Lemma* 4.30. The category Mod(%; A) of modules over a P-algebra A is equivalent to
the category Mod(9(A)) of left modules over the associative and unital algebra P(A): =
PN(1), known as the enveloping algebra of A. Moreover, the enveloping algebra of the
initial P-algebra FP(0) is P(1).
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Corollary 4.31. The category DObj,,,Geom(P) of differential objects and linear morphisms
of the geometric tangent category Geom(ZP) of an algebraic operad P is equivalent to the
opposite of the category of left 5(1)-modules:

DObj;,, Geom(Z) = Mod°?(2(1))

Example 4.32. For the operad Gz, «Gom, d43, udss, and ZLze, differential objects
in the corresponding geometric tangent categories are all equivalent to R-modules,
since Gorme (1) = «Bom (1) = 34(1) = uds5(1) = Lie(1l) = R. In particular, in these

examples, differential objects coincide with the free algebras.

Example 4.33. Consider an associative and unital algebra A and the operad A*
whose entries are all trivial but A®(1) = A. Multiplication and unit of A® are
multiplication and unit of A. The algebras of A® are precisely all left A-modules,
since to give an A®-algebra is to give an R-module M with an action A ® M — M.
Free A®-algebras are all A-modules of the form A ® M for a given R-module M. The
geometric tangent category Geom(A®) is the adjoint tangent category (Mod‘, T) of
the tangent category (Mody, L) induced by biproducts. Consequently, Geom(A*®)
is a Cartesian differential category and all maps are linear, which means that the
category of differential objects and linear morphisms coincide with the whole
category. However, not every A-module is of the form A ® M for a given R-module
M. This provides an example of a coCartesian differential monad Sx. for which
the differential objects in the corresponding geometric tangent category do not

coincide with its free algebras.

Applying Example 4.33 to the associative and unital algebra (1), we conclude
that Mod°P(2(1)) carries a tangent structure for which every morphism is linear.
Since the correspondence between modules and differential objects preserves linear
morphisms we conclude that this extends to an equivalence of tangent categories.
In particular, this implies that DObj;,,Geom(2) is the geometric tangent category of
the operad 2(1)°.

Corollary 4.34. The tangent category DObj,,,Geom(P) of differential objects and linear
morphisms of the geometric tangent category of an algebraic operad 9P, whose tangent
structure is the restriction of the tangent structure on differential objects, is equivalent to

the geometric tangent category of the operad 5(1)°.
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4.3.2 Differential bundles are modules

We are finally in the position to prove the main result of this chapter: differential
bundles over an affine scheme A in the geometric tangent category of an algebraic
operad & are modules over A in the operadic sense. Given a 9P-algebra A we
denote by %(A)*® the operad associated to the enveloping algebra (A) of A.

Let’s also denote by DBndjn,(9?; A) the tangent category of differential bundles
and linear morphisms over a 9-affine scheme A in the geometric tangent category
Geom(%) of an operad 2.

Theorem 4.35. Let & be an operad and A a FP-affine scheme. Then the tangent category
DBndin (2; A) of differential bundles over A and linear morphisms in the geometric tangent
category of P is equivalent to the geometric tangent category of the operad P(A)*:

DBndin(2; A) = Geom(2(A)*) = (Mod, Ta)

In particular, differential bundles over A are equivalent to A-modules in the operadic sense
and linear morphisms of differential bundles over A are equivalent to A-linear morphisms

of A-modules (in the opposite of the category of A-modules).

Proof. Consider an operad & and a Z-algebra A. Then, the tangent category
DBndin(2°; A) of differential bundles over A and linear morphisms in the geometric
tangent category Geom(2) of 2 is equivalent to the tangent category DObj,,,(Geom(%)/A)
of differential objects and linear morphisms of the slice tangent category Geom(%)/A.
Thanks to Theorem 4.17, Geom(P)/A = Geom(PW), where 2 is the envelop-

ing operad of & over A. By Corollary 4.34, differential objects over Geom(Z(1)

are 24 (1)-left modules; in particular, DObj,,,(Geom(PW)) = Geom(2W(1)*), but
2(1) is the enveloping algebra of A (see Lemma 4.30), thus Geom(2W(1)*) =
Geom(P(A)°):

DBndin/(2; A)
= DBndjn(Geom(2); A)  Diff. bundles are diff. objects in the slice tangent cat.
DObj,, (Geom(2)/A)) Theorem 4.17
DObjmr(Geom(g’(A))) Corollary 4.34
Geom(2W(1)*) PN(1) = P(A)

IR

IR

IR
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=  Geom(P(A)*)
This concludes the proof. m|

Example 4.36. Consider the geometric tangent category Geom(«v772) of the operad
uBom. As pointed out in Example 3.69, this tangent category was originally intro-
duced by Cockett and Cruttwellin [12]. Recently Cruttwell and Lemay have pointed
out that this tangent category can be employed to study algebraic geometry of affine
schemes (cf. [18]). In particular, they classified differential bundles in this tangent
category over a given affine scheme and proved that DBndj, (Geom(«&o772); A) is
equivalent to the opposite of the category of modules over the commutative algebra
A. Modules in the operadic sense over a «6o7z-algebra A are precisely left modules
over A, in the usual sense. Therefore, Cruttwell and Lemay’s classification can be

regarded as a special application of Theorem 4.35.

Example 4.37. Consider the operad «#/45. Modules over a wa/ss-algebra A, in the
operadic sense, correspond to bimodules over A (cf. [27, Examples 1.6.2] and [46,
Section 12.3.1]). Therefore, differential bundles over a non-commutative affine
scheme A, i.e. an associative and unital algebra, in the geometric tangent category

Geom(wdlss) are equivalent to bimodules over A.

Example 4.38. Consider the operad Zze. Modules over a Zze-algebra g, in the
operadic sense, correspond to linear representations of g (cf. [27, Examples 1.6.2]
and [46, Section 12.3.1]). Therefore, differential bundles over a #z¢-affine scheme
g in the geometric tangent category Geom(Z7¢) are equivalent to linear representa-

tions of g.



Chapter 5

A tangent category approach to deformation theory

Algebraic deformation theory, first introduced by Gerstenhaber in [23], aims to
study extensions of algebraic structures of a certain type by “thickening” the ori-
ginal object. Intuitively speaking, a deformation of a mathematical object is a
perturbation, a slight modification, of this object. Geometrically, the deformation
of a space can be regarded as a new space obtained by deforming the initial space
by adding some noise. Algebraically this can be done by perturbing the relations
which present a given object. For instance, consider a polynomial p(x, y) and its
locus S. A deformation of S is then obtained by slightly changing the polynomial
p(x,y) by adding an extra polynomial term q(x, y, t) which contains a new variable
t. We then obtain the locus S; of the polynomial p(x, v)+4:(x, y) = p(x, y)+q(x, y, t).
By assuming that g(x, y,t) = 0 when ¢t = 0, we can interpret S; as a family of geo-
metric spaces of the same type as S, e.g. polynomial loci, parametrized by t and

for which S is the original space S.

Gerstenhaber’s work, developed in parallel with the work of Kodaira and Spen-
cer [38] on the deformation of complex analytic structures, found interesting ap-
plications in mathematical physics with the theory of deformation quantization [5,
4]. The main idea of deformation quantization is to regard quantum mechanics
as a non-commutative deformation of classical mechanics. In particular, in the
quantization process via deformation, the commutative algebra of observables of
a given classical system is deformed into a non-commutative associative algebra

which represents the corresponding quantized system.

Newman in [50] and Nijenhuis together with Richardson in [51] extended Ger-
stenhaber’s ideas to Lie algebras and subsequently, Kontsevich and Soibelman
in [40] introduced a theory of deformation of operadic algebras for a given operad.

One can easily recognize geometric aspects underpinning deformation theory:

the deformation of a given object S can be regarded as a family of similar objects S,
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Figure 5.1: The concept map of the chapter

parametrized by a parameter ¢, in which the original space S corresponds to S;=o.
In this sense, a deformation can be regarded as a “smooth” path in some geometric
space whose points are mathematical objects or mathematical structures. This
is precisely the point of contact between deformation theory and moduli spaces,
which are geometric spaces whose points are mathematical structures, like curves
of a certain type, or associative multiplications over a given vector space. The
intuition is to regard infinitesimal deformations of an object, which intuitively are
deformations parametrized by small values of the parameter ¢, as tangent vectors

of the moduli space. We advise the interested reader to consult [28].

From our perspective, it is natural to wonder if tangent category theory can
be employed to give a geometric intuition of these spaces of mathematical objects,
possibly interpreting infinitesimal deformations as legitimate vector fields over a
given object. The main purpose of this chapter is to introduce some ideas to answer
this question. The first main insight that drives this investigation is noticing that
the category Operad of algebraic operads is itself a tangent category. Moreover, the
vector fields of this tangent category are closely related to infinitesimal deforma-
tions. To put this in a slogan: the geometry of operadic affine schemes is captured by the
geometric tangent category of the given operad, while the deformation theory of operadic

affine schemes is captured by the tangent structure on the category of operads.
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(a) The “bow-tie” affine (b) Deformation as an ex- (c) Deformation as a fam-
scheme tension ily of affine schemes

Figure 5.2: Deformation of an affine scheme: the bow-tie example

We start in Section 5.1 with a brief introduction to algebraic deformation theory,
recalling the ideas of Gerstenhaber and then extending them to operadic algebras,
following [46, Section 12.2]. In Section 5.2 we prove that the category of operads is
a tangent category whose vector fields are closely related to infinitesimal deforma-
tions. We also discuss the relationship between this tangent category and the one
of tangent monads (Section 5.2.1). In Section 5.2.2 we show that the opposite of
the category of operads is also a tangent category and discuss its relationship with
deformation theory. In Section 5.3, we discuss how this approach does not cap-
ture relevant examples of deformations of algebras and we propose two solutions,
one that involves the construction of a differential bundle whose sections classify
all infinitesimal deformation of an algebra, and the other one which involves the
construction of a tangent comonad for which the sections of the counit classify

infinitesimal deformations.

Figure 5.1 displays the concept map of this chapter.

5.1 An introduction to algebraic deformation theory
Let us start with a basic example. Consider the polynomial:
plx,y) =2° - x* -y

Figure 5.2a represents the locus of this polynomial. This polynomial is also associ-

ated with the affine scheme R[x, y]/(p(x, y)), which is the commutative and unital
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ring obtained by quotienting the free ring R[x, y] generated by two generators x
and y by the ideal generated by p(x, y). From a geometric point of view, a deform-
ation of the locus of p(x, y) is the locus of another polynomial, obtained by twisting
p(x,y) with some extra terms, parametrized by an extra variable. One of these

polynomials is the following polynomial in three variables:
px,y,t) = x> —x% —y* + tx?

There are two geometric approaches to interpreting the new space as a deformation
of the original one. The first approach considers the locus of p(x, y, t), which is the
surface represented in Figure 5.2b. In this sense, the deformation is conceptualized
as an extension of the original object, e.g. the locus of p(x, y), to a larger object of
the same type, i.e. still an affine scheme but in an extra dimension. In the second
approach, the new variable ¢ is conceptualized as a parameter, whose values define
different affine schemes associated with the polynomials p;(x, y): = p(x, y,t). No-
tice that we reobtain the original object when ¢ is set to zero. This second approach
regards deformations as paths in the space of mathematical objects of a certain type.
Notice that this example captures the deformation of a commutative algebra into a
new commutative algebra. However, this does not represent the general case. For
example, in the context of deformation quantization, one deforms a commutative
algebra into an associative noncommutative algebra (see for instance [39]).

Gerstenhaber’s approach is closer to the first way of conceptualization; in the
following, we mostly adopt this point of view. However, we suggest the reader
keep the second approach in mind since it is closer to a geometric interpretation
of deformations. The intuition of Gerstenhaber was to regard the deformation of
an affine scheme from the point of view of the coordinate rings: perturbing the
affine scheme of the polynomial p(x, y) by adding the extra term tx? is equivalent
to perturbing the multiplication of the associative algebra A = R[x, y]/(p(x, y)) and
obtaining a new algebra A = R|[x, y,t]/(P(x,y,t)).

Concretely, one starts with an associative R-algebra A and extends the associat-
ive algebra structure of A over the R[t]-module A[t] of polynomials in the variable
t with coefficients in A, obtaining an R[t] algebra A. The multiplication map of A

is a map fi: A ®g;j A — A fully determined by a sequence {u,: A® A — A} of
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binary operations:

fi(a,b) = )" pa(a, b)t"
n=0

foreverya,b € A. Notice that, since i is R[¢]-linear these maps are fully determined
by their restriction to the elements of A. Then A[t] equipped with fi is a deformation
of A if (1) the term py is precisely the multiplication map u of A and (2) [i is also
associative. Condition (2) is equivalent to the following relations on the binary

operations p:

D bilu(a, b)) = pila, pj(b, ) = 0

j+k=n

which, in particular, for n = 1, implies:
av(b,c)—v(ab,c) +v(a,bc)—v(a,b)c =0 (5.1.1)

for every a,b,c € A, where we denoted the multiplication of A by juxtaposition
and by v the binary operation (1, known as the infinitesimal deformation.

Gerstenhaber’s insight was to realize that the condition satisfied by v is precisely
the condition that a binary operation v: A ® A — A must satisfy in order to be
a 2-cocycle in the Hochschild cohomology of the algebra A. In particular, such
2-cocycles form the space of infinitesimal deformations of A.

More generally, deformations of associative algebras over a given ring R are
associative algebras over an augmented R-ring S which reduce to the original
algebras. To clarify this definition, let’s start by recalling the definition of an

augmented R-ring. We refer the reader to [20] for this approach.

Definition* 5.1. Given a unital and commutative ring R, an augmented R-ring is a
commutative and unital algebra S over the ring R equipped with a morphism of rings
e: S — R, called the augmentation map which preserves the unit, i.e. such that for every
r € R, e(rls) = r. In the following, we denote an augmented R-ring S with augmentation

map € by (S, e).

Example 5.2. The ring R[¢] of dual numbers, obtained by quotienting R[x] by the
ideal x?, is an augmented R-ring with augmentation map e: R[¢] — R which sends

the variable ¢ to 0.
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Example 5.3. The ring R[t] of polynomials in the variable ¢ is an augmented R-ring

with augmentation map e: R[t] — R which sends the variable ¢ to 0.

Example 5.4. The ring R[[ ]| of formal power series in the variable ¢ is an augmented

R-ring with augmentation map e: R[[t]] which sends the variable ¢ to 0.

The augmentation map e: S — R of an augmented ring S over R induces an

adjunction:
@: Alg(S) S Alg(R): Restr

between the categories of associative algebras over S and over R in which the right
adjoint Restr is the functor which restricts the scalars of an R-algebra along e, and
the left adjoint (-) sends an S-algebra B to the R-algebra B ®s R, where R is a left

S-module via the augmentation map. Equivalently, B is the R-algebra:
B = B/(ker e - B)

For an S-algebra B, the R-algebra B is sometimes called the reduction of B. To
understand what the reduction does, let’s apply the functor (=) to the R[t]-algebra
B:=R[x,y,t]/(x3 - x%—y% +tx?). Let’s start by noticing that the ideal ker ¢ - B of B
contains all polynomials of the form Zi\lzl px(x, y)t*, which are those polynomials
in the variable t with coefficients pi(x,y) in the ring B, in which each term is
multiplied by a power t¥ of t with k > 0. In particular, this ideal of B is generated
by the polynomial ¢, so:

B=B/(kere-B) =B/(t) = R[x,y,t]/(x* = x* = y* + tx?,t) = R[x, y]/(x* - x* = y?)
So the reduction kills the variable ¢.

Definition* 5.5. Given an augmented R-ring (S, e), an S-deformation of an R-algebra
A is an S-algebra A whose reduction B is isomorphic to the original R-algebra A. In

particular, when S = R[e] we call an R[¢]-deformation an infinitesimal deformation.

In a nutshell, S-deformations of an R-algebra A are the objects of the fibre
over A of the functor @ From the previous discussion, we conclude that B =
Rlx,y,t]/(x® = x? — y? + tx?) is an R[t]-deformation of A = R[x, y]/(x* — x% — y?).

The next step is to generalize this definition to operadic algebras.
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The key to understanding how to extend the notion of deformation for operadic
algebras consists of changing both the base ring from R to the augmented ring S and
changing the operad itself. To justify the necessity of changing the operad, recall
that for an associative algebra A, the multiplication map fi of an R[t]-deformation
A of A can be extended into a power series in the variable ¢ of binary operations
tn: A®A — A. The intuition is to provide those binary operations u, as part of
the n-ary operations of the operad.

As discussed in [46, Section 12.2], every algebraic operad 2 over the ring R can
be extended to a new operad & ® S over the augmented R-ring S. Concretely, the
n-th entry of  ® S is the S-module %(n) ® S (notice that ® is the tensor product
over the ring R). We denote the generators of (n)®S assu fors € Sand u € P(n).
With this notation, the multiplication is induced by the one of % and the one of S

as follows:

(su)(s141, -, Suptn) = (8 =51 o= sp)(u(p, - -, tin))

The unitof #® Sis 151y, i.e. 1» ® 15, where 15 denotes the unit of S. Finally, the

symmetric group acts as follows:

(sp) -0 =s(u-o)
foreverys € S, u € P(n),and o € S,,. Let’s consider some relevant examples.

Example 5.6. Consider an algebraic operad & over a ring R and let S be the
augmented ring R[¢] = R[x]/(x?) of dual numbers over R with the augmentation
map which sends ¢ to 0. Let’s denote by %[ ¢] the operad % ® R[¢]. Concretely, the
n-th entry of this operad consists of terms of the form u + v for y, v € 9P(n) and
such that ¢2 = 0. This operad is equivalent to the operad & x % defined as follows.
The n-th entry of & < &2 is given by the R-module %(n) & %(n). Let’s denote by
(u,v) the elements of this biproduct. Then, the multiplication map of & x P is

defined as follows:
(.u/ V)(([ll, Vl)/ SRR ([Jn/ Vn)) =

= [l([vlll---/[Jn);V([llz--~/}ln)+Z[J(H1/-~-/Vkr---l,un)
k=1
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Moreover, the unit of % x P is given by (14, 0) and the symmetric group acts on
each term of the pair, i.e. (u,v) -0 = (u-0,v-0). Itis not hard to see that the
isomorphism between P[¢] and P < P sends p + v to (u, v).

Example 5.7. Consider an algebraic operad & over a ring R and let S be the
augmented ring R[t] of polynomials over R in the variable ¢, with the augmentation
map which sends ¢ to 0. Let’s denote by 2[t] the operad & ® R[t]. Concretely,
the elements of the n-th entry of this operad are polynomial terms of the form
22]:0 ukt* for some positive integer N and for which each yx belongs to (). The

multiplication works as the multiplication of polynomials, i.e.:

(ZN: #kfk) (Z y(l)tkl Z p(")t ) Z Hk(H(l) ._,H(:))tk+k1+...+kn
k=0

kki,....kn
where the sum on the right-hand side is understood over all the indices within the
corresponding intervals, e.g. k; runs from 0 to N;. The unitisjust the polynomial 1 %

and finally, the symmetric group acts on each i, i.e. (Zlk\lzo yktk) 0= Zi\jzo(‘uk o)tk

Example 5.8. Consider an algebraic operad & over a ring R and let S be the
augmented ring R[[¢] of formal power series over R in the variable f, with the
augmentation map which sends ¢ to 0. Let’s denote by 2[[t]] the operad & ® R[]
Concretely, the elements of the n-th entry of this operad are formal power series
terms of the form ;7 yktk, for which each i belongs to 2(n). The multiplication

works as the multiplication of power series, i.e.:

(i Mkt") (Z [J(l) ki Z M(n) kn Z ‘uk(y(l) ST ))tk+k1+ +ky
k=0

kki,....kn
where the sum on the right-hand side is understood over all the indices from 0 to
co. The unit is just the polynomial 15 and finally, the symmetric group acts on

each g, ie. (Xreg trt’) -0 = Do (i - o)tk

Notice that the functor which sends an operad 2 over a ring R to the operad
P ® S over S forms an adjunction with the functor Restr which restricts scalars of
S to R via the inclusion map ¢: R — S which simply sends 1 to 1s. In particular,

this adjunction is the one induced by t:

(=) ® S: Operad® & Operad®: Restr
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Notice in particular that the composition Restr o ((—) ® S) induces a monad on the
category of operads over the ring R. In the following, for the sake of simplicity,
we abuse notation and denote by & ® S the R-operad image under this monad of
the R-operad &. In particular, we also adopt the notation &[¢] for the R-operad
2 ® R[¢] of Example 5.6. As mentioned before, the S-linearity implies that one can
simply work with R-operads and then extend each construction by construction
over thering S. So, for example, the algebra structure of an algebra over the operad
P|e] over R can be extended to an algebra structure over R[¢].

We can now introduce the main ingredient: the reduction functor. This is
precisely the left adjoint of the adjunction induced by % Ny S, where ¢ is

the augmentation map:

(-): Algyp S Alggpgs: Restr
We refer to the m functor as the reduction functor.

Remark 5.9. In the initial approach to the deformation of associative algebras of
Definition 5.5 the reduction was the functor which kills the extra terms of the aug-
mented ring in the associative algebra, so a deformation is seen as an extension
of an associative algebra over the augmented ring S. Here, instead the reduction
(-) kills the extra terms of the augmented ring in the operad. The operation of
changing the operad instead of changing the ring is precisely aligned with Ger-
stenhaber’s insight into conceptualizing a deformation as a perturbation of the
original multiplication u with extra terms uit, ust?, . ... Changing the operad ex-
plicitly introduces these extra operations 1, 2, . . . directly into the operad. So, the

reduction is the operation which removes these extra operations from the operad.

Definition* 5.10. Given an operadic algebra A over a given operad P and an augmented
ring (S, e) over R, an S-deformation of A is a (P ® S)-algebra A whose reduction A
is isomorphic to A. We adopt the convention of calling infinitesimal deformations the

S-deformations for which S is the augmented ring of dual numbers of Example 5.2.

When we consider the operad /45, S-deformations of associative algebras ac-
cording to Definition 5.10 coincide with S-deformations according to Definition 5.5.
Moreover, when we consider the operad Zze we precisely obtain deformations as

described in [23, Equation 2’].
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5.2 The category of operads is itself a tangent category

According to Definition 5.10, an infinitesimal deformation of an operadic algebra
A of an operad 2 consists of a P[¢]-algebra A whose reduction is isomorphic to
A. The structure map of A represents each n-ary operation u + ev of P[¢] as a
concrete n-ary operation over A. Since the reduction of A must be isomorphic to
A, as a P-algebra, the underlying R-module of A must be precisely the same one
as that of A. Furthermore, the n-ary operations of %[¢] of the form , i.e. with no
¢ part, must agree with the structure map of A, so, once A has been extended to A
by linearity over the augmented ring R[¢], one can characterize the structure map
of A by:

(‘U + VE)(al, sty an) = #A(all sty an) + VA(all s /an)g

for every ay,...,a, € A. Therefore, the infinitesimal deformations of A are fully
captured by the terms v;. One approach to classifying (some of the) infinitesimal
deformations is to define a morphism of operads which sends each p € %(n) to
a new n-ary operation 6(u) which represents the infinitesimal deformation of the
n-ary operation p, so that the term v;(ay, ..., a,) becomes 6(u)a(ay, ..., a,). Let’s
formalize this idea. Such a construction corresponds to choosing a morphism of
operads of the form v: » — P[¢] which sends yu € P(n) to y’ + 6(u)e and for
which y’ = p. This last condition is equivalent to asking such a morphism v to
be a section of the projection p: P[e] — P, which sends ¢ to 0, i.e. the operad

morphism induced by the augmentation map.

Example 5.11. Let’s consider the operad #/45 and let’s consider a section v: 45 —
] €] of the projection ofs[e] — ofss. Let’s employ the isomorphism ous[e] =
43 =< g4 to characterize o/4[e]. v sends the generator y € /43(2), which cor-
responds to the associative multiplication map of an associative algebra, to a pair
(W', 60(1)) € s < g3 of binary operations. Since v is a section of p, y’ = u, so
the only new data is 6,(u). Let’s adopt the notation v to denote 6,(u). Recall that
u satisfies the relation u(p, 1) = u(1, u). Then v must send u(p, 1) and u(1, ) to
the same ternary operation (u(1, u), 6,(u(1, u))). However, since v is an operad

morphism, we also have:

(1, 1), 60(pu(u, 1)))
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o(p(p, 1))
(o(w)(v(w), v(1))
(1, v)((u, v), (1, 64(1)))

Notice that, since v must preserve the unit of the operad, (1, 0,(1)) = v(1) = (1, 0),

so we have:

(u(L, @), 60 (u(1, )

(e, v)((g,v), (1,0))

(u(p, 1), v(p, 1) + p(v, 1) + u(u, 0)
(u(p, 1), v(p, 1) + p(v, 1))

On the other hand, v sends p(1, ) to:

(u(T, @), 60 (p(1, w)))
= o(u(L, p)
= (v(W)(v(1),v(w))
= (u,v)(L,0),(uv))
= (p(@, @), v(L, ) + w0, ) + p(l, v))
= (p(@, @), v(@, p) + p(l,v))

Consequently, we obtain the equation:

v(u, 1)+ p(v, 1) =v(1, u) + (1, v) (5.2.1)

Consider now an associative algebra A and let’s denote by juxtaposition, i.e. ab the
multiplication map p(a, b) of A. The operad morphism v: @45 — ofss[¢] induces

an adjunction:

*

(Y Alg S Alg.ddd[é‘]: 0

The free functor v| sends an associative algebra A to the o/s5[ ¢ ]-algebra obtained by
quotienting the free /4] ¢]-algebra by the two different algebra structures, the one
induced by the operad multiplication and the one induced by v. In particular, the

P-algebra structure of v1A is determined by:

(u+ev)(a,b)=ab+va(a,b)e
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However, v must satisty Equation (5.2.1), therefore:
v(ab,c) +v(a,b)c = v(a,bc)+ av(b,c)
Rearranging we obtain:
av(b,c)—v(ab,c) +v(a,bc)—v(a,b)c =0

which is precisely Equation 5.1.1! So, v must be a 2-cocycle in the Hochschild
cohomology of the algebra A.

Example 5.11 shows an important relationship between sections v: & — P|[¢]
of the projection map p: P[e] — P and infinitesimal deformations. This phe-
nomenon is similar to the equivalence proved in Proposition 3.36, between vector
fields of the algebraic tangent category of an algebraic operad, i.e. sections of the
projection Ale] = A~ A — A, and derivations of the algebra A. This analogy is
made precise by the next observation: sections v of p: P[e] — P are equivalent
to derivations of the operad . First, let’s recall this definition (in [46, Section 6.3]

one can find a similar notion in the context of graded operads).

Definition* 5.12. A derivation of an operad 9P consists of a morphism of symmetric
sequences satisfying the Leibniz rule. Concretely, this is a family of R-linear morphisms
On: P(n) — P(n) satisfying the following condition:

O(u(ur, -y n)) = O(W)(u1, - -, fn) + Z plp, e, 0(pk), - - v s pin)
k=1

and the equivariant condition, i.e.:

O(u-0)=0(u)-o

If v: » — P[e] is a section of the projection p: P[e] — P, then v composed
with the R-linear morphism 2[¢] — 9% which sends ¢ to 1 and 1 to 0 defines
a derivation 0,: & — 9. More concretely, v sends u to p + €6,(u), where 0,
is a derivation of %. Conversely, a &-derivation 6: # — & defines a section
vs: P — Ple] which sends u to u + €6(u). Let’s briefly recap this discussion in a

lemma.
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Lemma 5.13. There is a bijection between derivations 6: P — P over an operad P and

sections v: P — P|e] of the projection map p: Ple] — P.

This relationship between sections of p and derivations together with the explicit
use of the ring of dual numbers in the definition of 9[¢] suggests the existence of
a tangent structure on the category Operad of algebraic operads. Moreover, the
similarity with the algebraic tangent structure of a given operad suggests that
this tangent structure could also be the algebraic tangent structure of a suitable
coCartesian differential monad.

To explore this idea, let’s start by recalling that operads over a given symmet-
ric monoidal category E are algebras of a particular monad on the category of
symmetric sequences of E. This construction can be found in [46, Section 5.6].
Recall first that a symmetric sequence over a symmetric monoidal category E
is a sequence {E(n)} of objects of E for which the symmetric groups S, act on
each entry E(n) with right action. Morphisms of symmetric sequences are se-
quences {@(n)}: {E(n)} — {E’(n)} of E-morphisms ¢(n): E(n) — E’(n) satisfying
an equivariant condition. Let’s denote by SymSeq(E) the category of symmetric
sequences and corresponding morphisms over the symmetric monoidal category
E. If E has biproducts and the biproducts are compatible with the monoidal struc-
ture as in Convention 3.20, then also SymSeq(E) has biproducts, which are defined
pointwise, i.e. {E(n)} ® {E'(n)} = {E(n) ® E’'(n)}.

To see operads as algebras of a monad, the idea is to consider all possible tree
graphs whose vertices are represented by elements of E(k). Let’s recall this notion

from graph theory.

Definition* 5.14. An n-rooted tree is a tree graph, i.e. a connected graph with no cycles,
with a distinct leaf, called the root, and with n other leaves labelled with n distinct labels.

For an n-rooted tree T, a vertex of T is a vertex of the underlying graph which is not a leaf.

Every n-rooted tree can be made into an oriented tree as follows: an edge e
between two distinct vertices u and v is oriented from u to v if v is connected with
the root of 7 via a path which does not include the edge e. We denote this as
e: u — v. This is a well-defined orientation. Indeed, suppose that e: 1 — v and

also e: v — u for two distinct vertices u and v, so both u and v are connected to
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the root  of 7 via two paths which do not pass from the edge e. This implies the
existence of a cycle in 7, which is impossible since 7 is a tree. In particular, this
orientation allows one to introduce the following notion: for a vertex v of a rooted
tree 7, we denote by in(v) the number of inputs of v, i.e. edges with target v. Notice
also that every vertex has a unique output, since if there were two distinct outputs
e:v — wand e’: v — w’ this would imply that both w and w’, which must be
distinct because e and e’ are, are connected to the root *, implying the existence of

a cycle.

Let’s also denote by Tree(n) the set of all n-rooted trees. For a given symmetric

sequence E:= {E(n)} and for an n-rooted tree 7 € Tree(n), let’s introduce:

E(7):= @ E(in(v))

VET

where we write v € 7 for a (internal) vertex v of T and where the tensor product
®yer is made precise in [46, Section 5.1.20]. When E is the category of R-modules
one can interpret the generators of E(7) as n-rooted trees in which each vertex v
with k: = in(v) inputs is replaced by an element of E(k). The interpretation of the
elements of E(k) is to think of them as k-rooted trees, so an element of E(7) is a

rooted tree obtained by composing rooted trees of the symmetric sequence.

Example 5.15. Consider the following n-rooted tree:

Considernow E(n):= R(xy, ..., x,) tobe the ring of non-commutative polynomials

in n variables, i.e. polynomials in which the variables do not commute with the
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other variables. Elements of E(7) are finite sums of 4-rooted trees:

obtained by varying the polynomials p1(x1, x2, x3), p2(x1), and ps(x1, x2).
Consider now a morphism ¢ : E — E’ of symmetric sequences and an n-rooted
tree 7. Then, let:

P(0): E() = (R) Elin(0)) ~ (R) E'(in(o) = /(1)

VET VET

@(7) replaces the vertexes of each n-rooted tree decorated by elements of E with
the corresponding one of E’ via ¢.

Let’s define the following endofunctor:

W : SymSeq — SymSeq
WE(n): = @ E(7)

T€Tree(n)
Wip:E—E)= P @)
t€Tree(n)
For a symmetric sequence E over R-modules, WE(n) is generated by all n-rooted

trees decorated with the appropriate elements of E, in the right arity.

Example 5.16. A binary n-rooted tree is an n-rooted tree t for which each vertex
v has precisely 2 inputs, i.e. in(v) = 2. Let B be the symmetric sequence whose
n-entry is the free R-module generated by all binary n-rooted trees. In particular,

B(2) only contains two generators:

77



218

where the distinction is only on the labels, one white and the other one black. The

generators of B(3) are obtained by permuting the labels on the inputs of:

1 2 3 1 2 3

for a total of 12 generators. The symmetric group acts on the generators of B(n) by
shuffling the n inputs of each n-rooted tree. One can see that every binary n-rooted
tree is simply generated by composing an elementary binary tree that we denote
by u. This simple fact is fully captured by the following statement. Consider the
symmetric sequence E defined by E(2) = R and all other entries are the trivial
R-module 0. Intuitively, we are saying that E contains only a binary tree y. Then,
WE is isomorphic to B. To see this, notice that for every n-rooted tree t B(7) is zero
if 7 is not binary, and for each binary n-rooted tree T B(7) is generated by the tree
7 decorated in each vertex by the binary operation p of B. So, WB(n) is precisely
E(n).

To see how to characterize operads as algebras of a monad, let’s notice that
we can characterize the operad ¢/4s as the operad generated by a binary operad u
subject to the relation u(u, 1) = p(1, ). This presentation can be made precise by
introducing a morphism of operads from the binary tree operad B = WE described
in Example 5.16 to ¢/s5, which sends the generator u € E(2) to u € 9/35(2) and which
sends both the generators u(u, 1) and u(1, p) of B(3) to the same ternary operation
p(u, 1) = u(l, u) € 5(3). This morphism is a quotient map which identifies the
two ternary operations u(u, 1) and p(1, u). This suggests seeing B = WE as a free
operad and W as the free functor which sends a symmetric sequence E to the free
operad WE.

To see this, let’s show that W comes equipped with a monad structure. Let’s

start by introducing the unit. Notice that, when 7 is a corolla, i.e. an n-rooted tree
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with a unique vertex (remember that for vertices we always mean only the internal
ones; see Definition 5.14), then E(7) = E(n). Therefore, there is a morphism of
symmetric sequences E — WE which sends each u € E(n) to the corresponding
n-corolla. The next step is to introduce the multiplication W2E — WE. One can
see the elements of W2E(n) as n-rooted trees whose vertices v with in(v)-inputs are

in(v)-rooted trees. For example, consider the tree diagram:

EEEREER

v

The rooted trees in the boxes represent the vertices of this rooted tree in W2E. So,
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from the perspective of W2E this tree looks like:

where the vertices labelled by 1, 2, 3 and 4 (respectively, black, green, red, and blue)

are the trees:

Yy

respectively. So, the multiplication of W consists of “unboxing” the vertices of W2?E
and connecting the edges. This operation is known in the literature as substitution

of trees (see for example [46, Section Section 5.6]). So, the graph of this example is
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sent to the graph:

Proposition* 5.17. The endofunctor W: SymSeq(E) — SymSeq(E) equipped with the
morphism 1: E — WE which sends each 1 € E(n) to the n-corolla and with the morphism
y: W2E — WE which substitutes the rooted trees of W2E, is a monad whose algebras are
all the operads. So, Algy, = Operad(E).

Remark 5.18. Kontsevich and Soibelman in [40, Proposition 1] showed that operads
can be characterized as algebras of a coloured operad. For the sake of simplicity, we
decided to ignore this characterization of the monad W in our discussion and adopt
the approach of Loday and Vallette we explained. In future work, we are interested
in reviewing this construction from the point of view of coloured operads. On this
point, in an informal discussion, Sacha Ikonicoff suggested seeing whether or not
the monad of a coloured operad is also a coCartesian differential monad. Provided
Ikonicoff’s suggestion is correct, this can be employed to characterize the category
of operads as a tangent category. In future work, we are interested in comparing

these two approaches.

We want to prove that the monad W comes equipped with a differential combin-
ator so that W becomes a coCartesian differential monad on the category of sym-
metric sequences. First, we need a preliminary observation: if E has biproducts and
satisfies Convention 3.20, so does SymSeq(E). Even though this fact is immediate

to prove, it plays an important role in our story.
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Lemma 5.19. If E has biproducts and satisfies Convention 3.20, so does SymSeq(E). In
particular, biproducts in SymSeq are defined pointwise, i.e. (E ® E’)(n):= E(n) ® E’(n).

To understand how to define a suitable differential combinator d: WE — W(E&®
E) for the monad W, recall that the differential combinator of an algebraic operad

2P is the natural transformation do: SV — S4(V @ V) defined as follows:
n
O x1, ..., Xy) = Z(y; (x1,0),...,(0,xk), ..., (xn,0))
k=1

For simplicity, let’s denote the elements of Sx(V @ V) of the form (x, 0) simply as x

and the terms (0, x) as dx. Under this convention, ds can be rewritten as follows:

dp(U;X1,...,Xp) = Z(y;xl,...,dxk,...,xn)
k=1

To understand how to define d: WE — W(E @ E), let’s start by considering a
rooted tree of WE and suppose that E is the monoidal category of R-modules.
Let’s adopt the following notation: we denote the n-rooted tree v of WE by
(t;u1(v1), ..., un(vn)), where pi(vi) represents the element py of E(in(vg)) used

to decorate the vertex v of 7. So, d is defined as follows:

N
a(T; [Jl(vl)/ ceey (UN(UN)) = Z(T; ((ul(vl)/ O)/ ey (0/ (uk(vk))/ ey (#N(UN)/ O))
k=1

Employing the convention to denote by u;: = (u;,0) and du;: = (0, y;) we can

rewrite:
N
a(Ta (ul(vl)/ SRR ‘UN(UN)) = Z(Ty ‘1.11(7]1), sy dyk(Uk), SRR [.lN(UN))
k=1

Example 5.20. Consider the rooted tree 7:

0 o )

U3

U4
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where we labelled the vertices from 1 to 4. Let’s now consider the elements 1 €
E(1), u2 € E(3), us € E(2), and p4 € E(3). Then, the rooted tree of WE denoted by
(t; u1(v1), - .., ua(vs)) is the tree:

Then d(t; uy, ..., pa) = Zizl(T; pi(v1), ..., duk(vk), . .., ua(vs)) corresponds to:

where on each term we coloured in red the vertex decorated with d for visual

purposes only.

In the following, we restrict our attention to the algebraic case, i.e. when E is
the monoidal category of R-modules. We leave the extension of this construction

to the general case for future work.

Proposition 5.21. The monad W equipped with the natural transformation d: WE —
W(E @ E) is a coCartesian differential monad.

Proof. In this proof, we simplify notation by removing the reference to the vertex
of the tree, so for example, we denote by (7; i1, ..., un) the tree T decorated with
the terms 1, ..., un on the vertices. This notation can be employed in this context
because all the morphisms involved in the proof do not change the vertices, but

only their decoration.
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Let’s start by proving the zero rule, that is dW(m;) = 0. This reduces to the

following equations:
(11(7) 0 I)(T; i, - .., iN)

N
() [ D (e, 0), -, (0, ), - (v, 0)
k=1

N
Z(T;yl,...,O,...,yN)
k=1
=0

To prove the additive rule is to show that JW(id ® A) = I(W(id & 11), W(id ® 12))+.
The left-hand side reads as:

((id® A)(t) 0o I)(T; U1, .-, UN)

N
D @0, 0, ), (s o»)
k=1

(id® A)(1)

N
Z(T; (‘Lll/ O/ O)I MY 4 (0/ Mk/ ‘le)/ MY 4 (‘L’l'N/ OI 0))
k=1
Conversely, the right-hand side reads as:
(+ o ((id ® 11)(7), (id ® 12)(1)) 0 I)(T; 1, - -, in)

N
(+0((id @ 1)(1), (1d @ )(1))) (Z(r; (1,0, - (0, e, -, (v, o»)
k=1

N
| D (@ (1,0,0), ..., (0, 5, 0), .., (4w, 0,0)),
k=1

N
D@ (1,0,0), .., (0,0, 1), ., (un, 0, 0)))

k=1

N
Z(T; (/Jll 0, 0)/ R (O/ Uk, ‘le), ceey ([JN/ 0, 0))
k=1

Let’s now focus on the linear rule nd = t21. Recall that n) sends p € E(n) to the n-
corolla, denoted (x(n); u). However, by definition, a corolla has a unique (internal)
vertex #, so the sum and the tensor product over the vertices reduces to a unique

term:

() = (x(n); p) = (k(n); (0, 1)) = (0, w) = nle2(p))
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The next step is to prove the chain rule dwW ((W(t1), d))y = yd. First, notice that

the elements of W2E are of the form:

(TN (N)

( (Tl,yl,...,‘u%)),. N Uy ,...,ykN))

Let’s simplify notation by denoting each (’Ii; y(li), ceey yﬁ{?) by 7; and by adopting the
convention of writing (u;), 0) as ; and (0, y;) as du;. We also introduce the following
shorthand 7(7y,...,tN) for y(t;7y,...,7n), which is the rooted tree obtained by

sustituting the subtrees 71, ..., T5y. With this in mind, we can write:

(y e W(W(11),9)) © dw)(T; T, - - ., TN)

N
= (y o W((W(11),9))) (Z(T; T, ,dT, . %N))
. k=1 . |
= y(;(f uﬁl)/---fuilf) ]]:1(71,/41,.. (”,...,y;j]),...
(o))
N ki
= Z (T(T1,.. TN)H .. y(l) ...,yg))

I
—_

i
k

]1
+kN

N
(T(Th-- JTND - dle--r#;{ll +kN)

=
+

Iy
where in the last step we simply reindexed the terms. However:

ki+...+kn
N
(T(Tl,...,TN);yl,...,dyl,...,‘uill +kN)
L
= Jt(t1,...,IN) 1, - -, ygﬂ“*kN)
= (doy(t;T1,...,TN)

The next step is to prove the lift rule JOW(mt; @ 114) = J
(W(my @ mq) 0 d 0 d)(T; 1, ..., UN)

N
(W(rm @ mq) 0 9) (Z(T; (11,0), -, (O, k), - -, (un), 0))
k=1

N
W (m, @ 114) Z Z(T; (1,0,0,0),...,(0,0,1,0),...,(0, 11, 0,0), ...
k=1 j#k
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N
..., (un,0,0,0)) + Z(T; (41,0,0,0),...,(0,0,0, ), - - ., (un, 0,0, 0)
k=1

N
D, 00, (0,10, (8), 0)
k=1

= At n)
Finally, the symmetry rule ddW(id @ T @ id) = dd reads as follows:

(W(det@id)odod)(t;u1,...,UN)

N
(W(d® Tt @ id) o d) (Z(T; (u1,0),...,0, k), ..., (un), O))
k=1

k=1 jzk
...,(O,yk,0,0),. . .,(‘LLN,0,0,0))+

N
W(id ® 7 @ id) (Z (x5 (1,0,0,0), ..., (0,0, 1,0, ...

N
(x5 (1,0,0,0), ..., (0,0,0u), -, (un, 0,0, 0))
k=1

N
D0 (@ (1,0,0,0),.., (0, 1,0,0), ..., (0,0, 1k, 0), ..., (un, 0,0,0)) +
k=1 j#k

N
D (T (11,0,0,0),...,(0,0,0, ), -, (11n, 0,0, 0)
k=1

= Q0T k1, i)
This concludes the proof. m|

Thanks to Proposition 5.21, the monad W comes equipped with the structure
of a coCartesian differential monad. Thanks to Proposition 3.24, this implies that
W is a tangent monad over the tangent category of symmetric sequences equipped
with the tangent structure induced by biproducts. Consequently, the category of

algebras of W comes with a tangent structure.

Theorem 5.22. The category Operad of algebraic operads comes equipped with a tangent
structure denoted by L so defined:

tangent bundle functor The tangent bundle functor L: Operad — Operad sends an
operad P to the operad P|e] = P = P and a morphism @ : P — F' of operads to
@le], which sends (u + ev) € Ple] to (p(u) + ep(v)) € P[],
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projection The projection p(l): L = idoperad is the natural transformation so defined:
p: Ple] - P
p U +ev) = u

zero morphism The zero morphism z(L). idoperad = L is the natural transformation so

defined:

2 P — Pp[e]
2D () = p
n-fold pullback The n-fold pullback of the projection along itselfis the functor L, : Operad —
Operad which sends an operad P to Pley,...,ey], which is the operad P @
Rley, ..., eq), whereR[ey, ..., en]:= R[x1, ..., x4]/(xixj,i,j = 1,...,n). Moreover,
Ly, sends a morphism ¢ : P — P toplei, ..., en]:= @®R[eq, ..., en). The k-th
projection 1t : L, = L is the natural transformation so defined:
Tie: Pler, ..., eqn] = Ple]

(U + €1V + ...+ EqVy) = U+ ExVi

sum morphism The sum morphism s\W: 1, = L is the natural transformation so
defined:

sW: Pley, 9] = Pe]
s+ e1vy + egvg) = p + e(vy + vo)
vertical lift The vertical lift I'V): I = 122 is the natural transformation so defined:
19 2le] - Ple][e']
ID(u+ev)=pu+eev
canonical flip The canonical flip ¢\ : 12 = 1.22is the natural transformation so defined:

C(L)Z @[g][g’] — 9’[6][8/]

Durev+ ey +eev)=pu+ey +ev+eer
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Moreover, (Operad, L) is Cartesian and it has negatives with negation so defined:

negation The negation n"): 1 = 1. is the natural transformation so defined:

n: ple] - P[e]

nW(u+ev)=pu—ev

Proof. Thanks to Proposition 5.21, the monad W is a coCartesian differential monad,
so, by Proposition 3.24, W is also a tangent monad on the tangent category SymSeq
induced by biproducts. Therefore, the category of algebras Alg,, = Operad of W
is a tangent category with negatives (where negatives come from the additivity of
Modg). Finally, Operad has Cartesian products and it is not hard to see that the

tangent bundle functor preserves them, so the tangent category is Cartesian. O

From the description of L over the category of algebraic operads provided by
Theorem 5.22, one can notice that the action of the ring of dual numbers over the

category of operads determines the entire tangent structure. More precisely:

e the projection p'"): P[e] — 2 is determined by the augmentation map p: =

e: R[e] = Rso, p™ =idy ® p;

¢ the zero morphism z) is determined by the inclusion z: R — R[¢] so,

zW = idy @ z;

* the n-fold pullbacks are induced by the n-fold pullbacks R[ey, ..., e,] of
p: R[e] — R along itself;

¢ the sum morphism s Pley, e9] = P[e] is induced by the sum morphism

s: R[e1, €2] = R[e] which sends ¢; and &5 both to ¢, so s = idg ® s;

e the vertical lift (V) : P[e] — P[e][¢’] is induced by the morphism : R[e] —
R[e][¢’] which sends ¢ to ¢’¢,50 IV = idp ® [;

* the canonical flip @ ple][e)] = P[e][€’] is induced by c: Rle][e'] —

R[e][¢’] which sends ¢ to ¢’ and viceversa, so ¢'Y) = idy» ® c;

e finally, the negation n'"): %[¢] — P[¢] is induced by n: R[e] — R[e] which

sends ¢ to —¢, so nY = idy @ n.
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This is justified by the following observation. First, recall that an actegory, a.k.a. a
module category, over a monoidal category E, consists of a category X together with
a functor -: E X X — E and two natural isomorphisms a: (X -A)-B — X - (A ® B)
and 1: X - 1 — X satisfying some conditions (see [32]).

Lemma 5.23. The action that sends a Weil algebra W € Weil; (see Section 2.3) over the
base ring R and an operad P to the operad P - W := P @ W makes the category Operad
of algebraic operads into a Weili-actegory. Moreover, the action preserves all pullbacks of
Weil;.

Proof. We leave it to the reader to check the details of this proof. |

In particular, if X is an E-actegory, one can define a strong monoidal functor
E — End(X) where End(X) denotes the monoidal category of endofunctors over X.
When the base monoidal category E is the category Weil; and the strong monoidal
functor Weil; — End(X) preserves certain pullback diagrams, as discussed in 2.3,
this defines a tangent structure on the category X. This is precisely an equivalent

characterization of the tangent category (Operad, L) of Theorem 5.22.

Proposition 5.24. The tangent structure L over the category of algebraic operads described
in Theorem 5.22 is precisely the tangent structure corresponding to the strong monoidal
functor Weil; — End(Operad) which sends a Weil algebra W over the ring R to the
endofunctor (=) ® W: Operad — Operad.

5.2.1 The tangent category of tangent monads

Each algebraic operad & is associated with a tangent monad (Sg, a%) and this
operation extends also to morphisms, functorially. In the previous section, we
showed that the category of operads comes equipped with a tangent structure. In
this section, we show that so does the category of tangent monads over a fixed tan-
gent category. We then show that the functor S: (Operad, L) — TngMnd(Modg, L)
extends to a strong tangent morphism.
In this section, we fix abase tangent category (X, T) and we denote by TngMnd(X, T)

the category of tangent monads over this base tangent category. The main tool we

need to explore this construction is the concept of distributive law. We invite the
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reader to consult [54] (notice that triples is the dated name for monads). Let’s recall

this definition for formal monads.

Definition* 5.25. A distributive law between two monads S and S’ over an object X in
a strict 2-category C consists of a 2-morphism k: S’ oS = S o S’ of C compatible with the

multiplication morphisms 'y and y’ of S and S’, respectively, as follows:

5205 —X 3 676508 —y G652

V,Sl lsy,

S’oS > SoS’

K

§082 —* 5 505085 —F\ §259

S,yl lys,

S'oS > So0S’

K

and compatible with the unit  of S and the unit n’ of S, as follows:

0§ — L v G509 0§ —— 5 v G808
n’ST TSU' S'TYT Tﬂs/
S S g’ s’

Distributive laws between two monads allow one to compose the underlying 1-
morphisms of the monads to obtain a new monad. Concretely, given a distributive
law k: S’ 0 S = S o §’, we can define the monad S o, 5" over X whose underlying
I-morphism is given by the composition S o S”": X — X and whose multiplication

and unit are given by:

, 5/2 Sy
ye:508 0508 25526627 5052250

S
Ne:idy — S 5§08

respectively.
Recall also that tangent monads are formal monads in the 2-category TngCat

of tangent categories. Therefore, we can define a distributive law between two
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tangent monads over the base tangent category (X, T) as a distributive law between
the two formal monads in TngCat.

Street in [56] showed that giving a distributive law x: 5’0 S = S’ o S between
two formal monads S and S’ over the same object X of a strict 2-category C is
precisely the same as giving a monad (S, x): S — S in the 2-category Mnd(C) of
monads of C over S.

In Section 2.4 we proved that Tng(Mnd(C)) = Mnd(Tng(C)) which implies:

Mnd(Mnd(Tng(C))) = Tng(Mnd(Mnd(C)))

So, distributive laws of tangent monads are distributive laws of the underlying mon-
ads which are also 2-morphisms between the underlying lax tangent morphisms.

Let’s make this definition precise.

Definition 5.26. A distributive law of tangent monads « between two tangent monads
(S',a’) and (S, a) over (X, T) consists of a distributive law x: S’ oS = S o S’ between

the underlying monads which make the following diagram commutative:

S"0So0T &) S’oToS D‘H,S ToS oS

S0S§oT T} SoToS’ T} ToSoS
In the following, to denote x we adopt the notation : (S’,a’) o (S, a) = (S,a) o (S, a’).

A consequence of the composability of formal monads in the presence of a
distributive law and of the fact that tangent monads are formal monads in the
2-category TngCat is that distributive laws of tangent monads x: (5, a’) o (S, a) =
(S,a) o (S, a’) allow one to compose the tangent monads to obtain a new tangent
monad (S, @) o, (5, a’). Concretely, the underlying monad is precisely S o, S’ and
the distributive law between S o, S” and the tangent bundle functor T is the natural

transformation:
Sa’ %
ao,a’:S08 0T 2550ToS =5 ToSoS

Lemma 5.27. Given a distributive law x: (S, a’) o (S, ) = (S, a) o (S, a’) of tangent
monads over (X, T), the monad S o, S’ equipped with the natural transformation o o, o’

is a tangent monad on (X, T), denoted by (S, ) o, (S’, a’).
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Cockettand Cruttwell in [12, Section 3.2] showed that the tangent bundle functor
T: X — X comes equipped with the structure of a monad. Moreover, they also
showed that the canonical flip c: T o T = T o T is a distributive law of the monad
T with itself, making T o, T into a new monad. However, since c is a distributive
law between the monad T and the tangent bundle functor T which is compatible
with the tangent structure, (T, c) becomes a tangent monad on (X, T). We record

this observation in the following lemma.

Lemma 5.28. The tangent bundle functor T': X — Xof a tangent category (X, T) equipped
with the multiplication map defined by:

(T): TQ (Tp,pT) s

)4 To— T

and with the unit map N : = zidx — T becomes a monad on X. Moreover, T equipped
withc: T oT — T o T becomes a tangent monad (T, ¢): (X, T) — (X, T). Furthermore,
for every positive integer n, also T, is a tangent monad, whose multiplication and unit

maps are respectively defined by:

szT):z (TnmmTV(T), e ,TnﬂnﬂnTV(T)>i Ty oTy =Ty

T];T):z (z,...,2)
and whose distributive law with T is defined by:

Cp:=(mrc,...,ypc): T,oT=ToT,

For a given tangent monad (S, a) over (X, T), there always exists a distributive
law between (S, a) and (T, c¢). To see this, notice that k: = a: SoT = T o S satisfies
the axioms of a distributive law between a monad and an endofunctor. To conclude
that k: = a is a distributive law between tangent monads one needs to show that

the following diagrams commute:

SoT2 Ly ToSoT —X 3 T265 SoT —* 3 ToS

Sy(T)\L J/y(T)S SU(T)T TW(T)S

SoT >TOS S:S
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SoToT L} SoToT (X—T> ToSoT

TOSOTTTOTOS TTOTOS

However, the commutativity of the first diagram is a consequence of the compat-
ibility between a and the projection and the sum morphism; the second diagram
establishes precisely the compatibility between «a and the zero morphism; finally,

the last diagram is the compatibility between a and the canonical flip.

Lemma 5.29. Given a tangent monad (S, ) over (X, T), the lax distributive law « defines
a distributive law a: (S,a) o (T,c) = (T, c) o (S, a) of tangent monads. In particular,
this defines a new tangent monad T(S,a): = (T,c) 0, (S,a) = (T 0, S,ToSoT 1o,
ToToS iToToS).

Similarly, for each positive integer n, ay,: = (ST, ...,Snua,): SoT, = Ty oS
constitutes a distributive law (T, c,) o (S, @) = (S, a) o (T, ¢,) of tangent monads. In
particular, this defines a new tangent monad Tn(S, a):= (Ty,cn) oa, (S,a) = (T, o4,
S, Tpacys).

Theorem 5.30. The category TngMnd(X, T) of tangent monads over (X, T) is a tangent

category with the following tangent structure:

tangent bundle functor The tangent bundle functorf: TngMnd(X, T) — TngMnd(X, T)
sends a tangent monad (S, ) to T(S, ):= (T, ¢) 0n (S, @) and it sends a morphism

@: (S, a) — (S, a’) of tangent monads to T := T;
projection The projection p : T= idThgMnd(x,T) 18 the natural transformation so defined:
— pS
p: (Toy S, Tacs) — (S, a)
zero morphism The zero morphism z : idragMnd(x,T) = T is so defined:

Z: (S, a) 2> (T oy S, Tacs)

n-fold pullback the n-fold pullback of the projection along itself is the functor T, which

sends a tangent monad (S, ) to Tu(S,a): = (Ty,cn) on, (S, a) and a morphism
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p:(S,a) — (8,a’) of tangent monads to Tn(p: = T,¢@. Moreover, the k-th

projection my: T, = T is the natural transformation so defined:

S
ks (Ty oa, S, Thacys) e, (Toy S, Tacs)

sum morphism The sum morphism s : Ty = T is the natural transformation so defined:

_ S
5: (T2 04, S, Toacss) = (T o, S, Tarcs)

- = =2
Thelift I: T = T is the natural transformation so defined:

- IS
1: (To, S, Tacs) — (T? 0, S, T?aTcgcrs)

The canonical flip ¢: T? = T? is the natural transformation so defined:

_ S
C: (T2 oy S,TQQTCSCTS) =, (T2 oy S,TzaTcscTs)

Finally, if (X, T) has negatives with negation n: T = T so does TngMnd(X, T) with

negation defined as follows:

negation The negation 71: T = T is the natural transformation so defined:

— S
n:(To, S, Tacs) LEN (To, S, Tacs)

Proof. Let’s give a sketch of the proof and leave it to the reader to complete all
the tedious details. First, as noticed in [11, Example 2.2(vii)], given any tangent
category (X, T) and any other category Y, the category of functors Cat(Y, X) comes

equipped with a tangent structure with tangent bundle functor:
T(F: Y > X):=ToF: Y - X

and natural transformations are defined as in T. In particular, this implies that the
category End(X, T) of endofunctors of a tangent category (X, T) is also a tangent
category. Notice that TngMnd(X, T) is a subcategory of this tangent category and
that the tangent bundle functor T is a restriction of the tangent bundle functor of
Cat(X, X). Therefore, to prove that TngMnd(X, T) is a tangent category, it suffices

to show that (1) the natural transformations of the tangent structure on Cat(X, X)
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restrict to TngMnd(X, T) and (2) that the universality of the lift also holds in the
category of tangent monads. We leave it to the reader to check the numerous
diagrams required to prove (1) and instead, we focus on showing the universality
of the vertical lift.

First, notice that the morphism v: = (I x ZT)TE: Ty = T is the natural trans-
formation so defined:

1SxzTS)TsS
v: (Ty 04, S, Toarcs) (oS, (T? 0 S, T2aTcscrs)

With this in mind, let’s consider a morphism ¢: (§’,a’) — TQ(S, a) for which
TP = (pfpfp_z. Concretely, ¢ is anatural transformation ¢ : S" — T2S, compatible

with the monad structures and with the tangent structures, and for which:

s’ v s T20 S
(P\L \LT;JS
2
TOSWTOS pS>S s >ToS

By the universality of the lift in End(X, T) we obtain a unique natural transformation
: (8, a’) — To(S, a) such that v = @. To prove that 1 is indeed a morphism of
tangent monads one employs the universality of the equalizer morphism v. Here,
we only show how to prove the compatibility with the multiplication maps and we
leave it to the reader to check unitality and the compatibility with the distributive
laws of the tangent monads. We want to show the commutativity of the following
diagram:

’

LA s - LN 0 P

ToagS
~

T252

4 yéT) S?

S’ > TS
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In order to do so, we first post compose by vs as follows:

s’ T2S
52 2% 5 6T268 i > T20S0T20 S

N
vST?S

S'vS Ty0SoT20S T2qT2
v
2 5y ’ YTa5 3
§4 ——% S5 0Ty0S ——> T9oS50Ty08 T°0S50ToS
ToasS T*aS
v v
T?205% — Tys2— Ty0T?08? — 1252 — T10 S?
y(MT282
v
Y y(QT)S2 T3S ° 52
Ty(T) 52
s s
Ty 0 52 vS? s T2 0 S?
sz
v v
S’ v > Too8 T2y
vS
v
s’ m X T208

Thanks to this and the universality of v we conclude that the previous diagram

commutes as well. O

An interesting corollary of Theorem 5.30 is that for every integer 1, the functor

T" defines a tangent monad.

Corollary 5.31. For a given tangent category (X, T) and an integer n, the endofunctor T"

defines a tangent monad (T", c™), where the tangent distributive law ¢ is so defined:
= (T"e)(T" Yep) .. (T Feqw) ... (Tepnr)(crn)

Proof. Lemma 5.28 establishes that (T, c) is a tangent monad. By induction, let
(T"1, c"=D) be a tangent monad and let’s prove that so does (T", c™)). However,

this is immediate from (T", ¢™) = T(T”‘l, c(=1), O
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The goal of this section is to show (1) that the category of tangent monads
over a fixed tangent category is itself a tangent category and (2) that the functor
S: Operad — TngMnd(Modg, L) which sends an operad to its corresponding tangent
monad on the tangent category of R-modules induced by biproducts preserves the
tangent structure described in 5.22.

Theorem 5.30 accomplishes the first goal. Let’s now focus on (2). First of all, let’s
unwrap the monad structure of the tangent monad L whose underlying functor is

the tangent bundle functor over Modg.

Lemma 5.32. In the tangent category (Modg, L), the monad structure associated with the

tangent bundle functor given by Lemma 5.28 is defined as follows:

Y@ 12M — LM
)/(l)(x, y,z,t):=(x,z+y)

n: M — IM
N (x):= (x,0)

Proof. By definition, the unit of L is the zero morphism so, let’s focus on the

multiplication morphism. y(l) is the morphism:

Lp,pL
yOaim S g, 5
So:
YW(x,y,z,1)
= (so(lp,pI)(x,y,z,t)
= s(x,z;x,y)
= (x,z+y)
This concludes the proof. |

For the next result, we employ the convention of regarding L% as & x &, so
LP(n) is the R-module P(n) & %(n) and the multiplication and the unit of & < &

are defined as in Example 5.6.
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Theorem 5.33. The functor S: Operad — TngMnd(Modg, L) equipped with the natural

transformation x : Sy — LSg defined as follows:

X SipA =P 1P @, A% - 1 (@ P(n) ®s, A®" | = TS»A
n n

x((w,v)iay, ... an):= (W ay, ..., a,),(v;ay, ..., a,))

becomes a strong tangent morphism (S, x): (Operad, L) — TngMnd(Modg, L).

Proof. In order to prove that y makes S into a strong tangent morphism, we need
to show that (1)x is compatible with the units of the two tangent monads Si%
and ISg; (2) that y is compatible with the multiplication morphisms of the tangent
monads; (3) that x is compatible with the distributive laws between the two tangent
monads and the tangent bundle functor L; (4) that y is invertible; finally, (5) we
leave to the reader to prove the compatibility between x and the tangent structures.

Let’s start with (1). This amounts to prove the commutativity of the following

diagram:
Sip ——% ISy
nl]\ Tjn(l)

Let’s start by recalling that nge: A — S»A sends a € A to (1g;a) where 15 € P(1)

is the unit of the operad 2. so, we have:

(x on1)(a)
= x(lpp;a)
= x((1,0);a)
= ((Lg;a),(0;a))
= ((1»;a),0)
= (nz(a),0)
= z(nz(a))
- n(l)(a)
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Let’s now show (2) the compatibility with the multiplication maps, expressed by

the commutativity of the diagram:

52 Sizx

—) SL@ Ong —) xLSg) OLS@

LaSy

~ ~

S1 > LSgo

X

First, notice that the generic element of S2 A is of the form:

((u,v) (ul,vl) all, ... ;{?) ((Hmvn) a®, .. 2’2)))

For this proof, the elements of A do not play any role, therefore, we simplify the

)

notation by denoting each tuple a(l (Z) by 4;. Adopting this notation, the

generic element of 53 , is now denoted by.

((w,v); (o, v)id1) s ((pns )i n))

We also write 4 for a4, ..., 4,. With this in mind, we can write:

((172) 0 /) @ (Las,) © (ras, (Sus)
((M/V)' (Hl,vl)' 51) ((Mn,vn); ﬁn))

((172) 0 ) o (Las,) o msg,))
(([J/ v); ((Hl;ﬂl) (Vl;ﬂl)) R (([Jn;ﬁn)r (Vn;ﬁn)))

((Lyo) 0 ()0 (Las,)) (1 (i), (v1id0) - (Gniin), (i)
( ((Hhal) (Vl;ﬂl))/--w((un;ﬁn)/(w;ﬁn))))

((lm) (7/52 )) (g (uasd1), -, (s @n))

n

Z (‘u, (#1;51)/ .. ,(Vk/ Zz)k)/ cee /(Hn§ Zin)) ’

ki=1
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(V; (‘Lll, ﬁl)/ cecy ((ui’la Zi?’l)) ’ Z (Va ([11, a)1)/ R (Vk/ Ek), RN (‘uny En)))
ki1=1
= (lm)((u;(ul;ﬁl),---,(un;ﬁn)),
(V; ((Ul; El)/ sy (yﬂa ET’!)) + Z (!1, ([.11, El)/ s ,(Vk, Ek)/ SRR (,ui’lv Zin)))
ki=1

((y(yl,...,yn);ﬁ) (v, ) d) + Z (y(yl,...,vk,...,yn);ﬁ))

k1=1

)(((y(yl,...,pn),v(yl,...,yn)+Zy(yl,...,vk,...,yn)) ;Zi)
k=1

(x o yre) (L, v); (w1, v1);d1) 5 - -, ((Hn, va); dn))

Let’s now prove (3). This amounts to show the following:

S oL X—1>IS@OL %5259

am\[ \Lchp

— —2
LS19 > L So

Lx

((cSx) o (La) o (xL)) (4, v); (a1, b1), ..., (an, by))
= ((cSo)(La)) ((u; (a1, b1), ..., (an, b)), (v;i(a1,b1),...,(an, by)))

n
= So ((y;al,...,an),Z(‘u;al,...,bk,...,an),
k=1

n
(v;al,...,an),Z(V;al,...,bk,...,an))
k=1

= (([u';all"‘lan)l (v;all"'lan)l
n n
Z(y;al,...,bk,...,an),Z(v;al,...,bk,...,an))
k=1 k=1

= Lx(vhay. . an), ) (vkay. .. by )
k=1

= (Lxoawg)((u,v);(ay, b1), ..., (an, by))
Finally, (4) notice that the natural transformation:

1S9 — Sio
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((w;a1,...,a,), v;b, ..., bp) = ((1,0);a1,...,a,) +((0,v);b1,...,by)

inverts x. O

5.2.2 The adjoint tangent category of operads

Theorem 5.22 proves that the category Operad of algebraic operads comes equipped
with a tangent structure, generated by a coCartesian differential monad (W, 9).
Furthermore, Theorem 5.33 shows that the functor S: Operad — TngMnd(Modg, L)
strongly preserves this tangent structure so, . on Operad is compatible with the
tangent structure L of tangent monads described by Theorem 5.30.

Before going back to the relationship between (Operad, L) and deformation the-
ory introduced in Example 5.11, we dedicate this section to investigate the following
question: is this tangent category adjunctable (Definition 2.46)? In particular, is
Operad®? also a tangent category? To answer this question, notice that the category
Operad is cocomplete (cf. [24, Theorem 1.13]), thus, by Lemma 2.49, (Operad, L) is
adjunctable if the tangent bundle functor admits a left adjoint. In this section, we
prove a stronger result: we show that L is corepresentable, which implies the exist-
ence of a left adjoint T 4 L. To prove this, we show that the operad R*[¢]: = R[¢]*
(see Example 3.6) is an infinitesimal object of Operad®P.

Infinitesimal objects are discussed in [12, Section 5.2]. In particular, Cockett and
Cruttwell showed that a Cartesian category has a representable tangent structure T,
i.e. a tangent structure whose tangent bundle functor is representable, if and only
if it has an infinitesimal object D; in that case, T = (—)P. Showing that Operad®
has a representable tangent structure is the same as establishing that Operad has a
corepresentable tangent structure. Let’s unwrap this definition.

Recall that a coexponential object in a coCartesian category X, i.e. an expo-
nential object in the opposite category, is an object D for which the functor (-) + D

admits a left adjoint (—)P.

Definition 5.34. A tangent structure L over a coCartesian category (i.e. a category which
admits all finite coproducts, denoted by +) X is corepresentable whenever there is an

object D of X, which is coinfinitesimal, i.e. the following conditions hold:

1. The tangent bundle functor L is isomorphic to the functor (=) + D;
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2. For every positive integer n, D" := D + ...+ D is a coexponential object;

3. For every positive integer n, D, which is the object which corepresents L, = (=)+D,,

is a coexponential object.

When the category X has enough colimits, one can apply Lemma 2.49 and prove
that a tangent structure L is corepresentable if .. = (=) + D for some object D and
that D is a coexponential object. Indeed, if this is the case, then .L admits a left

adjoint T = (—)P, which in the opposite category is, by construction representable.

Lemma 5.35. If the category X is cocomplete then, a tangent structure L over X is
corepresentable if and only if the tangent bundle functor L is isomorphic to (=) + D for a

coexponential object D.

The goal is to show that the tangent structure I. of Theorem 5.22 is corepres-
entable. We divide this problem into two steps. First, we show that the tangent
bundle functor L is precisely the functor (=) + D, where D: = R*[¢]: = R[¢]* (see
Example 3.6). Second, we show that the functor I admits a left adjoint, which

implies that D is a coexponential object and therefore a coinfinitesimal object.

Lemma 5.36. For an operad &, the operad P[] = P QR|¢] is isomorphic to the coproduct
between P and the operad R*[¢]. In particular, the tangent bundle functor L is isomorphic
to (=) + D with D := R*[¢].

Proof. In order to show that &[] is the coproduct between & and R*[¢], we need to
show that, for any pair of morphisms ¢: % — 2" and ¢: R*[¢] — P’ of operads,

there is a unique morphism &: P[e] — &’ of operads for which the diagram:

P —L % Ple] +—=2— R°[¢]
|
¢ :é Y
<
1@/
commutes; where (; and (5 are defined as follows:

11: P — Ple]

n(p):=p
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1o: R*[e] = P[¢]

to(a+be):=alyp +bely
Let’s define & as follows:

& Ple]l »
E(p+ev):=p(p) +P(e)p(v)

Let’s show that £ is a well-defined morphism of operads:

E(u+ev) (5(#1 +evy), ..., é(ﬂn + &vy))
= (p(w) +P(E)pW)(@(p) + P(e)p(), ..., () + P(e)p(va))
= oW(pu), ..., o (un)) + (&) () (@(u1), -, P(n))+

where we used that ()Y (¢) = (&%) = 0. Moreover:

S+ Pe])
= &(1p)
= ¢(lp)

= 1o

So, £ is an operad morphism. Finally, suppose that &’: P[e] — 9’ is another
morphism of operads for which 1;&" = ¢ and 12&” = 1. Then:

E'(u+ev)
= (W) + & (elg)e'(v)
= &(uw) + & (2(e)E (uv))
= oW +y(e)p)
= &(u+ev)
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This proves that £ is the unique morphism which makes the above diagram com-
muting. Thus, P[¢] = P + R*[¢]. Extending the same argument to morphisms,

one can easily see that I = (-) + R*[¢]. O
The next step is to show that the functor L admits a left adjoint T.

Lemma 5.37. The functor L: Operad — Operad admits a left adjoint T: Operad —
Operad which sends an operad P to the operad TS generated by all 1 € FP(n), for every

positive integer n and by symbols du, for each u € P(n), such that the following relations
hold:

prg(p, - ooy pin) = po(pia, - - -, tin)
d(ru +sv) = rdy + sdv

d(uu, ..., pn)) = d)(pr, - pn) + Z plpa, - die, - pin)
k=1

Moreover, T sends a morphism ¢ : P — 9P’ of operads to the morphism which sends each
pu € TP top(u) e TP and each du € TP to dp(u) € TP, In particular, the unit n and
the counit ¢ of the adjunction T 4 L are defined as follows:

n:P— LTP
n(w):= (y, du)

eTLP — P
e(u,v):=p
ed(p,v)):=v

Proof. Let’s start by showing that 1 is a morphism of operads:

N, - n))
(e, oy ), A, -, i)

p(pa, - pn), (dp)(pa, - pn) + Z plpa, -, dpk, - pin)

k=1

(p, du) (1, dpr), -« o, (U, dig))
(w)n(pa), - ., n(un))
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Moreover, n(14) = (14,d1%). However, since:
dlg = d(lz(le)) = (d(1le)(1e) + 1a(dle) = dle + dle

we obtain dlg = 0, thus n(1e) = (1»,0) = 11%. Let’s now show that also ¢ is
well-defined. To do so, we need to show that ¢ is compatible with the relations
which define TLZ:

e((w, v)((u1,v1), ., (fn, va))
= ¢ y(yl,...,yn),v(yl,...,yn)+Zy(y1,...,vk,...,yn)

k=1
= plur, - )

= (e(uv)(e(pr,v1),..., (pin, va))

e(d(r(u1, v1) + s(p2,v2)))

= 1V1+ SV

= e(rd(u1, v1) + sd(us2, v2))

e(d((p, V(1 v1), - -, (pn, Vi)

= ¢ (d (y(yl,...,yn),v(yl,...,yn)+Zy(y1,...,vk,...,yn)))
k=1

= v(yl,...,[Jn)+Zy(ul,...,vk,...,yn)
k=1
= (e(d(u, v))(epr,v1), .-, e(tin, va)) +

# ) (el (el ), oy @, Vi), o €, Vi)
k=1

= ¢ ((d(‘u/ v))((yl, Vl)/ cey ([Jn/ Vn)) + Z([Jl V)(([Jlr Vl)/ ey d(,uk/ Vk)/ sy (Hn/ Vn)))
k=1

Let’s now prove the triangle identities. Let’s start by showing that TneT = idt. To

do so, let’s evaluate TrneT on the generators:

er(Tn(w))
= er(n(u))



246

= ST(HI d[.l)
= u

er(Tn(dw))
= er(dn(w))
= er(d(y, dp))
= du

Let’s now show the second triangle identity nlLLe = idy;:

Le(ni(y, v))
Le((u,v), d(u, v))
(e(u, v), e(d(y, v)))
= (u,v)

This proves that (17, ¢): T 4 L forms an adjunction. O

Theorem 5.38. The tangent category (Operad, L) is corepresentable and R®|[¢] is a coin-
finitesimal object of Operad.

Corollary 5.39. The tangent category (Operad, L) is adjunctable; in particular, the adjoint
tangent structure T over the opposite category is defined as follows. For the sake of simplicity,

all morphisms are regarded as morphisms of operads:

tangent bundle functor The tangent bundle functor T: Operad — Operad, regarded
as an endofunctor of Operad, is the left adjoint of L described by Lemma 5.37. In
particular, TS is the operad generated by all u € 9P (n), for every positive integer n
and by symbols dy, for each p € 9P(n), such that the following relations hold:

pro (i, .o in) = po(pi, - - -, fin)
d(ru +sv) = rdy + sdv

A, - ) = (@), pn) + Y i, - A, )
k=1

Moreover, T sends a morphism ¢ : P — S’ of operads to the morphism which sends
each u € TP to p(u) € TP and each du € TP to dp(u) € TS,
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projection The projection p(T): idoperad = T is the natural transformation defined as

follows:

p(T): P —->TP

pM(u):=p

zero morphism The zero morphism 2D T = idoperad 15 the natural transformation

defined on generators as follows:

;0. TP 5 P

2P():=u
zM(du):=0

n-fold pullback The n-fold pushot (in the category Operad) of the projection along itself
is the functor T, : Operad — Operad which sends an operad 9 to the operad T, 5P
generated by all u € P(n) and by symbols di, ..., d,u, for each u € P(n), for

every positive integer n, satisfying the follwing relations:

b,z - tin) = po(pia, - - ., tn)
di(ru+sv) =rd;u +sd;v
n
dilju(n, - pn) = (@igt) (o pin) + D ppn, - dift - i)
k=1
forevery i = 1,...,n. Moreover, T, sends a morphism @: P — P’ of operads
to the morphism T, @ which sends the generator u € T, to (u) € T,%" and
drp € TP to drp(u) € TS . Finally, the k-th injection tx: TP — T, P is the
natural transformation which sends each u € TP to itself and each du € TP to
dru € T, %;

sum morphism The sum morphism s'T): T = Ty is the natural transformation defined
on generators as follows:
s TP - T2
s(T)(y):: y
s(du):= dyu + dop
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vertical lift The vertical lift 1V T? = T is the natural transformation defined on

generators as follows:
129 - TP
()= u
ID(du):=0
ID(d'u):=0
D(ddp):= du

canonical flip The canonical flip ¢ : T? = T2 is the natural transformation defined on

generators as follows:
M. 129 - T2
C(T)(y):: #
¢M(du):=d'u
cD(d'p):=du
cD(d'dy):= du

Moreover, (Operad®?, T) has negatives with negation:

negation The negation n™: T = T is the natural transformation defined on generators

as follows:

nM. Ty — TP

n(T)([J):= u
nD(dy):= —du

Finally, (Operad®®, T) is representable and Cartesian.

Remark 5.40. In analogy with the description of the geometric tangent functor T%)
of Theorem 3.68, one would expect the operad T to be described as the free -
operad of the module of Kéhler differentials over 2. In our knowledge, a definition
for the module of Kédhler differentials of an operad is missing from the literature.
We expect this module to represent the functor of derivations of a given operad.

We believe such a description is possible. However, we leave this as a future work.
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Example 5.41. Let’s consider the operad #/s5 described in Example 3.7. Recall that
43 is generated by a binary tree p which satisfies p(u, 1) = p(1, ). Then, the
operad Ta/4s is generated by two binary trees y and v: = du. u satisfies the usual
relation p(u, 1) = (1, ). Thanks to the relations which define d we obtain the

following:

d(p(y, 1))

(d)(p, 1) + p(du, 1) + p(p, d1)
(d)(p, 1) + p(dp, 1)

v(p, 1)+ p(v, 1)

where we used that d1 = 0. Similarly:

d(u(L, )

(du)(L, p) + p(dL, p) + p(L, dp)
(dp)(L, p) + p(L, du)

v(L, p) + u(l,v)

So, we obtain:
v(L, p) + u(l,v) = d(u(l, b)) = d(u(y, 1)) = v(g, 1) + u(v, 1)
Rearranging:
p(l,v) —v(u, ) +v(@,u) —pv, 1) =0

which is precisely the 2-cocycle condition of Equation (5.1.1). So, an algebra of
Tglss is an associative algebra A with associative multiplication us: A® A — A
together with a binary operation v4: A ® A — A. In particular, extending v4 by
R[e]-linearity over the R[e]-module A[¢] = A ® R[¢], we obtain a new associative
algebra A[e] with associative multiplication defined by pa + eva. In particular,
Al €] is an infinitesimal deformation of A.

Conversely, if B is an infinitesimal deformation of an associative algebra A, then
the associative multiplication of B is of the form pa + ev4 for a binary operation
va: A® A — A which satisfies precisely the relation of the generator v of T</ss.

So, B, regarded as an R-module, is a T@/s5-algebra.
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Let’s now consider the unital associative operad w45, also described in Ex-
ample 3.7. wdlss is generated by a binary operation u satisfying the same as-
sociative relation of yu € /4, and by a 0-ary operation 1 € «9/s5(0) satisfying
u(n, 1) =1 = u(1,n). Applying d on both sides of this equation we get:

v(n, 1)+ p(dn, 1) =dl =0 =v(L,1) + u(L,dn)

where we used v: = du. So, T4 is generated by two binary operations y and v

satisfying:

p(, 1) = u(l, p)
u(d,v) —v(y, 1) +v(l, ) —u(v, 1) =0

and by two 0-ary operations 17 and 0 : = dn) satisfying:

pmn, 1) =1
p(d,n) =1
v(n, 1) = —u(6,1)
v(L,n) = —-u(1,0)

However, we also have:

0
= (1o

= u(n, 1)(0)
= u(n,0)

= u(L,0)mn)
= —v(L,n)n)
= -v(n,n)

Moreover, 0 = —v(n, n) implies v(n, 1) = —u(6, 1). To see this, consider the follow-
ing:

_/“1(8/ ﬂ)
= —u(=v(n,n),1)
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= ulv(nn), 1)

= u(v, 1,1, 1)

= (u(,v) = v(u, 1) +v(L, w)n,n,1)

= u(n,v(n, 1) = v(u@,n), 1) +v(n, un, 1)

= un, v, 1) =v(uln, D), 1) +v(n, un, 1)

= v(n, 1) =v(n, 1) +v(n 1)

= v(n 1)
Similarly, one can also show that 6 = —v(n, ) implies v(1, ) = —u(1, 0). Therefore,
the presentation of Twa/4s can be simplified as follows: Tw/4s is generated by 0-

ary operation 1 and by two binary operations u and v, satisfying the following

relations:

p(p, 1) = p(L, p)

u(,v)—v(p, 1)+ v, ) —ur,1)=0
p(n, 1) =1

p(d,n) =1

Example 5.42. Consider the operad o7z described in Example 3.8. Recall that

Borm is generated by a binary operation p € Fo772(2) which satisfies:

p(u, 1) = p(l, p)
pot=g

7 being the permutation (1  2). Then, TG0 is generated by two binary operations

p and v:= du satisfying:

p(p, 1) = p(L, )

pot=p
[J(]l,V)—V(‘U, ]l)+V(]l,y)—y(V, ]l) =0
vV-T=v

Similarly, «&¢7, also described in Example 3.8, is generated by y and by a 0-ary
operation n for which u(n,1) = 1. Thus, T« is generated by two binary
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operations u and v and by a 0-ary operation n for which:

p(p, 1) = u(L, p)
poT=p
p(,v) =v(p, 1)+ v(L, p) —p(v, 1) =0

vV-T=V

pn, 1) =1

Example 5.43. Consider the operad Zze described in Example 3.9. Recall that Z7e

is generated by a binary operation u satisfying the following relations:
pu+pu-t=0
[‘l(#/ ]1) + (Ll([Ll, ]1) % (Ll([Ll, ]1) ’ 02 =0

where ¢ denotes the permutation (1 2 3)and v = (1 2). Then, TZ%e is gener-

ated by two binary operations u and v: = du satisfying the following conditions:

v+v-1=0

v(p, 1)+ p(v, 1) +v(p, 1) -0+ (v, 1) -0 +v(y, 1) - o* + u(v,1)- 6% = 0
or equivalently:

v+v-1=0
v(p, 1) +v(p, 1) - o +v(p, 1) - 0? = u(l,v) + u(l,v) - o+ u(l,v) - o°
Example 5.44. Consider a unital associative algebra A over R and the corresponding

operad A®, described in Example 3.6. Then the operad TA® is generated by all
a € A*(1) = A and by symbols da, for each 2 € A. Moreover:

d(ab) = d(a(b)) = (da)b + a(db)

for every a,b € A; where we denoted the associative multiplication of A by jux-
taposition. So, TA® is precisely (TA)®, where TA denotes the geometric tangent

bundle over the associative affine scheme A.

Example 5.44 suggests an interesting relationship between operads and algebras.
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Proposition 5.45. The functor (—)®: Alg — Operad which sends an associative and unital
algebra A to the operad A® described in Example 3.6 and which sends a morphism f : A — B
of algebras to the corresponding morphism f* such that f*(1) = f, extends toa strict tangent
morphism (=)®: Alg(wglss) — (Operad, L). Moreover, (the opposite of) the same functor
extends also to a strong tangent morphism (—)*: Geom(wef43) — (Operad®®, T).

Proof. Since the proof is straightforward, we leave it to the reader to complete the

details of this proof. O

It is also possible to send an operad & to the associative and unital algebra 9(1).
It is straightforward to see that this extends to a functor (—)(1): Operad — Alg. The
next proposition shows that (—)(1) is compatible with the tangent structures I and
T.

Proposition 5.46. The functor (—)(1): Operad — Alg extends to a strict tangent morph-
ism (—=)(1): (Operad, L) — Alg(wgfss). Moreover, (the opposite of) the same functor
extends also to a strong tangent morphism (—)(1): (Operad®®, T) — Geom(w/43).

Proof. Since the proof is straightforward, we leave it to the reader to complete the

details of this proof. m|

In the exploration of the possible relationships between the tangent categories
of operads and the ones of operadic algebras, the functor which sends a %-algebra
A to the corresponding enveloping operad 2 is one of the most interesting. So,
it is natural to wonder if this functor is compatible with the tangent structures.

Recall (see Section 4.2.1), that the enveloping operad 24 is the operad gen-
erated by tuples (u;ay, ..., ax| formed by ay,...,ar € Aand by p € P(n + k), for
every positive integers n and k, which are R-linear in each entry, and that satisfy

the following relations:
(‘u;al/-'-/V(ak/---/ai+1’l)/---/ak| = (‘u Oj V;al,...,ﬂkl
where u o v denotes u(L,...,v,...,1).

Proposition 5.47. The functor ?7): Alg, — Operad which sends a P-algebra A to the

corresponding enveloping operad P and a morphism f: A — B to the morphism of
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operads fY: P — PB) defined on generators as follows:
Fuar, .. apl= (i flar), ..., flap)l

equipped with the distributive law Eg: PLY — 1P defined on generators as follows:

k
Ep(ps (an,b0), .. (ax, b= (e, el D (san, b, gl
i=1

becomes a lax tangent morphism (P, Ep): Alg(P) — (Operad, L). Moreover, by

mating, (the opposite of) the functor P\ also extends to a lax tangent morphism:
(PO, wp): Geom(P) — (Operad®®, T)

Proof. The first step is to show that £ » is well-defined by proving that is compatible

with the relations of the enveloping operad:

59’(#7 (all bl)/ s ,V((ﬂl', bi)/ sy (Ell +n, bi+1’l))/ sy (ak/ bk)l
i+n

Ex|u;(ay,by), ..., v(a,',...,ai+n),Zv(ai,...,bj,...,a,'+n , oo, (ak, by)
j=i

(W ar, ..., v, ..., 440), ..., ak|,

Z (y;al,...,bz,...,v(ai,...,ai+n),...,ak|+

I#i,...,i+n
i+n
+Z(y;a1,...,v(ai,...,bj,.. .,ai+n),.. ., ak
j=i
= ((woiviay,... akl,

Z (uoiviay,..., by, ... ar +

k
((Uoiv;al,...,akl,Z(‘UoiV;al,...,b]',...,ak
j-1

Ep(uoivi(a, bi), ..., (ak, byl

This shows that £» is well-defined. To check the compatibility with the tangent

structures, recall first that the distributive law a»: Se» o I. = 1L o S between the
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monad associated with the operad % and the tangent bundle functor L: Modg —

Modr induced by biproducts is defined as follows:

agp(u;(ar, br), ..., (an,by) = (w;a1,...,4,), Z(y; ai,...,bg,...,a,)
k=1

& is defined on generators in a similar fashion. From this observation, one imme-
diately concludes that (2(7), £5) is a lax tangent morphism. Finally, by employing
Proposition 3.75, we conclude that (#(7), £5)°P: Geom(2) — (Operad®®, T) is also a

lax tangent moprhism. O

By definition, the enveloping algebra Envg(A) of a S-algebra A is the unital and
associative algebra 22(4)(1) (see for example [6, Definition 1.11]). Thus, from Propos-
itions 5.46 and 5.47 we conclude that the functor Envg: Algs — Alg which sends a
P-algebra A to its enveloping algebra Envg(A) is compatible with the algebraic and
geometric tangent structures. Moreover, so does the functor Envg,: Algg, — Operad
which sends a -algebra to the operad Envg,(A): = (Envz(A))°.

Corollary 5.48. The functors Envg: Alge — Alg and Envg,: Algg — Operad ex-
tend to lax tangent morphisms Envg: Alg(P) — Alg(wudlss) and Envy,: Alg(P) —
(Operad, L). Moreover, (the opposite of) the same functors extend to the lax tangent
morphisms Envg : Geom(P) — Geom(wl4s) and Enve,: Geom(F) — (Operad®®, T).

Remark 5.49. In Examples 3.51 and 3.82 we claimed that the functor which sends
a Lie algebra g to its universal enveloping algebra Envy, () extends to two tangent
morphisms Envg;, : Alg(ZLre) — Alg(wdss) and Envg,, : Geom(ZLre) — Geom(wdl43).
This was shown as a consequence of Envg;, being induced by a morphism of op-

erads w43 — Zie. This result can also be seen as a special case of Corollary 5.48.

We conclude this section with two important consequences of (Operad®”, T)
being the geometric tangent category of the coCartesian differential monad (W, d).
Applying Proposition 3.73 we classify vector fields and applying Theorem 4.20, we

prove that every free operad is a differential object in (Operad®?, T).

Theorem 5.50. Vector fields v: TSP — P over an operad P (regarded as operad morph-

isms) in the tangent category (Operad®®,T) are in bijective correspondence with vector
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fields P — L% over P in the tangent category (Operad, L), which are in bijective cor-
respondence with derivations over P. Moreover, these bijections preserve the Lie brackets,
defined by the two tangent structures (see Section 2.2.1) and by the commutator between

derivations, respectively.

Concretely, the equivalence between vector fields v: % — L% and v#: T® —
2 is defined as follows. Every v: PLZP sends uP(n) to (u, 6,(u)) € LP. Then
ot TP — P sends i toitself and du to 6, . Conversely, a vector field u: TP — P
sends each i to u and du to 8, (u) € P, so u’: P — LP sends p to (i, 5, (1))

Theorem 5.51. Free operads are differential objects in (Operad®?, T).

We leave it to future work to classify all differential objects and differential
bundles of (Operad®?, T). However, we conjecture that differential bundles in this
tangent category could be operad bimodules in which the left action is linearized
(see [46, Section 5.2.2]).

5.3 Towards a local approach to deformations

In Example 5.11 we showed that vector fields v : o35 — Lgfss over /45 of (Operad, L),
or equivalently, vector fields v*: Tofss — s of the adjoint tangent category
(Operad®®, T), define for every associative algebra A an infinitesimal deformation
of A. More generally, given a derivation 6: & — & of an operad &, we can define
a functor 0,: Algge — Alge which sends every S -algebra A to an infinitesimal
deformation 61A of A.

However, this does not guarantee that every infinitesimal deformation of a %-
algebra A can be defined via this construction. Let’s consider again the case with
P = d. Every derivation 6 of o4 is fully determined by 0(u) € 945(2), where u
denotes the usual generator of <43 (see Example 3.7). However, &/43(2) = R?, thus
o(u) = ru + su° for some r,s € R. However, from the 2-cocyle condition and the
associativity of y we conclude that s must be zero. Therefore, all derivations 6 of
s are specified by 6(u) = ru. Unfortunately, this only accounts for the trivial
infinitesimal deformations, since, for an associative algebra A, ru, is precisely
the 2-coboundary in the Hochschild cohomology of A associated to the 1-cocycle
rida: A — A.
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In this section, we would like to investigate some ideas to employ the tangent
categories (Operad, L) and (Operad®, T) to capture all infinitesimal deformations
of P-algebras. We develop two main approaches: the first focuses on defining a
module which classifies all infinitesimal deformations of a given algebra via a uni-
versal property, in a similar fashion as the module of Kdhler differentials classifies
all derivations of an algebra. With the second approach, we try to take advant-
age of the tangent category (Operad®?, T) to construct a functor which associates
each P-algebra A with a bundle A — AA whose sections in the category of affine
schemes are in bijection with infinitesimal deformations. Finally, we compare these

two approaches.

The main intuition underpinning our efforts in this subject is the idea of in-
troducing on the category of 9-affine schemes a “quasi-tangent structure” which
captures all infinitesimal deformations of a 9-algebra A as sections of the “quasi-
tangent bundle” of A in a similar way as derivations of a &-algebra A are sections
of the geometric tangent bundle over A. To make sense of this idea, first, recall why
the tangent bundle p: A — TA classifies derivations of A. Recall that TA is the free
A-algebra of the A-bimodule of Kihler differentials of A. The important ingredient
is the module of Kéhler differentials QA of A. In particular, QA is precisely the
A-bimodule representing the functor Ders: Mods — Modg of derivations over A.
So, for any A-bimodule M a derivation 6: A — M splits along the universal deriv-
ation d: A — QA, i.e. there is a unique morphism of A-bimodules 6: QA — M
such that:

Can we classify infinitesimal deformations of a 9*-algebra similarly? First, let’s
focus on the associative case, i.e. with % = o35 and let’s recall that, given an associ-
ative algebra A, and an A-bimodule M, a 2-cocycle of the Hochschild cohomology

of A with coefficients in M is an R-linear morphism:

EAQRA > M
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which satisfies the following condition:
aé(b/ C) - é(ﬂb, C) + "E(a/ bC) - g((l, b)C =0

foreverya,b, c € A, where thejuxtaposition indicates the left and the right action of
Aon M. In the following, we simply refer to such a £ as a 2-cocycle. Notice also that,
given a morphism f: M — N of A-bimodules and a 2-cocycle £: A ® A — M, the
morphism f.£: A®A 5M 4 N is also a 2-cocycle. So, the operation which sends
an A-bimodule to the R-module Def (M) which contains all 2-cocycles A®@ A — M

extends to a functor:
Def 4: BiModa — Modg

We want to prove that Def 4 is a representable functor. Let’s define the following
A-bimodules.

Definition 5.52. For an associative algebra A, the bimodule of infinitesimal deform-
ators of A is the free A-bimodule EA generated by all symbols v(a, b), called infinitesimal

deformators, for each a,b € A, subject to the relations:

v(ra +sb,c) =rv(a,c)+sv(b,c)
v(c,ra +sb) =rv(c,a) +sv(c,b)

av(b,c)—v(ab,c) +v(a,bc)+v(a,b)c =0

Proposition 5.53. The bimodule of infinitesimal deformators EA of an associative algebra
A represents the functor Def4: BiModa — Modg. Concretely, this means that for any
A-bimodule M a 2-cocycle £: A ® A — M splits in a unique way along the universal
2-cocyclev: A® A — EA, which sends a ® b to v(a,b) € EA. In particular, there is a
unique morphism of A-bimodules &: EA — M such that:

ARA —> EBA

Proof. First, thanks to the relations which define ZA, v is indeed a 2-cocycle. The

second step is to show the universal property. Consider a 2-cocycle £: AQ A — M



259

and let’s define & as the morphism which sends v(a,b) in &(a,b). Since & is a 2-
cocycle, &is compatible with the relations of 24, so & is a well-defined morphism of
A-bimodules for which, by construction, £ = vg. Let’s now take a second morphism
E’: ZA — M of A-bimodules for which & = VE/. Then, E/v(a, b) = £. However,
since EI and E agree on the generators of EA, we conclude that they must be the

same morphism. |

Let L: Alg — Alg be the functor which sends an associative algebra A to the

A-tensor algebra of the bimodule of infinitesimal deformators of A, i.e.:
LA:= Tensy2A

Moreover, L sends a morphism f: A — B of algebras to the morphism Lf: LA —
LB which sends each generator v(a,b) € LA to v(f(a), f(b)) € LB. Concretely, LA
is the associative algebra generated by all 2 € A and by symbols v(a, b) for each
a,b € A such that the multiplication between the elements of A behaves like the

multiplication in A and v(a, b) satisfy the same relations which define EA.
Proposition 5.54. Consider the following morphisms:

projection q: A — LA which sends a to itself;

zero morphism z,: LA — A which sends a to itself and v(a, b) to 0;

n-fold pullbacks the n-pushout of q along itself are the associative algebras L, A gener-
ated by all elements a of A for which the multiplication is defined as in A, and symbols

vi(a, b) each bilinear and satisfying the 2-cocycle relation, foreach k = 1,...,n;
sum morphism s, : LA — LyA which sends a to itself and v(a, b) to vi(a, b) +va(a, b);

vertical lift [;: TLA — LA, where T denotes the geometric tangent bundle functor in
the tangent category Geom(gf45), which sends a to itself, da and v(a,b) to 0, and
dv(a,b) tov(a,D).

For each associative algebra A, LA:= (LA, q,z4,54,1y) is a differential bundle over A in

the geometric tangent category Geom(gfss). Moreover, L extends to a functor:

L: Geom(«/4s) — DBnd), (Geom(f43))
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Proof. This proof is a direct consequence of the classification of differential bundles
in the geometric tangent category of an operad expressed by Theorem 4.35, which
establishes that modules in the operadic sense over an operadic algebra are equi-
valent to differential bundles over the corresponding operadic affine scheme in
the geometric tangent category of the operad. Moreover, linear morphisms cor-
respond to linear morphisms between the corresponding differential bundles, in a
contravariant way.

In particular, for = o33, LA equals FreesEA where EA is an A-bimodule in
the operadic sense, so for the equivalence between modules and differential objects,

LA becomes a differential bundle. m|

The next proposition proves that the differential bundle A — LA classifies

infinitesimal deformations of A.

Proposition 5.55. 2-cocycles £: A ® A — A of A are in bijective correspondence with
sections of the differential bundle q: A — LA. In particular,each &: A® A — A defines a
morphism of P-algebras ug: LA — A which sends each generator a € A to itself and each
infnitesimal deformator v(a, b) to &(a,b). Conversely, each section u: LA — A defines a
2-cocycle &,: A ® A — Adefined by £,(a,b):=u(v(a,b)).

Proof. The proof follows directly from the adjunction Frees + Restrs of Lemma 3.61
and by the universality of the bimodule of infinitesimal deformators established by

Proposition 5.53. O

The next step is to extend this construction for any operadic algebra for a given
algebraic operad. Let & be an algebraic operad. In Examples 5.41, 5.42, 5.43,
and 5.44 we showed the relationship between the algebras of T9 and corresponding
infinitesimal deformations. In particular, these examples suggest that given an n-
ary operation u of an operad &, the corresponding n-ary operation du € T(n)
represents an infinitesimal deformation of p.

This insight suggests defining the module EA of infinitesimal deformators for
a P-algebra A as the A-module (in the operadic sense) generated by symbols
du(ai,...,a,) forevery u € #(n)and everyay,...,a, € A. Indeed, when & = o
and u € 44(2) is the usual generator of o/s5, du = v is precisely the infinitesimal

deformation of p. In the following, we adopt the following notation: we denote by
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aa tuple ay, ..., a, of elements of a P-algebra A. So, for instance, we write dy(ﬁ)

W g m

for du(ay, ..., a,). We also write ay, ..., a, fora Y RVREY b

Definition 5.56. The module of infinitesimal deformators of a FP-algebra A is the
A-module EA freely generated by symbols du(ay, ..., a,) = du(a), called infinitesimal

deformators, foreach u € P(n)andd:=ay,...,a, € Asubject to the following relations:
du(ay, ..., rax +sby,...,a,) =rdu(ay,...,a,) +sdu(ay, ..., by, ..., a,)
d(ry +sv)(a) = rdu(d) + sdv(a)
d(u(u, - pn))@1, ..o, dn) = du(ui(@y), . .., pn(dn))+

+ Z ‘Ll([.ll(al); el dyk(l_jk), ey ‘Un(an))
k=1

The first equation of Definition 5.56 establishes that the infinitesimal deformat-
ors are R-linear in each A-entry; the second equation establishes that deformators
are also R-linear in the p-entry; finally, the third equation establishes that du is an
infinitesimal deformation of the n-ary operation p. In particular, when & = o4,

the third equation, following a similar argument as in Example 5.41, implies:

du(a, w(b, c)) + w(a, du(b, c)) = d(u(l, p))(a, b, c) =
= d(u(u, 1))(a, b, c) = du(u(a,b), c) + ula,du(b, c))

Denoting the multiplication of A and the left and the right actions of A on ZEA by

juxtaposition and du(a, b) by v(a, b) we rewrite:
av(b,c) —v(ab,c)+v(a,bc) —v(a,b)c =0
In particular, for & = g4, Definition 5.56 agrees with Definition 5.52.

Proposition 5.57. When % = 9f33, the module EA of Definition 5.56 is precisely the
bimodule of Definition 5.52.

Since, by construction, ZA is an A-module, thanks to Theorem 4.35, LA: =
FreeaAEA becomes a differential bundle in the geometric tangent category of 2.
Moreover, g: LA — A classifies infinitesimal deformations of A. To see this, recall
that the -algebra structure of an infinitesimal deformation A of a P-algebra A is

tully specified by:

uplay, ..., an) = ua(ay, ..., a,) + epy(ay, ..., a,)
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for each y € P(n)and ay, ..., a, € A. So, the P-algebra structure of Ais specified
by the 9P-algebra structure of A together with a morphism ZA — A which sends

each infinitesimal deformator du(ay, ..., a,) to ‘u;‘(al, cee, y).

Theorem 5.58. Let L be the functor which sends each P-algebra A to the free A-algebra
over the module of infinitesimal deformators of A, i.e. LA: = FreeaEA. Consider the

following morphisms:
projection q: A — LA which sends a to itself;
zero morphism z,: LA — A which sends a to itself and each deformator du(d) to 0;

n-fold pullbacks the n-pushouts of q along itself are the associative algebras L, A gen-
erated by all elements a of A for which the algebra structure is defined as in A, and

infinitesimal deformators diu(a), foreach k = 1,...,n;
sum morphism s,: LA — LyA which sends a to itself and du(a) to dyu(d) + dou(d);

vertical lift [;: TLA — LA, where T denotes the geometric tangent bundle functor in
the tangent category Geom(P), which sends a to itself, da and du(a) to 0, and dp(d)
to du(a).

For each associative algebra A, LA:= (LA, q,zg,54,1;) is a differential bundle over A in

the geometric tangent category Geom(Z). Moreover, L extends to a functor:
L: Geom(%) — DBnd),(Geom(%))

Finally, g: A — LA classifies infinitesimal deformations of A, i.e. there is a bijective corres-
pondence between sections u: LA — A of q (in Geom(P)) and infinitesimal deformations
of A. In particular, for each section u: LA — A of q, the n-ary operation dua: A®" — A
defined by:

dua(a, ..., a,):=u(du(a,...,a,))
defines an infinitesimal deformation of the n-ary operation 4.

The symbol d in the definition of the differential bundle q4: A — LA of The-

orem 5.58 is reminiscent of the analogous symbol d employed in the definition of
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the tangent bundle functor T on Operad®®. The rest of this section is dedicated
to exploring this relationship. The main intuition consists of noticing that the
free T9-algebra over a P-algebra contains elements of the form (dy;ay, ..., a,),
however, it also contains terms of the form (u;ay,...,4a,), for p € P(n). Given a
P-algebra A, to remove these terms, we can make the algebra structure of the free
T9-algebra St»A over A to agree with the 9-algebra structure of A. Now, recall

that a morphism of operads ¢: % — 2’ induces an adjunction:

(U Algg: S Alggsrl (P*

In particular, the projection p: & — T of (Operad®?, T) induces an adjunction:

pr: Algg S Algrg: p°

By direct inspection and recalling the definition of the left adjoint ¢ (see Sec-
tion 3.5.2), the T%-algebra p1A, for a P-algebra A, is the free T9-algebra St»A
quotiented by the ideal generated by terms (u; ay, ..., a,) — pa(as, ..., an).

Lemma 5.59. The T9-algebra p\A is the free T P-algebra generated by all a € A and by
symbols du(d) = du(ay, . . ., a,) subject to the following relations:

ppalay, ..., an) = palay, ..., a,)

du(ay, ..., rax +sby,...,a,) =rdu(ay,...,a,) +sdu(ay, ..., by, ..., a,)
d(rp +sv)(@) = rdu(a) + sdv(a)

d(u(ps, - -, un))@i, ..., ay) = du(ui(ds), . . ., gn(dn))+

+ Z ‘u(‘ul(ﬁl), el d[.lk(ﬁk), ey ‘Un(ﬁn))
k=1

Notice that Lemma 5.59 establishes that piA is generated by terms du(d) as
a TSP-algebra not as an A-module, like in Definition 5.56. This implies that p1A
also contains terms of the form du(dys, ..., du,)(@1,...,d4,). These terms are not
present in LA, since LA does not contain terms in which d appears twice. Notice
also, that in p)A terms of the form du(us, ..., dug, - .., 4n)(@1, ..., d,) are identified
with terms of the form du((u1)a(@1), ..., dux(@x), ..., (un)a(@,)). Consequently,
the P-algebra AA: = p*piA is the P-algebra generated by all 4 € A and by terms
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(t;dyy, ..., duy)(ay, ..., a,) where (t;duy,...,duy,) is an n-rooted tree whose ver-
tices are decorated by terms duy, each satisfying the relations of an infinitesimal
deformator.

Since p; 4 p* form an adjunction, A: = p*p; is a monad on Algg, thus a
comonad on Alg?,. Moreover, both p; and p* are lax tangent morphisms so
pr: Geom(P) & Geom(TP): p* form an adjunction in the 2-category of tangent
categories. In particular, A becomes a tangent comonad, i.e. a comonad which is
also a lax tangent morphism, over Geom(%). The sections of the counit A — AA of
A are morphisms u: AA — A of P-algebras which send each a to itself and each
du(@) to ', (ay,...,a,): = u(du(@)). So, it is not hard to see that the sections of the

counit of A classify infinitesimal deformations.

Theorem 5.60. The tangent comonad A: Geom(P) — Geom(P) classifies infinitesimal
deformations of P-algebras. In particular, sections of the counit A — AA are in bijective

correspondence with the infinitesimal deformations of A.

It is important to realize that AA is not a differential bundle. To understand
why this is not the case, suppose, by contradiction that AA is indeed a differential
bundle. According to Theorem 4.35, AA is then isomorphic to the free algebra
under A of an A-module M, i.e. AA = Free4M. By looking at AA as an R-module,
one concludes that M should be the A-module generated by all trees whose internal
vertices are operations dyu, for some u of & and whose leaves are elements of A.
However, since M is an A-module and not a &-algebra, any two of such trees will

be independent generators. Take, for example, the two elements of M:

dp(b, )
dua, du(b, c))

and consider a section v: FreeaM — A of the inclusion morphism A — Freeqa M
(regarded as morphisms in the opposite category). v sends the first tree, du(b, c)
to an element x of A and the second tree du(a,du(b, c)) to another element y of
A. However, v(du(a,du(b, c)) does not have to agree with v(du(a, x)), since these
two trees are independent in M. Conversely, in AA, these two trees are related,

since the former is used in the definition of the latter. This implies that, given a
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section u: AA — A of the counit A — AA (regarded as morphisms in the opposite

category):
u(dyi(a, du(b, ©) = u(dua, u(du(b, ))))

In particular, this implies that AA and LA are not isomorphic algebras. However,
there is a close relationship between these two bundles, since their sections are in

bijection. In future work, we aim to further investigate their connection.



Chapter 6

Conclusions

This final chapter is dedicated to recalling this thesis’s story, highlighting the main

results, and exploring some ideas for future work.

6.1 What this thesis is about

In this thesis, we explored the interaction between the theory of operads and the
one of tangent categories. The initial motivation for this work was to test whether
or not tangent category theory was capable of capturing some important geometric
aspects of noncommutative geometry. We showed that the opposite of the cat-
egory of algebras of an operad carries a tangent structure which captures some key
geometric features of operadic affine schemes. In particular, this applies to associ-
ative algebras, providing the first model of a tangent category for noncommutative
geometry.

Ginzburg’s work was a crucial inspiration for this work. In particular, Gin-
zburg’s idea of a theory of operadic geometry inspired the research that led to this
thesis. In some sense, our work formalizes Ginzburg’s intuition for a common lan-
guage of operadic geometry. On the other hand, this thesis was also fundamentally
inspired by Cruttwell and Lemay’s idea of employing tangent category theory to
study algebraic geometry. In some sense, our work is a generalization of Cruttwell
and Lemay’s paper [18]. In particular, in Chapter 4 we extended their classification
of differential bundles for affine schemes, to the operadic setting.

In the last chapter, we also explored some ideas to study deformation theory by
employing tangent category theory. In particular, we showed how the category of
operads and its opposite comes equipped with a tangent structure closely related
to the infinitesimal deformations of operadic algebras. This connection between
operad theory, tangent category, and deformation theory shows a deep relationship

between these three distinct worlds and suggests a geometric interpretation for
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deformations.

The main results of this thesis can be listed as follows:

Definition 2.24 We introduced tangent display maps to avoid the use of display

systems;

Theorem 2.73 We proved that the tangent category of algebras of a tangent monad
represents indeed the Eilenberg-Moore object of the given tangent monad, in
the sense of Street [56];

Theorem 3.26 We proved that the monad associated with an algebraic operad
is a coCartesian differential monad, and therefore a tangent monad. Con-
sequently, the category of algebras of a given operad is a tangent category,

that we call, the algebraic tangent category of the operad;

Theorem 3.36 We classified vector fields of the algebraic tangent category of an

operad as derivations;

Propositions 3.42 and 3.48 We showed that the operation which associates an op-
erad to its algebraic tangent category extends to a contravariant and a covari-

ant functor;

Theorem 3.68 We showed that the algebraic tangent category of an operad is ad-
junctable and consequently, the opposite of the category of algebras of an
operad comes with a tangent structure to form the geometric tangent cat-

egory of the given operad;

Theorem 3.74 We classified vector fields of the geometric tangent category of an

operad as derivations;

Proposition 3.80 We showed that the operation which associates an operad to its

geometric tangent category extends to a contravariant and a covariant functor;

Theorem 4.12 We gave a new characterization of the functor Slice which sends a
pair formed by a tangent category (X, T) and one of its objects A to the slice
tangent category (X, T)/A. In particular, we showed that Slice is a right adjoint

of Term;
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Theorem 4.17 We showed that the geometric tangent category of the enveloping
operad of a P-algebra A is equivalent to the slice tangent category of the

geometric tangent category of & over A;

Theorem 4.35 We classified differential bundles in the geometric tangent category

of an operad as modules over the operadic algebras;

Theorem 5.22 We showed that the category of algebraic operads itself is a tangent

category;

Theorem 5.38 We showed that the tangent category of operads is corepresentable
and that consequently, the opposite of the category of operads also comes

with a tangent structure;

Theorems 5.58 and 5.60 We proposed two alternative approaches to classifying all
infinitesimal deformations of a given operadic algebra, one that involves a
differential bundle LA and the second one which involves a tangent comonad
A.

6.2 Future work

In this section, we explore some of the directions that this work could lead to. These

are organized into four categories.

6.2.1 Operadic constructions for tangent categories

We believe we have just started to explore the relationship between tangent category
theory and operad theory. In particular, we are interested in employing operad
theory to explore new constructions of tangent categories. Many questions should

be addressed, among which we list the following ones:

1. Koszul duality is an important operation in operad theory [46, Chapter 7].
What does Koszul duality represent for tangent category theory? Is there
a similar notion of duality for tangent categories? What are the algebraic

and geometric tangent categories of the Koszul dual of an operad? Can we
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classify the algebraic and geometric tangent categories of Koszul operads, i.e.

operads whose Koszul complex is acyclic?

. The Hadamard product between two operads is a well-defined operation of
operads [46, Section 5.3.2]. Can we define a Hadamard product for tangent
categories? What are the algebraic and the geometric tangent categories of

the Hadamard product of two operads?

. A Hopf operad is a comonoid in the category of operads with respect to the
Hadamard product [46, Section 5.3.3]. In particular, the tensor product of
two algebras of a Hopf operad is again an algebra of the same operad. Can
we classify the tangent categories associated with Hopf operads? What kind
of structure does the comonoid structure add to the corresponding tangent

categories?

. A symmetric operad is associated with a Lie algebra [46, Section 5.4.3]. Could
the Lie algebra of an operad 2 be related to the Lie algebra of vector fields of
2 in the tangent category (Operad, L) or equivalently, (Operad®?, T)?

. Are cooperads also associated with tangent categories?

. Given an operad and a cooperad one can define the convolution operad of

this pair [46, Section 6.4.1]. What are the corresponding tangent categories?

. Given two operads, one can define a new operad provided there is a dis-
tributive law between the former two operads [46, Section 8.6]. What are
the corresponding tangent categories? In particular, the operad oz which
generates Poisson algebras is obtained from a distributive law between the
operads Z7e of Lie algebras and /45 of associative algebras. We are interested
to see what relationship exists between the tangent categories of these three

operads.

. Ikonicoff in [31] showed that differential algebras, i.e. algebras equipped with
a derivation, of a given operad & can be seen as algebras of another operad
9’ obtained from a distributive law between % and an operad D. Our

classification of vector fields in the algebraic and in the geometric tangent
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categories of an operad implies that the category of differential algebras of
2 is also equivalent to the category of vector fields of these two tangent
categories. So, it is natural to wonder if the algebraic and the geometric
tangent categories of &’ are equivalent to the tangent categories of vector

fields of the algebraic and geometric tangent categories of &, respectively.

6.2.2 Tangent constructions for operads

We are not just interested in applications of operad theory in the context of tangent
categories. In future work, we are also interested in exploring applications of

tangent category theory for operads. Here, we list some of these ideas:

1. In[10], Cockett and Cruttwell introduced connections over differential bundles
in the context of tangent categories. Given an operadic affine scheme, can we
classify its affine connections in the geometric tangent category of the operad?

What do connections tell us about a module over an operadic algebra?

2. In this thesis we classified differential bundles and vector fields in the geo-
metric tangent category of an operad. One can also define two cohomology
theories, the cohomology of differential forms and the cohomology of sector
forms, for objects in a tangent category (see [17]). On the other hand, operadic
algebras also admit a cohomology theory (see [46, Section 12.3.11]). Does the

latter correspond to either of the former two?

3. In [14], Cockett and Cruttwell introduced a notion of ordinary differential
equations in the context of tangent categories (cf. [14]). An important in-
gredient required to define the solutions of a differential equation is repres-
ented by a curve object. It is not clear whether or not the geometric tangent
category, or more realistically a suitable tangent subcategory, admits a curve
object. In an informal discussion, Cruttwell pointed out that there might be a
curve object which is “infinitesimal”, in the sense that it captures infinitesimal
paths. Can we distinguish between “infinitesimal curve objects” and “real

curve objects”?

4. In this thesis, we also show that the category of operads itself and its opposite

come equipped with tangent structures. We already noticed that vector fields
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in these two tangent categories are equivalent to derivations of operads. In
future work, we are interested in classifying differential bundles of these two
tangent categories. We conjecture they could be related to a suitable notion
of bimodules over operads. A similar question regards the classification of

connections, the cohomology, and the differential equations.

6.2.3 Towards a formal theory of tangent objects

In Section 2.3 we introduced the notion of tangent objects in a strict 2-category.
This approach was partially inspired by the formal approach to monad theory
presented by Street in [56]. In future work, we plan to investigate some ideas that
could lead to a formal approach to tangent category theory. Here is a list of some

of the directions of research we would like to pursue:

1. The arrow category of a tangent category comes equipped with a tangent
structure. In the 2-category of categories, the arrow category is a comma
object (see [55]). Is the arrow tangent category a comma object in the 2-
category of tangent categories? When does the 2-category of tangent objects

admit comma objects?

2. We introduced tangent objects in the context of a strict 2-category. Can we

extend this notion to a bicategory or a double category?

3. The category of differential bundles of a tangent category form another tan-
gent category (see [11]). Can we define the tangent object of differential
bundles of a given tangent object? What are differential bundles of tangent
monads, regarded as tangent objects? What about this notion applied to other

classes of tangent objects, like tangent fibrations?

4. The category of vector fields and the one of affine connections also form
tangent categories (see [14] and [8]). Can we extend these constructions for

tangent objects?

5. There is a canonical inclusion 2-functor which sends an object X of a 2-

category C to the trivial tangent object (X, 1), i.e. the tangent object with the
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trivial tangent structure. Does this 2-functor admit a right adjoint? What is

the meaning of such a right adjoint?

6. In [22], tangent categories are interpreted as suitable enriched categories.
Whatis the relationship between the enrichment point of view and the tangent

object approach?

6.2.4 Deformation theory

In Chapter 5 we explored some ideas to employ tangent category theory to study
deformation theory. In future work, we would like to explore this intuition further.
Formal deformations are deformations of algebras over the R-augmented ring S =
R[[x] of formal power series. In particular, for associative algebras, the deformed

associative multiplication can be expanded into a power series like:

axb= Z tn(a, b)t"
n=0

Obstruction theory explored by Gerstenhaber in [23] establishes conditions for
whether or not an infinitesimal deformation can be expanded into a formal de-
formation. Our intuition suggests an analogy with geodesic completeness in dif-
ferential geometry. Our approach to deformation theory would like to interpret
infinitesimal deformations of an algebra as vector field-like objects. So, the process
of finding a formal deformation could be regarded as solving a differential equation
whose initial values are established by the given infinitesimal deformation. This

could be related to the problem of finding global solutions for geodesics.
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