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ABSTRACT

The problem with most modern accounts of Aristotle’s so-called ‘theory of mathematical
abstraction’ or aphairesis (4paipeoig) is that it is interpreted primarily through the scope of
the epistemological process of an immediate reception of mathematical forms by the soul
without matter from which the former are said to be ‘abstracted’. However, this interpretation
is not present in Aristotle’s texts. Instead, aphairesis presents itself as a method by which the
mode of being of the objects of mathematics is explained: it elucidates the location and place
of the category of quantity within a particular sensible substance, but not some kind of an
abstracting activity of drawing mathematical forms or universals from matter. This latter type
of the epistemological abstraction of mathematicals found in most modern commentaries was
developed by later commentators of Aristotle. The analysis of the modern scholarship shows a
clear trace of influence of the ancient tradition.
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CHAPTER 1 INTRODUCTION

According to Heraclitus, “mdvta yopel kail o0dev pével, Kol motapod pot) aneikdlmv
T Ovto Aéyel g ‘601G £ TOV aTOV TOTOUOV oVK av EuPaing” (Plato, Cratylus 402a). This
means that everything gives way and nothing remains still just like a flowing river. It is
impossible to step in the same stream twice, and what is more, it is impossible to step in it
even once (Meta. 1010a14-15). Since everything is in flux and since the matter of physical
objects is constantly changing and moving, mathematics cannot be true of the sensible
triangles and spheres made of bronze, wood or any other materials, as well as of those drawn
on paper or in sand. It follows that when we say that this triangle is of such and such a size or
that this triangle is equilateral whose internal angles are each 60°, these truths will almost
never hold true of any sensible triangle. Thus, to affirm something will always result in a false
statement irrelevant to its physical representative. Even if we suppose the matter of some
mathematical shape to be motionless, it would still be impossible to build or draw a perfectly
triangular shape due to our limited human abilities.

To save the objectivity and precision necessary for mathematics, Plato posited eternal
and unchanging intermediates (td peta&v) which later became the main focus of Aristotle’s
criticisms found primarily in the last two books of his Metaphysics, XIII and XIV. Aristotle
describes Plato’s intermediates in the following way: “besides sensible things and Forms he
says there are the objects of mathematics, which occupy an intermediate position, differing
from sensible things in being eternal and unchangeable, from Forms in that there are many
alike, while the Form itself is in each case unique” (Ross, Meta. 987b15). Thus, whenever a
Platonist postulates multiple circles, he refers neither to the Form of Circularity nor to

perceptible circles, but considers perfect circles as existing in the realm of intermediates.



Aristotle rejects the concept of intermediates and Forms because for him it is
impossible that substances can exist separately from their physical instantiations. Aristotle
interprets Platonic separation to be ontological, in the sense that intermediates and Forms are
separated from their physical representations, which in the traditional interpretation means
that the former are ‘placed beyond heaven.’! Aristotle, instead, places the objects of
mathematical science in the sensible realm and claims that magnitudes, volumes, planes, and
lines are perceptible features of sensible bodies. He agrees with Plato, however, that the
mathematical features of physical objects fall short of their corresponding mathematical
objects. There are no such things as perfectly circular spheres and perfectly straight lines:

For neither are perceptible lines such lines as the geometer speaks of (for no
perceptible thing is straight or curved in this way; for a hoop touches a straight edge
not at a point, but as Protagoras said it did, in his refutation of the geometers), nor are
the movements and complex orbits in the heavens like those of which astronomy
treats, nor have geometrical points the same nature as the actual stars. (Ross, Meta.
997b34-998a6).
Yet he still insists that “obviously physical bodies contain surfaces and volumes, lines and
points, and these are the subject-matter of mathematics” (Ross, Physics. 193b23-25). What
are we to make of this? How can mathematics be true of the sensible world if sensible objects
fail to have the precision of mathematical objects? Do the perfect objects of mathematics exist
only in thinking, and would this mean that the precise objects of mathematics are simply
creations of the mind? Aristotle must provide an alternative both to this mentalist
interpretation of mathematics and to Plato’s separately existing intermediates and Forms.
Aristotle solves these two problems by introducing the terminology of aphairesis

(qpaipeoig), or ‘subtraction’ the function of which is to reveal or unfold the spatial location

of the quantitative and continuous magnitude within a particular sensible body. Specifically,

! Gerald Frank Else, "The terminology of the ideas," Harvard Studies in Classical Philology 47 (1936): 55.
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by attending to sensible bodies, we cognitively take away or subtract colour, passions,
affections, motion, and change from a bronze sphere and then arrive at the continuous three-
dimensional shape, such as sphericity. We may further subtract the second dimension and
arrive at the idea of a two-dimensional circle. Since passions, affections, and motion are
removed in thinking, mathematical truths apply within this subtracted result, a result which
mind arrives at as the result of a process of thinking but which it does not create, all without
needing to postulate unchanging intermediates. When we ‘remove in thinking’ this does not
mean that the objects of mathematics are creations of mind alone. The physical
representatives to which we refer, do contain surfaces, volumes, and sizes.

The problem with most modern scholarship concerning aphairesis is that it does not
always distinguish the proper Aristotelian sense of aphairesis as subtraction from the sense of
aphairesis as extraction which was developed by later Aristotelian commentators and is
usually accepted by modern scholars. While aphairesis has two distinct meanings in the post-
Aristotelian tradition, it is always translated as ‘abstraction,’ thereby making it difficult
sometimes to distinguish which of the two senses the scholarship uses, either subtraction or
extraction. The distinction between them is the following: aphairesis as subtraction implies
the removal of many and leaving the remainder for consideration, aphairesis as extraction
suggests the extraction of one while disregarding the rest. Thus, to distinguish the two senses,
I will refer to aphairesis as subtraction, while 1 will refer to abstraction as extraction.

John Cleary (1985) was the first to point out that Aristotle’s aphairesis should be
translated as subtraction and that it has no relation to the epistemological process of the
reception of forms by the soul without their matter, or to the abstracting activity of the mind
which the modern sense of abstractionism might imply. Cleary states, that “the traditional

view has been that he (Aristotle) is referring to some epistemological process of abstraction



from matter, by means of which mathematical objects (along with other universals) are
isolated from sensible particulars for the purposes of scientific knowledge.”? By the
“traditional view” he means de Koninck, Mansion, and others, as well as Thomas Aquinas,
who Cleary claims to be the source of the new epistemological interpretation of aphairesis not
present in Aristotle. In my thesis, I show that, in fact, it was not Aquinas who first used the
term in this way. This interpretation first appears in Alexander of Aphrodisias. Cleary does
not enter into a discussion of the epistemological process of abstraction in the works of the
medieval and modern commentators whom he mentions. Thus, in the light of interpreting
aphairesis as subtraction, 1 analyze key works of these commentators where the
epistemological sense appears, along with other commentators not mentioned by Cleary but
who introduce important developments in the understanding of aphairesis.

Cleary’s definition of an epistemological sense as abstraction of mathematical objects
(along with other universals) isolated from sensible particulars® is too general and not
exhaustive. My analysis of the ancient and modern scholars whom Cleary mentions (and does
not mention) reveals four specific epistemological senses of aphairesis found in later
interpreters yet not present in Aristotle’s works: abstraction of a form (essence) from matter,
abstraction of a universal (e.g. man) from particulars, abstraction of a mathematical universal
(e.g. circle) from particulars, or abstraction of this particular mathematical form (#his circular
shape) from this particular matter, motion, and change. Since all four uses presuppose the
taking out of one from the many, I bring them all under one term, extraction. Furthermore,
because aphairesis is interpreted as extraction or abstraction of form from matter, it
sometimes gets confused with induction (epagoge) which in itself is, indeed, the process by

which the soul receives the forms without matter. The function of induction is to collect

2 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 26.
3 Ibid., 26.
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particulars under a single universal (e.g. circle or man), whereas the function of aphairesis is
to successively remove many things within a particular sensible body upon which one
considers the remainder only, in this case, its mathematical properties.

In contrast to modern commentators who follow Alexander of Aphrodisias, Aquinas,
and other ancient commentators in their understanding of aphairesis, and in contrast to those
who, though they do not follow their interpretation, nonetheless speak of “The Theory of
Abstraction in Aristotle,” I propose a new approach to this topic. It is in this spirit that I have
entitled this thesis “The Theory of Mathematical Subtraction in Aristotle.” In addition, I avoid
the term ‘abstraction’ because it is no longer free from the modern connotations of something

being merely ideal, unrealistic, and divorced from any real situations.



CHAPTER 2 THE MEANING OF ABSTRACTION

Introduction

In the following chapter I analyze the etymology of the term deaipeoig and look into
the evolution of the term, as well as investigate how it accumulated different meanings over
the centuries in commentaries on Aristotle and elsewhere. Specifically, I will explore those
among Aristotle’s commentators who made the first shift into the meaning of Aristotle’s
aphairesis from the proper Aristotelian subtraction to the modern sense of abstraction or
extraction. | find this shift crucial because it serves as the source of all the confusions in the
modern interpretations of Aristotle’s philosophy of mathematics and his so-called ‘theory of
abstraction’ views which I shall investigate in chapter 4 of this thesis. In terms of Aristotle’s
standard phrase ‘td €& dpapécewg’ or ‘the things said as a result from subtraction,’ the
majority of scholarship always associates it with the objects of mathematics (to pobnpoatikd).
There are however, two places in the corpus where the phrase has no relation to either
geometry or arithmetics: Posterior Analytics 1. 18 and in Metaphysics XIII. 2. Due to this I
separate the nine uses of 1d €€ dparpéoemg into two non-mathematical which have no
reference to mathematics and seven mathematical uses with an obvious reference to ta
podnpatikd. In addition, modern scholarship generally translates both ta €€ dpapéoewc and
0 pednpotikd in Aristotle as ‘abstract objects.” With respect to Plato, modern interpreters of
his philosophy of mathematics also tend to call his intermediates and Form numbers ‘abstract
objects.” In fact, I suggest that Plato’s mathematicals are more deserving of the term ‘abstract
objects,” because they are non-physical, non-spatial, non-temporal, and non-causal. On the

contrary, Aristotle’s objects of mathematics do not deserve to be called ‘abstract,” since his



objects of mathematics are integrally connected with causal matter, temporal, physical, and

spatial matter.

2.1 Etymology and Evolution of the Term

The terminology of deaipeoig is derived from the Greek verb dgoipeiv, the compound
of apo (‘from’) and hairein (‘to take’) which stands together as ‘to take away,’ ‘to remove,’ or
‘to subtract.’* The verbal noun é@aipeoic can therefore be translated as ‘removal’,
‘deprivation,’ or ‘subtraction.” The term d@aipeoig appears in Aristotle’s corpus in two forms
— in the form of ‘td €& dpapécems’ expression, where ‘td’ designates either the objects of
mathematics or the things that have no relation to geometry and arithmetics, and in the form
of dparpeiv which is applied to any direct object whether mathematical or non-mathematical.
In the medieval and modern accounts of Aristotle’s philosophy of mathematics, dpaipeoic is
translated as ‘abstraction’ and ‘td €& dpapécewg’ as ‘abstract objects’ which is often simply
identified with T paOnpatikd. Aristotle also uses mepropeiv along with dgoaipeiv where the
former signifies the same operation, i.e. ‘to take away something that surrounds’ or ‘to
remove.’ Since both meplopeiv and deaipeiv have nearly the same meaning, Aristotle
sometimes uses them interchangeably.’ Another verb is d@tévor — it has almost the same
meaning as agopelv and weplonpeiv which means ‘to throw away from,” ‘to dismiss,” or ‘to
discharge.’

Even though aphairesis is translated similarly everywhere as ‘abstraction’ in

translations of Aristotle, it has two distinct meanings in interpretations of Aristotle, extraction

4 Liddell, Henry George, Scott, Robert, Jones, Henry Stuart, and McKenzie, Roderick. A Greek-English Lexicon.
Rev. and Augm. throughout / by Sir Henry Stuart Jones, with the Assistance of Roderick McKenzie, and with
the Cooperation of Many Scholars. ed. Oxford: New York: Clarendon Press; (Oxford University Press, 1996),
285-6.

5 Cf. Categories 7a31, Metaphysics X1.3 1061a29.


https://en.wiktionary.org/w/index.php?title=%E1%BC%80%CF%86%CE%B9%CE%AD%CE%BD%CE%B1%CE%B9&action=edit&redlink=1

and subtraction. This subtle distinction often escapes the scholars of Aristotelian mathematics
— they do not notice that there are actually two distinct meanings®. The sense of extraction,
which first appeared in the ancient and medieval commentaries on Aristotle implies the
reception of forms by the soul without their matter, passions, affections, and motion.”
Extraction is implied when we take out one thing while disregarding the rest, e.g. to abstract a
form (essence) from matter, to abstract a universal from particulars, to abstract a mathematical
universal (e.g. a circle) from particulars, to abstract this particular mathematical form (this
circular shape) from this particular matter, motion, and change. Aphairesis as subtraction
means when we take away or remove many things and then study the remainder, e.g. to
remove colour, passions, affections, motion, and change from a bronze triangle, and arrive at
the continuous two-dimensional shape,® triangularity. Extraction, as 1 will show, does not
exist in Aristotle. There is only one sense, subtraction, and people are mostly talking of
another sense. Furthermore, understanding aphairesis in an extractionist sense may result in a
possible confusion of aphairesis with epagoge which then suggests that the results of
abstraction are universals.” However, Aristotle never employs aphairesis when he discusses
universals or the process of induction. Aphairesis is rather just bringing out the space within
mathematical truths upon which mathematical objects are discovered. John Thorp draws

attention to this original sense of the term: “It is striking that, whereas in English we abstract

¢ Ironically, this distinction was introduced by Allan Bick, but he has not yet himself distinguished the proper
Aristotelian sense of aphairesis from all other senses. I will discuss this in section 4.3, chapter 4 of my thesis.

7 Cleary (1985) calls the process of receiving forms by the soul without their matter ‘epistemological’ or
‘psychological.” Cleary does not discuss the epistemological process of abstraction both in the works of the
medieval and modern commentators whom he mentions. In addition, his definition of an epistemological sense
as abstraction of mathematical objects (along with other universals) isolated from sensible particulars is
somewhat general and not exhaustive.

My analysis of the ancient and modern scholars revealed four specific epistemological senses of aphairesis not
present in Aristotle’s works: abstraction of form (essence) from matter, abstraction of a universal (e.g. man) from
particulars, abstraction of a mathematical universal (e.g. circle) from particulars, abstraction of this mathematical
particular form (this circular shape) from this particular matter, motion, and change. Since all these four uses
presuppose the taking out of one from the many, I bring them all under one term, extraction.

8 Metaphysics VIIL. 6 at 145a20 ff. Aristotle states that the ‘round’ of a ‘bronze’ is shape (nopen}) that the
mathematician studies.

9 Cf. Allan Bick (2006), de Koninck (1960), and Mansion (1913).
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the elements we are interested in and throw the rest away, in Greek it works the opposite way:
one strips off (aphairei) and discards the elements that are not of interest.” '° This latter kind
of aphairesis, as I will show later in my analysis, is the proper Aristotelian one. Aphairesis as
‘extraction’ is a later concept introduced by Alexander of Aphrodisias, Philoponus, Thomas
Aquinas and further accepted by Allan Bick, Charles De Koninck, Auguste Mansion,'! and
Julia Annas. We need to keep in mind this distinction between extraction and subtraction.
One of the Aristotelian Greek commentators who first mentions aphairesis in his
works is Alexander of Aphrodisias (AD 200). According to lan Mueller, “the doctrine of
abstractionism can be traced back to Alexander of Aphrodisias.”!?> Mueller does not define
‘abstractionism’ in Alexander, though based on Mueller’s article we may clearly establish two
reasons why he gives it such a name. First, by ‘abstractionism’ Mueller means that
Alexander’s reading of Aristotle’s objects of mathematics is mentalist in character.'® This
means that Alexander, according to Mueller, associated the objects of mathematics with
epinoia (énivoln) and claimed that the mathematical body does not exist in its own right.!*
The second reason why Mueller calls Alexander “the source of abstractionist interpretation™!?
obviously lies in the fact that in his commentary on Aristotle’s Metaphysics 111, Alexander

suggests implicitly that “the way of abstraction” is Aristotle’s own view:

Aristotle now proceeds against those who say that the mathematicals exist according
to a certain proper nature, only not themselves outside of the sensibles, but rather

10 John Thorp, "Intelligible Matter in Aristotle," The Society for Ancient Greek Philosophy Newsletter. 385
(2010): 2. https://orb.binghamton.edu/sagp/385

' Mansion’s use of mathematical aphairesis at times appears blurred. Sometimes he understands it as
abstraction of mathematical form from matter and sometimes as abstraction of matter from mathematical form.
12 Tan Mueller, "Aristotle's Doctrine of Abstraction in the Commentators', Aristotle Transformed, ed." R. Sorabyji,
London (1990): 467.

B Ibid., 469.

14 1bid., 467. I do not agree that Alexander’s reading of Aristotle is purely mentalist in character since he thought
of mathematicals as being a part of physical nature also: 1| yap €v T0ig pafnpotikoic vooupévr d1ioTactg HETd
TV TP AOY® KeYOPIGUEVOV TAdNTIKGY 1| aicOnTh eUGIC &V Apueoiv Yap 1 aicOnTh eUoIS £V VTOCTAGEL 0VGA
¢voel. (For the extension that is thought of in the case of the mathematicals, together with the affective attributes
(pathetika) separated by reason, is the sensible nature. For the sensible nature is naturally in existence
(hupostasis) in both of these; transl. by Arthur Madigan).

15 Mueller, 469.
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present in them. This view would differ from the view which says that the
mathematicals are assumed and thought of by way of abstraction. '

Einov mpog Tovg o podnpatikd odoiog Aéyoviog stvor ou’)r(‘xg K00’ a0TOGC
KEXOPIOHEVAG THV TE 1d0e@®V Kol TOV aictnTdV, VOV PETEIGLY €T TOVG Aéyovtag eV TOl
poon p,(xru(a glval KaTd TV (pl)GW oikeiav, o0 pnv EEm ovTd TV 0icOnTdV elvar,
AL &v ToVTOIC. dLopEPOL &’ dv 1) dOEa ot ThG Aeyovong €€ ApalpEocemg Ta
padnuotikd AappavesOai te kai vogicOar.!”
In this passage, Alexander takes the latter view to be Aristotle’s own. What I suggest marks
off as the beginning of all confusions related to Aristotle’s aphairesis is that Alexander
applies the word aphairesis to the process of taking out the form (not the mathematical shape,
but the ‘essence’) from matter. According to Helmig, Alexander is also the first commentator
who mentions two different types of abstraction in Aristotle — taking away matter and
abstraction of form:
In the discussion of Aristotle's notion of abstraction, it has become clear that he
usually employs aphairein and its cognates in the sense of taking away matter
(abstraction M) and that abstraction of form (abstraction F) does not occur in his
works. However, there are at least two passages in his De Intellectu where aphairein
is clearly used in the sense of abstraction of form (De Intellectu 110.19 and 111.16).
Hence, in Alexander of Aphrodisias we notice that he prepares the ground for the
modern use of the term ‘abstraction’ (aphairesis) as abstraction of form.!®
Thus, we take the two passages from De Intellectu to make the shift in how the term is
applied. In chapter 3, I will show that Aristotle never uses aphairesis as the taking out of form
from matter, but only as the taking away of passions, affections, motion, and change within a
particular sensible body so as to arrive at the continuous extension. William Dooley in his

translation of Alexander’s commentary on Aristotle’s Metaphysics 11 indicates that Alexander

develops the following noetic theory at length in his commentary to De Intellectu: “the eidos

16 Alexander. On Aristotle's Metaphysics 2 & 3. Ancient Commentators on Aristotle. (Ithaca, N.Y.: Cornell
University Press, 1992), 135.

17 Michael Hayduck, ed. 4lexandri Aphrodisiensis in Aristotelis metaphysica commentaria. Vol. 1. (de Gruyter,
1891), 200-201.

18 Christoph Helmig, Forms and concepts: concept formation in the Platonic tradition, Vol. 5. (Walter de
Gruyter, 2012), 155-156.
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in this text later became the species impressa of medieval Aristotelians, the form abstracted
from material things by the agent intellect that, united with the potential intellect, enables the
latter to bring forth the species expressa or concept.”'” While Alexander does explicitly say in
De Intellectu that forms (essences) are abstracted from matter, he never says that these are
mathematical forms (shapes) that are abstracted from matter. What the mathematicians do
abstract are sensible attributes.?® In his commentary on Aristotle’s Metaphysics 111 Alexander
makes clear that the objects of mathematics are shapes (t& oyfuota), not forms (ta €ion):
“Mathematicals include numbers, lengths, shapes (td oynpata); he would mean plane figures:
triangle, square, circle, and the like, as well as points.”?!

Philoponus (c. 490 — c. 570) is the first Aristotelian commentator to use aphairesis
together with the mathematical forms (ta €10n), even though Aristotle never uses the two
terms together — he does not say that the results of subtraction are the forms (td €ion). Instead,
the result of subtraction is the quantitative and continuous magnitude or shape (Metaphysics
XI. 3). Even if we assume that the latter is the same as the ‘form,” Philoponus’ interpretation
still refers to a proper Aristotelian aphairesis, i.e. what is subtracted or removed is matter, not
shape or form of the object because Philoponus clearly states that the forms are the things
from subtraction or the results of subtraction of matter. In the passage below Philoponus states
that it is more difficult to separate in thought the form of the bones from matter than the form
of a sphere from its matter, bronze. This is the case because the form of bones is seen only in
bones whereas the circular form of a bronze sphere is seen in other objects too, such as in an
ice sphere, in a wooden sphere, in a golden ring, in the moon, etc. This is why it is impossible

to define the form of bones and flesh without their physical matter, whereas the matter of a

19 Alexander. On Aristotle's Metaphysics 2 & 3. Ancient Commentators on Aristotle. (Ithaca, N.Y.: Cornell
University Press, 1992), 39.

2 Tbid., 135.

2 Ibid., 102.
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bronze sphere does not enter into a definition of a sphere.?? Here is how Philoponus explains
it in his commentary on Aristotle’s de Anima 1.1-2:

The mathematician, too, is concerned with the forms that are inseparable from their
matter, though not with all of them but only with those that can be conceptually
separated. These are the so-called common objects of perception, such as magnitudes
and shapes. The form of flesh and bone and similar things cannot even be separated
from their matter conceptually; for when the soft and the moist and the red and
anything else of which the form of flesh is made up are being thought of, their
appropriate matter is being thought of simultaneously, and when their matter is being
subjected to abstraction [dpaipovpévng], they too are subjected to abstraction
[ovvaerpnton]. The mathematician, then, states the definitions of the forms in
themselves, as they are the result of abstraction [t@®v €& dpaipécemc], not by taking
account of the matter, but by stating them in themselves. (trans. Filip J. van der Ejjk,
57,28-58,6)%

‘0 8¢ pofnpotikog Kol antog Kotayiveton mepl Ta €(0m Tt dydpiota ThHg DANG, oV
névto 00»?»’ dca dvvatd Tfj Emvoig ympilesBar tadta &’ 0Tl T0 KahovEVA KOV
aicOntd, olov pueyédn kai oyfuoTo. capkdg Yop £160¢ Kai 06ToD Kol TMV T010VTMV
000¢ Kot Emtvolay ymprobijvat Thig DAng dvvatar 10 yap paAbokov Koi vypov Kol
gpupoV Kai &€ OV EAov eidomotsitan 1) capé Gua @ vonoijval Guvertvoovpévv
Exel v oikelay VANV, doaipovpévig 6¢ Thg YANG Kol ot cuvagpntaL. Anodidwoty
oV O HOONUATIKOG TAV KaB’ a0Th TV EI0GV TAV £ APAPEGEMG TOVG OPIGLLOVG OVY
vmoloy{dpevoc HANv, GAL avté kad’ aTd dmodidovg. >
The literal translation of T@v €id®V T@®V €& dpapécewe does not presuppose an extractionist
sense of aphairesis, e.g. to abstract a form from matter, change, and motion. What t@®v £id®dv
TV £€ dpapéocmg literally means is that the result of the subtraction of change, motion, and
colour is the form. Now if we consider T®v €id®v 1dV €€ doaipéoemg in the last line translated
by lan Mueller for instance, there arises this very sense of extraction absent in Aristotle,

which suggests that we abstract the forms which are “capable of abstraction:” “Therefore, the

mathematician gives definitions of the per se (essential) forms capable of abstraction; without

22 Even if the mathematician states the definitions of mathematical forms in themselves without any reference to
matter, the mathematician yet makes a refence to intelligible matter (bAn vonty), e.g. a circle is ‘a plane figure’
where plane is intelligible matter and ‘figure’ is form (Meta. VII.10, 1036a 1-12; VII.11, 1036b 32-1037a5;
VIIIL.6, 1045a 33-6; XI.1). I will discuss the concept of intelligible matter in section 4.3 of my thesis.

23 Philopon, Jean. Philoponus: On Aristotle On the Soul 1.1-2. (Bloomsbury Publishing, 2014), 75.

24 Michael Hayduck, ed. loannis Pholoponi in Aristotelis De Anima Libros Commentaria, Vol. 15. (de Gruyter,
1950), 57.
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taking matter into account, he gives these definitions in and of themselves.”* The
extractionist sense could have been avoided if Mueller for instance said that it is matter that is
“capable of abstraction,” though only on the condition if by abstraction he meant ‘removal’ or
‘subtraction.’

Proclus (412 — 485 AD) distinguishes aphairesis as a ‘common’ tool in reaching the
objects of mathematics. In his commentary to the First Book of Euclid’s Elements, Proclus
highlights two more methods for finding mathematical objects, one of which is by collection
from particulars, and another is by drawing mathematicals from previously existing forms in
the soul. He asks the following question: “Should we admit that they [mathematicals] are
derived from sense objects, either by abstraction as is commonly said, or by collection from
particulars to one common definition? Or should we rather assign to them an existence prior
to sense objects, as Plato demands and as a processional order of things indicates?”?® He
further rejects Aristotle’s method of abstraction due to the precision problem as there is no
equality of lines from center to circumference nor is there such a thing as the rightness of
angles in sensible matter.?” He also rejects Aristotle’s aphairesis on the basis of matter being
in constant change from one state to another.?® The collection from particulars is also rejected
because the objects of perception are secondary, obscure, and less honourable.?’ Later he
accepts Plato’s view of the pre-existent forms in the soul which are devoid of matter and are
themselves precise mathematical objects. In chapter 4 section 4.3 of this work I attempt to
solve the problem of exactness and that of motion with a possible Aristotelian alternative.

What is noteworthy in Proclus’ account of Aristotelian aphairesis is that he, unlike Boethius,

25 Jan Mueller, "Aristotle's Doctrine of Abstraction in the Commentators', Aristotle Transformed, ed." R. Sorabyji,
London (1990): 465.

26 Proclus, A Commentary on the First Book of Euclid's Elements, translated by Glenn R. Morrow, (Princeton,
N.J.: Princeton University Press, 1970), 10.

2 Ibid., 11.

28 Ibid.

» Ibid., 12.
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Thomas Aquinas, Allan Béck, Charles de Koninck, and Auguste Mansion, does not conflate

9930

the term with “collection from particulars to one common definition””" or with “assembling of

the common characters in particulars™>!

and sees aphairesis and induction as distinct
operations.*?

In the Latin tradition, Boethius (477 AD — 524 AD) was the first to translate
Aristotelian aphairesis in Latin as abstractio or abstrahere (ab — away from; trahere — to
draw) from which the English word ‘abstraction’ is derived. In addition, he formulates yet
another new application of aphairesis: as abstraction of a universal from particulars (which, in
fact, is induction). The Latin word abstractio now becomes associated with the process of
collection of particulars under a single universal. In the commentary on Porphyry’s Isagoge,
Boethius uses the term to abstract different genera and joining them into one concept, such as
for instance joining a human and a horse in an image by abstraction to form a centaur, which
presupposes the taking out the genera of man and horse from the things in which they exist
(11.2 and 11.6).* Later in 11.7 he applies the term to explain how one genus is attained from
the same species: “the process of conceiving genera and species involves abstracting their
point of similarity from the individuals in which they exist (e.g. the similarity of humanity
from individual humans different from each other).”** However, what seems to be described

here is the process of induction, not that of abstraction. Another divergance from Aristotle is

Boethius’ application of aphairesis in his division of sciences. In his work De Trinitate

30 Ibid., 10.

31 Ibid., 13.

32 Cf. Guthrie who conflates aphairesis with induction: “Abstraction of form [...] is the process whereby the
natural philosopher, having observed and reflected on a number of sensible objects understands them by
perceiving the eidos inherent in them all, constant and unchangeable” in Guthrie, W. K. C. 4 History of Greek
Philosophy. 1st Pbk. ed. (Cambridge: University Press, 1990), 105. Also compare Spruit’s use of aphairesis:
“[According to Aristotle] the objects of thinking are essences existing in mind as universals abstracted from their
concrete manifestations” in Leen Spruit, Species Intelligibilis: From Perception to Knowledge, Brill's Studies in
Intellectual History v. 48-49. (Leiden; New York: Brill, 1994), 45.

33 Boethius. Commentary of Porphyry’s Isagoge. Trasl.by George MacDonald Ross.
https://pdfslide.net/documents/boethius-commentary-on-porphyry-trg-macdonald-ross.html

34 Ibid.
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Boethius applies aphairesis in the division of sciences in a completely different way from
Aristotle’s. While Aristotle uses the term for the objects of mathematics, that is when the
mathematician studies the results of mathematical subtraction from motion, change,
affections, and potencies (i.e. three-dimensional quantitative and continuous), Boethius
applies it only in the realm of Theology. According to Boethius, it is Theology which deals
with the abstract, not mathematics. Following his interpretation, he seems to equate ‘abstract’
with ontologically ‘separate.” Here is how he puts it:

1. Physics deals with that which is in motion and not abstract [in motu inabstractal
anupexairetos (for it handles the forms of bodies involving matter, which forms are
not able to be actually separated from bodies; and these bodies are in motion, for
when earth is carried downward and fire up, the form joined with matter has motion
as well);

2. Mathematics deals with that which is not in motion and not abstract [sine motu
inabstracta] (for this ponders forms of bodies without matter, and thus without
motion; but these forms, since they are in matter, cannot [actually] be separated
from bodies);

3. Theology deals with the abstract, which lacks motion and is separable [sine motu
abstracta atque separabilis] (for the substance of God lacks both matter and
motion). (trans. Kenyon).*®

naturalis, in motu inabstracta ‘avonelaiperoc’ (considerat enim corporum formas
cum materia, quae a corporibus actu separari non possunt, quae corpora in motu
sunt ut cum terra deorsum ignis sursum fertur, habetque motum forma materiae
coniuncta), mathematica, sine motu inabstracta (haec enim formas corporum
speculatur sine materia ac per hoc sine motu, quae formae cum in materia sint, ab
his separari non possunt), theologica, sine motu abstracta atque separabilis (nam dei
substantia et materia et motu caret).
Boethius seem to have modeled his division on Aristotle’s own division of sciences seen in de
Anima 1.1 403b10-19 and in Metaphysics V1.1 1026a5-25. There is no mention of aphairesis
in Metaphysics V1.1, it is present only in de Anima 1.1. In de Anima 1.1 Aristotle states that the
physicist concerns himself with passive and active attributes which are inseparable both in

fact and in thought. The objects of mathematics are separable by the method of subtraction

only in thought. The objects of First Philosophy are separate both in thought and in fact.

35 Boethius. On the Holy Trinity (de Trinitate). Transl. by Erik C. Kenyon.
https://pvspade.com/Logic/docs/BoethiusDeTrin.pdf p.3
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While Boethius equates his aphairesis with ontological separation, Aristotle renders it as
intellectual separation.
The physicist is he who concerns himself with all the properties active and passive
of bodies or materials thus or thus defined; attributes not considered as being of this
character he leaves to others, in certain cases it may be to a specialist, e.g. a carpenter
or a physician, in others (a) where they are inseparable in fact, but are separable from
any particular kind of body by an effort of abstraction, to the mathematician, (b)

where they are separate both in fact and in thought from body altogether, to the
First Philosopher or metaphysician. (Smith, Meta. 403b10-15).

AL’ 0 QuoIKOG TTEPl Amavl' doa ToD TOLLAL GMOUATOG KOl THE TOOTNG VANG Epyal Kol
m60n, 8c0 82 un Totodta, BANOG, Kal TEPL TIVAV PV TEYVITNC, 0V TOYT, 01OV TEKTMV
7| loaTpdc, TdV 88 U YOPIGTAY PV, N 88 1R To10HTOL GOUOTOG AN Kai &€
AQopécemg, O HAONUOTIKOC, 1| 88 KEXWPIGUEVA, O TPHTOS PIMOGOPOC; GAN' ETaviTéoV
60ev 0 Aoyoc.

Later in the 13" century, as proposed by Cleary, Thomas Aquinas made another shift
in understanding how fa mathematica are attained, specifically that aphairesis signifies an
“abstraction of form from matter.”*® This, however, is incorrect. As I have already pointed
out, Alexander of Aphrodisias was the first to use aphairesis to explain how the form is
abstracted from matter and Philoponus was the first to use the term with mathematical form
(ta €10M). Thomas Aquinas was perhaps the first in the Latin tradition to use aphairesis to
mean the extraction of mathematical form from matter. For instance, in Summa Theologiae (I*
g- 1 a. 1 ad 2) Aquinas distinguishes two different ways of attaining the objects of knowledge.
For instance, to prove that the earth is round the astronomer abstracts matter in thought, while
the physicist proves the same proposition by considering matter in his speculation. While
Aristotle’s application of aphairesis always indicates that it is matter that is subtracted,
Aquinas’ expression ‘per mathematicum a materia abstractum’ instead suggests that it is the
circular form that is abstracted from matter:

Sciences are differentiated according to the various means through which knowledge

is obtained. For the astronomer and the physicist both may prove the same
conclusion: that the earth, for instance, is round: the astronomer by means of

36 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 26.
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mathematics (i.e. abstracting from matter), but the physicist by means of matter
itself. (trans. by Fathers of the English Dominican Province). ¥’

Ad secundum dicendum quod diversa ratio cognoscibilis diversitatem scientiarum
inducit. Eandem enim conclusionem demonstrat astrologus et naturalis, puta quod
terra est rotunda, sed astrologus per medium mathematicum, idest a materia
abstractum; naturalis autem per medium circa materiam consideratum.
Furthermore, Aquinas follows Boethius’ invention of aphairesis as abstraction of a universal
from particulars. Aquinas in his commentary on Aristotle’s De Anima highlights two kinds of
abstraction of form: “(1) abstracting a universal from particulars and (2) abstracting
mathematicals from particulars.”*® I claim that such interpretation of the term in (1) and in (2)
is inadequate for two reasons: first, nowhere does Aristotle use abstraction or aphairesis to
show how a universal may be attained from particulars,* and second, the statement
“abstrahimus mathematica a sensibilis” suggests the sense of ‘extraction’ which is absent in
Aristotle. It is necessary to keep in mind that when Aristotle speaks about mathematics,
geometry, or universals he never uses aphairesis together with the concepts of matter (OAn) or
form (£180¢) in any of his works, and, based on Aristotle’s passages where the mode of being
of mathematical objects is at stake, what is abstracted, or, subtracted is change, motion,
affections, and passions, but not form. According to a proper Aristotelian aphairesis, when
the mathematicals are in question, the term means a successive process by which the mind

removes certain aspects of a physical body irrelevant for mathematical investigation, thereby

leaving only the quantitative and continuous extension (points, lines, planes, solids, and

37 Thomas Aquinas. The Summa Theologica. Benziger Bros. edition. Translated by Fathers of the English
Dominican Province, 1947. https://dhspriory.org/thomas/summa/FP/FP001.html#FPQ1OUTP1

38 Christoph Helmig, Forms and concepts: concept formation in the Platonic tradition, Vol. 5. (Walter de
Gruyter, 2012), 97. Helmig seems to have taken it from Aquinas’ commentary on De Anima 1. IV: “Habemus
autem duplicem modum abstractionis per intellectum: unum qui est a particularibus as universalia; alium per
ugem abstrahimus mathematica a sensibilis.” In Thomas Aquinas, Doctoris Angelici divi Thomae Aquinatis sacri
ordinis FF Praedicatorum opera omnia: sive antehac excusa, sive etiam anecdota... Vol. 33. (Apud Ludovicum
Vives, 1896), 15.

391t is highly likely that such interpretation was influenced by 4Po 1, 18, but here Aristotle states that universals
are gained by induction, and not by aphairesis. The only two ways of learning discussed in 4Po 1, 18, and 19 are
induction and demonstration.
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units). Christoph Helmig points out the same difference which I highlighted above: “while the
object of the former [proper Aristotelian aphairesis] (i.e., that which is taken away) is matter
or certain properties*’ (e.g. ‘to abstract the matter from a bronze sphere’), the object or result
of abstraction common in modern and medieval philosophy is the form itself (e.g. ‘to abstract
a form of a triangle from matter’).”*! Helmig is right that the modern discussions on
aphairesis are at times blurred because of disregarding of this very crucial difference between
the proper Aristotelian (the successive removal of affections, passions, etc.) and Alexander’s
or Aquinas’ (abstraction of form from matter) types of abstraction.

I think the problem here lies in overlooking this subtle difference between two
distinct processes: the process of extracting from things and the process of leaving out or
disregarding things. It is necessary to keep in mind that the result of aphairesis or subtraction
in mathematics according to the properly Aristotelian use of the term is not what we extract
from things (such as extracting a form from matter), but what is /eft behind (the quantitative
and continuous magnitude) after we ignore all other things unnecessary for our investigation.
On the other hand, when we extract or pull out something (universals, mathematicals) from
sensibles this is where the problem arises. It becomes difficult to see how Aristotle’s objects
of mathematics are different from Plato’s. Annas rightly points out, “if abstraction is thought

of as abstracting from the matter of physical objects, then the properties studied are pure

40 Helmig does not specify what he means by ‘properties’ here. It can mean either physical properties or
mathematical properties. By properties he may mean the active and passive physical properties which are always
found with some body and its matter (de Anima, 403b10), such as heat and cold, hardness and softness,
heaviness and lightness (Meta. 1061a30), motion and change (Physics, 193b35). We can either separate these
properties or separate matter in thought. By removing matter, all properties seem to be removed all at once.
Helmig seems to suggest that both operations, the removal of matter or the removal of properties, are
interchengeable. Another interpretation of ‘properties’ may mean the removal matter together with some
mathematical properties we consider unnecessary. For instance to consider such mathematical property as ‘the
sum of internal angles are equal to two right angles’ in this particular bronze equilateral triangle, we remove its
matter, bronze, and all other properties of a triangle such as for instance we can remove the property ‘all the
sides of an equilateral triangle are of equal length.’

41 Christoph Helmig, Forms and concepts: concept formation in the Platonic tradition, Vol. 5. (Walter de
Gruyter, 2012), 97.
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properties of forms, and this comes dangerously close to Plato.”*? This is what happens when
we interpret abstraction in Aristotle as extraction of form from physical matter. It is, however,
important to note that we should not deny that Aristotle does have some kind of a theory of
the soul receiving the forms without matter (De Anima II, 12 424a17-19). What I do deny, and
in this I support Cleary and Helmig, is that nowhere in the corpus does Aristotle use
aphairesis in the sense of abstracting particular mathematical forms (e.g. this circle) from
particular matter, or abstracting mathematical universals (e.g. circle) from particulars, or
collecting a universal (e.g. man, horse) from particulars. He rather uses the term to unfold the
spatial location of the objects of mathematics within the physical body but not to explain how
the intellect receives mathematical forms.

In terms of the modern accounts of Aristotle’s abstraction, my particular interest will
be directed to the accounts of Allan Béck, Charles De Koninck, Auguste Mansion, and Julia
Annas, whose treatment of aphairesis can be traced back to ancient and medieval kinds of
abstractionism. Taking into consideration the thesis of this work I will thus be distinguishing
two kinds of aphairesis which are often confused with one another: Aristotle’s original sense

of successive subtraction, and the post-Aristotelian sense of abstraction as extraction.

2.2 The Standard Phrase ta £¢€ apaipéocng or ‘Abstract Objects’

Some modern scholars such as Mure,* Mueller,** Bick*® and others associate

Aristotle’s expression ‘ta €€ apapécems’ with the standard phrase “abstract objects’ which

42 Julia Annas, and Aristotle. Aristotle's Metaphysics: Books M and N. Clarendon Aristotle Series. (Oxford
[Eng.]: Clarendon Press, 1976), 33.

BPosterior Analytics 1. 18, 81a38-b9: translation by Mure in Richard McKeon, The Basic Works of Aristotle.
Modern Library Classics. (New York: Modern Library, 2001), 136.

HPosterior Analytics 1. 18, 81a38-b9: Ian Mueller, "Aristotle on Geometrical Objects," Archiv fiir Geschichte
der Philosophie 52, no. 2 (1970): 160.
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they claim referrs to the objects of mathematics only and should be translated as
“mathematical abstractions.” What should be kept in mind is that whenever Aristotle uses the
phrase ‘ta €& dpopéoews’ he always refers to the objects of geometry (with two exceptions:
Posterior Analytics 1. 18 and Metaphysics XIII. 2), and never to the objects of arithmetic, such
as numbers and units. In addition, even though there are passages such as Posterior Analytics
I. 18 and Metaphysics X1II. 2 where ta £ dpaipéoemc appears without any reference to either
the objects of geometry or arithmetic, some translations nonetheless include a reference to the
objects of mathematics in them. This move seems to be formed by the prejudice that T €&
apapécemc in Aristotle is nothing other than the ‘results of mathematical abstraction.” The
other side of the scholarship on this issue, represented by Tredennick,*¢ Cleary,*’ and
Barnes,*® claims that the passages where td €€ dpaipécemg appears without any reference to
mathematics have a broader reference beyond the strictly mathematical and should be
translated in all these cases as “things said as a result of subtraction.” In order to distinguish
the two appearances of the term, whenever the ‘td €5 dpoipécewc’ expression appears without
any reference to mathematics, I will be calling it non-mathematical. Where the expression
makes a clear reference either to a mathematician or to the objects of mathematics
(specifically geometry), I will be referring to those instances as mathematical. Both
expressions, as the section below shows, appear in Aristotle’s corpus in nine different

variations. The list which follows is full and complete.

4 Posterior Analytics 1. 18, 81a38-b9: Allan Bick, "The Concept of Abstraction." The Society for Ancient Greek
Philosophy Newsletter. (2006): 6. https://orb.binghamton.edu/sagp/376

46 Posterior Analytics 1. 18, 81a38-b9: translation by Tredennick in Forster, E. S., and Hugh Tredennick,
Posterior Analytics Topica. Loeb Classical Library; 391. (Cambridge, MA: Harvard University Press, 2014),
107.

47 Metaphysics X111. 2, 1077b 5-10: John Cleary, "On the Terminology of "Abstraction" in

Aristotle," Phronesis 30 (1985): 28.

8 Posterior Analytics 1. 18, 81a38-b9: translation by Jonathan Barnes in Aristotle's Posterior Analytics.
Clarendon Aristotle Series. (Oxford: Clarendon Press, 1975), 161.
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(1) ta &€ apopécemc Aeyoueva in the Posterior Analytics 1. 18: no reference is made either
to the mathematician or to the objects of mathematics. The context seems to indicate that
the results of subtraction are particulars, by which their corresponding universal is made
familiar through induction. I claim this case to be non-mathematical;

(ii) 10 €€ apoupéosng in the Metaphysics XII1. 2:* the result of subtraction is ‘pale’ (tov
Aevkdv) which cannot be prior in substantiality, but only in definition, to ‘pale man.’
Consequently, I claim this instance of aphairesis to be non-mathematical,

(1i1) ta €€ apaipéoemc AéyecBan in the De Caelo 111. 1: the reference is made to mathematics.
The results of subtraction are the objects of mathematics (ta pabnpotiKd);

(iv) €& apapéoemg 0 padnuotikdc in the De Anima 1. 1: the results of subtraction are

attributes studied by a mathematician;

(v) tdv &v apapéoct Svtwv in the De Anima 111. 4: the result of subtraction is the straight (10
gvbv);

(vi) T év dpopéoct Aeyoueva in the De Anima 111. 7: the result of subtraction is the hollow
(xoihov). This excerpt where this expression appears is extremely corrupted and
fragmented; possibly copied from De Anima I11. 4 with slight changes;

(vil) Td év apapéoet Aeyoueva in the De Anima 111. 8: the results of subtraction are the objects
of thought (& vontd) of sensible spatial magnitudes;

(viii) ta €€ apapéoemg in the Metaphysics X1. 3: the reference is made to a mathematician.
The result of subtraction is the quantitative (10 Tocov) and continuous (GuVEY£EQ);

(ix) & O dpapecemg oty in the Nicomachean Ethics V1. 8: the things the mathematician

studies exist through subtraction.

As for Plato, the modern philosophy of mathematics also tends to call his

50 «¢

intermediates and Form numbers™ ‘abstract objects.” Balagues for instance claims “whereas

4 The ‘10 ££ dpopéoemc’ expression in (ii) is the only appearance of ‘the results from subtraction’ terminology
in the highly mathematical books XIIT and XIV of the Metaphysics, and even when it appears in Metaphysics
XIII. 2, the expression has no relation to the objects of mathematics. Since the main discussion in these two
books is built on putting Plato’s understanding of the objects of mathematics against Aristotle’s and their mode
of being, one would expect this expression in XIII. 2 to refer to the objects of mathematics, and, to appear at
least more than once, but this is not the case. Furthermore, in chapter 3 of this book Aristotle proposes his own
positive solution to the mode of being of mathematical objects; here as well as in all subsequent chapters of
books XIII and XIV Aristotle makes not a single mention of ta €€ dpaipécewc or aphairesis in general. Due to
this reason most scholars express their dissatisfaction in Aristotle’s ‘theory of abstraction.’

50 There is no explicit discussion of intermediates or Form numbers (Ideas) in Plato’s dialogues. The unwritten
doctrines is the only testimony which throws some light on their nature of being. Aristotle in Metaphysics 1.6
states that intermediates (td peta&V) are the objects of mathematics existing between the sensibles and the
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Mars is a physical object, the number 3 is (according to Platonism) an abstract object. And
abstract objects, Platonists tell us, are wholly nonphysical, nonmental, nonspatial,
nontemporal, and noncausal.”>! We see that Plato’s objects of mathematics too did not escape
being called the ‘abstract objects.” Even though there is not a single use of aphairesis in
reference to intermediates or Form numbers in Plato’s works, I think that Plato’s objects of
mathematics are more deserving of being called ‘abstract objects.’ Interestingly, James
Franklin, in his book An Aristotelian Realist Philosophy of Mathematics, always calls Plato’s
mathematicals ‘abstract’ rather than Aristotle’s, >? though he does not examine how the term
appears both in Plato and Aristotle and does not explain the meaning of the term. I think that
Plato’s mathematicals are more justly called abstract simply because they are non-physical,
non-spatial, non-temporal, and non-causal. On the contrary, Aristotle’s objects of
mathematics deserve far less to be called abstract since his objects of mathematics are tied up
with physical, spatial, causal, and temporal quantitative and continuous matter.

Before I proceed to examine Aristotle’s use of aphairesis I think it is necessary to first
find out how the terminology appears in Plato’s dialogues. I find this step crucial to my
investigation because Plato is the main figure against whom Aristotle raises objections in

Metaphysics XIII and XIV (and elsewhere in the corpus) concerning ta mathematica and their

Forms: “besides sensible things and Forms he says there are the objects of mathematics, which occupy an
intermediate position, differing from sensible things in being eternal and unchangeable, from Forms in that there
are many alike, while the Form itself is in each case unique” (987b15). Julia Annas in her article “On the
'Intermediates" in Archiv fur Geschichte der Philosophie 57, 1975. pp. 146-65 argues that Plato posited
intermediates in order to solve the ‘uniqueness problem’: when we calculate ‘2+2 = 4° we cannot add the Form
number Two to the same Form number Two because it is unique, but instead we add intermediate twos which
are many alike. Also, why do we add intermediate twos but not sensible twos? Because sensible objects fall short
of their corresponding mathematical objects (there are no perfectly straight lines and perfectly circular spheres).
The same holds for geometry. Whenever a Platonist postulates multiple circles, he refers neither to the Form of
Circularity nor to perceptible circles, but considers the perfect circles existing in the realm of intermediates. For
an account of Plato’s intermediates and Ideas please consider Findlay, John Niemeyer. Plato: The Written and
Unwritten Doctrines. Routledge, 2012.

51 Mark Balaguer, "Fictionalism in the Philosophy of Mathematics," The Stanford Encyclopedia of

Philosophy (Fall 2018 Edition), Edward N. Zalta (ed.).
https://plato.stanford.edu/archives/fall2018/entries/fictionalism-mathematics.

52 James Franklin, An Aristotelian realist philosophy of mathematics: Mathematics as the science of quantity and
structure. (Springer, 2014), 14, 15, 26, 27, 104, 105.
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mode of being. Therefore, it is necessary to examine how both philosophers use aphairesis

and whether there are any differences in how the term is applied.
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CHAPTER 3 GENERAL APPLICATION OF ABSTRACTION

Introduction

Since Aristotle extensively argues against Plato’s objects of mathematics, I consider it
necessary to find out how Plato uses the term and whether it plays any role for him in
reaching the objects of mathematics or Forms. This chapter will show that Plato uses
aphairesis in three ways: as a simple arithmetical subtraction of things and concepts in
thought, as a deprivation of physical things such as wealth, slaves etc., and as an intellectual
activity of abstracting the Form of love and the Form of the good (Rep. 534b-c and Symp.
205b4) from physical appearances of which there are two instances in the dialogues. In
addition, my analysis will show that Plato’s aphairesis presents itself primarily as a simple
successive removal of things from an object which suggests that it does not bear an
extractionist sense (though the two mentioned passages could perhaps suggest such a
reading). Contrary to Aristotle’s aphairesis, Plato’s Forms and objects of mathematics are
reached by reduction (&vdyewv), analysis (dvaivoic), difference (katd dapopav), opposition
(xat’ évavtioTwy), relation (wpdg tt), by turning one’s soul towards (Tpdg £avtag
émotpépovcar) Ideas, and by hypotheses (Vm60ec1g). All of this is done through the four
levels of the divided line: imagining (eixacia), belief (niotig), thought (didvoia), and finally

understanding (vonoig).

3.1 The Instances of Aphairein in Plato’s Dialogues

There are several passages in the Platonic corpus where aphairesis is used in the form
of a noun (apaipeoig), verb (dparpéw), adjective (dparpetdc), participle (dparpovpévav), and

in other related forms. In these dialogues where the terminology is present it does not have
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any technical connotations: whenever it appears it has the sense of ‘subtraction’, and,
depending on the context, it can be translated in any of its variables, such as ‘subtraction’,
‘removal’, ‘deprivation’, ‘withdrawal’, ‘confiscation’, ‘robbery’, etc. The direct objects of
aphairesis, as seen in the corpus, include a wide variety of things: quantity (Parmenides
158c), number (Cratylus 432b), letter (Cratylus 393d), wickedness of the soul (Sophist 227d),
skin from bodies (Statesman 288e), excess and indefiniteness (Philebus 26a), parts of the
mixture of the Same, the Different, and of Being (7imaeus 35a ftf.), parts of fire (Timaeus
63c), motions (7Timaeus 34a), justice (Gorgias 519d) or injustice (Gorgias 520d), property
(Gorgias 466¢), passages from Homer and other poets (Republic 111, 387b), wealth (Republic
VIIIL, 565b), slaves (Republic VIII, 567¢), satisfactions (Republic X1, 574a), liberty (Laws
697d), empire (Laws 695d), words (Euthydemus 296b), expertise at love (Phaedrus 257b), the
art of love (Phaedrus 257a), the Form of Love (Symposium 205b), among many others.

There are other places in the dialogues where Plato uses doaipeoic together with
mpdbeoic to indicate a simple arithmetical process by means of which any determinants are
either removed or added. Plato provides an example of addition and subtraction in the
Theaetetus: “Secondly, we should say that a thing to which nothing is added [® prte
npoctifoito] and from which nothing is taken away [a@oaipoito] neither increases nor
diminishes but remains equal” (155a).%* Another example is present in the Parmenides
dialogue at 131 e: “Well, suppose one of us is going to have a part of the small. The small will
be larger than that part of it, since the part is a part of it: so the small itself will be larger! And
that to which the part subtracted [d@aipefév] is added [mpootebi]] will be smaller, not larger,
than it was before.” In the same dialogue at 158c Parmenides points out that the subtracted is

unlimited in multitude, if it partakes of no unity: “Now, if we should be willing to subtract

3 Also at 173a, 151c, 155c.
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[apeleiv] in thought, the very least we can from these multitudes, must not that which is
subtracted [10 daipedev], too, be a multitude and not one, if in fact it doesn’t partake of the
one?— Necessarily.” Socrates in Cratylus expresses the idea that the addition of ‘e’, ’t’, and
‘a’ to the word ‘beta’ does not do any harm to the nature of the letter ‘b’ or any element
someone wishes to name: “But it doesn’t matter whether the same thing is signified by the
same syllables or by different ones. And if a letter is added [npdoketai] or subtracted
[apripnrai], that doesn’t matter either, so long as the being or essence of the thing is in control
and is expressed in its name” (393d ).>* The process of subtraction is also present in the
Republic 11 where the discussion of the origins of justice takes place. At 360e -361d Socrates
tells us that in order to judge who is happier, the just or the unjust person, the first step in this
inquiry is to “subtract [apaipdpev] nothing from the injustice of an unjust person and nothing
from the justice of a just one” and to “take each to be complete in his own way of life.” Thus,
to make a judgement, both the just and the unjust should stay in their most possible complete
extremes of justice and injustice with nothing being removed in the first case.>> A simple
arithmetical use of addition and subtraction of numbers is present in the Cratylus dialogue at
432b: “What you say may well be true of numbers, which have to be a certain number or not
be at all. For example, if you add [tpoc0fig] anything to the number ten or subtract [apéAng]
anything from it, it immediately becomes a different number, and the same is true of any other
number you choose.” The concern of what this ‘different number’ is is expressed by Socrates
in Phaedo at 97b: “That I am far, by Zeus, from believing that I know the cause of any of
those things. I will not even allow myself to say that where one is added [rpoc6ii] to one
either the one to which it is added [10 mpocetédn] or the one that is added [t0 mpooteDéV]

becomes two, or that the one added [10 mpootebev] and the one to which it is added

5 Also, in Cratylus 394b, 407b, 414c, 414e, 418b, 432a, 434d
55 A similar expression of removing [&@oipei] the injustice is found in Gorgias dialogue at 520d 4.
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[mpocetén] become two because of the addition [trv mpdcOectv] of the one to the other.”>®

Another related passage pertaining to numbers, geometry and volumes in which aphairesis is

expressed is present in the Timaeus dialogue at 35b where Timaeus describes how god started

to create the soul from the parts of the mixture of the Same, the Different, and Being:
This is how he began the division: first he took one portion away [d@eidev] from
the whole, and then he took [d¢r|pet] another, twice as large, followed by a third,
one and a half times as large as the second and three times as large as the first. The
fourth portion he took was twice as large as the second, the fifth three times as
large as the third, the sixth eight times that of the first, and the seventh twenty-
seven times that of the first. (Zeyl, Tim. 35b).

All these and other appearances of aphairesis®’ in Plato’s dialogues do not carry any
special or technical usage, but only a simple logical or mathematical one. Cleary suggests that
this simple logical use was a standard tool in the matters of dialectic at the Academy.>® He
argues>’ that the only passage in Plato’s works where aphairesis seems to be different from all
the above, is in the Symposium dialogue found at 205b4: “...we divide out [dpeldvTec] a
special kind [t1 £i80c] of love, and we refer to it by the word that means the whole — ‘love’;
and for the other kinds of love we use other words.” Cleary, however, points out that even
though dpelovteg in this passage represents the intellectual activity of separating a form, this
use is still a non-technical one,*® namely that it does not have any technical connotations as
the so-called Aristotle’s theory of abstraction of form from matter.%! At Republic V11, 534b-c
there is another example where the separation of a form is used together with the word

apelov: “Then the same applies to the good. Unless someone can indicate in an account the

form of the good from everything else [taken away], can survive all refutation, as if in a

%6 Also, in Phaedo 95e.

57 A Word Index to Plato by Leonard Brandwood indicates that there are 71 uses of the word np60ecig and 113
uses of agaipeoig in Plato’s works.

58 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 14.

9 Tbid., 18.

% Tbid.

6! Dr. Eli Diamond pointed out to me that “this is not at all about arriving at a form — it is about how a certain
linguistic convention came to be — why all the other forms of love are not called as such”
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battle, striving to judge things not in accordance with opinion but in accordance with being”
(trans. Grube and Reeve). Grube and Reeve, however, omit the terminology of aphairesis in
their translation.%? Paul Shorey, in contrast, translates dpelmv as ‘abstraction’®® which
supports the understanding aphairesis as abstraction of form from matter. When interpreting
Plato’s works, I therefore propose to translate the term as abstraction only when it stands
together with id€a, namely when it has the idea of abstracting or drawing a Form from
sensible instances.®* Thus, in Plato’s dialogues, aphairesis is used in two senses explicitly
which can be supported by a textual evidence of the term: as a simple arithmetical subtraction
and, as abstraction of Form from things of which there are two technical uses, though the
latter is questionable. Otherwise, there are no uses of aphairesis in the dialogues as an
explanation of how the mind grasps the Forms. They are already present in the mind, and the
sensible experience of individual sensible things serve as mere reminders for the soul. What
the student of Plato needs to do is to purify his/her conception of the Forms. In the dialogues
Plato also says is that the soul must be ‘led’ (dywy®dv) and ‘turned around’ (LETOGTPENTIKDV)
towards that which is (Republic VII, 525a-c). At 525b he speaks of ‘rising up’ (é€avadvvtt)
out of becoming and grasping being, or ‘reaching’ (dpikwvtot) the study of the natures of the
numbers themselves. In the Republic at 508d Plato speaks of the soul ‘focusing’
(dmepeiontar) on something illuminated by truth. Contrary to Martin’s account, who sees
aphairesis as a method with which we come to know the One, I may suggest that besides

taking dvéAvoic into account, we should also look for the clues in the Republic VI at 510b. In

62 “ododv kol mepi Tod dyadod doavtwg: dg v um &xn Sopicacor T AOY® dmd TOV EAAOV TAVTOV APEADY

v 100 dyabod idéav, kal domep &v ndyn 010 Tavimv EAEYxmv dteélmv, ur Kot d0&av GALG kat’ ovoiay
mpobupodpevog Eréyyew...”

63 “And is not this true of the good likewise — that the man who is unable to define in his discourse and
distinguish and abstract from all other things the aspect or idea of the good, and who cannot as it were in battle,
running the gauntlet in all tests, and striving to examine everything by essential reality and not by opinion.” In
Paul Shorey, The Republic. Plato. Plato in Twelve Volumes; 6-10. Cambridge, Mass.: (Harvard University
Press, 1935), 207.

% There is no obvious and clear concept of matter in Plato’s dialogues or unwritten doctrines.
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this excerpt Plato elucidates the steps which allow the mind to unite with the true reality — it is
the successive ascent through the four subdivisions of the levels of reality, known as the
‘divided line.” The four steps include imagining (gikacia), belief (wiotig), thought (diévoin),
and finally understanding (vonoig). What allows the intellect to come to know the One (or the
Good) through the last two levels of the divided line is the method of hypotheses (Vn60ec1g):
In one subsection, the soul, using as images the things that were imitated before, is
forced to investigate from hypotheses, proceeding not to a first principle but to a
conclusion. In the other subsection, however, it makes its way to a first principle that
is not a hypothesis, proceeding from a hypothesis but without the images used in the
previous subsection, using forms themselves and making its investigation through
them. (Reeve, Rep. 510b-c).
The passage above makes it clear that the only method to raise up to the One is by the method
of hypothesis, and not by aphairesis, though I shall not deny that there is some application of
subtraction present when the mind hypothesises.

Jugrin® and Martin® see aphairesis in Plato (and Pythagoras) used in yet another
sense, as a method by which we subtract all lower genera, differentiae, solids, planes, lines,
points, and numbers upon which we then reach the Dyad with its Great and Small as
Principles, and then, arrive at the One or the Monad, the highest principle of all things.
Martin, for instance, claims that such Pythagorean and Platonic abstraction found its
expression in Plotinus’ and Proclus’ understanding of the term:

Abstraction is the epistemic converse of the process of physical composition...the
mental process of reversion to the One. Ontologically, the Chain of Being proceeds
downwards through the process of causation, but the Understanding remounts

backwards from the bottom to the top. The process of remotion is called
abstraction.®’

% Daniel Jugrin, "The way of dvéAvcig: Clement of Alexandria and the Platonic tradition," Studia Philosophiae
Christianae52, no. 2 (2016): 77-78.

% John N. Martin, Themes in Neoplatonic and Aristotelian Logic: Order, Negotiation, and Abstraction, Ashgate.
(2004): 163.

7 Ibid.
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Bick notes rightly that Martin provides no textual support for this interpretation. The
reason for this is because there actually is no textual evidence of the word aphairesis used in
this context in Plato’s dialogues. Perhaps Martin, as Back rightly suggests, confuses
aopaipeoic with avaivoig, the term which in Pythagorean, Platonic, and Aristotelian traditions
generally means to reduce the compound to its principles. This is how Alexander of
Aphrodisias explains it in his commentary on Aristotle’s Prior Analytics: “the reduction of
any compound to the things from which it is compounded is called analysis. Analysing is the
converse of compounding; for compounding is a route from the principles to what depends on
them, whereas analysing is a return route from the end up to the principles.”®

In terms of the unwritten doctrines,® these testimonies tell us that we can come to
know the Principles not by means of aphairesis, as Martin suggested, but by means of
reduction, deduction, analysis, difference, opposition, relation, and by turning one’s soul
towards Ideas. Alexander of Aphrodisias, for instance, states that Plato tried ‘to reduce’
(&véyew) everything to Equal and Unequal.”® Pseudo-Alexander tells us that Line is
‘deduced’ (cvAhoyilecsOar) from the Dyad.”! Sextus Empiricus in the Against the
Mathematicians points out that Pythagoreans investigate Nature from the ‘analysis’
(évélvoic) of the things of which Nature is a whole.”” Later he adds that Pythagoreans
‘conceive’ (vogitan) the Principles of things by three methods: by ways of ‘Difference’ (kotd

dwpopav) such as for instance Man, Horse, Plant, by way of ‘Opposition’ (kat’ évavtiotiv)

%8 Jonathan Barnes, and Aristotle. On Aristotle's Prior Analytics 1.1-7. Ancient Commentators on Aristotle.
(Ithaca, N.Y.: Cornell University Press, 1991), 49.

% The sources of the unwritten doctrines include Aristotle’s Physics and Metaphysics, the report of Aristoxenus,
both criticisms of writing in Plato’s Phaedrus and the Seventh Letter, the report of Alexander on Aristotle’s
Metaphysics, the reports of Simplicius on Aristotle’s Physics, testimonies of Pseudo-Alexander, Sextus
Empiricus, Asclepius, Themistius, and Siryanus. These unwritten doctrines constitute Plato’s theories of Form
numbers, the One (or the Good), and the doctrine of the Indefinite Dyad.

" Findlay, J. N. Plato: The Written and Unwritten Doctrines. International Library of Philosophy and Scientific
Method. London: New York: Routledge & K. Paul; (Humanities Press, 1974), 416. The term ‘reduction’ also
appears on pp.431, 432, and 437.

"' bid., 422.

2 Ibid., 424.

30



such as Good and Bad, and by ‘Relation’ (mp6g t1).”* Syrianus writes that the Ideas are
reached by making the things to ‘turn towards’ (mpo¢ £avtag émotpépovoat) the Ideas, such
as when the idea of Man perfects man with wisdom and virtue.”

To conclude this survey of Plato, since the terminology of aphairesis together with
the terminology of form (1| idéa) appears twice in Plato’s works (Rep. and Symp.), is it then
fair to understand Plato’s aphairesis as an anticipation of a Thomistic use of abstraction such
as abstraction of form from matter? Perhaps yes. Even if this is the case, what is abstracted is
only an imperfect instantiation, a reflection of an ideal Form, therefore the soul must still turn
away from physical instantiations. In terms of the objects of mathematics, it is not correct to
speak of Plato’s aphairesis as a special tool in abstracting a mathematical form from sensible
instances, since there are no instances in Plato’s works where aphairesis is used together with
the forms of mathematical objects. If the opposite were the case, what would be abstracted is,
again, an imperfect mathematical form. The soul rather turns away from physical
mathematical objects which are always in the state of becoming and directs itself to those
unchanging mathematical realities in the realm of intermediates and Form numbers.
Comparing the two instances of abstraction and form in Plato, I find it problematic to speak of
Aristotelian abstraction as ‘abstraction of form’ since there is not even a single use of both
terms standing together in Aristotelian corpus. Furthermore, my analysis has shown that
Plato’s aphairesis presents itself primarily as a simple successive removal of things from an
object, and that it does not bear an extractionist sense (however much Republic 534b-c could

perhaps suggest such a reading).

3 Ibid., 427-428.
" 1bid., 452.
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3.2 The Use of Aphairein in Aristotle’s Topics 11, 111, V, VI, VIII, and Metaphysics

VII

In this section I will investigate how Aristotle uses the terminology of aphairesis in
the passages where it has a non-technical application, i.e. where it has no relation to the
objects of mathematics but is used in various contexts according to a general application. My
general thesis in this section is that dgaipeiv is not restricted to mathematical thought only but
can be applied to any subject. I will show that the term does not have the sense of extraction.

Just as Plato, Aristotle uses aphairesis and prosthesis in a different variety of word
forms. In terms of direct objects of aphairesis, there are various ways in which Aristotle uses
the term in a non-technical way: to subtract irrelevant attributes in a definition and to identify
the proper correlative of a relative term (Categories ch.7, 7a31-7b2), to remove the equivocal
meaning upon which an objection relies (7opics, VIIL.2, 158a5-10), to subtract everything
superfluously added to a definition (7Topics, V1.3, 140a20), to subtract anything added in
refutations to see if absurdity follows (Sophistical Refutations, ch.29, 181b15), to subtract
flesh from water (Physics, 1.5, 187b27), to subtract Hermes from the stone (Physics, 1.7,
190b7), to subtract parts of time (Physics, V1.7, 238a25-30), to take away that which imparts
motion but is unmoved (Physics VIIL.5, 258a27), to take away happiness (Nicomachean
Ethics 1.11, 1101b3), and others. All these uses are non-technical, i.e. are not applied to the
question of the mode of being of mathematical objects.

The first use of aphairesis in Aristotle’s Organon is found in Categories Ch.7 at 7a31-
7b2. This passage discusses the error in stating a relative which is not a proper relative of a
correlative. For instance, to claim that someone is ‘a parent’ in so far as s/he has ‘a daughter’

or ‘a son’ is a false relative-correlative statement. Someone is ‘a parent’ only in so far as s/he
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has ‘a child’ — this will be a proper relation. In the Categories Ch.7 Aristotle states that to
claim that ‘master, who is biped and receptive of knowledge, is relative to slave’ will be a
false relative-correlative statement. Here we need to apply the method of aphairesis which
serves as a necessary tool in finding the proper relative of a correlative ‘slave’: we must strip
off all incidental (cuupepnrota) attributes of a ‘master’ such as ‘biped’, ‘receptive of
knowledge’, and ‘human’; only then ‘master’ will show itself to be the proper relative of
‘slave.” Even if all incidental attributes except ‘master’ are removed, the relation will still be
present because someone is a ‘slave’ only in so far as he has a ‘master’ and not because he has
a ‘biped master receptive of knowledge.” Likewise, someone is a ‘master’ only in so far as he
has a ‘slave,’ but not because he has a ‘biped slave receptive of knowledge,’ or in other
words, it is only qua ‘slave’ that someone is ‘a master.” Therefore, one must find the subject
to which the relation belongs universally or essentially.

Further, if one thing is said to be correlative with another, and the terminology used
is correct, then, though all irrelevant attributes should be removed
[meprapovpévev], and only that one attribute left [katodemopévov] in virtue of
which it was correctly stated to be correlative with that other, the stated correlation
will still exist. If the correlative of ‘the slave’ is said to be ‘the master’, then,
though all irrelevant attributes of the said ‘master’, such as ‘biped’, ‘receptive of
knowledge’, ‘human’, should be removed [repropovpévemv], and the attribute
‘master’ alone left [kataieuropévov], the stated correlation existing between him
and the slave will remain the same, for it is of a master that a slave is said to be the
slave. On the other hand, if, of two correlatives, one is not correctly termed, then,
when all other attributes are removed [neplioaupovpévav] and that alone is left
[kataiewmopévov] in virtue of which it was stated to be correlative, the stated
correlation will be found to have disappeared. (Edghill, Cat. 7a31-b2).

11 &0 pav oikeing amodedopévoy 1 Tpog O Aéyetal, TAVIOV TEPLOLPOVUEVMV TRV
dALov 6c0 copupefnkdta £0Tiv, KATAAETOUEVOL 6& TOVTOV UOVOL TTPOC O AmedOOM
oikelmg, del mpog antd Pndfcetar olov £ 6 doDAog Tpdc Seomdtnv Aéyetan,
TEPLAPOVUEVOV GTEVTmV 860 GLUPEPNKOTA £6TI T deomdTn, olov TO dimodt elvau,
10 4mMOTAUNG SEKTIKD, TO AvOPOT®, KATAAEUTOUEVOL 88 LOVOL ToD deomdTNV £lval,
del 6 60dA0g TPOG aTO PrNnceTal O Yap doDAOG 6e6TOTOV dODAOC AéyeTOL. £V OE
ve U oikeiwg amodobt] Tpog 6 mote ALyeTat, TEPLAPOVUEVOV UEV TRV GAA®DV
KATOAETOUEVOD OE LOVOL TOD TTPOG O AmeddOm, o pndnceTol TpoOg avTd*
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The terminology of subtraction in this passage does not suggest a sense of extraction for two
reasons: first, because we remove many — ‘biped’, ‘receptive of knowledge’, ‘human’ and
leave only one, such as ‘master’ alone, and second, there is no sense of extraction because of
the presence of an obvious mathematical language of successive removal (meplapovpévaov)
and remainders (KatoAeuropuévov).

The dialectical practice of subtracting and adding is present throughout the Topics.
The first passage from the Topics VIII I have in mind is at 151b3-13, where Aristotle explains
when in dialectical disputations an interrogation must and must not be made. Specifically,
Aristotle explains that if someone raises an objection not in the same genus, but in an
equivocal one, we must make an interrogation so that the erroneous proposition would not
escape our notice. If the objector makes an interrogation in the same genus, his objection
should be taken into consideration and that in which his objection consists should be removed
(Gparpodvia).

People sometimes object to a universal proposition, and bring their objection not in
regard to the thing itself, but in regard to some homonym of it: thus they argue that a
man can very well have a colour or a foot or a hand other than his own, for a painter
may have a colour that is not his own, and a cook may have a foot that is not his
own. To meet them, therefore, you should draw the distinction before putting your
question in such cases: for so long as the ambiguity remains undetected, so long will
the objection to the proposition be deemed valid. If, however, he checks the series of
questions by an objection in regard not to some homonym, but to the actual thing
asserted, the questioner should withdraw [a@aipodvta] the point objected to, and
form the remainder into a universal proposition, until he secures what he requires;
e.g. in the case of forgetfulness and having forgotten: for people refuse to admit that
the man who has lost his knowledge of a thing has forgotten it, because if the thing
alters, he has lost knowledge of it, but he has not forgotten it. Accordingly, the thing
to do is to withdraw [dpeAdvta] the part objected to, and assert the remainder [t0
Aowmov], e.g. that if a person has lost knowledge of a thing while it still remains, he
then has forgotten it. (Pickard-Cambridge, Top. 151b3-13).

[Tpog 8¢ Tovg EvicTapévoug T® KaBOAoL, Ur| €V adTd 08 TNV EVOTasY OEPOVTAS GAL’
&v 16 OUVOL®, olov 8Tt Exot &v Tig TO U avtod ypdua §| Tddo § xeipa (Eyot yop v
0 Loyplpoc xpdua kai 6 Péysipog oda TV ur) adtod)—deAdpevov ovv Emi Tdv
T0100T®V EpeTnTéov: AovOavodong Yap Thc opmvopiog &b §6Eet évotiivar i
TPoTAcEL. 'Edav 6& un év 1@ OpoVOU® GAL" €V aDT® EVIGTAUEVOS KOALT TNV
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gpOTGLY, dparpodvra SET év O 1) Evotaoig mpoteively 1O Aowdv kaddlov molodvra,
g av Aapn 10 ypioipov. Olov éri Tiig ANONG kai Tod EmhedficOat ov yap
oLYY®PoDGL TOV dmofePfAnkdta EmoThuny Emierijoat, 510TL petanesdvtog Tod
npypatoc moPEPANKe pev TV Emotiuny, dmdénoton 8 ob. Pnréov ovdv,
aperovTa &v @ 1 Evotactc, TO Aowmdv, olov &l Stapévovtoc Tod TPy raTog
amoPEPAnke TV Emotuny, OTL EMAEANGTOL.

Just as in Categories Ch.7, this passage in Topics VIILI does not presuppose any sense of
extracting one out of many things. The mathematical language of removal (dpelovta) and
leaving the remainder (10 Aowdv) supports this idea.

The term aphairesis very often appears together with the term npdcOecic or addition.
For example, in books II and III of his 7Topics Aristotle uses both terms aphairesis and
prosthesis to find out which object is more worthy of choice by comparing two of them with
the same thing and finding out which one constitutes the greater good or makes it a whole.”
Topics 11.11, 111.3, and IIL.5 are the most prominent in using both aphairesis and prosthesis.
All three passages have the same topic of discussion. Consider, for instance, Topics I11.5
where the standard terminology of abstraction (€x tf|g dpaipécenc) is present:

Moreover, if in any character one thing exceeds and another falls short of the same
standard; also, if the one exceeds something which exceeds a given standard, while
the other does not reach that standard, then clearly the first-named thing exhibits
that character in a greater degree. Moreover, you should judge by means of addition
[€x thg mpocbécewc], and see if A when added [mpootiBépevov] to the same thing
as B imparts to the whole such and such a character in a more marked degree than
B, or if, when added [rpootiBépevov] to a thing which exhibits that character in a
less degree, it imparts that character to the whole in a greater degree. Likewise,
also, you may judge by means of subtraction [€x T|g dpaipéoemc]: for a thing upon
whose subtraction [dpaipefévtog] the remainder [10 Aewmdpevov] exhibits such and
such a character in a less degree, itself exhibits that character in a greater degree.
Also, things exhibit such and such a character in a greater degree if more free from
admixture with their contraries; e.g. that is whiter which is more free from
admixture with black. (Pickard-Cambridge, Top. 119b10-25).

"Ett €1 0D antod TIvog 10 pév pdAkov 1o 8& frtov to1odTo- kai £l TO PEV T0100ToL
HaALOV T0100T0, TO € Ur| TolovToV, dTjAoV OTL TO TPpATOV PaAAOV TotoDTO. "ETt €K
g mpocBécewc, 1 T aVT® TPooTIBEUEVOV TO OOV HaALOV TOlET ToloDTO, | €1 T®
NTTOV TO10VTE TPOSTOEEVOY TO dAov HiAkov Totsl Totodto. ‘Opoing 8¢ Kol £k Tfig

73 Cf. Nicomachean Ethics 1.5, 1097b16-21.
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ApapEGEMS: 0V Yap APatpeDEVTOC TO AEIMOUEVOV TTTOV 0100170, avTO HAALOV

torovto. Kai ta toig évavtiolg auryéotepa paAAov Totadta, 010V AELKOTEPOV TO TG

UEAOVL AULYECTEPOV.
The methods which Aristotle describes, are common in our daily life: it is by the methods
‘from addition’ and ‘from subtraction’ that we judge whether the thing possesses something to
a greater or to a smaller degree. And based on the degree of possession, we either accept the
result or refuse to proceed with it. Specifically, the idea is to explain that the way of deciding
whether something is more worthy of choice is performed by means of addition of both
objects of choice to the same thing, and the one which makes it a whole or a greater good is
preferable. The same procedure can be done from subtraction, that is when two objects are
subtracted from the same thing. That which makes the remainder a lesser good is itself the
greater good and is thus more preferable. John Cleary gives a good mathematical analogy: 10
-x=2,10-y=35; ergoy <x.”° Here as we can see one subtracted thing x possesses, let us
say, goodness or whiteness in a greater degree than y because the remainder in the first set is
smaller. It is clear that the standard expression €k T dpaipécewc’ does not suggest any
extractionist sense of one out of many, or any kind of reception of forms by the soul. The
expression, together with its correlative method ‘from addition’ (éx tfjg TpocBécemq)
indicates to a simple analytical process applied in mathematics.

Another relevant use of addition can be found in Topics V.2. There Aristotle states
that in definitions, s/he who assigns one property that denotes the essence of a body (such as
‘“fire’ or ‘liquid’), confirms a property, and s’he who adds too many properties to one thing,
errs in his/her definition. For instance, to say that fire is ‘the most rarefied and lightest body’
1s a wrong definition because either ‘the most rarefied’ or ‘lightest’ is superfluously added

since both denote the same thing (131a20). Therefore, only one essential property should be

76 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 19.
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stated in order to get a correct definition, e.g. ‘liquid’ is a ‘body adaptable to every shape’
(131a25). Later in Topics V1.3 Aristotle in a relevant passage claims that to arrive at a proper
definition denoting the essence of the term, it is necessary to subtract or take away everything
that is superfluously added to that definition, e.g. in the definition of man — ‘man is a rational
animal capable of receiving knowledge,’ the ‘receptive of knowledge’ is superfluously added,
and thus, should be subtracted from the definition (141a5). When this is subtracted, what
remains will be a proper definition.

The language of subtraction is also present in book VII chapter 3 of Metaphysics
where Aristotle is primarily concerned with locating and defining the substance in a sensible
body. I place this passage in my chapter on non-mathematical use of aphairesis because the
main question Aristotle there addresses concerns substance. Nonetheless, the passage also
treats the process of locating the objects of mathematics (I will discuss the mathematical use
later). Aristotle there states that when all affections, products, and potencies of bodies (t®v
COUATOV TAON Kol Tompota Koi dvvapelg) are removed (neplapovpuévav), what remains left
is length, breadth, and depth (10 pfikog kai mAdtog kai fdOoc), but when these are removed,
we see nothing left unless there is something bounded by these such as substance or matter
(1029a 11-17). In order to locate the substance Aristotle performs a simple process of
subtraction — first all affections are removed, then, once the intellect arrives at length, breadth,
and depth which correspond to line, plane, and solid, these become removed as well since
they belong to the category of quantities. What remains left over (bmoAewmdpevov) would be
the underlying matter — that which is not predicated of anything, but of which everything else
is predicated. Later Aristotle, of course, abandons the idea that this matter is substance and

proposes that substance is essence or 10 Ti fjv iva.
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At this point, we can conclude that all these and other uses of relative methods of
subtraction’” and addition’® indicate a simple logical method and appears to not be restricted
to the objects of mathematics only but can also be used to find a primary subject of any given
attribute, to determine the degrees of qualities, to determine a property when stating a
definition, to locate the substance, among other functions. In addition, the selected passages
from Aristotle have shown that the term daipeiv does not presuppose a sense of extraction,
and even in the realm of non-mathematicals it has the meaning of consecutive removal of

unnecessary objects.

77 The term dpoipeoig also appears in Topics 1. 107a37, I11. 119a3, VIIL. 152b8, VIIIL. 157b10, 161b23.

78 The term tpdcOecic appears in Topics 11. 115a25-30, I11. 116a7, V. 132a10-20, 134b5, 134b30, V1. 134a30,
139b17, 140a33-141a20, 143a23, 143b7, 146b30-147a2, 148a15-18, 151b25, VII. 152b10, VIII. 161a8, 161b23-
27.
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CHAPTER 4 TECHNICAL APPLICATION OF ABSTRACTION IN ARISTOTLE

Introduction

In the following chapter I will show that Aristotle’s aphairesis does not presuppose
any epistemological sense of extraction of one out of many. To support my point, I will look
closely into those passages where Aristotle uses aphairesis in a more technical application
together with the gua-terminology, both outside of a mathematical context and within it.
These passages will show that aphairesis, when used together with the gua-locutor does not
yet have an extractionist sense or a sense of isolation of one out of many which the
application of qua might suggest. It still presents itself as a consecutive removal of
unnecessary aspects one after another even when used together with the qua-filter.

Furthermore, in this chapter I shall single out two different uses of Ta €€ aparpécemg
expressions, one of which is not restricted to the objects of mathematics or geometry, but
instead has a completely different reference, — in the first case, to ‘pale,” and in the second
case, to universals. Since Aristotle agrees neither with Plato’s philosophy of mathematics
which posited ontologically separated intermediates and Form numbers, nor with that of
Pythagoreans which stated that living bodies are themselves numbers, Aristotle has to provide
his own positive alternative, which he does with his application of aphairesis.

My analysis will confirm that the true Aristotelian mathematical aphairesis is
subtraction, that is when we take away or remove many things and then study the remainder,
e.g. to remove colour, passions, affections, and motion from a bronze isosceles triangle, and
consider the two-dimensional continuous shape only, such as triangularity. I agree with John
Cleary that Aristotle interprets aphairesis as a simple mathematical or logical subtraction but

disagree in another respect. He proposes that both td €& dpaipécewc expression and dpaipecig
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should be interpreted primarily as the logical methods of finding the primary subject of any
given attribute.”” He is right to claim that both t& §€ dparpéoemc expression and dpaipeoic
represent the ‘logical’ subtraction. While the inquiry for a primary subject can be applied only
to apaipeoic,’ I disagree that when Aristotle mentions t& €€ dpotpéosng he is looking for a
primary subject of an attribute. I think the main purpose of ta €& dpapécewg is rather that of
uncovering and elucidating the spatial location of the sensible magnitude, which is in all
respects sensible and does not exist outside and separately (de Anima, 432a3) in the manner of
Plato’s intermediates and Form numbers. Aristotle uses the method of £& apapécemg to
oppose Plato and to show that the category of quantity immanent within the sensible body.

In addition, Aristotle’s aphairesis should not be considered separably from his
concept of intelligible matter (UAn vontn) and the concepts of potentiality (dOvopic) and
actuality (évépyela or évteréyela) if a plausible account of Aristotle’s objects of mathematics
is in question. I see the union of these four concepts in the following way: the objects of
mathematics, while ‘existing’ potentially as physical continuous extension and being unfolded
by successive method of subtraction, ‘exist’ actually in thought as a compound of intelligible

matter and form.

4.1. The Use of Abstraction Outside Mathematics.

4.1.1 Two Non-mathematical Uses of 1a €€ dparpéoemg.

In this section I am examining two things: the two non-mathematical instances of the
‘10 €€ papéoemg’ expression, and the connection between aphairesis and ‘qua’ terminology

outside mathematics. Specifically, in the first part of this section, through an investigation of

7 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 32, 33, 39.
80 Such interpretation with an application of aphairesis is present in the Posterior Analytics 1.5 and elsewhere.
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the two non-mathematical uses of the ‘“Ta €€ dpapéoemg’ expression, I will show that the
standard use of ta €€ dpapécemg is not restricted to the objects of mathematics. In the second
part of this section I will show that gua-isolation has a technical application of disregarding
anything that is incidental to /" and therefore is also not restricted to the objects of
mathematics. Let us now consider the two non-mathematical uses of ta £ apaipécewc which
have no relation to the objects of mathematics.

(i) Ta £€ apapéocmc Aeyopeva in the Posterior Analytics 1. 18. In the Posterior
Analytics at 81a38-81b9 Aristotle explains that the knowledge of particulars and universals is
impossible without the sense-faculty. If there is no sense-faculty, an application of induction
(émaywyt)) cannot be performed because induction develops from particulars. Furthermore, if
it is impossible to perform induction, it is likewise impossible to perform demonstration
(amdoellLg) as it primarily depends on induction. This passage also deserves special attention
since some commentators posit dgaipecic or abstraction as a separate third way of learning,
on equal terms with induction and demonstration, and sometimes assimilate abstraction with
induction.®! This controversial passage is of particular interest also because some scholars
tend to translate ta €€ dpoapéoemc as ‘mathematical abstractions’ and connect the passage as
a whole with the objects of mathematics. Because translators assume that the ta €€
aopapécemc designates nothing other than the objects of mathematics, they find it
unproblematic to translate the expression everywhere it occurs as mathematical abstraction,
including the following passage from Posterior Analytics 1.18:

It is evident too that if some perception is wanting, it is necessary for some
understanding to be wanting too - which it is impossible to get if we learn either by

81 Allan Bick, "The Concept of Abstraction," The Society for Ancient Greek Philosophy Newsletter. 376. (2006):
1-14. https://orb.binghamton.edu/sagp/376; Charles de Koninck, Alphonse-Marie Parent, and Emile Simard,
"Abstraction from Matter (I)." Laval Théologique et Philosophique 13, no. 2 (1957): 133-96, and De Koninck,
Charles, Alphonse-Marie Parent, and Emmanuel Trépanier. "Abstraction from Matter (II)." Laval Théologique et
Philosophique 16, no. 1 (1960): 53-69 ; Auguste Mansion, Introduction a la physique aristotélicienne. Louvain:
Editions de I'Institud Superieur, 1913.
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induction or by demonstration, and demonstration depends on universals and
induction on particulars, and it is impossible to consider universals except through
induction (since even in the case of what are called abstractions [td £ d@aipéoemg
Aeyopeva] one can make familiar through induction that some things belong to each
kind, even if they are not separable, in so far as each thing is such and such), and it is
impossible to get an induction without having perception - for of particulars there is
perception; for it is not possible to get understanding of them; for (it can be got)
neither from universals without induction nor through induction without perception.
(Barnes, APo. 81a38-b9).

Davepov ¢ kai 611, €l TIg aioOnoig EkAELoUTEY, AVAYKN Kol ETIGTHUNY TIVA
gkhehowmévat, v advvatov AaPeiv, eimep pavBdvopey f| énaywyt) §j drodeitet, Eott &'
N Hev anddelél £k TV KaboLov, 1 8' Emaymyn €K TV KATA HEPOC, AdVVATOV O& TA
kaB6Aov Bewptioot un o' Enaymyt|g (énel kai td £ dpapécemc Aeyoueva Eotot ot
EMOYWYNG YVOPLLA TOLETV, OTL VITAPYEL EKACTO YEVEL Evial, Kol €l U YOPLOTE £6TIV, 1)
TO10Vol EkacToV), EmayOijvarl 8¢ pun &xovtag aictnotv advvatov. TV yop ko'
gkaotov 1) aicnoig: ov yap Evoéyetar AaPelv avTdV TNV EMGTAUNV: 0VTE Yap €K TOV
KkaBO6A0V dvev Enaymyt|g, obte O’ Emaymytig dvev TG aictnoemg.

G.R.G. Mure thinks that ta € doapéoewc Aeyopeva is nothing other than the objects of

h . 82 f 1 1 h k er e r e r 4 o P \

mathematics.® Even a few lines later he takes &1t vmapyel EKAoT® Yével Eviokal €1 U

Ywp1oTé &oTiv, 1) To1ovdi ExacTov to mean “each subject genus possesses, in virtue of a

determinate mathematical character.”®? In Greek, however, this sentence makes no reference

to mathematicals. What the Greek does say is that some things inhere in each genus, even if

they are not separable, insofar as each thing is such-and-such. Christoph Helmig is similarly

convinced that the reference of td €& dpapécemc is made to the objects of mathematics which

become familiar through induction: “In An. Post. 1.18, it is said that the only way of acquiring

82 It is unclear what G.R.G. Mure means by the ‘objects of mathematics,” namely whether he means
mathematical universals, mathematical particulars, or both. This is how he translates the passage. “It is also clear
that the loss of any one of the senses entails the loss of a corresponding portion of knowledge, and that, since we
learn either by induction or by demonstration, this knowledge cannot be acquired. Thus demonstration develops
from universals, induction from particulars; but since it is possible to familiarize the pupil with even the so-
called mathematical abstractions only through induction - i.e. only because each subject genus possesses, in
virtue of a determinate mathematical character, certain properties which can be treated as separate even though
they do not exist in isolation - it is consequently impossible to come to grasp universals except through induction
But induction is impossible for those who have not sense perception. For it is sense-perception alone which is
adequate for grasping the particulars: they cannot be objects of scientific knowledge, because neither can
universals give us knowledge of them without induction, nor can we get it through induction without sense-
perception.” (in Ross, APo. 1, 18).

8 Richard McKeon, The Basic Works of Aristotle, Modern Library Classics. (New York: Modern Library, 2001),
136.
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universal knowledge is through induction and that even mathematicals (ta €5 apoipécemc)
become familiar in this way.”** But what kind of objects of mathematics does Aristotle mean,
on this view? Ian Mueller, for instance, takes this expression to refer to mathematical truths in
general: “Aristotle’s point seems to be that the student is led to believe mathematical axioms
by being shown that they hold in a number of particular cases.”®® Due to the controversial
nature of this passage, some scholars, such as Tredennick, Barnes, and Cleary consider that
the reference may be broader here. The Russian translation of the passage by Boris Fokht also
supports the idea that the reference is broader by translating td €& doaipécewc Aeyopeva as
“rak Ha3bIBaeMoe oTeiedenHoe” which means “the so-called abstract things.”®® However, to
interpret the expression as “the so-called abstract things” is somewhat vague; the ‘&’ in td €&
aopapécemc Aeyopeva must necessarily have a meaning behind it. If we suppose that T €5
aopaipécemc are nothing other than the objects of mathematics, are they particular objects of
mathematics (e.g. this circle in this round bronze) or universals (e.g. circle)? Can this
expression also refer to non-mathematical universals, such as ‘horse’ and ‘man’? As an
experiment, let us suppose that the expression in question refers to the objects of mathematics.
If we take 1a €€ dopapéocmg in APo 1. 18 to mean the objects of mathematics, then
these should be particular mathematicals (t4is circle) because the extension or the continuous
magnitude of this particular circle cannot be reached by the standard process of induction.
Particular circles (this circle of this round bronze) are reached by the step-by-step subtraction
or aphairesis as Posterior Analytics 1. 5, De Caelo 111. 1, Metaphysics VII. 3, and Metaphysics
XI. 3 will later indicate in my analysis. Throughout the corpus (except Metaphysics XIII. 2)

‘0’ in T £ dpapécsemd, as I will show later in my work, is the quantitative and continuous

84Christoph Helmig, Forms and concepts: concept formation in the Platonic tradition, Vol. 5. (Walter de
Gruyter, 2012), 108.

8 Tan Mueller, "Aristotle on Geometrical Objects," Archiv fiir Geschichte der Philosophie 52, no. 2 (1970): 160.
86 Apucrorens. Ananutnka — Bropas / ITep. B. A. ®oxta. (Mocksa, 1952), 12.
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extension or magnitude attained by the successive removal of affections, passions, and motion
within any particular body. The results of subtraction in Ta €€ dpapécemg always signify
particular objects of mathematics.

However, if particular objects of mathematics are reached by subtraction, then how
can we agree with Aristotle’s statement that the objects of mathematics which are said as a
result of subtraction become familiar through induction? In Posterior Analytics I1.19 Aristotle
explains that induction is a collection of particulars in the soul under one concept: “when of a
number of logically indiscriminable particulars has made a stand, the earliest universal is
present in the soul: for though the act of sense-perception is of the particular, its content is
universal” (Mure, 100a15-100b1). Following the meaning of ‘td £€§ doaipéoemg Aeyoueva
goton Ol Emayyng yvopipa motelv,” it may suggest that this particular circle reached by
subtraction simply falls under a universal ‘circle’ which is made familiar through induction.
We come to know the universal ‘circle’ by collection from these particular circles previously
attained by subtraction. It is the universal that becomes familiar through induction, whereas
the particular is known through subtraction. In Metaphysics VII Aristotle acknowledges that
there are two kinds of circles, one that exists simply (8 anmAdc Aeyopevog) and other a
particular circle (6 ka0’ €kactov): “For ‘circle’ is used homonymously, meaning both the
circle in general and the individual circle, because there is no name proper to the
individuals™®’ (Barnes, Meta. 1035a33-35). Here Aristotle states that both particular and
universal seem to be one and the same thing only homonymously as there is no proper name
(un eivon IS10v dvopa) for every particular circle. In addition, at 1036a ff. Aristotle indicates
the difference between a universal circle and particular circle is that while the formula of a

universal circle can be given, there is no definition of a particular circle because matter is

87 “Ouavipmg yap Aéyetar kukAog 8 e AmAdc Aeyduevoc kol 6 kaf’ Ekacta 816 TO uf ivon iStov dvopa toic kb’

£kootov.”
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unknowable in itself (1 8" DAn dyvwotog ko’ avtiv). And since matter is unknowable in
itself, particular circles are always defined by means of the universal formula: “the formula is
of the universal; for being a circle is the same as the circle, and being a soul is the same as the
soul. But when we come to the concrete thing, e.g. this circle, i.e. one of the individual circles,
whether sensible®® or intelligible® [...] of these there is no definition [...], they are always
stated and cognized by means of the universal formula™® (Barnes, Meta. 1036a1-9).

On the other hand, if Aristotle indeed implied either mathematical universals or
particular mathematicals in 4Po 1. 18, one would expect him to at least make an indirect
reference to mathematics either in this, in previous, or in subsequent chapters like he does
throughout his works, but this is not the case. In addition, there are only fourteen references to
0 padnpoticd in the entire Organon and none of them discusses the mode of being of the
objects of mathematics, therefore it is also possible that ta £ dpoapécsewc in APo 1. 18 has no
reference either to the mode of being of the objects of mathematics or to how they are
attained. It does not belong to the Analytics to determine the ontological status of anything.
Furthermore, the expression in question as it appears in Meta. I11.2 at 1077b 1-10 does not
make any direct reference to the objects of mathematics. The Greek literally says that the
result of subtraction is ‘pale.’

Let us now suppose the opposite, that the expression refers to non-mathematical
particulars. If we take ta €€ apaipécemg in APo 1. 18 to mean just any particular in general
(e.g. this horse, this pale) with the exception of mathematical particulars, then this passage fits

well with Meta. XIII. 2 which has to do with definitions, where the result of subtraction is

8 1.e. this perceptible circular bronze

8 1.e. this intelligible mathematical circle attained by subtraction of passions, affections, motion, and change
from this perceptible circular bronze.

90 «§ §& Aoyog Eoti ToD KaBOAoL: TO Yip KOKA® efvart kol KOKAOC Kol Yuxd elvar kai yoym TadTd. 10D 8& cuvdrov
{31, olov kVKAov ToLdL Kai TV ke Exactd Tvog fi aicOntod §j vontod [...] todtev 82 ovk Eotv Opropde [...]
AL’ el Aéyovrtal kal yvapilovtot 1@ kaborlov Aoyw.”
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‘pale’: ‘man’ when subtracted from ‘pale man,” becomes the result of subtraction, whereas
‘pale man’ is the result of addition in a definition. In 4Po I. 18 some things (évia), such as this
pale, the result of subtraction from ‘pale man,’ falls under its corresponding genus or
universal (6t1 VTApyEL EKAGTM YéVer) such as ‘white.” Thus, the statement ‘ta €€ dpapécemg
Aeyoueva Eotal o' EmaymyT|g Yvopiua Totelv’ may also suggest that this particular pale
reached by subtraction simply falls under a universal ‘white’ which is made familiar through
induction.

To think of Aristotelian ‘abstraction’ being a separate third way of learning or a
separate theory is also incorrect because one would expect Aristotle to fully elaborate on
‘abstraction’ as he does with induction and demonstration in the corpus. Cleary is right that
the passage clearly tells us that the results of subtraction become familiar through induction
(81 émaywyfic) in so far as they belong to each genus of physical objects qua (f}) such-and-
such.”! And the role of induction is to collect “the one beside the many which is a single
identity of them all” (4Po, 100a8-9), whereas that of aphairesis is to remove objects either
physically or in thought. If we consider the entire corpus, nowhere will we find Aristotle
using aphairesis together with epagoge except in that controversial passage quoted above.
Instead, we find that the role of aphairesis is to subtract items from any particular number of
things or to disregard change, affections, qualities, and other things in thought in order to
arrive at the remainder. Furthermore, since Aristotle has not yet developed his position on the
objects of mathematics in the Organon, and since there is no reference to mathematics in APo
1.18 or subsequent chapters, I am more inclined to support the non-mathematical and non-

universal reference of ta €€ dpapéoemg, i.e. that it designates for instance this ‘pale’(quality)

91 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 17.
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in Callias, this man (substance) in Socrates, this horse (substance) in Spirit, the French
Trotter, etc.

(ii) 10 &€ agapéocmqg in Metaphysics XIII. 2. In book XIII. 1 and 2 of his
Metaphysics Aristotle concludes that the objects of mathematics can neither exist as Platonic
separate individual substances outside the sensibles, nor as separate substances in sensible
things, but they exist in a special sense/in a certain way (| Tpémov Tvér).”? Then in chapter 3
Aristotle gives his own positive view about the mode of being of mathematical objects. Many
scholars have found it puzzling that the term aphairesis or 10 €& dpapécewc appears only
once in ch.1-2 and is completely absent in ch.3 where he gives his own positive account.
Aristotle’s positive solution to the problem of how objects of mathematics exist is in turn
filled with the ‘qua’ terminology (1}), while the terminology of aphairesis is completely absent
from it. Moreover, the ‘10 €& dpaipécenc’ expression in chapter 2 does not make any direct
reference to the objects of mathematics (only an indirect one):

Grant, then, that they (points, lines, and planes) are prior in definition. Still not all
things that are prior in definition are also prior in substantiality. For those things are
prior in substantiality which when separated from other things surpass them in the
power of independent existence, but things are prior in definition to those whose
definitions are compounded out of their definitions; and these two properties are not
co-extensive. For if attributes do not exist apart from their substances (e.g. a
'mobile' or a 'pale'), pale is prior to the pale man in definition, but not in
substantiality. For it cannot exist separately, but is always along with the concrete
thing; and by the concrete thing I mean the pale man. Therefore it is plain that
neither is the result of abstraction [10 €€ dpapécems] prior nor that which is
produced by adding determinants posterior; for it is by adding [€k mpocBécenc] a
determinant to pale that we speak of the pale man. (Ross, Meta. 1077b 1-10).

6 Pév o0V Ady® E6Tm TPoTEPQ, GAL 0D TavTa 860 T AOYm TPdTEPQ Kol TH) 0VGiY
npdTEPQL. TH} HEV Yap oVoiq mpdTepa doa yopriopeva td eivar VepPardlet, T® AOYQ
0¢ 6oV ol AOYol €k T®V AOY®V: TadTa 6€ 0V Ao VTAPYEL. €1 YOpu| £0TL TA TAOM
mapd o 0voiag, 0lov KivoOUeVOV Tt §) Aevkdv, ToD Aevkod dvOpOTOL TO AEVKOV
TPOTEPOV KATAL TOV AOYOV GAL’ 0D KaTd THV oVGiay: od yap &viéystar sivat
KEYOPIOGUEVOV AAA™ del Ao T GLVOL® €0Tiv (cHVoLoV 08 Aéym TOV GvBpwmoV TOV

°2 T will treat this expression also in my section on the potential existence of intelligible matter.
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AeVKOV), BoTE PavepPOV OTL 0VTE TO €€ ApapEcE®S TPOHTEPOV OVTE TO €K

TPochEcemc VoTEPOV: €K TPOGHEGEMS VAP TM AEVKD O Agvk0g dvOpmmog AéyeTa.
Here Aristotle points out that Platonists made the things which are prior in definition (t®
AOY®) to be also prior in reality or in substance (1] ovciq). He makes it clear that their
mistake lies in thinking that ‘the thing from subtraction’ such as the attribute ‘pale’ is prior in
reality to ‘the thing from addition’ namely, to the ‘pale man.” Cleary expresses the same idea
that in this context Aristotle's Greek clearly refers to whiteness and not to a mathematical
object (though an indirect reference to ta mathematica seems to be also implied).”> An
indirect reference may imply that ‘the thing from subtraction’ such as point(s), line(s), and
plane(s) which Aristotle mentioned earlier in 1077a35 are prior to ‘the thing from addition,’
such as solid, only in definition (1® Ady®) or in the order of generation (yevéoet), but not
substantially (T} ovciq).

Despite the fact that the terminology of aphairesis does not appear in Metaphysics

XII1.3, Ross,’* for instance, forcibly includes it into his translation.”® Specifically, he
substitutes the Greek ‘dvev’ with ‘abstraction’ in the passage where the division of sciences
takes place. As I have previously shown in section 1.1 of my thesis, whenever Aristotle
discusses the division of sciences, he uses aphairesis only in the realm of the objects of

mathematics: it is the science of mathematics that studies the results of mathematical

subtraction from motion, change, affections, and potencies upon which it arrives at the three-

% Cleary in his article On the Terminology of ‘Abstraction’ in Aristotle claims that the use of aphairesis in this
passage is “consistent with the more general use of the dialectical method of subtraction which we observed in
the Topics” (p.28). I follow him in this regard.

% Richard McKeon, The Basic Works of Aristotle, Modern Library Classics. (New York: Modern Library, 2001),
893.

% Another instance of such substitution is in Metaphysics VI1.10 at 1036b7 where Ross translates the Greek
xopilo as ‘abstraction.’
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dimensional quantitative and continuous magnitude. Ross, however, in the manner of
Boethius’® also applies it in the realm of Theology or First Philosophy.
And in proportion as we are dealing with things which are prior in definition and
simpler, our knowledge has more accuracy, i.e. simplicity. Therefore a science
which abstracts [évev] from spatial magnitude is more precise than one which
takes it into account; and a science is most precise if it abstracts [dvev] from
movement, but if it takes account of movement, it is most precise if it deals with
the primary movement, for this is the simplest; and of this again uniform
movement is the simplest form. (Ross, Meta. 1078a 9-13).
Kol 6o oM av TEPL TPOTEPMV TG AOY® Kol ATAOVGTEP®OV, TOGOVT® LOAAOV EXEL
10 AKp1PEC (TodTo 08 TO AmAoDV €oTiv), Mote Avev T peyéBovg LaALoV ) HeTd
pey€boug, kai pdAioto dvev Kvnoeme, £0v 6¢ Kivnow, HAAGTa TV TPMOTNV:
AmAOVGTATN VAP, KOl TODTNG 1) OHOAN.
What the Greek simply and directly states is that there is more exactness in a science whose
objects are without magnitude than with magnitude, and even more exactness when its objects
have no movement. Those sciences are more exact which do take neither magnitude nor
movement into account. The most precise science is First Philosophy because it does not have
magnitude (studied in mathematics) and motion (studied in physics), the second, less precise
science, is mathematics because it subtracts motion (studied in physics), and the least precise
science is the science of physics as it takes motion into account. Therefore, when the division
of sciences is in question, it would be proper to use ‘abstraction’ or subtraction for
mathematics for the sake of consistency with de Anima 1.1, 403b10-15 and other passages.
Aristotle uses mathematical aphairesis in a few ways, either to elucidate the location
of the objects in mathematics as in ta £ dpapésewg or to find out the primary subject of any
given attribute when the verb dapaipeiv is used. There are a few possible reasons I can think of

why Aristotle is not using aphairesis in the highly mathematical books XIII-XIV, with the

exception of XIII.2 (which has no relation to mathematics):

% Boethius. On the Holy Trinity (de Trinitate). Translated by Erik C. Kenyon.
https://pvspade.com/Logic/docs/BoethiusDeTrin.pdf p.3
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(1) First, the location of the objects of mathematics with an application of aphairesis in
ta £€ dgaipéocmc, namely the step-by-step subtraction of change, affections, and motion has
already been explained by Aristotle in Physics II. 2 193b20-194a10, Metaphysics VII. 3
1029a5-20 and in Metaphysics X1. 3 at 1061a30-35.

(2) Second, Aristotle in chapter 3 does not inquire into finding the primary subjects of
any given attributes. In this chapter the philosopher only highlights the aspects of physical
objects which a scientist can study in isolation from natural objects: he studies them ‘qua
sensible’, ‘qua female’, ‘qua healthy’, ‘qua man’, ‘qua sight’, ‘qua mobile’, ‘qua body’, ‘qua
planes’, etc. If he were to find out, for instance, which subject the attribute of reproductive
capacity belongs to in this particular Nova Scotia Duck Tolling Retriever female dog named
Sophie, he would have to refer to aphairesis to show that ‘female’ is the primary subject of
the property ‘reproduction.” This means he would have to subtract Nova Scotia Duck Tolling
Retriever dog named Sophie from the object and consider the ‘female’ only. The same
application of aphairesis Aristotle uses in the Posterior Analytics 1. 5 where its function is to
remove [apaipedévtog] bronze and isosceles from bronze isosceles triangle in order to prove
that the property of having angles equal to the sum of two right angles applies to triangle only
(APo. 1.5 74a35-b4).

() Finally, the fact that ta € dpapéoeng is absent in Metaphysics X111.3 may suggest
that Aristotle does not see aphairesis as a special separate theory which is integral to the
being of mathematicals and consequently worthy of elaboration in his discussion. If he did, he
would have at least explained more explicitly what he meant by the ‘ta £ dpopécenc’
expression. I claim that he understands it rather as a more general method of subtracting
elements which has a particular application in mathematics.

In chapter 3 we may see only an implied successive removal of motion and dimensions
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which are designated by the ‘qua.’ For instance at 1077b30 Aristotle says: “so too in the case
of mobiles there will be propositions and sciences [science of geometry and mathematics],
which treat them however not qua mobile but only qua bodies (] cduporta), or again only qua
planes (f) énineda), or only qua lines (f) ufxn), or qua divisibles (1 Stapetdr), or qua
indivisibles having position (7] &dwaipeto Exovta §& 0£c1v), or only qua indivisibles (1)
adlaipeto uoévov).” Aristotle states the aspects of a physical body in the manner of their
substantial priority, from the more complete and the more whole (téielov Kai dAov paAlov) to
the less complete and less whole. The successive removal of things is performed in
progression from the least precise science, the science of physics, to the more precise science
of mathematics: first, we remove motion, when motion is removed, we arrive at the idea of a
solid (] cdpazta), then we consider its planes, lines, points, and then finally arrive at an

indivisible point having no position.

4.1.2 Aphairesis and the ‘Qua’ Method Outside Mathematics

Aristotle often uses aphairesis together with the ‘qua’ terminology, which can be
translated into ‘in so far as’ or ‘as.’ It is not only mathematics that considers anything qua
quantitative and continuous, but every science according to Aristotle can also consider things
exclusively ‘qua F,” for instance, physics studies things ‘qua moving,’ the science of
medicine treats things ‘qua healthy,’ the science of metaphysics investigates ‘being qua
being,’ the science of biology may consider an animal ‘qua male’ or ‘qua female’
(Metaphysics, X111.3).

A great example of this connection between aphairesis and qua-terminology first

appears in the Categories chapter 7 where Aristotle’s main statement is that all relatives have
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correlatives. Here aphairesis is used to remove any unrelated aspects when we are looking for
a proper relative of a thing. Even if subtraction terminology is not present in the first three
passages, its hidden function is still there: to show a proper relation we must remove ‘a bird’
from ‘a wing is necessarily relative to a bird’ and replace the former with ‘winged creature’
since the wing is not relative the bird qua bird:

Sometimes, however, reciprocity of correlation does not appear to exist. This comes
about when a blunder is made, and that to which the relative is related is not
accurately stated. If a man states that a wing is necessarily relative to a bird, the
connexion between these two will not be reciprocal, for it will not be possible to
say that a bird is a bird by reason of its wings. The reason is that the original
statement was inaccurate, for the wing is not said to be relative to the bird qua ()

bird, since many creatures besides birds have wings, but qua (7)) winged creature.
(Edghill, Cat. 6b36-7a3).

00 unv AL €viote 00 dOEEL AVTIOTPEQELY, £V UN| Oikelmg TPOG O AéyeTon Amodoom
GALQL Sropdptn O dmodidovg: olov 1O TTepdV dav dmododf dpvifoc, ovk AvTIcTPEQEL
dpvig mrepod- ov Yap oikeing TO TpdTOV dmodédotar mTepdv dpvidog: od Yip 7
dpvig, TanTn TO TTEPOV aTAC Aéyetar, AL T TTEP®TOV 6TV TOAAMY YOp Kod

dAL oV TTEpd €0TIV O 0VK giolv dpvibec.

Likewise, in a definition of a head, ‘an animal’ is a wrong correlative since there are animals
which have no head. The proper correlative in a definition of a head will be something which
is ‘headed:’

A head will be more accurately defined as the correlative of that which is 'headed',
than as that of an animal, for the animal does not have a head qua (}]) animal, since
many animals have no head. (Edghill, Cat. 7a15-18).

OGaOTOG 8¢ Kol 8Tl TdV BA®V, 010V 1 KEPUAT| 0IKEIOTEPMG GV Amodo0ein
Ke@aAmto 1| {Hov dmoddopévn: o0 yap 1 OOV KeQAANV €yl TOAAY Yap TOV
LDV KePAATV OVK EXEL.

An excerpt with the terminology of subtraction which I have already discussed in section 2.2
follows immediately after:

Further, if one thing is said to be correlative with another, and the terminology used
is correct, then, though all irrelevant attributes should be removed
[repropovpévmv], and only that one attribute left [kotaieimopévov] in virtue of
which it was correctly stated to be correlative with that other, the stated correlation
will still exist. If the correlative of ‘the slave’ is said to be ‘the master’, then,
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though all irrelevant attributes of the said ‘master’, such as ‘biped’, ‘receptive of
knowledge’, ‘human’, should be removed [neprapovpévav], and the attribute
‘master’ alone left [kataieuropévov], the stated correlation existing between him
and the slave will remain the same, for it is of a master that a slave is said to be the
slave. On the other hand, if, of two correlatives, one is not correctly termed, then,
when all other attributes are removed [nepiopovpévov] and that alone is left
[catakeuropévov] in virtue of which it was stated to be correlative, the stated
correlation will be found to have disappeared. (Edghill, Cat. 7a31-b2).
11 £0v pév oikeing amodedopévoy 1 TPog O AEyeTal, TAVIOV TEPLOLPOVUEVMV TGV
aAlov 6co coppepnkdta otiv, K(xwksmouévov d€ T00TOV HOVOL TPOG O AmedoOn
oixelmg, del mpodg antd PndHceTaL olov €1 6 Soukog TPOG Bscmornv Aéyetan,
TEPLOLPOVUEVOV ATdvTOV 860 cLUPEPNKOTO £0Ti T® deomdtn, olov TO dimodt ewou
10 &mMGTAUNG SEKTIKG, TO AVOPOT®, KATAAEUTOLEVOL 88 HOVOL ToD deomdTV Elval,
del 0 60VAog TPOG aTO PrNceTar O Yap doDAOG 0e6TOTOV dODAOG AéyeTat. £0v O€
ve U oikeiwg amodobt] Tpog 6 mote AEyeTaL, TEPLAPOVUEVAOV UEV TRV GAA®DV
KATOAEMOUEVOD 0& LOVOL TOD TTPOG O AmeddOn, o pndncetol Tpog avTd*
Likewise, even though the excerpt that follows 7a15-18 does not make any reference to the
qua-terminology, the language of ‘qua’ is still implied. It is not relative to a biped human that
someone is a slave, but it is relative to the master that a slave receives this name. We must
remove ‘biped’ and ‘human’ and substitute it with ‘master,” since the two former attributes
are incidental to the master as correlative to slave. The use of subtraction here is identical to
what we have seen in Topics V1. 3 where Aristotle tells that in order to arrive at a proper
definition, we must remove anything superfluously added.

The use of ‘qua’ (implied) together with aphairesis outside mathematics appears in
Metaphysics V1. 2. Here Aristotle distinguishes essential being from accidental being.
Accidental being is that which is neither always nor for the most part. For instance, since man
is musical neither always nor for the most part, his being in a sense of being musical is
accidental. Furthermore, since a man is pale neither always nor for the most part, his paleness
is also accidental. However, being man gua man is not accidental since the man is a man

always and for the most part. Being qua man is essential. The matter of man is the cause of

the accidental. Here is how Aristotle explains it:
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Since, among things which are, some are always in the same state and are of
necessity (not necessity in the sense of compulsion but that which we assert of things
because they cannot be otherwise), and some are not of necessity nor always, but for
the most part, this is the principle and this the cause of the existence of the
accidental; for that which is neither always nor for the most part, we call accidental.
[...] Therefore, since not all things either are or come to be of necessity and always,
but, the majority of things are for the most part, the accidental must exist;

for instance a pale man is not always nor for the most part musical, but since this
sometimes happens, it must be accidental (if not, everything will be of necessity).
The matter, therefore, which is capable of being otherwise than as it usually is, must
be the cause of the accidental. [...] Let us dismiss [deeicOm] accidental being
[ovpPepnrog dvtog] for we have sufficiently determined its nature. (Ross, Meta. V1
1026b30-1027b15).

nei vV €oTiv &v T0ig 0VoL TO Pev del doodTmg Exovta kol &€ dvéykng, ov tfig Katd
10 Ploov Aeyopévng GAL” v Aéyopev T@® pun évoéyecBot dALmG, Ta &' 85 Avaykng Hev
oVK £6Tv 008 diel, (g & &mi O oD, abTn dpyn kai abtn aitia doti Tod givon TO
ouupePnkodc: 6 y(‘xp av 7 AT Gel pd’ og i 1o oy, TodTd eapey cuuPePniodg
givat. [...] dot’ énel 0b mhvTa goTiv €€ avaykmg kai ogi fi dvra n ywvopsva GALGL TOL
mAgioTa O &mi 1O TOAD, Avaykn sivan TO KaTd GLUPEPNKOS Bv: olov oDt del oBO” dC
€Ml TO TOAD O AEVKOG LOVGIKOG 0TIV, Emel 08 yiyvetainote, Katd cuuPepniog Eotot
(el 8¢ pn, Tavt” Eoton €€ avaykmg): dote 1) VAN Eotal aitia 1 Evoeyouévn mapd T0 OC
&mi 10 moAD GAA®G Tod cuuPePnidTog. [...] mEpi pu&v ovv Tod KoTd cuuPEPNKOG BvTog
apeicfo (dtwproton Yop iKavdg).

The use of the ‘qua’ together with aphairesis outside mathematics comes into sight
also in Metaphysics V1. 4 where the science of metaphysics is said to study being qua being
(0v 1) 0v). There Aristotle explains that truth and falsity are not in the things themselves, but in
judgements or in thought only, that is when we affirm or deny something. The falsity of a
proposition, for instance, results from an improper combination or separation of two terms by
the intellect, whereas when the mind comprehends the essence of something within itself,
there is no truth or falsity. When the mind first comprehends the concept of man, everything
that defines man as a man, comes immediately together with the concept of ‘man’ when the
mind thinks it. Truth and falsity take place only when we start to combine or separate the
things in thought such as essence, quality, quantity, and other things. Thus, if one further

proceeds to make a statement or a definition about what man is, there may be a chance of

either truth or falsity, e.g. s/he can say that (1) ‘man is a mortal rational animal’ or (2) ‘man is
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not mortal rational animal,” and, for instance, (3) ‘man is not a horse’ or (s) ‘man is a horse.’
In (1) and () the statement is true, in (2) and (4) it is wrong. Such things as ‘man is not mortal
rational animal’ and ‘man is a horse’ we call false, “either because they themselves do not
exist, or because the appearance which results from them is that of something that does not
exist™’ (Ross, Meta. 1024b25). Since falsity does not exist, another thing that must be
removed besides from the accidental being is being in the sense of being true. When both
accidental and being in the sense of truth are removed, only then we can consider being qua
being:

For falsity and truth are not in things — it is not as if the good were true, and the bad
were in itself false — but in thought; while with regard to simple concepts and ‘whats’
falsity and truth do not exist even in thought [...] But since the combination and the
separation are in thought and not in the things, and that which is in this sense is a
different sort of 'being' from the things that are in the full sense (for the thought
attaches or removes [a@aipel] either the subject's 'what' [10 ti éotTiv] or its having a
certain quality or quantity or something else), that which is accidentally and that
which is in the sense of being true must be dismissed [apetéov]. [...] Therefore let
these be dismissed [dpeioBw], and let us consider the causes and the principles of
being itself, gua 1] being. (Ross, Meta. V1 1027b25-1028a5).

00 Yap €611 1O YeDSOG Kol TO GANOEC &V TOIC TPAYHOGLY, 010V TO HEV Gryaddv dAnOsc
10 8¢ KoKOV €00VC yedOOC, AAAL™ €v davoiq, mepi 0& Td AmAA Kol TO Ti 5TV 00O &V
Sravoia [...] doa pév ovv d&i Oswpiicon mepi 1 obtme dv kai pny 8v, Hotepov
EMOKENTEOV: EMEL O€ 1] CLUTAOKN €GTV K 1) O10ipeTIS €V dlavoig AL ovK €v TO1g
TPAYHOCL, TO & oDT®G OV ETepoV OV TV Kupimg (1] Yop T Ti €oTv §j 6TL TOWOV 1 OTL
OGOV 1| Tt ALO GLVATTEL T} APaALPET 1) O1dvola) TO HEV MG GLUPEPNKOG KOl TO O
AN OV apetéov. [...] 010 Tadta pev dpeicbw, okentéov 410D GvTog avToD TO
odtior Kol Tog dpydc 1 Ov.

When Aristotle gives an account of the process of combination and separation, we can see
that the process of removal does not presuppose a sense of extraction of one thing from many,
rather, it demonstrates a consecutive removal of many things such as quality, quantity,
essence, and other things until the proposition is formed. Furthermore, to consider being qua

being we also remove many things and leave the remainder: we take away both accidental

97 “modypoo eV o0V Wevdi obtw Adyetan, {| T® pry etvol adTd fi T@ TV G’ odTdY povTaciov iy dvtog sivar.”
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being and being in the sense of being true, to arrive at essence as the centre of first
philosophy.

In the next section I will consider how aphairesis terminology appears within
Aristotle’s passages on mathematics and will examine the seven mathematical uses of “ta €&

apaipéoemc’ expression I outlined in chapter I, section 1.2.

4.2 The Use of Abstraction Within Mathematics

4.2.1 Seven Mathematical Uses of td €& dpaipéoemc

In chapter I section 1.1 I have identified two very subtly distinct senses of mathematical
aphairesis. One sense takes out one thing while disregarding the rest, e.g. when we abstract a
mathematical universal (e.g. circle) from particulars, or when we abstract this particular
mathematical circle from this particular matter of ¢his round bronze. Such application of the
term involves extraction and is common in the commentaries of Aristotle’s mathematics, both
ancient and modern. Another use of the term has a function of subtraction, that is when we
take away or remove many things and then study the remainder, e.g. to remove colour,
passions, affections, and motion from a bronze isosceles triangle, and consider the two-
dimensional continuous shape only,”® such as triangularity. In this section I examine all seven
mathematical uses of ‘ta €& dpopéocws’ together with the terminology of dgaipeoig as it
appears throughout Aristotle’s corpus. My analysis will show that Aristotle neither uses
aphairesis as abstraction of a mathematical universal (e.g. circle) from particulars, nor as

abstraction of this mathematical circle from this particular matter of ¢his round bronze.

% Metaphysics VIIL. 6 at 145a20 ff. Aristotle states that the ‘round’ of a ‘bronze’ is shape (poper) that
mathematician studies.
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(iii) Ta £€ apupéoemg AéyesOan in the De Caelo 111. 1. This expression in De Caelo
III. 1 proposes an alternative to Plato’s cosmological dialogue Timaeus where physical bodies
are said to be constructed from the objects of mathematics. Aristotle objects to this saying that
for the bodies to be composed from planes, there must exist indivisible magnitudes, but this is
impossible because physical continuous magnitude is infinitely divisible. Aristotle starts this
objection right at the beginning of De Caelo book I: “Now a continuum is that which is
divisible into parts always capable of subdivision, and a body is that which is every way
divisible” (De Caelo. 1.1, 268a5). Since physical magnitude is indefinitely divisible, the
construction of natural bodies from planes will have impossible consequences in physics
which are not present in mathematics. It is only in thinking that we consider any physical
object only as if (qua) it is either divisible or indivisible, and thus construct lines, planes, and
solids (Meta. XI1I1.3) in thought. In mathematics, when we consider an object qua plane or
qua line, we consider these qua divisible or gua indivisible so that we could have a plane and
a line as distinct entities, but this does not mean that they exist as indivisible magnitudes in
reality and can form a physical object. Since we can consider any object gua indivisible line
or qua indivisible plane, there will present no difficulties in mathematics. The impossibility
arises only in thinking that the intelligible lines and planes of any physical object can be
considered as both divisible and indivisible, when in reality the continuous sensible
magnitude is always divisible in every way. Here is how Aristotle explains it:
But as for this last theory, which constructs all bodies out of planes, a glance will
reveal many points in which it is in contradiction to the findings of mathematics (and
unless one can replace the hypotheses of a science with something more convincing,
it is best to leave them undisturbed). In addition, the composition of solids from
planes clearly involves, by the same reasoning, the composition of planes from lines
and lines from points (a view according to which a part of a line need not be a line);
and this is something which we have already considered in the work on motion,

where we concluded that there are no indivisible lines. Nevertheless, so far as they
concern natural bodies, the impossibilities resulting from an assumption of
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indivisible lines are worth a little attention here. The mathematical impossibilities
will be physical impossibilities too, but this proposition cannot be simply converted,
since the method of mathematics is to abstract [td padnupoatikd €€ dpapécemg
AéyecBar], but of natural science to add together all determining characteristics [td 6
Vol £k Tpocdicenc]. (tr. W.K.C. Guthrie).”
TOIC 6& TODTOV TOV TPOTOV AEYOVGL KO TTAVTO TO GMUATA GVVIGTAGY €€ EmmédmV Goa
pev Ao cvpPaivel Aéyew vevavtio Tolg podnuacty, ETmoAtic ideiv: kaitol dikalov
7 U1 KWElV 1 ToToTtéPolg avtd AOYolS Kiveilv Tdv vmobécewv. "Enetta dfjAov §T1 10D
aOTOD AOYOL 0Tl 6TEPED PEV & EMmEdV cvykelchat, Emimeda o' €k Ypauudv,
Ta0TOC 6' €K OTIYUDV: 0VT® &' £YOVTOV 0VK AVAYKT TO TN YPOUUUNG LEPOG YPOUUUTV
evar mepl 08 TOVTOV EMECKEMTAL TPOTEPOV £V TOIG TTEPL KIVIIGEMG AOYO1G, OTL 0VK
gotv adtaipeto unkn. ‘Oca 8¢ Tepl TOV PLGIKAY COUATOV AdVvaTo cupPaivet
Aéyev 101G TO10DGL TGS ATOUOVS YPAUUAS, EML LKPOV Be@pr|GmOUEV Kol VOV TA HEV
Yop €n' eketvov advvata cupPaivovta kol Tolg PVGIKOIG AkoAovONoEL, T 6€ TOVTOLG
En' éxelvav oy dmovta d1d O T0 pev €€ dpaipéocmc Aéyeohat, Ta pabnpotikd, T 68
QLOIKA €K TPOCHECEMG.
Stocks, for instance, translates the last sentence “ta pev €5 doapéocwc Aéyesbot, T
padnpatikd, Ta 0¢ uoka &k tpocbécems” as “mathematics deals with an abstract and
physics with a more concrete object” (Stocks, De Caelo. 299al15). In my view, it would be
better to give a literal translation of both expressions, as Guthrie does with td 6& puoKd €k
npocBécemc, that natural science considers the results of addition. Thus, we would take it to
mean that the objects of mathematics are spoken about as a result of subtraction (ta
panpatikd €€ aparpéocmg Aéyechar), while the objects of physics are spoken about as a
result of addition (t& 0¢ @uowd £k mpocsBécsewc). This literal translation of To pabnpotikd £
aopapéoemc AéyeoBor would help to avoid any psychological abstractionist connotations
which the word ‘abstract” accumulated over centuries. In addition, the literal translation helps
to avoid an epistemological interpretation of aphairesis as abstraction of a mathematical form
from matter which suggests the process of an immediate reception of a form by the soul.

While Aristotle discusses the reception of forms by soul without matter in de Anima (De

Anima 11, 12 424a17-19), this process never appears in the standard terminology of

% Guthrie, W. K. C. On the Heavens. Loeb Classical Library; No. 338. London: Cambridge, Mass.: W.
Heinemann; (Harvard University Press, 1960), 263.
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aphairesis. The phrase ‘€€ dpaipéoemc’ simply indicates the spatial location of the
quantitative and continuous magnitude within the sensible body, but not the immediate
reception of a mathematical form by the soul. Once we use the literal translation, Aristotle’s
side-by-side use of the two relative terms, ‘€& dpaipéoenc’ and €k Tpocbécemc,’” begins to
make sense. The relative term ‘from addition’ signifies that its opposite operation, ‘from
subtraction’, does not presuppose any extraction of one thing out of many, but rather the
subtraction of many, such as affections, passions, essence, motion which then allows to arrive
at the quantitative and continuous magnitude. In contrast, the science of physics does the
reverse operation, it considers its objects of study as complete compound things together with
affections, passions, essence, motion. As Philippe takes it : “Cette addition nous permet
d'atteindre I'étre physique dans sa complexité d'étre physique, d'étre mobile, impliquant a la
fois la forme et la matic¢re. Cette connaissance est celle que nous voyons en exercice dans la
philosophie de la nature.”!% Perhaps the reason why 16 pvoiké &k Tpocbicewmc is not used
very often is because physical beings are known in a more immediate way: “cette derniere
expression [Td eUOIKA €K TPochEécemc] sera beaucoup moins souvent employée que la
précédente [ta €& apapécemg], le Philosophe ne s'en sert que par référence a celle de
I'abstraction. Les étres physiques peuvent étre désignés d'une maniére plus immédiate.”!%!
Thomas Aquinas is of the same opinion concerning the interpretation of Aristotle’s statement:
And this is so because mathematical things are obtained by abstraction from natural
things, but natural things are by apposition to mathematical things — for they add to

mathematical objects a sensible nature and motion, from which mathematics
abstracts (trans. Larcher and Conway).!%

100 Philippe, M. D., “Aphairesis, prosthesis, chorizein dans la philosophie d' Aristote.” In: Revue thomiste 48
(1948): 483.

101 Thid., 468.

192 Thomas Aquinas, In libros Aristotelis De caelo et mundo expositio, THE HEAVENS. Transl. by Fabian R.
Larcher and Pierre H. Conway. https://dhspriory.org/thomas/DeCoelo.htm#3-1
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quia mathematica dicuntur per abstractionem a naturalibus; naturalia autem se

habent per appositionem ad mathematica (superaddunt enim mathematicis naturam

sensibilem et motum, a quibus mathematica abstrahunt).
I, however, would only object to Aquinas’ “mathematica dicuntur per abstractionem a
naturalibus.” While he adequately captures the meaning of T 8¢ puoikd £k TpocHécemg as
superaddunt enim mathematicis naturam sensibilem et motum, the meaning of ta €&
apaipéoemc to podnuatikd on the other hand is distorted, suggesting an extractionist sense.
Perhaps, it would be more appropriate to take ‘naturalibus’ in the accusative case and interpret
the statement as “to subtract sensible nature and motion from natural things.”

In terms of the interpretation of td 8¢ puowd €k mpocBécewg John Cleary proposes a
different view. He takes it to mean the Pythagorean generation of physical bodies from
simpler elements to more complex three-dimensional bodies: “some continuous construction
which is such that its simpler elements are successively integrated into more complex
structures by addition.”!%® A few lines later he clarifies the statement:

Thus the Pythagorean schema of point, line, plane, and solid, could serve as a

paradigm for the sort of non-reversible relationship between physics and

mathematics that Aristotle has in mind here. For example, one might say that the line
is 'generated' from the point by adding one dimension, cf. APo 87a36-38. Similarly,
if we add a new dimension in each case, the plane may be obtained from the line, and
the solid from the plane, as a result of addition (ék TpocOécewc). I submit that this is
the proper perspective from which to view the terminology of abstraction and
addition in the above passage...'™

Then he concludes:

Aristotle is here treating physical objects as if they were 'generated', in some logical

manner, from basic mathematical structures; e.g. by the addition of three dimensions.

This would also suggest that he is accepting the Platonic schema of priority as the

framework for this discussion in the de Caelo and that he has not yet fully clarified
the distinction between mathematics and physics in his own terms.!'%

103 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 31.
104 hid., 31-32.
105 Ibid., 32.

60



Yet I argue that it is not the Pythagorean or Platonic schema of adding dimensions that is
actually at stake here. The point which Aristotle makes in Ta 8¢ @uokd €k Tpocbécemg is not
the question of ‘generation’ of physical bodies from dimensions which Cleary describes, but
rather that of adding affections, passions, essence, and motion to constitute a complete
sensible object. Additionally, these two reverse operations distinguish the methods of both
sciences and the objects that they study.

Aristotle extensively criticizes Plato for constructing physical bodies out of points,
lines, and planes (the case of Timaeus), so he cannot adhere to the same view. Even a few
lines later after the passage in question Aristotle states: “it is impossible, if two parts of a
thing have no weight, that the two together should have weight [...] Now if the point has no
weight, clearly the lines have not either, and if they have not, neither have the planes.
Therefore, no body has weight. It is, further, manifest that the point cannot have weight”
(Stocks, de Caelo, 299a-24-30). Here Aristotle indicates another variation of the problem of
why mathematical impossibilities (that there are no indivisible lines) would have
consequences for physical things. A further impossibility will result if physical bodies are
generated from planes, lines, and points: since points that produce lines do not have weight,
whereas sensible objects do, then how can a weightless point and later a line and a plane
produce physical weight in the bodies which they constitute? In addition, nowhere in the
corpus does Aristotle use the expression td 0¢ PLGIKA £k TpocBicemg to explain the
dimensional priority and generation of points, lines, planes, and solids.

Consider a passage from Aristotle’s Physics 1.2 which fits well with the passage in De
Caelo 111. 1 under consideration, as well as into all passages where both expressions of
addition and subtraction appear side by side. Here Aristotle raises a question of how the

mathematician is different from the physicist. The passage in Physics does not make any
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reference to aphairesis, only to separation in thought (tf] vorjoet). Nonetheless, it is worth
citing because it confirms the idea that ta 6& puoka €k TpocBécemg does not mean the adding
of less simple to more complex structures, but rather the adding of motion and matter.
Mathematics, instead, while studying these same physical bodies, separates motion and matter
in thought and considers the objects of mathematics only.

We have distinguished, then, the different ways in which in which the term ‘nature’
is used. The next point to consider is how the mathematician differs from the
physicist. Obviously physical bodies contain surfaces and volumes, lines and points,
and these are the subject-matter of mathematics. Further, is astronomy different from
physics or a department of it? It seems absurd that the physicist should be supposed
to know the nature of sun or moon, but not to know any of their essential attributes,
particularly as the writers on physics obviously do discuss their shape also and
whether the earth and the world are spherical or not. Now the mathematician, though
he too treats of these things, nevertheless does not treat of them as the limits of a
physical body; nor does he consider the attributes indicated as the attributes of such
bodies. That is why he separates them; for in thought they are separable from motion,
and it makes no difference, nor does any falsity result, if they are separated. The
holders of the theory of Forms do the same, though they are not aware of it; for they
separate the objects of physics, which are less separable than those of mathematics.
This becomes plain if one tries to state in each of the two cases the definitions of the
things and of their attributes. 'Odd' and 'even', 'straight' and 'curved', and likewise
'number’, 'line', and 'figure', do not involve motion; not so 'flesh' and 'bone' and 'man'-
these are defined like 'snub nose', not like 'curved'. Similar evidence is supplied by
the more physical of the branches of mathematics, such as optics, harmonics, and
astronomy. These are in a way the converse of geometry. While geometry
investigates physical lines but not qua physical, optics investigates mathematical
lines, but qua physical, not qua mathematical. Since 'nature' has two senses, the form
and the matter, we must investigate its objects as we would the essence of snubness.
(R. P. Hardie and R. K. Gaye, Phys. 193 b25-184a10).

‘Entel 8¢ S1dpiotan mocay®dg 1 UGS, LETO TOVTO BempnTéoV Tivi dapépet O
poOnpatikog Tod euokod (Kol yap Emineda Kol 6Teped EXEL TO PLGIKA GMOUOTO KOl
UK Kod GTYRAC, TPl OV oKOTET O padnpaticdc)- &1t €l 1 dotporoyia ETépa f)
Lépog T eLoIKtg: €l Yap 10D eLGIKOD TO Ti 0TIV HAMOG T} oeA VN €ldéval, TAV O
cuouBePnkdtov Kab' avtd undév, dromov, AL®G T€ Kol 0Tt paivovtal AEyovTeg ol Tepl
(pucsoog Kai Tept GyNpatog ceAvng kai Niiov, kai 81 koi norspov COALPOEONG N yn
Kai 0 koopog fi 0D. mept T0vTOV pEV 0DV POy LLATEVETAL KOL O Habnpaticog, GAL ovy
Tl PUGIKOD GOUOTOS TEPAG EKOGTOV: 0VSE TO GLUBEPNKOTA Oswpm 1 T010VTOIS OVGL
cLUBEPNKeEV: d10 Kol yopilel yOPIOTA YAp TH VO GEL KIVAGEDS £GTL, KOl OVOEV
dpépet, 00dE yiyvetan weddog yoplldviwv. AavBdvoust 8¢ TodTo Totodvteg kai ol
ThC 1d€0ic AéyovTec: T Yap QUOTKA YOPIlovsty NTTOV dvia YWPIGTH TRV
poONUaTiK®V. yiyvolto o' dv todTo OfAoV, €1 TIC EKATEP®V TEWP@TO AEYELY TOVG
Opovg, Kol oVTOV Kol TV CVUPBEPNKOTOV. TO HEV YAp TEPITTOV EGTOL KOl TO APTIOV
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Kol TO €00V Kol TO KaumdAov, £Tt 0 AplOUOG Kol YU Kol oyfjua, dvey KIviGewd,
oapé 8¢ Kol 66ToDV Kol dvOpOTOg OVKETL, ALY TaDTO DoTEP Pig GLUT GAL' OVY OOG TO
Kapmolov Aéyetot. SnAol 8& koi o PUOIKMOTEPO TV HaONUATOV, 010V OTTIKT Koi
GAPUOVIKT] Koi AoTPOAOYia: GVATAALY Yap TPOTOV TIV' EYOVGLV TH| YEOUETPIQ. 1) eV
YOp yEOUETPioL TEPL YPapAC PUOIKTC GKOTET, GAL' 0y T PLGIKT, 1) &' OTTIK)

~

HOONUOTIKTY HEV Ypoppny, AL oy T podnuatikt) GAL' 1) uotkr. &nel 8' 1 pUoIC
Sydc, T T £100¢ Kai 1) HAN, OC Av £l TEPL GUOTNTOG GKOTOTHEV Ti £0TLV, 0DTO
Bewpnrtéov.

The more physical branches of mathematics (td uowk®tepa T@V padnudtmv), such as
astronomy for instance, aside from studying the sphericity of the stars and the sphericity of
the fifty-five spheres (Meta. XI1.8, 1073b201f.) which carry on the planets and the Sun, also
adds motion to its object of study so that it could give an account of the harmonious motions
of all fifty-five spheres. This is what Aristotle means by saying that astronomy is the converse
of geometry (&vamaiv yap tpoémov Tv' Egovotv 1] yewpetpiq) because astronomy adds
motion to its study while geometry removes it. The same holds for physics. While studying a
snub nose physics considers it as a complex of matter, motion and change, but the science of
geometry while studying the same physical lines of the snub nose, studies them gua lines and
qua curved.

I can see only one possible way of how the adding of dimensions can be relevant here.
The subtraction or addition of dimensions is a secondary step that happens once affections,
passions, and motion have been removed from the physical body. After these are removed
from the physical body, what remains is a mathematical solid. Only then in thought a
mathematician can either subtract a plane from a solid or add a line to construct a plane, and
further add additional planes to constitute a solid. The process of adding dimensions happens
in the realm of ta €€ dpapéoemg T padnuatikd so to speak, but not in that of Ta 8¢ puoka
€k TpooBécemg. The expression Ta €€ apalpéoemg Ta padnuatikd AéyecOon as it appears in De

Caelo 111. 1 cannot also be suggestive of extracting or abstracting of one thing out of many as
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most modern scholarship assumes, but it quite literally says that the objects of mathematics
are said as a result of subtraction. In addition, nowhere in this passage does Aristotle say that
the results of subtraction are mathematical universals, but following the passage from Physics
I1.2 it is clear that by referring to “physical bodies” which contain surfaces, volumes, points,
and lines, and by referring to the mathematical spheres of the Earth, the Sun, and the moon
Aristotle meant particular beings which contain particular objects of mathematics.

(iv) €€ apupéoemg 6 padnpotikog in the De Anima 1. 1. In this passage Aristotle
distinguishes the three sciences and their methods of reaching the objects which they study, as
well as the modes of being of these objects. The objects of physics exist inseparably from
matter and motion both in reality and in thought, e.g. anger and fear are not separate from
material substratum either in reality or in thinking. Another example is when we try to define
a snub nose — there is always an aspect of matter involved, and this is why Aristotle
sometimes says that it is hard to separate nose from flesh, its matter. Aristotle often says that
the objects of mathematics are more separable than the objects of physics, because the former,
while existing inseparably from matter and change in reality, can be separated in thought from
matter, i.e. when a mathematician considers the snub nose as a concave mathematical solid.
The mathematician removes various active and passive attributes which come with matter and
studies the result from subtraction (&€& apaipécewc) only, such as the mathematical concave
solid with its planes, lines, and points. The highest science, Aristotle points out, is First
Philosophy. It studies objects which exist separately from matter and motion both in reality

and in thought.

It therefore seems that all the affections of soul involve a body — passion, gentleness,
fear, pity, courage, joy, loving, hating [...] Hence a physicist would define an
affection of soul differently from a dialectician; the latter would define e.g. anger as
the appetite for returning pain for pain, or something like that, while the former
would define it as a boiling of the blood or warm substance surround the heart. The
latter assigns the material conditions, the former the form or formulable essence. [...]
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The physicist is he who concerns himself with all the properties active and passive
of bodies or materials thus or thus defined; attributes not considered as being of this
character he leaves to others, in certain cases it may be to a specialist, e.g. a carpenter
or a physician, in others (a) where they are inseparable in fact, but are separable from
any particular kind of body by an effort of abstraction [ dpaipécewc], to the
mathematician,'% (b) where they are separate both in fact and in thought from body
altogether, to the First Philosopher or metaphysician. But we must return from this
digression, and repeat that the affections of soul are inseparable from the

material substratum of animal life, to which we have seen that such affections, e.g.
passion and fear, attach, and have not the same mode of being as a line or a

plane.'%” (Smith, de Anima. 403a27-403b19).

gotke 8& kol To TS Yuyfc Thon mévTa Evon PETd GOUOTOC, Bupds, TPadTNS, POPOC,
&\eog, 0apoog, ETt yopd Kol TO EIAETV TE Kol HUGELV [...] dtapepdvtag &' &v optcs(xwro
0 puowkdg [te] (td TN THig Yuxfic) kai 6 SrolekTikdc EKacTov adTdV, olov Opyr Ti
€oTv: 0 P&V yap Ope&v dvtilvmncemg 1| Tt ToodTov, 0 8¢ (éov Tod mepi Kapdiov
aipatog koi Oepuod. TovTmV 8¢ 6 pév Ty HAnv dnodidwotv, 6 8¢ 1O £idog Kai TOV
Aoyov. [...] GAA' 6 puo1Kdg epi dmavd' doa ToD TO10VAL CAONATOS Kol THG TOTNG
VANG Epya kai wéon, doa 6¢ un Totadta, dAAOC, Kol TePl TIVADV Hev TeYVITNG, £0V
Oy, 010V TEKT®V T 10Tpdg, TV 8 PN YOPIGTAVY PéV, T 8 ur) T010VTOV GHOUNTOC
méon xoi &5 (’x(poups'cscog, 0 podnuotikoc, N 8¢ kexopiopéva, O TPGOTOC (plXéGO(pog;
AL’ émavitéov 60ev 0 Aoyoc. sksyousv on 6t ta naen TG Youyiic obtmg dydpiota
Th¢ PLGIKTig BANG T@V {Dov, | Ve o100 Hrdpyel <oio> OvpoOg Koi POPog, Koi ovy
domep ypopun kot Enimedov.

Even though ‘td 8¢ puowd ék TpocBécems’ is not present in the passage, its application may

still be implied by its correlative ‘€€ doaipéoemc, 6 pobnuotikos:’ the physicist studies the

sensible being in its complexity together with matter, such as blood and heart (403a32) and

with other active and passive properties (403b10). The mathematician, instead, subtracts them

all. Furthermore, he may also subtract what the dialectician studies, i.e. all affections of the

soul (anger, passion, gentleness, fear, pity, courage, joy, loving, hating). However, if he

subtracts the material element first, the affections of the soul disappear together with matter.

106 The English translation slightly distorts the original as there is no ‘qua’ terminology mentioned in it. Consider
a more literal translation: “the mathematician studies the attributes which are on the one hand inseparable, but on

the other hand he does not treat them qua () passions of such and such a body but studies them from
subtraction” [my trans.].

107 Cf. Metaphysics V1, 1. “For physics deals with things which exist separately but are not immovable, and some

parts of mathematics deal with things which are immovable but presumably do not exist separately, but as

embodied in matter; while the first science deals with things which both exist separately and are immovable.”

(Ross, Meta. 1026a13-6).
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(V) T@OV év apaipéoel 6vtov in the De Anima 111. 4. In the following passage the
Greek ta mathematica is not explicitly stated but only implied by the straight (t0 €06V). This
excerpt seems to deal with definitions. Specifically, it implies that the objects of mathematics
are defined analogously to the objects of physics, i.e. in each there is a form, matter, and a
compound of both: snub is a compound of curvature (form) and matter (flesh of the nose) and,
likewise, a straight line is a compound of form (twoness) and matter (a continuum in one
dimension).
Again in the case of abstract objects what is straight is analogous to what is snub-
nosed; for it necessarily implies a continuum as its matter: its constitutive essence is
different, if we may distinguish between straightness and what is straight: let us take
it to be two-ness. It must be apprehended, therefore, by a different power or by the
same power in a different state. To sum up, in so far as the realities it knows are
capable of being separated from their matter, so it is also with the powers of mind.
(Smith, de Anima, 429b17-24).
néA 8' Emi TV €v ApapEcel dvimv TO 0OV MG TO GLUAV: PeTd GuVEYODG YAp: TO O
i v etvay, &l EoTiv Etepov 1O 00T slvar koi 10 €000, SAL0- EoTm Yap SVEC. ETEpm
dpa N £1épag Eyovtt Kpivel. OAmg dpa O ypoTd TA TPaypata THe YANG, obTm Kol
TO TEPL TOV VOOV.
Here we need to be careful not to confuse two senses of matter which appear in this passage:
sensible ‘matter’ (e.g. bronze) which we subtract from the physical object along with other
accidents in order to arrive at the extension or quantitative and continuous (shape and size),
and ovveyng or the continuous as the ‘intelligible matter’ of the straight line, where ‘twoness’
is the essence of a line. The followers of “abstraction from matter” may find it puzzling that
while the intellect “abstracts from matter,” ta mathematica yet retain some kind of matter.'%
Since mathematicals depend on physical bodies, i.e. the sizes, shapes, lines, and planes are

constantly changing because physical bodies are in constant flux, and consequently

intelligible matter would thus also be changing. This is why intelligible matter cannot underlie

108 T will treat this in my section on intelligible matter in section 4.3.
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physical bodies, as Mueller suggests that it does.!%” I will discuss this issue in detail in section
4.3 of this chapter.

This passage in De Anima 111. 4 is often omitted!'? in the discussions of ‘intelligible
matter’ of which there are three explicit instances in the Aristotelian corpus: Meta. VII.10,
1036a 1-12; VII.11, 1036b 32-1037a5; VIIIL.6, 1045a 33-6. The reason for neglecting De
Anima 111. 4 perhaps lies in the fact that YAn vontn as such is not explicitly stated there. Yet I
think we have some strong evidence from other passages to assert that the continuous
(ovveyng) is intelligible matter (OAn vontn|). In Metaphysics VIIIL.6 Aristotle asks:

[...] what is the cause of the unity of ‘round’ and ‘bronze’? The difficulty disappears,

because the one is matter, the other form (nopen) [...] Some matter is intelligible,

some perceptible, and in a formula there is always an element of matter as well as one
of actuality; e.g. the circle is ‘plane figure.” (Barnes, Meta. 1045a27-35).

$Hote 10 (NToVHEVOV £0TL Ti oiTiov ToD &V lval TO GTPOYYOAOV KOd TOV YOAKOV. OVKETL

on dmopia eaiveral, dtt TO pEV DAN TO € popon [...] Eott 8¢ Thg VANG 1 pev vontn 1 &

aicOnT, Koi dei Tod Adyov O pév HAn 10 8¢ £vépyeld 6Ty, olov 6 KUKAOG Gyfipa
gmimedov.
Thus, if ‘plane’ is an intelligible matter of a circle, in a like manner cuveyng or continuum in
one dimension is an intelligible matter of the straight line.

(vi) 10 év aparpéoer Aeyopeva in the De Anima I11. 7. This passage, though
corrupted, is very similar to De Anima 111.4. The similarity is obviously expressed in the first
sentence of both excerpts: the ability of a mind to grasp fa mathematica by subtraction of the
physical aspects of the snub nose and arriving at the hollow mathematical solid. In this
passage, however, there are two new considerations which are not explicitly present in De

Anima 111.4: the objects of mathematics are separate from motion and change when the mind

thinks them even though they do not exist in separation, and the mind is identical with the

19 Tan Mueller, "Aristotle on Geometrical Objects," Archiv fiir Geschichte der Philosophie 52, no. 2 (1970): 161,
168.

10 Cf. John Thorp’s article the "Intelligible Matter in Aristotle," The Society for Ancient Greek Philosophy
Newsletter. 385 (2010): 1-6. https://orb.binghamton.edu/sagp/385

67


https://orb.binghamton.edu/sagp/385

object of its thinking. Aristotle also asks a question whether the mind, while not existing
separately from magnitude, is capable of thinking anything completely separate. This perhaps
indicates that Aristotle has the unmoved prime mover in mind who exists as separate both
from matter and from magnitude. It is also important to point out the place of the qua-
indicator (1)) in this passage. It indicates the mathematical remainder in the process of
subtracting physical aspects; ‘10 koiAov’ is the thing existing in subtraction.

The so-called abstract objects the mind thinks just as, if one had thought of the snub-
nosed not as snub-nosed but as hollow, one would have thought of an actuality without
the flesh in which it is embodied: it is thus that the mind when it is thinking the objects
of Mathematics thinks as separate elements which do not exist separate. In every case
the mind which is actively thinking is the objects which it thinks. Whether it is
possible for it while not existing separate from spatial conditions to think anything that
is separate, or not, we must consider later. (Smith, de Anima, 431b 13-20).

0 82 &v dparpéoel Aeydpeva <voel> Homep, £ <TIC> TO GLUOV T KV GLUOV 0D,
Kexmpiopévag 88 1 kothov [l Tic] évost [dvepyeia], Bvev ThC capkdc av Evoet &v 1) O
KOTAOV-0UT® TG LoONUATIKA, OV KEYWPIGUEVA <OVTO>, G KEXOPIGUEVA VOET, dTav VOT)
<> 8kgiva. HAmc 88 O vodg dottv, O Kat' &vépyelay, Té Tpdypata. apa &' évoéyetar TV
KEYOPIGUEVAOV TL VOETV OvTa adTOV LT KEYWPIoHEVOV peyéboug, 1j ol, okentéov
voTtEpoV.

Thomas Aquinas, commenting on this passage reverses the object of subtraction. The objects
of subtraction in Aristotle are motion, change, passions, and affections, whereas here Aquinas
states that we abstract a mathematical form from all sensible characteristics. Aquinas seems to
mean that we abstract a particular form from particular matter:
Here he [Aristotle] proceeds in two stages: (1) he explains how we understand
mathematical objects abstracted from sensible matter; and (2) he enquires whether we
understand anything that is immaterial in being at ‘Whether it is possible’ (trans.
Foster and Humphries).'!!
Et circa hoc duo facit. Primo ostendit quomodo intelligit mathematica, quae a materia

sensibili abstrahuntur. Secundo, inquirit utrum intelligat ea quae sunt secundum esse a
materia separata, ibi, utrum autem contingat.

" Thomas Aquinas, Commentary on Aristotle’s De Anima. Transl. by Kenelm Foster, O.P. and Sylvester
Humphries, O.P. New Haven: Yale University Press, 1951.
https://dhspriory.org/thomas/english/DeAnima.htm#37L
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Later he adds that apart from abstracting the particular mathematical form from matter, we
also abstract a mathematical universal along with the particular. The notion of abstraction of a
mathematical or non-mathematical universal is absent in Aristotle:

Yet in understanding them [mathematicals] we still abstract a universal from
particulars, in so far as the specific nature is understood apart from the individuating
principles; for these do not enter into the definition. And the mind in act is its object;
for precisely in the degree that the object is or is not material, it is or is not perceived
by the mind. And just because Plato overlooked this process of abstraction he was
forced to conceive of mathematical objects and specific natures as existing in
separation from matter; whereas Aristotle was able to explain that process by the agent
intellect. (trans. Foster and Humphries).!!?

abstrahit tamen circa naturalia intellectus universale a particulari simili modo,
inquantum intelligit naturam speciei sine principiis individuantibus, quae non cadunt
in definitione speciei. Et omnino intellectus in actu est res intellecta, quia sicut res in
sui ratione habent materiam vel non habent, sic ab intellectu percipiuntur. Et quia hunc
modum abstractionis Plato non consideravit, coactus fuit ponere mathematica et
species separatas, loco cuius ad praedictam abstractionem faciendam Aristoteles posuit
intellectum agentem.
Aquinas helpfully comments here that Plato overlooked the process of abstraction, as a result
of which he was forced to posit intermediates existing separately from sensibles. Cleary,
however, states the opposite. He argues that it was Aristotle who overlooked Plato’s
interpretation of intermediates and Forms, in a sense that for Aristotle, Plato’s objects of
mathematics were separated spatially from their physical instantiations, whereas Plato
understood this separation only epistemologically (the reception of forms by the soul without

matter).!3 It is difficult to say which one of these opposing views is correct. The only thing I

can affirm is that Aristotle’s aphairesis is not the process through which the soul receives

12 Ibid.

3 For Aristotle “this separation means that Ideas are independent substances which are spatially distinct from
their sensible participants. In contrast, the separation of Ideas for Plato turns out to be primarily logical and
epistemological, when the relevant passages in the dialogues are scrutinised. However, the crucial point for the
shape of Aristotle's own problematic is that he interprets this separation in ordinary spatial terms and thus
concludes that Ideas are independent substances.” John Cleary, "Aristotle’s Theory of Abstraction: A Problem
about the Mode of Being of Mathematical Objects." (PhD thesis. Boston University Graduate School, 1982),
143.
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forms without matter. Its purpose is rather to uncover the category of quantity within any
sensible body.

Earlier in his commentary to De Anima 11. 5 and 6 Aquinas states that the universal of
‘humanity”’ or the universal of ‘man’ can be also abstracted from matter.!'* Again, this is not
how Aristotle uses aphairesis — both in Physics 11.2, Posterior Analytics 1.5, De Caelo 111.1,
Metaphysics VII.3 and X1.3, he makes it clear that this is motion, change, affections, and
passions which are subtracted from the particular quantitative and continuous, not the
quantitative and continuous from matter as Aquinas takes it. In addition, according to
Aristotle, a universal, such as a mathematical (e.g. circle) or non-mathematical (e.g. man), is
reached by induction from particulars, not by abstraction from particulars.

(vii) 1@ év aparpéoer Aeyopeva in the De Anima I11. 8. In this passage Aristotle
states against the Platonists that neither the objects of mathematics nor the objects of physics
can exist separately from sensible spatial magnitudes, and that the objects of thought (t&
vonta) of all these sciences are in the sensibles. This way Aristotle shows that the mode of
being of the objects of mathematics which are ‘spoken about in subtraction’ primarily depend
on sensibles. The objects of physics, such as the states and affections of sensibles (dca t®v
aicOntdv €Ee1g kai mdOn) which the physicist studies, are ‘spoken about in addition.” Even if
the latter expression is not in the text, its implication is still present. In addition, Aristotle

says, that if any of the senses were lacking, there would be no knowledge of the sensible

114 He states that “universal comes into being by abstraction from such matter [universale autem est per
abstractionem ab huiusmodi materia] and all the individuating material conditions” [...] Now a nature—say,
human nature,—which can bethought of universally, has two modes of existence: one, material, in the matter
supplied by nature; the other, immaterial, in the intellect. As in the material mode of existence it cannot be
represented in a universal notion, for in that mode it is individuated by its matter; this notion only applies to it,
therefore, as abstracted from individuating matter [abstrahitur a materia individuali]. But it cannot, as so
abstracted [abstrahatur a materia individuali], have a real existence, as the Platonists thought; man in reality only
exists (as is proved in the Metaphysics, Book VII) in this flesh and these bones [...] Hence the mind abstracts,
without any falsehood, a genus from a species [intellectus absque falsitate abstrahit genus a speciebus” (Lectio
12). In Corpus Thomisticum. Sancti Thomae de Aquino Sentencia libri De anima, liber II.
http://www.corpusthomisticum.org/can2.html
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world because the intellect is dependent on senses. The objects of mathematics, physics, and
of all other sciences are like sensuous images which the mind receives without matter.
Since according to common agreement there is nothing outside and separate in
existence from sensible spatial magnitudes,''® the objects of thought are in the
sensible forms, viz. both the abstract objects and all the states and affections of
sensible things. Hence (1) no one can learn or understand anything in the absence
of sense, and when the mind is actively aware of anything it is necessarily aware of
it along with an image; for images are like sensuous contents except in that they
contain no matter. (Smith, de Anima, 432a3-9).
€mel 0€ 0VOE mpay o oVOEY E6TL Tapa TA PEYEDN, (g doKET, Ta aicOnTa
KEYOPIoUEVOV, &V 101G £10e01 101G alioBNTOlC TA voNTd £0TL, T4 TE €V AQaIpETEL
Aeyopeva kol 8ca tdv aicOntdv £E1g Kol mdo. Kai 610 TodTo 0VTE Un
aicOavopevog unbev ovbev v pdbot 0voE Euvein, dtav te Bewpt), Avaykn Gpo
QAVTAGUA Tt Oempelv: T Yap PavTaouaTo Gomep aicOuatd ott, TANV dvev DANG.
If we apply this passage from de Anima 111.8 to the Metaphysics X1. 3 passage which I
analyze below, we may draw the following connection. The quantitative and continuous
(Metaphysics X1. 3) are the things that are spoken about in subtraction (de Anima 111.8) from
all the sensible qualities (Metaphysics X1. 3). Contrary to the epistemological interpretations
of aphairesis as an immediate process of reception of mathematical forms or images
(pavtacud) by the soul which this passage might suggest, I do not see such application of the
term both in this passage and in all other places where the term comes into sight. Again, I do
agree that in the de Anima Aristotle does describe the process of reception of forms by the
passive intellect without matter (de Anima 111.4). I, however, refuse to accept that aphairesis

describes any such abstracting process. In this respect I agree with Cleary.!!® He also proposes

that both €& dpaipéoemg expression and deaipeoig should be interpreted primarily as the

115 This does not deny the existence of immaterial beings studied by First Philosophy, such as both the sensible
substance which is not predicated of anything and of which everything else is predicated, and eternal substance
or Prime Mover which exists outside from sensible spatial magnitudes. By ‘nothing outside and separate in
existence’ Aristotle means Plato’s Forms and Form numbers.

116 John Cleary, "On the Terminology of "Abstraction" in Aristotle," Phronesis 30 (1985): 14, 34, 36, 41.

71



logical methods of finding the primary subject of any given attribute.!!” While the latter
application of the term is present in Aristotle, I think the main purpose of the terminology is
rather that of uncovering and elucidating the spatial location of the sensible magnitude, which
is in all respects sensible and does not exist “outside and separate” (de Anima, 432a3) in the
manner of Plato’s Forms and Form numbers. Aristotle uses both €€ apapécemg and ék
npocBécemc as the tools for breaking down the sensible object into its respective categories;
these correlative methods show how one sensible object can be shared by various sciences,
such as mathematics and physics in particular.

(viii) Ta £€ apaipéoemg in the Metaphysics XI. 3. This passage explicitly supports
the following points I have been arguing for throughout my work. First, aphairesis is a simple
successive method of subtracting items from an object in question such as weight and
lightness, hardness and softness, heat and cold, motion and change,''® upon whose removal

% in one, in

we leave the remainder for mathematical study — the quantitative and continuous
two, or in three dimensions. Therefore, this does not presuppose an extractionist sense of
taking out one of many. The fact that the term works as a simple method of removing things
successively is supported by the mathematical language of ta €& dpapécemg, mepieddv, and
kataAeinet. This simple method of aphairesis is similar to what we have seen in the Topics,
Sophistical Refutations, and Physics. Second, aphairesis is not an abstraction of a particular

mathematical form from matter or an abstraction of a mathematical universal from particulars;

the purpose of using this terminology is rather that of uncovering and elucidating the spatial

17 1bid., 32, 33, 39.
118 Weight and lightness, hardness and its contrary, and also heat and cold and the other sensible contrarieties
(Bapog kai koveotnTa Kol GKANPOTNTA Kol TovvavTiov, £Tt 8¢ Kol Beppudtra Kol youxpotnTo Kol Tog GAALG
aiocOntag évavtiwoelg) in Metaphysics X1.3 correspond to affections, products, and potencies of bodies (t@dv
cOUATOV TAON Kol Tompata Kol duvapels) in Metaphysics VIL3.
119 The remainder, such as the quantitative, the continuous (10 Tocov xoi cvveyés) and dimensions (TG pev &
&v TdV 3" €mi 6v0 TV &’ &l tpia) in Metaphysics X1.3 correspond to length, breadth, and depth (16 pfjkog kai
mAGtog kol Baboc) in Metaphysics VIL.3.
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location of the particular sensible magnitude. In addition, the qua-operator denotes the results
of subtraction, or the remainder in the process of subtracting the items, thus the terms are
closely connected; this justifies why aphairesis is completely absent in Metaphysics XI11.3
where Aristotle gives his positive account.

As the mathematician investigates abstractions[ta €€ apapécemg] (for before
beginning his investigation he strips off [mepied@v] all the sensible qualities, e.g.
weight and lightness, hardness and its contrary, and also heat and cold and the other
sensible contrarieties, and leaves [kKotaAeinet] only the quantitative and continuous,
sometimes in one, sometimes in two, sometimes in three dimensions, and the
attributes of these qua quantitative and continuous [} T0cd o1t koi cuveyd], and
does not consider them in any other respect, and examines the relative positions of
some and the attributes of these, and the commensurabilities and
incommensurabilities of others, and the ratios of others; but yet we posit one and the
same science of all these things — geometry) — the same is true with regard to being.
For the attributes of this in so far as it is being, and the contrarieties in it qua being, it
is the business of no other science than philosophy to investigate; for to physics one
would assign the study of things not qua being, but rather qua sharing in movement;
while dialectic and sophistic deal with the attributes of things that are, but not of
things qua being, and not with being itself in so far as it is being; therefore it remains
that it is the philosopher who studies the things we have named, in so far as they are
being. (Ross, Meta. 1061a29-1061b12).

KaBdmep 6 O pobnuoTikog Tepl Ta €5 dpapésems v Bempiov moleiton (Tepleldv
Yap wévTa To oicOnTa Oswpel, olov Bapoc kol kovedTNTa Kai GKANPdTNTA KOl
tovvavtiov, £t 8¢ kol Beppdra Kol youypdta Kol Tag dAANG aicOnTog
EVOVTIDOGELG, LOVOV OE KATOAEITEL TO TOGOV KOl GUVEXES, TAV UEV €0 EV TV & &ml
800 Tév & &mi tpia, koi To TAON & TOVTOVY T TOGE doTL KOi GuvEXT, Kod oV Kod’
£tepdv T1 Bewpel, kol TOV PEV TOC TPOG AAANAL BEGEIC GKOTET Kol TO TODTONG
VILAPYOVTA, TV O& TAG CLUUETPIOG Kol AGVLUUETPIOG, TAV 08 TOVG AOYOVG, GAL™ OUMG
piov Tévtov Kol Ty a0tV TOgUeY EMGTAUNY TNV YEOUETPIKNV), TOV aOTOV On
TpoOToV Eyel Kol mepl TO Ov. T YOp TovT® cvuPePfnkota kab  dcov €otiv v, Kol TG
EVOVTIDOELG on’)rof) 1 dv, ovk GAANG EMOTAUNG T PLA0G00i0G BempTicat. Ti) LGIKT
uev yap ody f dvia, uaMov d" M KNoEMG HETEYEL, TNV Gacopww TG omovsmatsv av: 7
Y& PNV SIOAEKTIKY Kai 1) GOPIOTIKT TAV GLUPEPNKOTOV pév £ict TOiC 0VGLY, 0VY ) &
dvta 000€ mepi 1O OV otd Ko doov v €otiv: HoTe Agimetar TOV PLLoGOQoV, Kb’
doov 8vt’ €otiv, etvon epi T AeyBévta OepnTIKOV.

In this passage Aristotle also contrasts three other sciences with the science of mathematics.
While mathematics removes motion and change, the science of physics that treats of things
from addition studies physical beings in their complexity together with motion and change.

The science of metaphysics, in turn, removes both motion, change, and sensible special
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magnitudes and studies being only in so far as it is being or studies the Prime Mover. The
science of dialectic removes from its consideration everything that mathematics, physics, and
philosophy consider as their objects, and studies what is peculiar to it, such as logic, rhetoric,
syllogisms, and reasoning in general.

We should not follow Ross in his translation of ta €& dpopécewc as ‘abstractions.’
First, this implies the idea of extracting, and secondly, the English word itself is no longer free
from modern connotations of something being devoid of any content which makes it lie wide
open to modern anti-abstractionist criticisms. Thomas Aquinas this time faultlessly captures
the meaning of ta &£ dpapécemg in 0 padnuaticog tepl ta €& dpapécewg tnv Bempiav
moteiton in Metaphysics XI1. 3. He states: Aristotle “dicens quod sicut mathematica habet
considerationem circa ea quae sunt ex ablatione.”'?’ John P. Rowan, translates Aquinas’
statement in a very plausible Aristotelian way: “now the mathematician in a sense studies
things which are gotten by taking something away.”!?!

Philippe, analyzing the process of subtraction of sensible aspects concludes that this
and all other uses of aphairesis are insufficient to attain mathematicals: “Remarquons bien
que dans tous ces textes, le verbe est employé par Aristote pour désigner certaines opérations
de I'intelligence qui ne sont pas du tout réservées au domaine des mathématiques.”'?*> He then
adds that “Aristote, de fait, ne I'emploie pas pour exprimer l'acte par lequel on saisit les étres

mathématiques.”'?® After he rejects aphairesis as the only method of reaching particular

120 Thomas Aquinas, Commentary on the Metaphysics, Transl. by John P. Rowan. Chicago, 1961.
https://dhspriory.org/thomas/Metaphysics11.htm

121 Thid.

122 Philippe, M. D., "Aphairesis, prosthesis, chorizein dans la philosophie d' Aristote." In: Revue thomiste 48
(1948): 466.

123 Ibid.
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mathematicals, he proposes that this method on its own does not isolate the separated
mathematical. He claims that the second step we need to perform is isolation or extraction. 4
Ceci nous montre bien le caractére propre de cette abstraction mathématique: il ne
s'agit pas seulement de ne pas considérer les notes individuantes et singuliéres de
telle ou telle réalité physique, d'abandonner ses qualités physiques immédiatement
sensibles, mais il faut de plus « formaliser » un aspect de ces étres quantifiés.
Autrement dit il ne faut pas les envisager formellement comme des €tres quantifiés,
sujets de certaines propriétés, mais il faut isoler par la pensée cette quantité et la
considérer dans son intelligibilité propre, en saisir la structure essentielle et ses
diverses propriétés [...] Elles [propriétés des étres mathématiques] sont «abstraitesy:
elles n'existent que dans et par tel acte d'intellection qui leur donne une certaine
forme en les isolant du monde physique et en les laissant dans le monde du
continu.”!?
I do not agree with this interpretation. The act of successive removal of the sensible aspects
brings us to the same remainder which the qua-method of isolation points to. In fact, he does
not see aphairesis to be sufficient because its function is, indeed, not an isolation or extraction
but a successive removal of physical aspects used by Aristotle to demonstrate the location of
the quantitative and continuous. However, it is difficult to see why aphairesis alone cannot be
sufficient, because whenever we subtract passions, affections, motion, and change from a
physical being, the quantitative and continuous remainder also, in a sense, becomes isolated in
thinking. Isn’t it the case that applying the qua-method after the process of subtraction is done
will be superfluous to it? When we successively subtract, we come to the knowledge of the
sensible magnitude existing in an object which then becomes intelligible matter in thinking.

(ix) Ta 0 apapéoedg ¢otiv in the Nicomachean Ethics, VI. 8. In this passage at

1142all ff. Aristotle explains why young men experience no difficulty in understanding

124 Philippe does not explain how exactly he understands isolation in this context. It seems right to affirm that the
role of isolation he attributes to ‘en tant que,’” though he does not say it explicitly in the body of his analysis and
does not give any treatment of it. He only cites a few passages of Aristotle’s uses of ‘en tant que’ in the
footnotes. Interestingly, he seems to link this method of ‘en tant que’ to ‘extraction:” “L'abstraction peut, en
effet, jouer le role de cause propre et premiére a I'égard des étres mathématiques, en ce sens que ces étres ne
peuvent exister que «de» , «par» et «dans» cette abstraction. Celle-ci ne les crée pas, ne les invente pas, au sens
fort, mais elle leur donne leur propre mode d'étre. Elle les extrait pour ainsi dire du monde physique ou ils se
trouvaient comme cachés et enveloppés; elle les libére.” (p. 476).

125 Philippe, M. D., "Aphairesis, prosthesis, chorizein dans la philosophie d' Aristote." In: Revue thomiste 48
(1948): 464.
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geometrical and mathematical truths. He clarifies that to understand the objects that the wise
man studies, such as the principles of physics, philosophy, ethics, and politics, a young
mathematician would need experience (éumeipia), which he obviously lacks. Mathematics and
geometry, on the other hand, need no experience — they only require the ability of logical and
analytical thinking, i.e. the ability to use the method of subtraction (ot dpaipécemg) through
which a young mind can arrive at the quantitative and continuous aspect of a thing.

What has been said is confirmed by the fact that while young men become
geometricians and mathematicians and wise in matters like these, it is thought that a
young man of practical wisdom cannot be found. The cause is that such wisdom is
concerned not only with universals but with particulars, which become familiar from
experience, but a young man has no experience, for it is length of time that gives
experience; indeed one might ask this question too, why a boy may become a
mathematician, but not a philosopher or a physicist. It is because the objects of
mathematics exist by abstraction, while the first principles of these other subjects
come from experience, and because young men have no conviction about the latter
but merely use the proper language, while the essence of mathematical objects is
plain enough to them? (Ross, EN. 1142a12-20).

onpeiov 8° €Tl TOD €lpnUEVOL Kol S10TL YEOUETPIKOL Pev VEOL Kai podnpoticol
yivovtotl Koi 6o@oi T ToladTo, POVIHoG & oV dokel yiveohat. aitiov & dti kol TdV
ka0’ €Kaotd €0tV 1] PpoOVNGLS, O Yivetan yvopuua €€ Eumepiag, véog & EUmEpog ovK
gotv: TAN00G yap ypovov Tolel TV Eumepiav: &mel kol TodT GV TIC oKEYaLto, did Ti
On pobnuatikog pev moic yévort” v, coeoc 6’ §j puotkog ov. 1 8Tt T pev o’
APUPECEDS £0TLV, TOV O™ ai dpyol &€ Eumelplag: Kol T0 HEV OV TGTEVOVOLY Ol VEOL
AL Aéyovoty, T®V 0 1O Ti £0TV 00K AdNAOV;
Knowing the objects of philosophy besides mathematical objects, such as the sensible
substances which exist without qualification, divine separate substance or the prime mover,
being qua being, — all of these, require experience. Since both sensible substances and the
divine unmoved mover are separable in themselves, it would be hard for a young
mathematician to perceive something which is separable both from matter and from sensible
spatial magnitude. While the results of mathematical separation, such as mathematical

squares, spheres, triangles, and all other shapes are immediately present in the mind of a

young pupil, the metaphysical separation would require a lot of effort. In a like manner, it is
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difficult for the young to correctly explain any physical or astronomical phenomena or theory
because it requires long years of observation and physical interaction with the world to grasp
the principles and causes of things and to collect the necessary data. What is more, the data or
evidence collected must be true, not false. The same holds for the science of politics. Aristotle
says in the Nicomachean Ethics 1.3, that “a young man is not a proper hearer of lectures on
political science [and science of ethics!?¢]; for he is inexperienced in the actions that occur in
life” (1095a3-5). To know what is good for the polis, one needs to be experienced in
relationships and understand the principles (épyai) of the human good. In terms of the ‘the
things that exist by subtraction’ in “fj éti T0 pe&v ot” APapEsEDS 6TV, TOV O™ ai dpyol £&
éumepiog,” Aristotle may also mean the principles (dpyoi) which generate the results of
mathematical subtraction, but not the results of subtraction themselves. Specifically, a young
mathematician is not only able to think of any physical objects as mathematical solids, but
also comprehend their principles such as planes, lines, and points which are gained by the
further process of subtraction from which solids are generated in thinking. This is why the

essence of the objects of mathematics is plain to the youth (EN. 1142a20).

4.2.2 Aphairesis and the ‘Qua’ Method in Mathematics

I have already mentioned in my section on aphairesis outside mathematics that in

Metaphysics VII.3 Aristotle highlights the term as a simple successive method of subtracting

the aspects within a particular physical object so as to locate its substance. Upon the removal

126 John Beare in his article “The Meaning of Aristotle, ‘Nicomachean Ethics™” states that “fy molruct] is
employed by Aristotle in three ways—(a) to embrace Ethics and Politics (the theory of individual conduct, and
that of the conduct of men in masses), without distinction; (b) to designate Ethics proper; (f) to stand for Politics
proper. In the sentence with which we are here most concerned, it refers primarily to Ethics, but, of course, not
exclusively” in John Beare, 1. "The Meaning of Aristotle, ‘Nicomachean Ethics’", 1095 a. 2." Hermathena 12,
no. 28 (1902): 40-43.
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of all determinations, what remains (bmoAeuropevov) is substance or matter — that which is not
predicated of anything, but of which everything else is predicated. Later Aristotle abandons
the idea that matter is substance and proposes that substance is essence (t0 ti v givon). Apart
from locating the substance, here Aristotle also uses aphairesis in order to arrive at the three-
dimensional extension such as length (line), breadth (plane), and depth (solid). Thus, I also
include this same passage in my section on aphairesis within mathematics. Here is how
Aristotle unfolds the objects of mathematics:

We have now outlined the nature of substance, showing that it is that which is not
predicated of a stratum, but of which all else is predicated. But we must not merely
state the matter thus; for this is not enough. The statement itself is obscure, and
further, on this view, matter becomes substance. For if this is not substance, it
baffles us to say what else is. When all else is stripped off evidently nothing but
matter remains. For while the rest are affections, products, and potencies of bodies,
length, breadth, and depth are quantities and not substances (for a quantity is not a
substance), but the substance is rather that to which these belong primarily. But
when length and breadth and depth are taken away we see nothing left unless there
is something that is bounded by these; so that to those who consider the question
thus matter alone must seem to be substance. (Ross, Meta. 1029a 8-19).

vV pv odv tome eipntol i ot £oTiv 1) ovoia, 6T TO U Kad’ VITOKEWEVOL ALY
KB’ oL T AAAQ: OET 6€ ) Lovov obTMS: 0V Yap kavov: avTo Yop ToDTO donlov,
kai €11 1) VAN ovoia yiyveral. €l yap un adtn ovoia, tig Eotv dAAN Sopevyet:
TEPLULPOVUEV®V YOP TAV GAL®DV 0V QOIVETAL OVOEV VTOUEVOV: TA PEV YOp AL TOV
COUATOV TAON Kol Tompota Koi Suvapels, to 8¢ pfkog Kol mAdtog kai fébog
T0GOTN TEC TIVEC GAL 0VK ovGion (TO Yap TOGOV 00K 0VGIa), GAAY LOALOV O
VIAPYEL TODTO TPDOTW, EKETVO £GTIV 0VGT0. AAAN LNV APOIPOVIEVOL UNKOVG KOl
TAATOVG Koi BaOovg 00dev OpdpeY Dohewmopevovy, TNV &l ti 6Tt TO Oplouevov
VIO TOVTOV, DoTE TNV VANV AvAayKn eaivesBot pévnyv ovcioy oVT®m GKOTOLUEVOLS.
In order to attain this extension Aristotle does not say that we must abstract mathematical
extension from matter, but he rather uses a successive method of removing affections,
products, and potencies of bodies within the physical object until he arrives at length, breadth,
and depth. In addition, in this passage we find not just the removal of affections and potencies

of bodies, but also a successive removal of dimensions themselves: “But when length,

breadth, and depth are taken away we see nothing unless there is something bounded by
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these” (1029a14-15). Starting with the more simple dimension, such as length or line,
Aristotle gradually removes the more complex ones — breadth which corresponds to plane and
depth which correlates to a solid.

In Posterior Analytics 1.5, aphairesis plays a key role in subtracting the subjects to
which a property does not belong universally. In this excerpt Aristotle claims that in order to
find what the primary subject of any given attribute is, we need to apply the process of
subtraction to those subjects we consider unnecessary. For example, to find what is the
primary subject to which the attribute ‘the sum of internal angles equal to two right angles’
belongs universally, we need to eliminate or subtract ‘bronze’ and ‘isosceles’ from ‘bronze
isosceles triangle,” and leave triangle as the primary subject. If one is to prove that this
attribute belongs to isosceles triangle, one would be in error if one thought that one has given
a universal demonstration. In this case a universal demonstration can be properly given if
isosceles and triangle were the same in essence. Therefore, Aristotle points out that one
should ask whether this attribute belongs to bronze isosceles triangle qua (1)) triangle or qua
() isosceles.

We must ask “Does the property belong to its subject qua triangle [f] tpiycwvov] or
qua isosceles [1 icookeréc]? When does it apply to its subject primarily? What is
the subject of which it can be demonstrated universally?” Clearly the first subject
to which it applies as the differentiae are removed [dpatpovpévev]. E.g., the
property of having angles equal to the sum of two right angles will apply to
“bronze isosceles triangle”; and it will still apply when “bronze” and “isosceles”
are removed [doaipedévtoc]. “But not if you remove ‘figure’ or ‘limit’.” No, but
these are not the first differentiae whose removal makes the attribute inapplicable.
“Then what is the first?” If it is “triangle,” then it is with respect to triangularity
that the attribute applies to all the rest of the subjects, and it is of “triangle” that
the attribute can be universally demonstrated. (Tredennik, 4Po, 74a35-b4).
notEpOV &' 1 Tpiywvov 7 T icookeAdic Vmapyet; kai moTe Katd TodO' vmdpyeL
TPAOTOV; Kol KaBOAov Tivog 1 Amddel&ic; 6fAov 8Tt dTav APapovUEVOV DITAPYN
TPOT. 010V TA 1IG0GKEAET YOAKD TPrYdVE® VTTaApEovat Vo dpbai, GAAd kol ToD
YOAKODV gtvart Apotpefévtog kol 1o I60oKELEC. GAL' OV TOD GYNLOTOC T TEPATOG,.

AL 00 TPMOT®V. TIVOG 0LV TPMTOV; €1 O1) TPLYDVOL, KOTH TODTO LITAPYEL KO TOTG
dALo1C, Koi TOVTOL KaBOAOV €GTIV 1] ATOSEIELG.
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Referring to APo, 74a35-b4 cited above, Cleary claims that “here subtraction is a logical
method of isolating the primary subject to which certain attributes belong per se and this
subject is indicated by the ‘qua’ locution.”'?’ Indeed, aphairesis in this passage does not have
a function of extracting or abstracting one out of many. It does not say that we abstract a
triangle. It rather shows itself as a simple process of step-by-step removal of many such as
‘bronze’ and ‘isosceles’ from one physical object and leaving the aspect of triangularity for
the study.

Throughout his corpus, Aristotle applies the qua-operator to the objects of
mathematics in a similar way as he does for all other sciences: the mode of being of
mathematicals in sensible things is the same as, for example, instance the mode of being of a
‘female’ in this particular physical body — both ‘quantitative,” ‘continuous,” and ‘female’ are
not separate; and they really exist in a physical body though not as an independent entity; the
difference is that ta mathematica are more separate in thought than the ‘female.” While the
result of mathematical subtraction in Ta €€ dpaipéoems, such as the continuous plane or line
can be designated by qua-locutor, i.e. when we consider a man gua solid, it does not mean
that any non-mathematical qua-isolated remainder such as ‘pale’ or ‘being’ may be
considered as the ‘ta €€ apaipéoemg’ because the seven out of nine uses of this expression
point out to the objects of mathematics. While aphairesis showed itself as a process of the
successive removal of many and leaving one for an investigation, it remains unclear whether
it is right to link the qua-method with the extraction of one out of many. It seems that when
we consider a man gua solid, we do perform an act of extraction of one thing while the rest is

all at once disregarded. It is difficult to conclude whether this is the case or not.

127 John Cleary, "Aristotle’s Theory of Abstraction: A Problem about the Mode of Being of Mathematical
Objects," (PhD thesis. Boston University Graduate School, 1982): 577.
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4.3 Potential Existence of Intelligible Matter in Sensible Substances

Metaphysics XIII. 1 opens by setting out the objective of determining how exactly the
objects of mathematics exist. Here Aristotle proposes four different views of their existence,
three of which end up being rejected. The first view which states that mathematicals exist in
sensible objects Aristotle rejects since it is impossible for two solids to exist in the same place
(Meta. 1076b3); this view is about local inherence of the objects of mathematics in sensible
things (Pythagoreans and Speusippus). However, in Physics 11 Aristotle says that “physical
bodies contain surfaces and volumes, lines and points, and these are the subject-matter of
mathematics” (193b23-25). This might suggest that Aristotle contradicts himself since he also
holds that the objects of mathematics exist in sensible things. It is important to keep in mind
that Pythagoreans and Speusippus, according to Aristotle, held that the objects of mathematics
are substances. Aristotle does not accept that two substances can exist in the same place. The
second, Platonist view which holds that mathematicals are substances and exist separately
from sensible things is also rejected because substances cannot exist outside sensible
bodies.!?® Apart from existing separately, Platonists taught about not just ontological priority
of mathematicals over sensibles, but also of ontological priority of less complex to more
complex mathematicals, e.g. points are prior to lines, and lines to planes. Such a schema of
priority of one substance over others is the result of confusing physical reality with how
things are usually defined. Specifically, since it is impossible to define a square without its
four constituting lines, Platonists thought that lines were thus prior in reality (udAlov), though

they were only prior in definition (npdtepa 1@ Adym), not in reality.!? Aristotle also rejects

128 Also discussed and rejected in Metaphysics 111. 1 and 5, in V. 8, VIIL 2, XI. 2, and in XIV.3.
129 Not everything that is prior in definition is prior in reality (Metaphysics XII1. 2, 1077a36-b11), however,
sometimes priority in substance and priority in definition can coincide, when for instance the primary substance
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such ontological separation based on the absurd accumulation of the objects of
mathematics.!*° Beyond this primary objection to Platonic separation, Aristotle also argues
that Form numbers cannot be the causes of things (Meta. 991bft., 1079b15, 1092b23-25,
1093b11) and that Form numbers suggest a swarm of substances (sménos ousion),’*! e.g. if 4
is the Form of horse, man will be a part of horse if his Form is 2, and so it will follow that one
substance will contain many others.!*? The objects of mathematics are not substances for
Aristotle, and they are not separate ontologically. They are features of sensible objects. In
Metaphysics XIII. 1 Aristotle also mentions the third view that mathematicals “do not exist”
though he does not provide any further discussion since the complete non-existence of
mathematical beings is not an option he seriously entertains. Finally, he states the fourth view,
1.e. that they exist in some special sense (dAAov TpOTOV €iG1V):

If the objects of mathematics exist, they must exist either in sensible objects, as some
say,'®? or separate from sensible objects (and this also is said by some)!'**; or if they
exist in neither of these ways, either they do not exist, or they exist only in some
special sense. So that the subject of our discussion will be not whether they exist but

how they exist. (Ross, Meta. 1076a 32-40).

Gvérykn &, gimep Eott Té podnpaticd, §j &v toig oicOntoig etvor avtd kaddmep
Aéyouot Tveg, §j KEY®PIGUEVO TOV aicONTdV (AEyovot 68 kol oUT® TVEC): T €1 U
OeTéEPMG, 1| OVK €loiv 1§} dALOV TpdTOV giciv: BGGO’ 1 AueioPrioig MUiv Eotot ov mepi
oD eivan ALY TEpL TOD TPOTOV.

is defined (Metaphysics VII.1 1028a10-35). Priority in substance vs priority in definition is also discussed in
Meta. V11.4 at 1030b24-6, V.5 at 1018b34-7, and in XIII.2 at 1077b1-10.

130 In Metaphysics XI11. 11, 1076b30-34 Aristotle explains this absurd accumulation in the following way: “we
find ourselves with one set of solids apart from the sensible solids; three sets of planes apart from the sensible
planes—those which exist apart from the sensible planes, and those in the mathematical solids, and those which
exist apart from those in the mathematical solids; four sets of lines, and five sets of points.” This makes Aristotle
to wonder: “with which of these, then, will the mathematical sciences deal?” (Meta. XIII, II 1076b 35). The same
argument holds for arithmetics — there will be ideal mathematical number over sensible number. An ideal
mathematical number consists of ideal units, therefore one needs to posit more units over and above to explain
the previous set of units (Meta. XIII, IT 1076b35-40). Please see Emily Katz’ article “An Absurd Accumulation:
"Metaphysics" M.2, 1076b11-36” p. 352. There she provides a clear account of the argument.

131 Proposed by Alexander of Aphrodisias at 524.31 in his commentary to Aristotle’s Metaphysics.

1321 will not be discussing these two and other arguments as it goes beyond the scope of my work. For a full
treatment of arguments please refer to Metaphysics X111.4-10, and XIV 1-6.

133 Pythagoreans and Speusippus

134 Plato
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Later in Metaphysics XII1.3 Aristotle explains that the objects of mathematics do not exist
without qualification, or simply, i.e. in the manner of substance. Only substance alone exists
without qualification. Later in the chapter he points out that mathematicals exist in the same
way as ‘mobile,” ‘female,” ‘sight’ and ‘voice’ exist. Mathematical sciences study sensible
objects too, though not gua sensible, but only qua certain possessed features: qua solid, qua
planes, qua lines, qua divisibles, or qua indivisibles (Meta. 1078b 28-30):
It has, then, been sufficiently pointed out that the objects of mathematics are not
substances in a higher degree than bodies are, and that they are not prior to sensibles
in being, but only in definition, and that they cannot exist somewhere apart. But since
it was not possible for them to exist in sensibles either, it is plain that they either do
not exist at all or exist in a special sense [fj Tpomov Tiva] and therefore do not 'exist'
without qualification. (Ross, Meta. 1077b 10-16).
8T1 uév odv obte ovcion pdilov TV copdtov iciv obTe TPdTEPA T® Elval TV
aicONT®V AAAG T® AOY® POVOV, 0VTE KEYWPICUEV OOV givorl duvatdv, eipntat
iovidg: €mel 8 008" v 10ig aicONTOiC dvedéyeto avTd slvat, pavepdv dtt | dAmC odk

gotv | TpOmov Tva EoTt Kod 810 TodTO 0Dy AIAMDC EGTIV: TOALYDG YOp TO EIVOIL
Aéyopev.

The meaning of ‘f} tpémov Tvd’” expression is not immediately clear. How exactly are we to
understand Aristotle’s statement that mathematicals exist ‘in a special sense’? The two ways
of existence which I think are implied by Aristotle’s ‘tpomov tiva €ott’” in 1077b16 1s
existence in the form of ‘intelligible matter’ or “OAn vonty’'3* (Meta. VII.10, 1036a 1-12;

VIL11, 1036b 32-1037a5; VIIL6, 1045a 33-6; X1.1, 1059b 14-16'%%; De Anima 111.4, 429b 17-

24) and existence in the form of potentiality in physical matter and in actuality in thought

135 By the existence in the form of intelligible matter I mean that the subtracted from matter the objects of
mathematics #ave both the intelligible matter and the form, e.g. a circle is ‘a plane figure” where ‘circle’ is the
separated mathematical object, ‘plane’ is its matter and ‘figure’ is the form. Aristotle does not say that
mathematical objects are intelligible matter, instead, they have intelligible matter. I will discuss it more
extensively on the following pages of section 4.3 of my thesis.

136 T do not include this passage in my general treatment of intelligible matter because the concept of HAn vonty
as such is absent there. Here Aristotle raises a question to what kind of science does the discussion of the matter
of the objects of mathematics [mepl tfig T@V pobnuotikdv BAng] belongs to? He replies that it neither belongs to
physics because it has a principle of motion and rest nor to science which deals with demonstrations (perhaps
here he means the science of dialectic). He concludes that is it is the science of philosophy that deals with these
objects. It is however unclear what kind of mathematical matter Aristotle meant it to be. Perhaps it is intelligible
matter.
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(Meta. 1X.9, 1051 a21-33). How do we then put these two views together with the third, i.e.
that the objects of mathematics are physical, quantitative, and continuous extension (Meta.
XI. 3, 1061a 29-35)? In addition, how does aphairesis fit in this picture? It is important to
address all these views in conjunction if one is to get a complete picture of the mode of being
of the objects of mathematics and the method of their reception by the mind. John Thorp, for
instance, while considering the concept of intelligible matter and the method of aphairesis,
does not explain how potency and actuality can be compatible with the two former views.'?’
Allan Béck, although he gives an account of intelligible matter and aphairesis, does not
mention the concepts of potentiality and actuality at all.!*® Michael White, in turn, treats the
concepts of potentiality, actuality, and aphairesis, but does not examine the concept of
intelligible matter.'*® Since this is the case, I see the reconciliation of these views into one
picture in the following way: while ‘existing’ potentially as physical extension and being
unfolded by the successive method of subtraction, mathematicals ‘exist’ actually in thought as

a compound of intelligible matter and form. I will now bring together the passages to prove

my point.

Existing potentially as physical extension and being unfolded by successive method of
subtraction

Aristotle in Physics 11.2 states that physical bodies contain surfaces and volumes, lines
and points. These are in all respects physical surfaces, physical lines, and physical volumes.
In Metaphysics V1.1 he also indicates that the objects of mathematics exist as embodied in

matter, og &v VAN (1026a13-6). Further, in the middle of his positive account in Metaphysics

137 John Thorp, “Intelligible Matter in Aristotle,” The Society for Ancient Greek Philosophy Newsletter. 385.
2010. https://orb.binghamton.edu/sagp/385

138 Allan Bick, “The Concept of Abstraction,” The Society for Ancient Greek Philosophy Newsletter. 376. 2006.
https://orb.binghamton.edu/sagp/376

139 Michael ] White, "The Metaphysical Location of Aristotle's MoOnuotind." Phronesis (1993): 166-182.
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XIII. 3 Aristotle says that the objects of mathematics exist in the way of matter (OVAk®dg):
“Thus, then, geometers speak correctly; they talk about existing things, and their subjects do
exist; for being has two forms — it exists not only in complete reality [évtieyeia] but also
materially [OAk®dc]” (Ross, Meta. 1078a 29031). This seems to suggest that the objects of
geometry exist in the way matter does. Since Aristotle associates matter with potentiality
(Meta. 1045a22) and since lines and surfaces are embodied in matter, it follows accordingly
that quantitative and continuous extension exists potentially. As potentially existing extension
cannot meet the requirements of mathematics, namely that the size of constantly changing
matter alternates the size of the continuous, by stripping off sensible affections and change
and merely considering the objects only qua quantitative and continuous (Phys. 193a 35) free
from motion, the mathematician commits no error when his objects of mathematics become
actual in thought. This means he can study any animated physical being gua continuous: he
can study man as ‘solid’ or Socrates’ nose as solid. Points, lines, and panes do also potentially
exist in this solid. The second sense of mathematicals existing potentially in matter can be tied
up with the idea that geometer’s thinking can make actual what previously existed only
potentially, such as when additional lines which help to prove a geometrical theorem exist
only potentially in a geometrical figure and need to be actualized both in geometer’s thinking
and on paper by drawing, or when a sphere existing potentially in bronze becomes an actual
brazen sphere.

There is a further hint in Metaphysics XI. 3 which explains how to understand
Aristotle’s statement that the objects of mathematics are embodied in matter (og €v OAn). To
reach mathematicals, one must perform the method of subtraction which would help to /locate

the objects of mathematics within a sensible body. This successive removal of unnecessary
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parts from a physical object explains how the quantitative and continuous is unfolded by the
step-by-step removal of all sensible qualities:

As the mathematician investigates abstractions [ta €& dpopésewc] (for before
beginning his investigation he strips off all the sensible qualities, e.g. weight and
lightness, hardness and its contrary, and also heat and cold and the other sensible
contrarieties, and leaves only the quantitative [t0 mocov] and continuous [cuveyég],
sometimes in one, sometimes in two, sometimes in three dimensions, and the
attributes of these gua quantitative and continuous, and does not consider them in
any other respect, and examines the relative positions of some and the attributes of
these, and the commensurabilities and incommensurabilities of others, and the ratios
of others; but yet we posit one and the same science of all these things — geometry).
(Ross, Meta. 1061a 29-35).

KaBdmep 6 O podnuoTikog Tepl Ta €5 dpatpécems TV Bempiov moleltol (Teplelmv
Yap mévta To oicOnTa Ocwpel, olov Bépog kol kovedTTa Kai GKANPdTTA Kad
tovvavtiov, £t 8¢ Kol BeppdTra Kol youypdmTa Kol Tag GAANG aicOnTog
EVOVTIDOGELG, LOVOV 08 KATOAEITEL TO TOGOV KOl GUVEXES, TV UEV €0 EV TV O €mi
500 Tév & &mi tpia, koi T& AN T TOVTOVY T TOGE E0TL KOl GLVEXT, Kol oV Kod’
Etepov T1 Bepel, Kol TV pev Tag Tpog AN BECELG OKOTET Kad T TONTOLG
VTAPYOVTA, TOV OE TAG CLUUETPIOG KOl ACVUUETPIOC, TAV 08 TOVG AOYOVG, GAL" OUMG
piov Tévtov Kol Ty otV T0gUeY EMGTAUNY TV YEOUETPIKNY).

Commenting on Aristotle’s Metaphysics 111, 998a7 (against mathematicals as substances
existing in sensibles) Alexander of Aphrodisias also highlights that the objects of mathematics
are in every respect sensible, which, he mentions, may be thought of as extension or
O1acTOo1C:

Whereas those who assume them [the mathematicals] by way of abstraction, who
separate some [attributes] of the sensibles by reason (logos), leave them [the
sensibles], including the [attributes] separated, all in every respect sensible, since
those separated [attributes] are not capable, on their own, of making up a complete
sensible nature, not even if they are thought of as having some extension (diastasis).
For the extension that is thought of in the case of the mathematicals, together with
the affective attributes (pathetika) separated by reason, is the sensible nature. (trans.
Dooley. 201, 5-10).140

o1 0¢ €€ apapéoemg Aappavovies avtd, T@ A0y Tva TOV aicOnTdV yopicavted,
KOTOAEITOVGLY OTO GLV TOIC Y®PLoOEIot TAVTA TA KT TO OAN aicONnTd, 0VKETL
EKEIVOV TOV KEYWPIGUEVOV DTOV €0 aDTAV SLVOUEVOV TNV aicONTV dmonAnpodv
@VoV, 000’ €Ml S106TAGEMG TIVOG VOOLLLEV®V. 1] YOP €V TOIC LOONUOTIKOIG VOOUUEVT

140 Alexander. On Aristotle's Metaphysics 2 & 3. Ancient Commentators on Aristotle. (Ithaca, N.Y.: Cornell
University Press, 1992), 135.
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AAOTUCIC HETA TOV TM AOY® KEYMPIGUEVOV TAONTIKADV 1| oot eOG1S &V Aupoil
YOp M aicOnT) EVo1G £V VTOGTAGEL 0VCA PUGEL.

Contrary to those who think that Aristotle applies aphairesis to universals,'*! this and all other
passages where the term appears show quite explicitly that the term is used for individuals
only — the mathematician chooses a particular sensible body, strips off all its sensible
qualities, and then studies its quantitative and continuous aspects. The fact that mathematicals
exist potentially suggests that they are not the creations of mind alone, nor are they substances
existing separately from sensibles or in sensibles. The extensions of all things are tangible and
wholly dependent on the constant change of matter. Thus, we may affirm that the objects of
mathematics exist potentially as physical extension which is unfolded by successive method

of subtraction.

Mathematicals exist actually in thought

The clue to understanding how mathematicals exist actually in thought may be found in
Metaphysics IX. 9. This passage describes how the intellectual activity of a geometer can
bring potential constructions to an actualization in thought to prove a theorem.

It is an activity also that geometrical constructions are discovered; for we find them
by dividing. If the figures had been already divided, the constructions would have
been obvious; but as it is they are present only potentially. Why are the angles of the
triangle equal to two right angles? Because the angles about one point are equal to
two right angles. If, then, the line parallel to the side had been already drawn
upwards, the reason would have been evident to anyone as soon as he saw the figure.
Why is the angle in a semicircle in all cases a right angle? If three lines are equal the
two which form the base, and the perpendicular from the centre-the conclusion is
evident at a glance to one who knows the former proposition. Obviously, therefore,
the potentially existing constructions are discovered by being brought to actuality;
the reason is that the geometer's thinking is an actuality; so that the potency proceeds
from an actuality; and therefore it is by making constructions that people come to
know them (though the single actuality is later in generation than the corresponding
potency). (Ross, Meta. 1051 a21-33).

141 Allan Bick, Thomas Aquinas, de Koninck, Mansion.
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QovEPOVOTL TO duvapEL dvta €ic EvEpyelav ayopeva eOpioKeTaL: aiTiov 08 OTL 1) VONOIG
gvépyela: Mot €€ évepyeiog 1) dOOVOULS, Kol 610 TODTO TOLODVIES YIYVOGKOVGLY
(botepov yap yevéoel 1) Evépyela 1 Kot aplOpuov).

Fig.1 . - > Fig.2 8 2 ¢
In the passage above potency is understood in two ways. (1) Additional lines and surfaces CE
and CD in Fig.1 that prove the truth of a geometrical construction “the angles of the triangle
equal to two right angles” and lines and surfaces BED and DEC in Fig.2 “the angle in a
semicircle in all cases a right angle” exist potentially in the construction: “they are present
only potentially.” This means that the geometer needs only to recognize or discover
(evpiokertar) the right additional lines and surfaces that constitute the proof. This is possible
for three reasons: a) every point or line has the potency to be extended and drawn, b) every
human has an intellectual capability of discovering geometrical proofs, c) the fact that the
geometer discovers them suggests that these additional lines in Fig.1 and Fig.2 that constitute
the proof epistemically exist prior to their coming to be, but in reality they are posterior to
former constructions BAC in Fig.1 and to BAC together with the semicircle in Fig.2. Potential
constructions come from the geometer’s actual thinking (8§ évepyeiag 1 dSvvapig) which
means that geometer’s thinking is prior to potential constructions. As Ross puts it: “the

potentiality of the construction presupposes the activity of thought, but precedes the actuality
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of the construction.”'*? (2) The matter, on which and with which Fig. 1 and Fig.2 were drawn,
has the potency to become something else. The whole discussion of Metaphysics 1X. 9
highlights that matter has the potency of constant change in two ways because “it can itself be
acted on or because something else can be acted on by it” (Ross, Meta. 1046a20). This change
of matter affects the size of the physical extension (quantitative and continuous) of both
constructions. Fig.1 and Fig.2 become devoid of any change only in thinking. Thus, the
mathematician commits no error when s/he actualizes them in thinking.

Actuality in turn is understood in two senses. (1) To be actualized is to be drawn.
Additional lines and surfaces in Fig.1 and Fig.2 need to be drawn: “the reason would have
been evident to anyone as soon as he saw the figure.” (2) To be actualized is to be thought of.
The geometer may only visually extend the base of BC to CD and visually draw CE parallel to
BA. (3) To be actualized is to be understood. To draw additional lines or to simply think of
them does not automatically mean that the proof can be evident to anyone. It may be evident
to a geometer but not evident to a pupil. The construction becomes actualized when it is
actually understood, i.e. how exactly these additional figures explain the truth of construction.
Once it is actually understood, the object of thought, such as “the sum of internal angles equal
to two right angles” or “the angle in a semicircle in all cases is a right angle,” becomes one
with the intellect (De Anima 111, 4-8).

Bechler in his book called Aristotle’s Theory of Actuality raises doubts and objections
against Aristotle’s and Lear’s qua-filter, concluding that the mathematician nevertheless does
commit an error even if he applies the filter and strips off all change and motion from

mathematicals in thinking. I cite Bechler’s account in full.

192 Ross, W. D., and Aristotle. Aristotle's Metaphysics: A Revised Text with Introduction and Commentary.
(Oxford: Clarendon Press, 1924), 273.
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This leads us at once to the troubled problem of whether Aristotle could consistently
make room in his ontology for enmattered yet exact geometrical entities. It seems to
me to be impossible for the simple reason that he states that what the mathematician
separates from is change (Phys. 193a35). This clearly implies that the enmattered
triangle is actually in a constant process of change, which can only mean that even if
it were an exact triangle at some moment #, it could not be exact anymore at fo £ A ¢
for an infinite number of A ¢’s, that is, almost always it will be actually inexact. But
in that case, the qua-operator would not be filtering any actually-existing attribute,
that is, one that exists now in this piece of bronze. Rather it would have to be a
creative operator, which sends from the potential, as yet nonexistent M in P to its
actualization as M in P. But, as we already saw, even this is not quite sufficient and
actually contradicts Aristotle's view of the issue.!*

Here he proposes another way of how understanding the stripping off of all sensible affections

and change. It may be understood, he explains, as considering an enmattered constantly

changing triangle as an exact triangle at some moment #. He then objects stating that the issue

with this interpretation is that the # triangle could not be exact anymore at to £ A ¢ because an

infinite number of A ¢’s will be inexact almost always. I think we can answer this question in

the following way: even if the triangle is not exact anymore at 7 + A ¢, the intellect through

sense perception yet receives the triangle without any further + A t after it captures the last

instance of 7o + A ¢. It is possible that at the last moment of 7 + A ¢ the mind does receive an

actually existing attribute which is then transmitted to the brain. And when the intellect

receives the last moment of 7% & A ¢, the triangle undergoes no further change and becomes the

fo triangle so to speak. The intellect may not refer back to the same physical # + A ¢ triangle,

but only to the # triangle the intellect retained in itself in the first place. The # triangle exists

actually in the mind but potentially in the sensible in the form of o £ A «.

One might further object to this and say that even if the intellect receives the last

moment of # £ A ¢ and does not refer back to the same physical # + A ¢ triangle, but only to #

triangle the intellect retained in the first place, the triangle still undergoes alteration because

there is no exact and perfect triangularity in physical objects. The mind still makes an

143 Zev Bechler, Aristotle’s Theory of Actuality, SUNY Series in Ancient Greek Philosophy. (Albany: State
University of New York Press, 1995), 172.
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adjustment of its shape and therefore mathematical abstraction is a kind of fiction because we
are compelled to project exactness into sensible objects. Such is the view of Charles de

Koninck (1957). Here is how he explains it:

Both to touch and to sight the bowling-ball has the appearance of a true sphere.
Actually, any visible or tangible line or sphere can offer no more than the appearance
of true continuity and regularity. For it is only when we consider a line apart from
any sensible example that we can be sure that it is a line; and only when we consider
a sphere apart from a sensible one can we know that it is a finite solid having every
point on its surface equidistant from a point within called the center. When we
project this exactness into the objects of sensation, we commit an error. It is only by
prescinding from per se sensible objects that we achieve such rigour. To proceed as
if ideal and real object were the same, as when a star is taken as a point, is an
example of the kind of fiction needed by mathematical physics.'**
I think Aristotle would object to this account in the following way. Even if there is no visible
or tangible perfect and exact sensible sphere, it is still possible that this perfect sensible sphere
is yet enclosed into this inexact sensible sphere, whereas the opposite scenario does not hold
true. By being enclosed, I mean that the matter of the perfect sphere occupies the actual space
of the matter of an imperfect one. The fact that the human cannot build a perfectly round
bronze sphere does not mean that it cannot exist at all. The perfect sphere is potentially
present in the inexact one which can be brought to actuality only in thinking but not in reality.
It is due to matter being in constant change and to our limited building capacities that we
cannot construct a perfect object. It is the thinking activity only that can think of the enclosed
sphere which at some moment in time # becomes a perfect sphere in the inexact one. The

discovery of such a sphere comes from the subtraction of change, affections, passions, and

motion in thinking and considering the bronze sphere qua perfect sphere enclosed into the

14 De Koninck, Charles, Alphonse-Marie Parent, and Emile Simard. "Abstraction from Matter (D." Laval
Théologique et Philosophique 13, no. 2 (1957): 177. Also in De Koninck, Charles, Alphonse-Marie Parent, and
Emmanuel Trépanier. "Abstraction from Matter (I1)." Laval Théologique et Philosophique 16, no. 1 (1960): 54,
57.
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former one. Thus, taking the parts of analysis together I think we can rightly affirm that while
mathematicals exist potentially as physical extension and are unfolded by successive method

of subtraction, they exist actually in thought.

Mathematicals exist actually in thought in the form of intelligible matter

All three passages'*’ where ‘intelligible matter’ appears have to do with definitions:
mathematical objects are always defined in the way perceptible objects are defined, i.e. as
compounds of matter and form where one kind of matter is perceptible and another
intelligible. The former is grasped through the sense-faculty and the latter is recognized by the
thinking faculty or activity.

In Metaphysics book VII chapter 10 Aristotle distinguishes two kinds of circles,
perceptible (e.g. brazen) circles and intelligible mathematical circles. The passage also
explains that the final product which the mathematician studies is the mathematical
intelligible circle rather than the perceptible circle. The latter could be plausibly equated with
the quantitative and continuous sensible attribute of an object. Since matter affects the
continuous sensible extension because it is changeable, this perceptible circle must become
intelligible in thinking. This passage also suggests that these intelligible mathematicals must
have their own intelligible matter in a definition. There is however no explanation to what
kind of matter this is (it only becomes clear in Metaphysics VII.11, and especially in VIIL.6).
This is how Aristotle explains the notion of intelligible matter in VIL.10:

But when we come to the concrete thing, e.g. this circle, i.e. one of the individual

circles, whether perceptible or intelligible (I mean by intelligible circles

the mathematical, and by perceptible circles those of bronze and of wood),-of these
there is no definition, but they are known by the aid of intuitive thinking or of

95 Meta. VL. 10, 1036a 1-13; Meta. VIL.11, 1036b 32-1037a5; Meta. VIIL. 6, 1045a 33-6.
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perception; and when they pass out of this complete realization it is not clear whether
they exist or not; but they are always stated and recognized by means of the universal
formula. But matter is unknowable in itself. And some matter is perceptible and some
intelligible, perceptible matter being for instance bronze and wood and all matter that
is changeable, and intelligible matter being that which is present in perceptible

things not qua perceptible, i.e. the objects of mathematics. (Ross, Meta. 1036a 1-13).
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The passage above supports the idea that intelligible circles exist actually in thinking,
specifically where Aristotle says that when mathematicals pass out of the state of actuality
(éx tg évteleyeiag) it is not clear whether they exist or not. This confusion should not be
taken to suggest that mathematicals exist only in thinking. It has already been shown that they
also exist as sensible quantitative and continuous extension.

The concept of intelligible matter further appears in Metaphysics VII.11. Here
Aristotle states that the lines and the continuous of such compound as ‘triangle’ are the
material elements in the same way as flesh and bones are the material elements of man or
bronze and stone are the material elements of the statue. In the first case the material elements
are intelligible and not perceptible, in the second — perceptible and tangible. It is necessary
that the objects of mathematics too have the aspect of matter in their definition, otherwise

how would they be defined?

some people [Pythagoreans] already raise the question even in the case of the circle
and the triangle, thinking that it is not right to define these by reference to lines and to
the continuous, but that all these are to the circle or the triangle as flesh and bones are
to man, and bronze or stone to the statue. [...] Regarding the objects of
mathematics...for even some things which are not perceptible must have matter;
indeed there is some matter in everything which is not an essence and a bare form but
a 'this'. The semicircles, then, will not be parts of the universal circle, but will be parts
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of the individual circles, as has been said before; for while one kind of matter is
perceptible, there is another which is intelligible. (Ross, Meta. 1036b7-1037a5).

amopodaoi tiveg 1101 kol £ml ToD KOKAOL Kol TOD TPLy®dVOL MG 00 TPOGTIKOV YPOLLOAS

OpilecOat kai T@ cvveyel, AAAG TAvVTo Koi TadTo Opoimg Ayesbatr mcavel ohpkeg Kol

0071d T0D AvOp®OTOL Kol YoAKOG Kol AMBogTod Avopldvtog: Kai Avayoust mivTa €ig TOVG

ap1Opovg, kol ypopuptic ToV Adyovtov Tév Svo eival goaowy. [...] mepi 8¢ T

poOnpatikd. .. £otot yap VAN éviov kai pun aictntdv: kol tovtog yop HAn tig oty 0

) Eott Tl fiveivon ko £100¢ adTd Ko aTd GAAY TOSE TL. KhKAoL eV obY 0Dk EoTat

10D kaBOAov, T®V 6¢ Kb Ekaota Eoton pépn TadTa, Gomep ipnral Tpdtepov: E6TL

yOp UAN 1 pev aicOn 1 o6& vonri.

In the next passage of book VIII chapter 6 where ‘intelligible matter’ occurs for the
third time, Aristotle now explains more clearly what exactly he means by intelligible matter.
He highlights that there are two circles in a round bronze, perceptible brazen circles and
intelligible mathematical circles. Both essences of circles have matter and form in their
formula, where matter exists potentially and form actually. Thus, in a definition of the
intelligible circle, e.g. ‘circle is a plane figure’, ‘plane’ is intelligible matter and ‘figure’ is
actuality or the formal element. *¢ Perceptible circles are defined in the same way as
intelligible circles are defined: “But is the matter an element even in the formula? We
certainly describe in both ways what brazen circles are; we describe both the matter by saying
it is brass, and the form by saying that it is such and such a figure; and figure is the proximate
genus in which it is placed. The brazen circle, then, has its matter in its formula” (Ross. Meta.
1033al1-4). The matter in a perceptible circle is ‘bronze’ whereas the matter of an intelligible

circle is ‘plane’. However, it seems that in a definition of both perceptible and intelligible

circles the formal aspect coincides, namely that perceptible circle is ‘a brazen figure’ and

146 Alexander of Aphrodisias holds the opposite view. He thinks that the ‘figure’ stands for intelligible matter
which is analogous to ‘genus’ (/n Metaphysica, 562.14-17). Alexander seems to rely on Meta. VII 1038a5 where
it is stated that genus is matter. This may suggest that if ‘figure’ is the genus then ‘plane’ is the differentiae or
form. However, in Metaphysics V.28 Aristotle states that it is ‘plane’ that illustrates the genus: “There is genus
in the sense in which ‘plane’ is the genus of plane figures and ‘solid’ of solids; for each of the figures is in the
one case a plane of such and such a kind, and in the other a solid of such and such a kind; and this is what
underlies the differentiae” (1024b1-5).
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intelligible circle is ‘a plane figure.” The difference between the two figures is that one is fully
perceptible and another is fully intelligible. The mathematician cannot study perceptible
figures because their sizes are being constantly alternated due to their dependence on
perceptible changing matter. He studies intelligible ones as they are free from matter and
change. Here is what Aristotle writes in VIIL.6:

Clearly, then, if people proceed thus in their usual manner of definition and

speech, they cannot explain and solve the difficulty. But if, as we say, one element is
matter and another is form [popen], and one is potentially and the other actually, the
question will no longer be thought a difficulty. For this difficulty is the same as would
arise if 'round bronze' were the definition of 'cloak’; for this word would be a sign of
the definitory formula, so that the question is, what is the cause of the unity of 'round'
and 'bronze'? The difficulty disappears, because the one is matter, the other form
[nopeny]. What, then, causes this-that which was potentially to be actually-except, in
the case of things which are generated, the agent? For there is no other cause of the
potential sphere's becoming actually a sphere, but this was the essence of either. Of
matter some is intelligible, some perceptible, and in a formula there is always an
element of matter as well as one of actuality; e.g. the circle is 'a plane figure'. (Ross,
Meta. 1045a20-35).

QovepOV oM Ot obte pev pett odow mg eimbacty 0pilechon kol Aéyewv, o0k Evoéyeton
amododvor Kai Aboat v amopiav: €1 6’ €otiv, domep Aéyoueyv, TO pev HAN TO 6€ popon,
Kad T pdv duvapet 1o 8¢ dvepyeiq, ovKkéTL dmopio doEetev v eivar 1O {ntoduevov. 6T
yOp avtn Hamopio 1 a0t KAV €1 0 dpog €in tpatiov oTpoyydAOS YoAkds: €in yap
dvonueiov tovvopa Todto tod Adyov, dote 10 {NToduevdv ot Ti aitiov Tod Evelvar o
cstpowl')kov Kol TOV YOAKOV. 0VKETL O1) dmopia (paivswt OTL O pEV VANTO O¢ popon. ti
oLV TOVTOV aitlov, ToD TO duvapel Ov evepyeiq gtval, Tapd TO nomcow gv doo1g €0t
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aicOnt, Koi dei Tod Adyov 1O pév HAn 1088 dvépyeld éottv, olov O KOKAOC oyfjuol
gminedov.

The plane or intelligible matter of a separated circle in the passage above appears to be
analogous to the ‘continuous’ or cuveyng of the separated straight line in de Anima 429b17-24
where the ‘continuous’ or cuveyng is the matter of the mathematical straight line with twoness
as its form. The notion of intelligible matter, again, does not imply that the objects of

mathematics exist in thinking only. They exist as physical extension. Once physical extension

that depends on potentially existing matter becomes intelligible matter in thinking which is
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taken from the last moment of # + A ¢ in the form of two-dimensional plane, the
mathematician commits no error since his object of study does not involve perceptible
matter.'4’

Mueller defends a completely different view. He equates intelligible matter with
extension and considers mathematical objects “to underlie physical reality.”'*® Aristotle
knows that sensible objects do not meet the requirements of mathematics (there are no
perfectly straight lines, perfectly round spheres, etc): “with what sort of things must the
mathematician be supposed to deal? Certainly not with the things in this world; for none of
these is the sort of thing which the mathematical sciences demand” (1059b 8-11). If
intelligible matter underlies physical reality it will follow that intelligible objects will not
satisfy the conditions of mathematics which Aristotle demands, because sensible matter will
be constantly affecting the size of intelligible extension. As a consequence, mathematics will
not be true of intelligible mathematicals either. David Bostock also does not accept Mueller’s
view. He asks quite a provocative question “if it is intelligible matter that is supposed to be
perfectly square, spherical, and so on, how can it be regarded as ‘underlying’ the material
objects that are only imperfect examples of these properties?”'*” One would expect Mueller to

at least say that perhaps this intelligible matter is actualized in the geometer’s thinking, but he

1471 shall not avoid citing the passage from de Anima I11.7 for the second time which has the language of

aphairesis and of actuality in it. It states that the hollow which potentially exist in a snub-nose, exist actually in
thinking without flesh and the mind becomes one with the object of thinking: “The so-called abstract objects [t
8¢ év apapéoel Aeyopeva] the mind thinks just as, if one had thought of the snub-nosed not as snub-nosed but as
hollow [§] xoihov], one would have thought of an actuality [€vepysig] without the flesh in which it is embodied: it
is thus that the mind when it is thinking the objects of Mathematics thinks as separate elements which do not
exist separate. In every case the mind which is actively thinking [kat' évépyelav] is the objects which it thinks.”
(Ross, de Anima, 431b 13-20). The definition of mathematical hollow will also include an element of matter as
well as one of actuality, e.g. the hollow is ‘a curved plane.’

148 Tan Mueller, "Aristotle on geometrical objects," Archiv fiir Geschichte der Philosophie 52, no. 2 (1970): 161,
168.

149 David Bostock, "Aristotle’s Philosophy of Mathematics," The Oxford Handbook of Aristotle. (Oxford
University Press, 2012), 477.
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does not develop such a view, and actually denies it saying that for Aristotle this

150 < 2151

assumption " “precludes the merely mental existence of mathematical objects.
As I have already shown, Aristotle does not accept the merely mental existence of
mathematicals or any form of Platonism suggesting a separate existence of mathematicals.
Mathematical objects exist in a ‘special sense’ which presupposes that they exist potentially
as physical extension where the latter is unfolded by successive method of subtraction. Once
the mental separation of &+ A ¢ takes place, this extension becomes an intelligible matter
existing in thinking as actuality without any further change involved. The function of
aphairesis 1s to successively uncover the sensible magnitude which subsequently becomes a
particular intelligible matter. Aristotle uses the term only for expository purposes to show the
location of the objects of mathematics. I agree with John Thorp that whenever Aristotle
discusses intelligible matter, he always refers to a particular intelligible object which remains
an individual.'> It does not have any abstractionist connotations which might suggest a sense
of extracting a mathematical form from a sensible object. What perhaps might have a sense of
extraction is the qua-method, which is merely the reverse operation of aphairesis that
designates the remainder of the latter. The independence of mathematicals from motion and

change is reflected both in reality, when the mind receives the last moment + A ¢, and in

definitions where no physical matter is involved when a mathematical is defined.

150 Here he cites Zeller’s statement “that the truth of knowledge keeps pace with the actuality of its object”
(p-158.)

151 Tan Mueller, "Aristotle on geometrical objects," Archiv fiir Geschichte der Philosophie 52, no. 2 (1970): 157.
152 John Thorp, "Intelligible Matter in Aristotle," The Society for Ancient Greek Philosophy Newsletter. 385.
(2010). https://orb.binghamton.edu/sagp/385
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CHAPTER 5 MODERN INTERPRETERS OF ARISTOTLE’S SO-CALLED

“THEORY OF ABSTRACTION”

Introduction

In this chapter I am aim to show the types of confusions that exist in modern
interpretations of Aristotle’s theory of abstraction which build upon, consciously or
unconsciously, certain especially influential ancient commentators on Aristotle’s views. The
objects of my investigation will include some of the scholars mentioned by John Cleary!>?
who have not yet been investigated in the light of aphairesis as subtraction, either by him or
by anyone else. I will consider Charles de Koninck’s three-volume article “Abstraction from
Matter,” Mansion’s book Introduction a la Physique Aristotélicienne, and Julia Annas’
account of aphairesis in her book Aristotle’s Metaphysics Books M and N. I will also look
into Allan Bick’s article “The Concept of Abstraction” (written several years after Cleary
published his article). The works of these scholars have not yet been analyzed in the light of
what I take to be the authentic interpretation of aphairesis. My aim is to examine whether any
of the four previously listed types of epistemological aphairesis found in the works of the
ancient commentators persist in modern commentary. The four different extractionist or
epistemological interpretations of aphairesis first found in the commentaries of the ancient
scholars are the following: abstraction of form (essence) from matter (Alexander of
Aphrodisias), abstraction of a universal from particulars (Boethius and Aquinas), abstraction
of a mathematical universal from particulars (Proclus and Aquinas), abstraction of this

particular mathematical form (this circular shape) from this particular matter, motion, and

153 Cleary, John. "On the Terminology of "Abstraction" in Aristotle." Phronesis 30 (1985): 13-45.
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change (Philoponus and Aquinas). My analysis will show that there is a strong connection
between these ancient views and the views of the modern accounts of aphairesis expressed by
de Koninck, Mansion, Annas, and Biack. While I shall offer in this chapter criticisms of each
of these modern commentators, I will show that some of the commentators are much further
from Aristotle’s understanding of aphairesis than others, such as for instance Bick’s
comparison of aphairesis and the qua-filter with the desire (6pe&ic) of non-rational animals.
Such a suggestion not only places aphairesis at the level of pure psychologism, it also
drastically lowers it from the realm of rational and intellectual activity down to the biological

processes of animal life.

5.1 Charles de Koninck

Charles de Koninck argues for the following two uses of Aristotle’s aphairesis also
present in Proclus, Boethius, and Aquinas, yet absent in Aristotle: abstraction of a universal
from particulars and abstraction of a mathematical universal from particulars.

He starts his account of aphairesis with the following definition of abstraction: “both
in French and in English it means, first and immediately, something far removed from what is
more known to us: viz., a certain operation of the mind, or the status of something related to
thought as distinguished from mere sensation.”'>* De Koninck emphasizes the importance of
going back to the original meaning of Aristotle’s term ‘abstraction’ (as well as other key
concepts such as ‘syllogism,” ‘matter,” ‘form,” and ‘psyche’). He goes on to say that “the

neglect of primitive meanings opens the way to a philosophical jargon that all can repeat but

154 Charles de Koninck, Alphonse-Marie Parent, and Emile Simard. "Abstraction from Matter (I)." Laval
Théologique et Philosophique 13, no. 2 (1957): 155.
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no one understands.”!>® Later he adds that we should not identify the original meaning of the
term with the later uses: “the emphasis which we are placing upon the original meaning of a
word is not intended to suggest that this same meaning is to be identified with its subsequent
uses; but rather that to neglect original meanings entirely could lead to confusion with respect
to later meanings.”!>®
At the very beginning of his three-volume article de Koninck cites Aquinas’ prologue
to Aristotle’s Physics which is followed by an extensive commentary on why a thing is
abstracted from matter and how to understand this statement:
Since the treatise called the Physics, which it is our purpose to explain, is also the one
that comes first in the study of nature, we must show, at its very beginning, what
natural science is about — viz. its matter and subject. To this end, we should point out,
on the one hand, that inasmuch as every science is in the intellect, and since a thing
becomes intelligible in act insofar as it is more or less abstracted from matter, things,
according as they are diversely related to matter, are the concern of different sciences.
Again, since science is obtained by demonstration, and the middle term of
demonstration is the definition, it follows, of necessity, that the sciences will be
distinguished according to a difference in their mode of definition.'>’
De Koninck interprets ‘abstraction from matter’ in Aquinas and Aristotle in the following
three ways: as abstraction of particular mathematical shape from particular matter, as
abstraction of a universal from particulars, and as abstraction of a mathematical universal
from particulars. De Koninck rejects the first view and accepts the latter two.
Abstraction of particular mathematical form or shape from particular matter: De
Koninck also identifies an application of aphairesis in the process of mathematical abstraction
from a particular sensible, “when we consider a sphere apart from a sensible one.”!>® De

Koninck rejects mathematical abstraction from sensibles due to the problem of exactness and

the problem of fiction. The abstracted triangle still undergoes alteration in thinking because

155 Ibid.

156 Tbid., 157.
157 Tbid., 133.
58 1bid., 177.
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there is no exact and perfect triangularity in physical objects. The mind still makes an
adjustment of its shape and therefore mathematical abstraction is a kind of fiction because we
are compelled to project exactness onto sensible objects. I have already tried to resolve these
two problems in section 4.3 of my thesis.

Abstraction of a universal from particulars: according to de Koninck, when a scientist
states a definition, for instance, that of man, he abstracts from t4is individual sensible matter
such as these bones and this flesh of Socrates, '*° - but he does not abstract from common
sensible matter.'®® In the second of his 3-volume article he states that “in this type of
abstraction the initial step is from the individual Socrates, Plato, etc., to man in general. After
this first step, it is an easy progress from man to animal, from animal to living being.”'¢! This
claim makes it obvious that De Koninck conflates Aristotle’s aphairesis with induction. Such
an application of the term as abstraction from individual matter in order to recognize a
universal concept of man is not found in Aristotle. This interpretation of aphairesis falls under
one of the misconceptions of the term I indicated above, namely as abstraction of a universal
from particulars.

Abstraction of a mathematical universal from particulars: De Koninck’s reasoning
seems to suggest that mathematics can be true of universals only, that is when in abstraction
from particulars we consider the common matter of mathematicals. Specifically, he writes that

“the reason why complete exactness is possible in geometry is that the definitions we use are

159 Ibid., 166.

160 De Koninck clarifies what he means by the ‘common sensible matter’ in the second volume of his article. He
explains it as follows: “although the definition of animal (‘ a body able to sense ’) differs from the definition of
man (° an animal able to reason ’), as being more general, they do not differ as to mode of definition, for both are
with sensible matter. This may perhaps become clearer if we notice that, even when we consider Socrates as this
man, or as this animal, as this living being, or as this thing, our degree of generality is widening, but we are
always pointing to the same individual matter as attained in sensation. Similarly, whether man be defined as
man, or animal, or living being, common sensible matter enters into each definition.” Charles de Koninck,
Alphonse-Marie Parent, and Emmanuel Trépanier. "Abstraction from Matter (I1)," Laval Théologique et
Philosophique 16, no. 1 (1960) : 60.

161 Charles de Koninck, Alphonse-Marie Parent, and Emmanuel Trépanier. "Abstraction from Matter (I1)." Laval
Théologique et Philosophique 16, no. 1 (1960): 57, 59.
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formally independent of, and have no reference to, the order of sense experience, and the
conclusions are established as following from such definitions with necessity.”!%> The
exactness is possible because definitions contain no individual sensible matter.'%> I have
already shown in my analysis of aphairesis that whenever Aristotle speaks of mathematical
(and non-mathematical) abstraction, he always considers particulars and their particular
intelligible matter. In terms of the latter, de Koninck does not interpret it in the way Aristotle
does. He claims that the intelligible matter of this particular circle differs neither in size nor in
any other way from the intelligible matter of other particular circles:
Aristotle begins his explanation of intelligible matter by calling attention to the fact
that, even in the world of mathematics, there can be individual objects, like the
individual circles we describe to construct a triangle whose sides are equal. Now
these circles do not differ by what they are; for one is as much a circle as the other,
and they are even of the same in radius. The only difference between them is
numerical.'®
This holds true, he continues, because “the individual circles are not part of the definition of
‘what circle is,” while the definition is verified in each and every one of them.”!%> Now, even
if it is the case that we define every intelligible circle as ‘plane figure,’ it is not true that
whatever bronze circle we consider, the intellect receives a circle of the same radius.
Whatever intelligible matter (lines, planes, solid) is separated from a particular sensible
object, it receives the size and the shape of that particular sensible object from which it was
separated. Intelligible matter is not a universal which we learn from childhood, retain in our

memory and sometimes construct in our imagination. It seems likely that de Koninck

conflates the particular intelligible circle with the universal concept of a circle. Throughout

162 Charles de Koninck, Alphonse-Marie Parent, and Emile Simard. "Abstraction from Matter (I)." Laval
Théologique et Philosophique 13, no. 2 (1957): 148.

163 Charles de Koninck, Alphonse-Marie Parent, and Emmanuel Trépanier. "Abstraction from Matter (I1)." Laval
Théologique et Philosophique 16, no. 1 (1960): 60, 67.

164 Tbid., 64.

165 Ibid.
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his 3-volume article de Koninck claims that the intelligible circle, i.e. the universal concept of
a circle is reached by abstraction. However, what he describes as the process of abstraction, is
in fact, induction (epagoge). According to Aristotle a particular intelligible circle is reached
by subtraction only, and it is wholly dependent on particular sensibles, whereas the universal
circle is attained by the inductive process alone. In terms of abstracting universals, lan
Mueller makes quite a provocative statement: “If Aristotle thought of mathematical objects as
universals separated from matter, it is difficult to see how he could distinguish legitimate
mathematical separation from illegitimate separation of Platonic forms.””!6®

Highlighting the importance of going back to the original meaning of the term and
stating the importance of looking “closely into the nature of mathematical abstraction as
understood by Aristotle and St. Thomas,” de Koninck yet does not get behind Aquinas to the
original meaning of the term as it appears in Aristotle; he cites not a single use of aphairesis
from Aristotle’s passages. He obviously recognizes that aphairesis etymologically means
subtraction: “The original Latin (just like the Greek dgaipeoic) conveyed ‘the act of drawing
or separating from,” a meaning very near to the etymology: ab, abs (from) and trahere (to
draw, pull, take away).”'®” De Koninck only rejects the modern sense of abstractionism as

25168

“something far removed from what is more known to us”'®® and only goes back to Thomas

Aquinas’ interpretation of Aristotelian aphairesis, but not to Aristotle himself.

5.2 Auguste Mansion

166 Tan Mueller, "Aristotle on geometrical objects," Archiv fiir Geschichte der Philosophie 52, no. 2 (1970): 163.
167 Ibid.

168 Charles De Koninck, Alphonse-Marie Parent, and Emile Simard. "Abstraction from Matter (I)" Laval
Théologique et Philosophique 13, no. 2 (1957): 155.
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Mansion assumes the following two senses of Aristotle’s aphairesis which I have
traced back to Proclus, Boethius, Philoponus, and Aquinas: abstraction of a universal (e.g.
humanity) from particulars and abstraction of a particular mathematical form from matter.
Both of these uses are accordingly absent in Aristotle’s corpus.

In contrast to de Koninck, who claims that when we consider the round bronze the
intellect receives a circle of the same radius, Mansion, for instance, states that even if
intelligible circles are separated from sensible matter in thought, they will still be different
from one another even if separated sensible circles are all of the same radius, because it is
intelligible matter that makes every subtracted circle to be individuated. Indeed, it should be
necessarily the case that we cannot think of a universal circle having such and such a size. If
we posit a universal circle having certain size, can we legitimately call it “‘universal’? In our
study we always refer to particular objects and consider their size with each of them having
their own individual intelligible matter. This is why, Mansion says, one mathematical circle is
distinguished from another mathematical circle even if both are of the same radius. It is the
intelligible matter that allows this multiplication of the same essence to be possible in various
subjects:

L’exemple classique des cercles physiques et des cercles mathématiques sert encore
ici a illustrer cette conception. Le cercle, considéré comme un étre de la nature,
acquiert une individualité compléete dés qu'il est réalisé dans tel bois réel, ou tel airain
tangible: voila sa matiere sensible. Mais, méme sans étre projeté dans la réalité
phénomeénale, un cercle, congu comme simple entité mathématique, se distingue d'un
autre cercle de méme rayon comme un individu d'un autre, c'est la matiere
intelligible qui permet cette multiplication de la méme essence en des sujets
divers.!®

This account of intelligible matter is very much Aristotelian. This is however not the case

with his understanding of aphairesis: Mansion is not consistent in his uses of it. He uses it in

169 Auguste Mansion, Introduction a la physique aristotélicienne. (Louvain: Editions de 1'Institut Supérieur,
1913), 81.
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three different ways: as abstraction of species-form ‘humanity,”’'’” as abstraction of

mathematical form from matter,!”! and as abstraction of matter from the mathematical
form.!” In the account below Mansion explicitly states that what we abstract from the snub
nose is the geometrical form of curvature and concavity. This suggests a sense of extraction —
we extract one thing (curvature) while disregarding many, i.e. the matter of nose, its passions,
affections, motion and other irrelevant aspects. I will include his full account:
D'une autre fagon le camus représente tous les termes dont la défnition implique la
matiere en laquelle la forme de I'étre est réalisée et en méme temps concrétée; il
s'oppose ainsi a la forme purement abstraite, ne renfermant dans sa notion aucun
rapport a la matiére dans laquelle on congoit ou I'on suppose qu'elle pourrait se trouver
a 1'état plus concret. Le camus représentant 1'étre physique par opposition a 1'étre
mathématique est simplement un cas particulier de cette classe; Aristote 1'emploie
fréquemment dans ce sens; et la raison en est facile a découvrir: il peut servir non
seulement de terme de comparaison, mais méme d'exemple proprement dit. En effet,
un nez camus est un étre physique réel. En outre, la forme qu'on en peut abstraire, la
courbure ou la concavité est, si I'on veut, une détermination géométrique, de sorte
qu'on a réuni dans le méme objet les types distinctifs des deux branches du savoir
qu'on veut comparer.!”
Yet later he indicates another, this time properly Aristotelian operation of aphairesis, namely
the ‘subtraction’ of physical aspects where many are subtracted and only one is left. Because
the sense of ‘abstraction’ is not quite fitting to show the opposition to ‘addition’ or

‘l'addition,” Mansion even uses ‘retrancher’ or subtraction. Mansion’s sense of ‘abstrait’ in

this passage, compared to the previous one, does play a role of subtraction even if he calls it

170 “Transportons cette conception mutatis mutandis a la matiére sensible entendue de fagon universelle. Elle est
incluse aussi dans un objet congu de fagon concréte, 'homme, mais non plus individuelle, Socrate, et c'est a elle
qu'est di I'état concret de 1'objet considéré; en effet, n'était sa fonction de maticre vis-a-vis de la forme abstraite,
I'humanité, celle-ci ne serait qu'une abstraction.” In Auguste Mansion, Introduction a la physique
aristotélicienne. (Louvain: Editions de I'Institut Supérieur, 1913), 87.

171 “En effet, un nez camus est un étre physique réel. En outre, la forme qu'on en peut abstraire, la courbure ou la
concavité est, si I'on veut, une détermination géomeétrique”. In Auguste Mansion, Introduction a la physique
aristotélicienne. (Louvain: Editions de 1'Institut Supérieur, 1913), 71-72.

172 “Ainsi c'est 1'objet physique dont on abstrait certaines données pour avoir I'objet mathématique. Mansion,
Introduction a la physique aristotélicienne.” In Auguste Mansion, Introduction a la physique aristotélicienne.
(Louvain: Editions de 1'Institut Supérieur, 1913), 73.

173 Ibid.
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‘I'abstraction.” For he says it is the physical object from which some things are abstracted

(really subtracted) to have a mathematical object:
Cette opposition entre les notions, qui résultent de 1'abstraction ou de l'addition d'un
caractere, est exprimée de fagon assez défectueuse, car le fait de retrancher ou d'ajouter
une note différentielle ne se référe pas a un terme unique mais aux résultats opposés de
ces opérations. Ainsi c'est 1'objet physique dont on abstrait certaines données pour avoir
l'objet mathématique; réciproquement c'est a ce dernier qu'on restitue les mémes
données pour en refaire un étre physique.'”

In a similar example Mansion uses it in a properly Aristotelian way, where he is employing

the language of subtraction in the form of omission or exclusion: “Ce qui est caractéristique

de la quantité mathématique, c'est la facon abstraite dont elle est considérée, I'exclusion de

tout ce qui est sensible en dehors d'elle. "> Here Mansion is clearly saying that we exclude

many sensible properties and leave only one as the remainder, the mathematical quantity.

5.3 Allan Back

Bick’s main move consists in reconciling and unifying the following uses of
aphairesis he finds in Aristotle: abstraction of a universal from particulars (Boethius and
Aquinas), abstraction of a mathematical universal from particulars (Proclus and Aquinas),
abstraction of this particular mathematical form from this particular matter, motion, and
change (Philoponus and Aquinas). His move to reconcile these is understandable, but also
indicate how far removed he is from the original sense of the term.

In his article “The Concept of Abstraction” (2006), Bick asks two questions which are
very important for a proper understanding of Aristotle’s concept of aphairesis: “Does the

abstraction consist in taking out something and discarding the rest? Or does it consist in

174 Auguste Mansion, Introduction a la physique aristotélicienne. (Louvain: Editions de 1'Institud Superieur,
1913), 73.
175 Auguste Mansion, Introduction a la physique aristotélicienne. (Louvain: Editions de 1'Institud Superieur,
1913), 90.
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taking away something and keeping what is left? We can call the first one the selection view,
and the latter the subtraction view.”!”® Later in the article Biick describes the first view as
‘selective attention’ and also as an ‘extraction’ view, and suggests that we should think of
Aristotle’s aphairesis as ‘extraction.” Thus, the first view, according to Bick, understands
aphairesis as both selection and extraction. Both these terms mean to take something out and
disregard what is left. According to Bick, the second view, or the subtraction view, is only
applied to the category of quantities, specifically, to subtraction as an arithmetic operation, i.e.
when we have strictly speaking something like 4 — 2, only then we can translate aphairesis as
‘subtraction.” He does not give much attention in his article to this kind of aphairesis.
How exactly abstraction as selective attention works, he explains in the following way:
For it gives the intellect, and even the sense organs, an active role in locating these
structures in its sense experience: it must “attend” to those features. Still, as I shall
stress below, selective attention need not be a self-conscious, deliberate process.
View ‘attention’ then as a sort of ‘aiming at’. Aristotle himself seems to have this
sort of conception when he attributes §peig to all animals able to perceive and
imagine. [An. 413b23] We can translate ‘6pe&ic’ as ‘desire’, but only ‘desire’ in a
basic sense in which all animals can be said to “desire” food when they move
towards a source of food. I mean ‘attention’ in the definition of ‘abstraction’ in this
way too. Again, selectivity also need not imply any sort of deliberation or even of
thought.!”’
What seems problematic in the account above apart from comparing aphairesis to the dpe&ig
of non-rational animals is that aphairesis presented here as not a self-conscious and deliberate
process. A close textual analysis of the term has shown that it, in fact, presents a deliberate
and self-conscious process used by Aristotle for didactic purposes in order to indicate the

explicit spatial location of the quantitative and continuous which exists only implicitly in the

sensibles.

176 Allan Bick, "The Concept of Abstraction" The Society for Ancient Greek Philosophy Newsletter. 376. (2006):
1.
177 Allan Bick, "The Concept of Abstraction" The Society for Ancient Greek Philosophy Newsletter. 376. (2006):
9
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Biéck also claims that abstraction as selective attention has the advantage of “unifying
two different sorts of abstraction that Alain de Libera'’® finds in Aristotle: 1) the sort in the
mathematical sciences, of taking the form from the matter [in effect, what I have called
‘extraction’] and 2) subtracting as opposed to adding on attributes. Selective attention
performs both functions.”!” While it may be true of the second sort of aphairesis, there is not
a single presence of the first in Aristotle’s works, as I have already shown in my previous
chapters.
Allan Béck also distinguishes two kinds of ‘abstract objects’ in Aristotle: apart from
‘mathematical abstracta’ (e.g. this intelligible circle) Aristotle recognizes ‘universal
abstracta’ (e.g. ‘circle,” ‘sight,” virtue’).!®" The latter are reached by induction with some
application of aphairesis:
For instance, take induction as the process whereby the universals arise from the
relevant singulars, and the abstraction used to generate the abstract, proper objects of
mathematics as the process whereby universals inseparable in re in the individual
substance and even in intellectu initially come to be treated as if they were separate.
E.g., we might start off with individual physical objects and then via induction come
to the general concept of body. Such a body would have color and shape (in general).
Yet we may then “abstract” and treat the color and the shape as if they were separate,
even though these universals necessarily go together. A non-rational animal could
not make the final abstraction, Aristotle might say, although it can have experience
and general notions (“primitive universals” as in Phys. 184a24-5; An. Po. 100a16)
via some less ultimate processes of abstraction. '8!

While I agree that there is some kind a removal of unnecessary aspects present along with

reaching a universal, what I do deny is the presence of the standard terminology of aphairesis

in the process of reaching mathematical or non-mathematical universals.

178 Alain de Libera, L'art des généralités: théories de l'abstraction. (Editions Aubier, 1999): 30.

179 Allan Bick, "The Concept of Abstraction" The Society for Ancient Greek Philosophy Newsletter. 376. (2006):
8.

10 Thid., 2.

181 Ibid., 7.
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To support the concept of ‘universal abstracta’ and the role of aphairesis in it, Back
refers to de Anima 111.4, Meta. 1.1, and Phys. 1.1. Specifically, he says: “Aristotle explains
how the universal is abstracted from the particular in his account of perception and thought
[An. I11.4; Metaph. I.1; Phys. 1.1].”!82 Yet as I have already shown in my treatment of (iv) t@v
&v apapéoet Ovtov in the De Anima 111. 4, this passage has no discussion of a universal being
attained from particular. The things existing in subtraction (t@v £v d@aipécel dvimv) are
particular mathematical objects, i.e. this straight line. In addition, there is no reference made
to 10 kaBolov or to kaf' Exactov in the passage. As for Meta. 1.1, it is true that there are three
uses of 10 kaB6Aov and eight uses of £ékactov, but there is absolutely no mention of
aphairesis present in the text; it is only at the end of book 1 of the Metaphysics Aristotle
points out that universals become familiar through induction, but aphairesis is never
mentioned. In terms of Physics 1. 1, there Aristotle does not say that universals are
‘abstracted’ from particulars, namely that the former are attained by aphairesis. What
Aristotle does say a few lines later in 1. 2, is that the universals are attained from induction (éx
g émaywyng). While I admit there is some kind of removal of aspects present along with the
process of induction, we never see Aristotle using doaipeoig together with kaborov, Exactov,
or émaymyn except in that ambiguous passage in the Posterior Analytics 1, 18.

The second kind of abstracta, according to Béck, are particular mathematicals, e.g.
this intelligible circle in this particular bronze sphere. Béck rightly indicates that when
Aristotle speaks of individual mathematical circles, he refers to the intelligible matter of
mathematical objects being also composed of matter and form.!®® Yet whenever Bick

mentions intelligible matter, he does not explain how this kind of matter is attained, nor how

182 Thid., 2.
183 Thid,
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aphairesis is used to arrive at the idea of intelligible matter.'®* Early in his article Bick
suggests that intelligible matter cannot be attained by the subtraction view since it is only
applicable to the strictly mathematical ‘4 - 2” usage. He only explains how the term is used
when a mathematical universal is reached. But it cannot be that a mathematical universal is
reached by exactly the same method as the particular mathematical in Aristotle’s terms. In
Meta. 1035a33-35 Aristotle states that both particular (e.g. this circle) and universal (e.g.
circle) seem to be one and the same thing only homonymously as there is no proper name (un
elvan 1810v dvopa) for every particular circle. A mathematical universal is reached by
induction from particulars, whereas we come to know the particular quantitative and
continuous by the process of successive removal of passions, motion, and change. Only once
these are subtracted, we arrive at the separated mathematical two-dimensional circle which is
‘a plane figure’, where ‘plane’ is intelligible matter and ‘figure’ is form. Whenever aphairesis
comes into sight in the corpus treating mathematicals, it is used only to denote the quantitative
and continuous magnitude which in the mind of a mathematician becomes the matter of
intelligible circles.

Although Béck does not explain how exactly intelligible matter is discovered, it is yet
implied that we come to know it by ‘abstraction.” But what kind of ‘abstraction’ is this? He
concedes that the method of subtraction is present in Aristotle: to remove equals from equals
which are common to all quantities (Meta. 1061b20) or to remove the part from a quantum
(Meta. 1023b13-5). It is suggested that aphairesis in these instances highlights only a strictly
mathematical usage — it is applied to quantities only: when the term is used in the category of

quantum only then aphairesis has the meaning of ‘subtraction,” but when used otherwise, it

134 He is uncertain whether intelligible matter is a universal or particular.
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should be translated as ‘abstraction.” For this reason, he does not agree with Cleary’s
suggestion to translate every instance of the term as ‘subtraction.’
If we are to understand ‘abstraction’ as abstraction of intelligible matter from sensible
matter, then it indeed bears a sense of extraction. Based on what we have seen in the corpus,
there are no examples of aphairesis as extraction. Instead, the use of successive aphairesis in
the category of continuum is explicitly shown in Posterior Analytics 1, 5, De Caelo 111, 1,
Metaphysics VI, 3, and in Metaphysics X1, 3. I suggest that it is the gua-method rather than
aphairesis that may very well play the role of extraction and selective attention.
Another difficulty with Béck’s interpretation of aphairesis is that sometimes he sees it
as an auxiliary tool with which the qua-method is performed, and sometimes it may seem as if
he understands it as a wholly independent process not differing in any way from the qua-
method as such. Cadavid expresses the same view that “Béck focuses on ‘a¢aipeocig’ and
understands it as ‘R .”'% To be specific, he seems to conflate three things here: aphairesis, the
‘filtering out,” and the ‘qua’ itself. Béck cites Jonathan Lear with his account of how the qua-
filter operates:
In order to mark off an abstract object, like ‘two’ or ‘number’, we must be able to
specify the aspect that we wish to separate off. We specify an aspect like number so
as to generate abstract objects. We then look at our sense perceptions, examine the
phenomena, to see what content they have under this aspect. As Lear puts it, we
“filter” our experience in order to get at what we have chosen to find relevant. We do
not invent the phenomena, but do choose what we want to notice. Hence I suggest
conceiving abstraction as selective attention. %

Béck’s account seems to suggest that abstraction plays the same role as the ‘filtering out’ of

predicates of which Lear spoke. If we look closely at how Lear treats Aristotle’s gua-method

to which Back refers, we will indeed find there some presence of daipeoic, though only an

185 Eva Maria Cadavid, “Existence in a way: resolving a tension in Aristotle’s philosophy of mathematics,” (PhD
thesis): 55.
186 Allan Bick, "The Concept of Abstraction." The Society for Ancient Greek Philosophy Newsletter. 376.
(2006): 8.
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implied one. There Lear uses subtraction in the sense of removal. He uses it in exactly the
same way as Aristotle in APo 1.5, 74a35-b4.
If, for example, b is a bronze isosceles triangle — Br(b) & Is(b) & Tr(b), then to
consider b as a triangle — b qua Tr — is to apply a predicate filter: it filters out the
predicates like Br and Is that happen to be true of b, but are irrelevant to our current
concern. The filter enables Aristotle to make a different use of the distinction
between incidental (kata sumbebekos) and essential (kath' hauto) predication from
that which is often attributed to him. By applying a predicate filter to an object
instantiating the relevant geometrical property, we will filter out all predicates which
concern the material composition of the object.!®’
The implied subtraction in Lear’s account plays a simple arithmetical role of removing the
predicates like ‘bronze’ and ‘isosceles.’ Clearly, Lear in this passage equates subtraction with
‘filtering out’ of bronze and isosceles. Applying Lear’s account to Béack’s statement that
aphairesis consists in extracting one thing while disregarding the rest we run into two
incoherences:
a) According to Lear’s account in the passage above and Aristotle’s passage in APo 1. 5,
74a35-b4 we subtract two things — ‘bronze’ and ‘isosceles’ out of bronze isosceles triangle.
Since the filtering out is extraction according to Bick’s account, we extract both ‘bronze’ and
‘1sosceles.” But how will this make sense if previously Béick claimed that aphairesis consists
in extracting one thing while discarding the rest?'® It is plain that on this account we extract
two things, not one.
b) If we nevertheless think of aphairesis as extracting one thing, then we extract a ‘triangle’
out of bronze isosceles triangle. The problem is that on this reading both aphairesis and the

qua-filter turn out to be exactly the same methods not differing from one another, since the

role of the qua-filter consists in designating one out of many. However, the Greek aphairesis

187 Jonathan Lear, "Aristotle's philosophy of mathematics," The Philosophical Review 91, no. 2 (1982): 168-169.
188 Allan Bick, "The Concept of Abstraction." The Society for Ancient Greek Philosophy Newsletter. 376.
(2006): 1.
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1S never an extraction: one strips off many elements that are not of interest and considers the
remainder.

The role of extracting is more suitable for the qua-locutor — this is what I suggest
enables in us the selective attention of which Back speaks. But the function of the proper
mathematical dpaipeoic is to remove the unnecessary categories within a particular sensible
object upon one discovers a magnitude, to filter out predicates, and to remove the subjects
which we consider incidental when we look for a primary subject of any given attribute. I
especially reject the view that aphairesis ‘need not be a self-conscious, deliberate process.’
The term, as it appears in Aristotle, does not play a role of selective attention or ‘aiming at’
the way Béck proposes it to be,!®’ instead, it is a self-conscious and deliberate process of
removing aspects used by Aristotle for didactic purposes to show where exactly the category
of quantity is placed in a sensible body.

To conclude, while I may agree with Béck that “these universals, or our knowledge of
them, is somehow to be abstracted from singular things,”'*° I reject the idea of applying
Aristotle’s word aphairesis to the process of attaining ‘universal abstracta.” Even if we see
the presence of dpaipeoig together with 10 kaB6Aov, kb’ Ekactov, and Eraywyn in the
Posterior Analytics 1. 18, we shall not think of the former as Aristotle’s predominant tool in
explaining how we reach a universal, since that passage is the one and only one instance in
the whole corpus which might imply such a reading, however ambiguously. The use of
aphairesis is directed to individuals and their particular mathematicals which are reached by
successive method of subtraction. In addition, we shall not conflate aphairesis as it appears in
Aristotle with the qua-method. Aphairesis and the qua-method are distinct. It seems likely

that when one conceives of this table qua square, the form of the square enters into one’s

189 bid., 9.
190 Thid., 2.
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mind without matter. The process of abstraction becomes immediate, almost instant.
Aphairesis, however, is a self-conscious deliberate process removing things successively in
thinking: upon the removal of passions, affections, and motion we arrive at the quantitative
and continuous extension, the result of subtraction. Its function also consists in removing the
subjects which we consider incidental when we look for a primary subject of any given
attribute. This process is always deliberate in Aristotle and does not have any psychologistic

connotations of an instant reception of forms without matter.

5.4 Julia Annas

Before treating Annas’ account of Aristotle’s aphairesis, | must mention in advance
that she cites Gottlob Frege’s criticism of abstractionism fairly extensively. It should be noted,
however, that Frege was criticizing the whole idea of modern abstractionism in the
philosophy of mathematics and was trying to show why it is inadequate. But this type of
psychologistic abstractionism which he was criticizing is not what Aristotle understood his
aphairesis to be. Frege’s criticism of abstraction, which Annas uses as evidence to show why
Aristotle’s abstraction is inadequate, has nothing to do with aphairesis.

Julia Annas'®! mentions no use of aphairesis in the process of abstracting either the
essence from matter (Alexander of Aphrodisias), a universal (e.g. man) from particulars
(Boethius and Aquinas), or a mathematical universal from particulars (Proclus and Aquinas).
She employs aphairesis only in the discussion of how particular mathematical properties and
objects are abstracted from matter (Philoponus and Aquinas).

Annas begins her treatment of Aristotelian abstraction in her book Aristotle’s

Metaphysics Books M and N with the following question: “What is it that is abstracted?” She

91 For Annas’ concept of Aristotle’s abstraction, see pages 28-35 of her book Aristotle’s Metaphysics M and N.
114



points out that the there is an ambiguity in Aristotle’s abstraction because sometimes Aristotle
seem to abstract matter like bronze and, sometimes, he abstracts properties like isosceles.
What is it that is abstracted? Sometimes it seems to be matter (e.g. the bronze of the
bronze sphere). This will lead to thinking that geometry studies properties like
roundness. Sometimes, however, what seem to be abstracted are properties (e.g. the
isosceles nature of a particular triangle). This leads to thinking of the geometer as
studying objects, and this is the view uppermost in M 3.
I do not see any problem with applying aphairesis in both accounts and do not see any
ambiguity here as long as we understand aphairesis as subtraction. It is true that Aristotle
does say elsewhere that to study roundness we need to remove bronze. However, in APo. 1.5
he also says that to discover in this bronze isosceles triangle what is the primary subject of the
attribute ‘the sum of internal angles equal to two right angles,” one must subtract isosceles,
and also subtract bronze (74a35-b4). If we suppose, for instance, that there were different
kinds of circles like there are different kinds of triangles (isosceles, equilateral, etc.), we
would have to also subtract this differentia of the circle like we subtract the isosceles from a
triangle. But there are no other kinds of circles like there are kinds of triangles. The account of
aphairesis Annas provides in this case is the proper Aristotelian one, as subtraction. However,
based on the way she links it to the M.3 passage, she is also forced to think of aphairesis as
extraction.
Annas is right that book XIII.3 (M.3) is literally filled with the qua-locutor and has not
a single reference to aphairesis in it. Since there is no aphairesis in the text, she connects the
qua-locutor with the process of abstraction: “in M 3 what seem to be abstracted are

geometrical objects.”'”® As I have already explained, the application of qua suggests an

immediate sense of extraction of form from matter and should not be confused with

192 Julia Annas, and Aristotle, Aristotle's Metaphysics: Books M and N, Clarendon Aristotle Series. (Oxford
[Eng.]: Clarendon Press, 1976): 30.
193 Ibid., 31.
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aphairesis, which successively unfolds the quantitative and continuous property, finds the
primary subject of attributes, and is used for didactic purposes only, i.e. to show that the
category of quantity is a part of the sensible objects and is not physically separated from them
in the manner of Plato’s Forms and intermediates. There is no problem or ambiguity between
the two senses of aphairesis in Annas’ statement, as long as we understand aphairesis to have
a sense of subtraction, while the extraction of properties, which is the focus of M.3, is
performed by gua isolation.

Annas points to another problem when this sense of aphairesis is applied to number
and says that it results in “really disastrous difficulties.”'** She cites Frege’s account to
explain what she means by this. Frege argues that once all differentiating characteristics of
two different objects are removed, there will be nothing to distinguish things, and with no
multiplicity, there can be no counting of number.

If through [abstraction] the counting blocks become identical, then we now have only
one counting block; counting will not proceed beyond ‘one’. Whoever cannot
distinguish between things he is supposed to count, cannot count them either... On
the other hand, if the word ‘equal’ is not supposed to designate identity, then the
objects that are the same will therefore differ with respect to some properties and will
agree with respect to others. But to know this, we don’t first have to abstract their
differences.!
I think we can solve the problem of the two identical blocks in the following way. For these
two counting blocks to become identical, they must be made not only of the same material but
of the same size. However, it is impossible to build two perfectly cubical blocks of the same
size. This is the case because matter is always changing, which means it constantly affects the
size of the objects. Secondly, if we suppose matter was still and motionless, it would still be

impossible to do so because our human ability to create perfectly straight objects is limited.

Therefore, the two blocks will still be different even if they are made from the same material.

194 Tbid.
195 Gottlob Frege, Philosophical Writings, ed. Geach and Black, (Oxford, 1996), 84-85.
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The two cubical forms which enter the soul without matter, will be of the two different sizes
even though the senses are not able to recognize this fact.

Annas cites another remark by Frege in order to explain the problems with thinking
the result of abstraction as something countable. Here Frege expresses the difficulty of finding
out why the two abstracted objects still remain different. For instance, we observe two cats of
a different colour sitting side by side. Then, we abstract from their colour, posture, and
position, thus depriving them of any content. They, however, still remain different and it is
not clear why:

Inattention is a very strong lye; it must not be applied at too great a concentration, so
that everything does not dissolve, and likewise not too dilute, so that it effects a
sufficient change in the things ... Suppose there are a black and a white cat sitting
side by side before us. We stop attending to their colour, and they become colourless,
but are still sitting side by side. We stop attending to their posture, and they are no
longer sitting (though they have not assumed another posture), but each one is still in
its place. We stop attending to position; they cease to have place, but still remain
different ... Finally we thus obtain from each object a something wholly deprived of
content; but the something obtained from one object is different from the something
obtained from another object-though it is not easy to say how.!®
Perhaps, the reason why these abstracted cats appear to him to be different is because Frege
did not mention the category of quantity in his process of abstraction (he mentioned only
colour, posture, and position). The quantitative and continuous magnitude, namely the size of
both cats that is what makes them to be different from each other; this is quantity that
individuates them both. If we further abstract from the category of quantity (and other
categories), we may come to the concept of ‘cat.’
Annas draws the following conclusion: “Number involves counting something — units

of some kind; but the units have to be differentiable, so abstracting from the objects to be

counted is either futile or disastrous...In any case there is a lack of correspondence in the

1% Tbid., 85.
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application of abstraction to geometry and to number.”'®” Annas does not propose either her

’s'%8 positive solution to how aphairesis can be applied in Aristotle’s

own or someone else
geometry. She does resolve it for the science of arithmetic. However, what seems to be
resolved is, in fact, the modern psychologistic interpretation of aphairesis not present in
Aristotle, such as abstraction of numbers from groups. Annas accepts the premise that
numbers are pure units, reached by abstraction from groups (cows, dogs). To support this
idea, she cites Aristotle’s passage in Physics IV. 14 where he states that even though the
number of the two different groups, such as ten sheep and ten dogs, is the same, both decads
will still be different (224a2-15).!%° However, the passage cited makes not a single reference
to aphairesis. In fact, there are no appearances of it in the entire book IV except one single
use in chapter 2 which makes no reference to numbers. Aristotle does never employ
aphairesis in the sense of abstraction of number from groups. It is highly possible that Annas’
idea has developed from its geometrical cognate, ‘abstraction of form from matter.” The
abstraction of numbers from groups is a relatively new notion, absent in the ancient and
medieval commentators of Aristotle whom I investigated.

Annas’ line of argument seems to suggest that there is no need to abstract a number

from groups because number is simply the plurality of physical objects or units counted

197 Julia Annas, and Aristotle, Aristotle’s Metaphysics: Books M and N, Clarendon Aristotle Series. (Oxford
[Eng.]: Clarendon Press, 1976): 31.

198 She does refer to Mueller’s article (1970) were he treats aphairesis. Specifically, Annas cites his
interpretation of his account of intelligible matter (p.167), but then she immediately rejects it for the fact that
Mueller’s reconstruction was built solely on the later Greek commentators. It is however unclear what is the
force of this quotation from Mueller because there he makes no connection to abstraction which Annas
discusses.

199 “It is said rightly, too, that the number of the sheep and of the dogs is the same number if the two numbers are
equal, but not the same decad or the same ten; just as the equilateral and the scalene are not the same triangle, yet
they are the same figure, because they are both triangles. For things are called the same so-and-so if they

do not differ by a differentia of that thing, but not if they do; e.g. triangle differs from triangle by a differentia of
triangle, therefore they are different triangles; but they do not differ by a differentia of figure, but are in one and
the same division of it. For a figure of the one kind is a circle and a figure of another kind of triangle, and a
triangle of one kind is equilateral and a triangle of another kind scalene. They are the same figure, then, that,
triangle, but not the same triangle. Therefore the number of two groups also-is the same number (for their
number does not differ by a differentia of number), but it is not the same decad; for the things of which it is
asserted differ; one group are dogs, and the other horses” (trans. Hardie and Gaye).
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together, and that measure is homogeneous with the object measured.?*® We simply have to
determine the unit of measurement, which should be a distinctive and indivisible entity: “we
can say that the thing is 2 inches long, or weighs 5 pounds ... we cannot count until we know
what it is that we are to mark out as we count, whether chairs, colours, or what.”?°! | agree
with this. There is also no need to abstract from the matter of an object in order to count
something as ‘one:’ that which stands as an individual is numerically one, such as for instance
the things whose matter is one are numerically one (1016b 32-3) or the things whose
substance is one are numerically one (1040b17).22 Annas gives an adequate account of what
Aristotle understands a number to be. Perhaps, what was wrong in the first place is to posit
aphairesis as the source of production of pure abstract numbers deprived of any content.
What Aristotle might have suggested by stating that the mathematician studies ‘the results
from subtraction’ is that s/he can study the physical object not only qua an indivisible unit but
can also count the number of planes and lines in the separated solid.

Such abstractionist interpretation of an immediate abstraction of mathematicals which
has been discussed so far, can cause further difficulties in interpreting Aristotle’s texts. For
instance, commenting on 1078a 21-31, Annas concludes that the positing activity (tifnut) of a
mathematician is unreconciled with the theory of abstraction which presupposes an immediate
separation. Since an abstractionist object is already present to the mind, it is unclear why the
mathematician needs to ‘posit’ (Bein) his objects:

Aristotle now introduces the idea that the mathematician ‘posits’ mathematical
objects. But it is not clear what the force this has. If it means merely that he

‘separates’ them in thought from irrelevant properties, then there is no positing about
it, in the sense of postulating; for an abstractionist the object is already there to be

200 Julia Annas, and Aristotle, Aristotle's Metaphysics: Books M and N, Clarendon Aristotle Series. (Oxford
[Eng.]: Clarendon Press, 1976): 36-37.

201 Tbid., 36.

202 Tbid., 38.
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studied, not stipulated. If Aristotle does mean that stipulation plays a part, then this
comment is unreconciled with the theory of abstraction.?®

The best way of studying each object would be this: to separate and posit [Oein] what

is not separate, as the arithmetician does, and the geometer. A man is one and

indivisible as [qua] man, and the arithmetician posits [£€0eto] him as one indivisible,

then studies him neither as [qua] man nor as [qua] indivisible, but as [qua] a solid

object. 2% (transl. Annas, Meta. XII1.3).
The positing activity of a mathematician, indeed, is unreconciled with the ‘theory of
abstraction,” because Annas’ understanding of abstraction presupposes an immediate
extraction. In locating the extension, the intellect must first separate all irrelevant aspects and
then identify the quantitative and continuous. This process of locating may very well be taken
as ‘positing.” For him it was a logical successive and demonstrative method of the removal of
sensible aspects to locate or posit the quantitative and continuous, or simply to indicate that
the category of quantity is in the substance. In addition, following the line of Aristotle’s
thought in 1078a 21-31 to which Annas refers, by positing Aristotle may also mean ‘deciding’
for oneself whether s/he wants to study man qua geometrical or qua arithmetical. Depending
on the science one wants to apply, s/he first needs to posit whether s/he will study a man as a
unit, namely qua indivisible, or gua solid as a continuous divisible magnitude. Once the
continuous divisible magnitude is separated, s’he may further continue the process of positing
or deciding what part of a separated intelligible solid will s/he study, such as its first, second,
or third dimension.

Frege was criticizing the whole idea of modern abstractionism in the philosophy of

mathematics and was trying to show why it is inadequate. But this type of psychologistic

abstractionism which he was criticizing is not what Aristotle understood his aphairesis to be.

203 Ibid., 150.
204 Ibid., 96.
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As Jonathan Lear rightly points out, it is “a mistake to tar Aristotle with Frege's brush” 2%°
because “it differs fundamentally from the psychologistic theories that Frege scorned.”?% If
we are to interpret Aristotle’s aphairesis as Frege does applied both to numbers and to
magnitudes, then the object, indeed, loses its content and becomes diluted when colour,
posture and position are removed. Annas resolves this problem for arithmetic, but only its
modern psychological interpretation as abstraction from groups: there is no need to abstract
from groups because number is simply homogeneous with the units counted. Annas, however,
cannot resolve it for the geometrical aphairesis. She does not provide either someone else’s or
her own positive solution and suggests that Aristotle has a psychological?’’ doctrine of
geometrical abstraction which is defined as a ‘deliberate lack of attention.” To explain what
she means by this psychological abstraction, she refers to Sextus Empiricus’ work Against the
Mathematicians:

Aristotle...says...that length without breadth of which the geometers speak is not

unintelligible, but that we can without any difficulty arrive at the thought of it. He

rests his argument on a rather clear and indeed a rather manifest illustration of it. We

grasp the length of a wall, he says, without attending also to its breadth, so that it must

be possible to conceive of the length without breadth of which geometers speak.?%®

(Ross, Adv. Math. 3.57-58).
This makes her to conclude that Aristotle’s “abstraction thus comes down to deliberate lack of

attention.”? It is obvious that Annas sees the parallel between this account in Adversus

Mathematicos and the account given by Frege where he compared abstraction to

205 Jonathan Lear, "Aristotle's philosophy of mathematics," The philosophical review 91, no. 2 (1982): 184.

206 Tbid. p. 162.

207 Julia Annas, and Aristotle, Aristotle's Metaphysics: Books M and N, Clarendon Aristotle Series. (Oxford
[Eng.]: Clarendon Press, 1976): 32, 33, 149.

208 «<AQN 6 ye ApioTtoTéAng, kainep molkilmg katackevacsheiong tiig Tod mpdypatog dvemivonociag koi ook

8v OMy® KEWEVOV TapAy® TOV YEOUETPGY, PNGL i) S1avon Tov glvar T Do ToVTmY AeyOuevoy pijkog dmhatéc,
aAAG dOVaoBat yopig mhong mepiokereioceic Evvotlav MUV EMBETY. Totnot 6€ TOV AdYoV Tl TIVOG EVaPYEGTEPOL
VIOdElyLaTOG Kol GapoDS. TO YoV ToD Toiyov Uijkog, enot, Aappdvopev pn cvvenifdriovieg avtod T@ TAATEL,
S10mep évéoTal Kol TO Tapa TOTG YEMUETPULG AEYOUEVOV UTIKOG XOPIC TAATOVG TIVOG EMVOETV.”

209 Cf. Bick’s connection of aphairesis with ‘selective attention’ (p.1) and Annas’ connection of the term with
the ‘lack of attention.’
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inattention.?!® The problem with Sextus’ account is that it makes no reference to aphairesis,
thus it is illegitimate to associate it with Aristotelian aphairesis as such. Even if Aristotle did
understand the process of grasping length without breadth the way Sextus explains it, this
account has no relation to how aphairesis works in the Aristotelian passages we have
surveyed.

Contrary to all these various modern interpretations of aphairesis we have seen in the
accounts of de Koninck, Mansion, Bick, and Annas, my analysis of all the instances of
Aristotle’s aphairesis has shown that it has no relation to the four epistemological senses of it
as extraction which presuppose either the idea of receiving forms without matter or the
process of induction by means of which the universal is attained. Furthermore, it is wrong to
think of aphairesis in a psychological way through which one grasps the objects of
mathematics by some kind of inattention with respect to some other aspects. It is especially
wrong to compare the term to the desire of non-rational animals, as well as to think of it as a
non-deliberate and non-conscious operation isolating the objects of mathematics which lay
there already at hand. What possibly bears the sense of immediate abstraction is when we
consider something qua ‘F’ with which aphairesis should not be confused. The authentic
Aristotelian sense of the mathematical aphairesis comprises the following uses: (1) it
successively uncovers the ‘layers’ of a sensible object for the purpose of showing that the
category of quantity is a part of this same body and that it is not ontologically and locally
separated from it in the manner of Plato’s objects, (2) it helps to find the primary subject of
any given attribute: we do not isolate the primary subject, but, instead, we successively
remove all incidental subjects one after another and only then leave the primary one to be

studied. In all these and other cases both mathematical and non-mathematical aphairesis

219 Gottlob Frege, Philosophical Writings, ed. Geach and Black, (Oxford 1996), 85.
122



presents itself as a simple arithmetical, self-conscious, and deliberate successive subtraction

which, contrary to inattention, may sometimes require a great amount of concentration.
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CHAPTER 6 CONCLUSION

In this conclusion I will bring together the major points of my thesis which support my
conclusion that Aristotelian aphairesis is not abstraction or extraction. In chapter 1 I analyzed
the etymology of the term dgaipeoig and systematized the nine occurrences of the “ta €€
apaipéoemc’ expression into two non-mathematical and seven mathematical uses. I then
investigated how the terminology accumulated new meanings in some of the ancient
commentaries on Aristotle. Specifically, Alexander of Aphrodisias claimed that forms
(essences) are abstracted from matter (De Intellectu, 110.19 and 111.16), Philoponus used
aphairesis for the first time together with particular mathematical forms (In Aristotelis De
Anima Libros, 1.1-2), Proclus understood aphairesis as the collection of particulars into one
common mathematical universal (Commentary to the First Book of Euclid’s Elements),
equivalent to the abstraction of a mathematical universal from particulars. Even if Proclus was
not commenting directly on Aristotelian aphairesis, it remains possible that his views had
influenced the later Aristotelian commentators. This is the same reason why I also looked into
Boethius’ application of aphairesis. Boethius, translating aphairesis into Latin as abtractio,
used it in the sense of abstracting a universal (e.g. man) from particulars (in Boethius’
commentary on Porphyry’s Isagoge, 11.2, 11.6, and 11.7). These views constitute the four
epistemological senses of aphairesis which Cleary seems to have had in mind. Thus the three
uses of aphairesis which Cleary attributes to Aquinas— abstraction of a particular
mathematical form from matter (Summa Theologiae, I q. 1 a. 1 ad 2), abstraction of a
universal (e.g. man) from particulars and abstraction of a mathematical universal (e.g. circle)
from particulars (commentary on De Anima 1. IV) emerge in the earlier reception of

Aristotelian aphairesis.
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In chapter 2 my analysis was directed to the general application of aphairesis in the
works of Plato and Aristotle. Since Aristotle extensively argued against Plato’s objects of
mathematics, I considered it necessary to find out how Plato used the term and whether it
played any role for him in reaching the objects of mathematics or Forms. My analysis has
shown that Plato used aphairesis in three ways: as a simple arithmetical subtraction of things
and concepts in thought, as a deprivation of physical things such as wealth, slaves etc., and as
an intellectual activity of abstracting the Form of love and the Form of the good from their
particular instantiations (Rep. 534b-c and Symp. 205b4). Since Plato used aphairesis together
with eidos, I suggested that the term could possibly have had an extractionist sense for him. I
then showed that dgoaipeiv in Aristotle never presupposes a sense of extraction, and even in
the realm of non-mathematicals it has the meaning of consecutive removal of unnecessary
objects.

In chapter 3, I considered how Aristotle used aphairesis in a more technical way, such
as in finding the quantitative and continuous in the physical object or locating and finding the
substance is in this object. I examined the two non-mathematical uses of the ‘Tt €&
aopapécemc’ expression and concluded that neither the Posterior Analytics 1. 18 nor the
Metaphysics XIII. 2 passages make reference to the objects of mathematics. In the former
controversial passage, the result of subtraction is a non-mathematical universal. In the latter
passage the result of subtraction is ‘pale’ (tov Agvkoév), though the objects of mathematics
such as lines and planes are indirectly implied. The other seven occurrences of ‘Tt €&
dopapéoewc’ do have a clear mathematical application. A close study of both mathematical
and non-mathematical expressions and aphairesis as such, demonstrated that none of their
appearances in the works of Aristotle suppose a sense of extraction of one out of many.

Furthermore, none of the uses of the expression have the applications found in the ancient and
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medieval commentators: abstraction of form (essence) from matter, abstraction of universal
(e.g. man) from particulars, abstraction of mathematical universal (e.g. circle) from
particulars, or abstraction of this particular mathematical form (zAis circular shape) from this
particular matter, motion, and change. Instead, my analysis has shown that Aristotle’s non-
mathematical aphairesis 1s subtraction, that is when we take away or remove many things and
then study the remainder. Aristotle’s mathematical aphairesis is equally also subtraction: we
remove colour, passions, affections, and motion from a bronze isosceles triangle, and consider
the two-dimensional continuous shape only, such as triangularity. Contrary to Cleary, who
claims that the main function of the mathematical ‘td €€ dparpéoemg’ expression and
aphairesis terminology is to find out the primary subject of any given attribute, I argued that
the main purpose of both terms is rather that of uncovering and elucidating the spatial
location of the sensible magnitude, so as to show that the category of quantity does not exist
outside and separately in the manner of Plato’s intermediates and Form numbers. Finally, I
argued that Aristotle’s aphairesis should not be considered separately from his concept of
intelligible matter (bAn vont) and the concepts of potentiality (dOvopg) and actuality
(evépyewa or évtedéyewa) if a plausible account of Aristotle’s objects of mathematics is to be
given. My analysis of these concepts has shown the following picture of how exactly we
should interpret Aristotle’s objects of mathematics: the objects of mathematics, while
‘existing’ potentially as physical continuous extension to be unfolded by the successive
method of subtraction, subsequently ‘exist’ actually in thought as a compound of intelligible
matter and form.

In chapter 4 I investigated the types of confusions that exist in modern interpretations
of Aristotle’s theory of abstraction, interpretations, which were built upon, consciously or

unconsciously, certain especially influential ancient commentators on Aristotle’s views. The
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scholars, whom Cleary mentioned, do indeed have an epistemological interpretation of
aphairesis of which I identified there to be four specific uses and then subsequently united
them all under the term extraction. My analysis has demonstrated that the commentaries of de
Koninck, Mansion, Annas, and Bick do show the traces of connection between their views
and the views of Alexander of Aphrodisias, Philoponus, Proclus, Boethius, and (especially)
Thomas Aquinas.?!!

Contrary to Plato’s independent substances, points, lines, planes, solids, and numbers
are not substances for Aristotle, but rather the properties that depend on substances. Thus, to
show that the category of quantity does not exist outside the sensible body, Aristotle, by
subtracting all other categories, indicates that the category of quantity is not ontologically
separated in the manner of intermediates and Forms and that it is a part of a sensible body. By
removing motion and change in thinking, Aristotle, perhaps, meant that there is a certain
moment in time when the % + A ¢ triangle becomes a motionless # triangle which can be
conceived only by the intellect. The precision problem can be solved by comprehending a
perfect sphere which is enclosed into an inexact sensible one. This means that the matter of a
perfect sphere occupies the actual space of the matter of an imperfect one. Thus, the perfect
sphere is potentially present in the inexact one which can be brought to actuality only in
thinking but not in reality. It is the thinking activity only that can think of the enclosed sphere
which at some moment in time % becomes a perfect actual sphere in the former. There is

however no such account in Aristotle’s corpus of the perfect 0 mathematicals occupying the

space of the matter of imperfect ones — this is merely a reconstruction which I propose to

211 The following outline represents the parallel between the views of the ancient and modern commentators:

(1) Alexander: abstraction of form (essence) from matter (N/A);

(2) Boethius and Aquinas: abstraction of a universal from particulars (Béck, de Koninck, Mansion);

(3) Proclus and Aquinas: abstraction of a mathematical universal from particulars (Béck, de Koninck, Mansion);
(+) Philoponus and Aquinas: abstraction of #his particular mathematical form (#his circular shape) from this
particular matter, motion, and change (Bick, Mansion, Annas).
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explain how mathematics can be true of the sensible world and why precise mathematical

objects are not merely the creations of mind alone.
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