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Abstract

The so-called Einstein-Aether theory is General Relativity coupled (at second deriva-
tive order) to a dynamical time-like unit vector field (the “Aether”). It is a Lorentz-
violating theory, and has gained much attention in recent years. We study two classes
of Einstein-Aether cosmological scalar field models using dynamical systems tech-
niques. In particular, we are interested in exploring the impact of Lorentz violation
on the inflationary scenario. We study the local stability of the equilibrium points
of the dynamical system corresponding to physically realistic solutions, and find that
there are always ranges of values of the parameters of the models for which there
exists an inflationary attractor.

In the first application, we investigate the qualitative behaviour of a class of spatially
homogeneous Einstein-Aether models with a scalar field. Particularly, we study two
models; an isotropic model and an anisotropic model. In both models there always
exists a range of the values of the parameters in which there is an attractor which
corresponds to an inflationary universe at late times.

In the second application, we study spherically symmetric cosmological models with
a scalar field. Particularly, we consider a special case of spatially homogeneous
Kantowski-Sachs models using appropriate normalized bounded variables. In this
special case, we found that there always exists a range of values in the parameters in

which there is one inflationary attractor solution at late times.

xxiil



List of Abbreviations Used

GR
EFE
DE
FRW
D f(zo)
ODE
KS
CMB

HG(T)

Field of real numbers

General Relativity

Einstein Field Equations

Differential Equation

Friedmann Robertson-Walker
Jacobian Matrix; linearization matrix
Ordinary Differential Equation
Kantowski-Sacks

Cosmic Microwave Background

Hartman Grobman Theorem

XX1V



Acknowledgements

First of all, I want to thank my parents. If it were not for their love, support and
great genes and their prayers, I would not have been as successful as I have been, not

just in my studies, but in all aspects of my life. This thesis is for you.

To my supervisor Dr. Coley Alan, I owe a big thanks for his support, guidance and
insights during the completion of this thesis. Also, I would like to thank him for
recognizing my potential in my master period and believing in me. I am glad to
have had the opportunity to be his student and I am grateful to have had him as a
supervisor. He helped me a lot during my journey of my graduate studies either in
my Master’s as well as my PhD degree, both in the field of applied mathematics and
outside generally in my whole education and academic atmosphere. He helped me to
understand the insight of my research that I conducted and results I have obtained.
His patience with me and his knowledge are truly inspiring and strongly building my

confidence.

1T also would like to thank my committee members Roberto A. Sussman, Robert van
den Hoogen, Theodore Kolokolnikov and David Iron for reading this thesis, and their
great suggestions and comments. [ thank my collaborators during my PhD, Genly
Leon and Sandin Patrick whom I met while they were visiting Dalhousie University.

XXV



[ am grateful to everyone in the Department of Mathematics and Statistics at Dal-
housie University for all of the kind experiences that I have had with them. My
special thanks to our graduate coordinators Sara Faridi and David Iron for their
support throughout my PhD. I thank Theodore Kolokolnikov, Richard Wood, Keith
Johnson and Andrea Fraser for the wonderful courses that I took with them, and for
the great scientific advice that I received from them. My thanks to Dorette Pronk for
the great academic advice that I received from her. My special thanks to Balagopal
Pillai, System Administrator for all the computer assistance he provided me through

out my degree.

Outside the academic environment, I have a multitude of people to thank. There
is no doubt that the person I owe the incredible thanks to is my husband, Albeladi
Murtada. He has always been there to give me motivation and encouragement. He
has been more patient, loving, supportive than I could have asked for. A huge thanks
to my gentle son and two lovely daughters for their help some times at home, even

when they try to help me with my school work.

To my sister, and my brothers; a big thanks. Without their unconditional love and
support I could not have been as strong as [ am now. Finally and most importantly,
I would like to thank my Saudi government for their financial support. It is without
a doubt that what I have achieved thus far has been strongly influenced by the
foundation which it has have provided me. Thanks for allowing me to make my
dream true.

XXV1



Chapter 1

Introduction

The aim of studying physical cosmology is to understand the Universe as a whole on
large scales. More precisely, cosmology explores the origins of the Universe and its
evolution. There are various models of early universe cosmology which incorporate a
violation of Lorentz invariance, which include the Einstein-Aether theory [1, 2] and
the IR limit of (extended) Horava gravity [3]. When the phenomenology of theories
with a preferred frame is studied, it is generally assumed that this frame coincides,
at least roughly, with the cosmological rest frame defined by the Hubble expansion

of the universe.

Einstein-Aether theory [1, 2] consists of general relativity (GR) coupled, at second
derivative order, to a dynamical time-like unit vector field, the “Aether”. In Horava
gravity, the Aether vector is assumed to be hypersurface-orthogonal; hence every
hypersurface-orthogonal Einstein-Aether solution is a Horava solution (most of the
solutions studied). In this effective field theory approach, the aether vector field wu,

and the metric tensor g, together determine the local spacetime structure.

The inflationary paradigm [4] provides one of the simplest ways to describe various

aspects of the physics of the early universe in standard cosmology. However, despite its



2

successes, some fundamental questions still remain to be answered in this paradigm.
We shall discuss the late time dynamics of Einstein-Aether cosmological models. In

particular, we explore the impact of Lorentz violation on the inflationary scenario

1,2, 5, 6.

Cosmological models in Einstein- Aether (Lorentz-violating) theories of gravity are
currently of interest. A systematic construction of an Einstein-aether gravity theory
with a Lorentz violating dynamical field that preserves locality and covariance in the

presence of an additional “Aether” vector field has been presented.

In an isotropic and spatially homogeneous Friedmann universe with expansion scale
factor a(t) and co-moving proper time ¢, the Aether field will be aligned with the
cosmic frame and is related to the expansion rate of the universe. The Einstein Field
Equations are generalized by the contribution of an additional stress tensor for the

Aecther field.

In particular, in this thesis we will investigate the qualitative properties of Einstein-
Aether (EA) cosmological models with a scalar field at late times and determine
whether or not the model has inflationary attractor solutions using dynamical sys-
tems theory techniques. Dynamical systems techniques are powerful tools in such
an investigation. More precisely, we study the inflationary scenario in the scalar-
vector-tensor theory, where the vector is constrained to be a unit and time-like, and
investigate whether the inflationary solutions proposed [8] are stable when spatial

curvature and anisotropic perturbations are considered.
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The governing equations of the most commonly studied cosmological models are a
system of ODE. Since our main goal is to give a qualitative description of these
models, a dynamical systems approach is undertaken. Usually, a dimensionless time
variable, 7, is introduced so that the models are valid for all times since 7 takes
on all real valued. A normalized set of variables are then chosen for a number of
reasons. First, these variables are well-behaved and often have a direct physical
interpretation. Second, this normally leads to a bounded dynamical system. Third,
one of the equations will be decouple due to a symmetry in the equations. Fourth, it
results in a simplified reduced system that is easier to study. The equilibrium points of
the reduced system then correspond to dynamically evolving self-similar cosmological
models. By using the dimensionless time variable and a normalized set of variables,
the governing ODE, define a flow and the evolution of the cosmological models, can

then be analysed by studying the orbits of this flow in the state space.

The outline of the thesis is as follows. In chapter (2), we give a brief review of
the theory of dynamical systems and some techniques and theorems that we used
throughout the thesis to analyze the models under consideration. This thesis contains

two parts which are applications of the Einstein-Aether theory.

In part I, we study the “Spatially Homogeneous Einstein-Aether Cosmological Model”.
We start with a basic introduction to the Einstein-Aether theory. In Chapter (3), we
begin by introducing the model and set up the evolution equations, with particular
emphasis on Bianchi models of class V I}, with a scalar field. In Chapter (4), we study

the isotropic model with two forms for the potential. In Chapter (5), we expand the
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analysis to study the anisotropic model with three forms for the potential. In Chapter
(6), we discuss our final conclusion of this part with emphasis on whether or not the

models have an inflationary attractor solutions.

In part II, we study the “Spherically Symmetric Einstein-Aether Cosmological Model
with Scalar Field”. In Chapter (7), we introduce the model. In Chapter (8), we study
the special case of the model called the “ Kantowski-Sachs Model”. In Chapter (9),
we discuss our conclusion for this special case. Finally, in Chapter (10), we state our

final conclusion for both parts and some extensions for future work.



Chapter 2

Dynamical Systems Theory

The aim of this chapter is to present a brief review of dynamical systems theory
9, 10, 11, 12, 13].

Consider the dynamical system of differential equations (DE) of the standard form

i = f(z). (2.0.1)

dx

where & = %,

x = (x1,29,..,7,) € R" and the map f : R™ — R”. An autonomous
system is one in which there is no explicit time dependence. As far as this thesis
is concerned, the dynamical systems under consideration are finite dimensional and
continuous autonomous systems.

Let us now state briefly some of the key words related to dynamical system which

mention in this thesis:

Definition 2.1. Solution of DE: A function v(¢) : R — R™ is a solution for the
DE (2.0.1) if

G(t) = f((t) (2.0.2)

is satisfied for all ¢ € R.

Definition 2.2. Equilibrium Point: The point zy € R" is an equilibrium point for

5



the DE in (2.0.1) if and only if f(xy) = 0 holds.

Definition 2.3. Linearization Matrix: Linearization matrix is the derivative ma-
trix of f: R™ — R™ (the n x n matrix) is defined by

dfi
81’]-

Df(:z:o):( ) . i j=1,..n, (2.0.3)

where the f; are the components of the f.

Definition 2.4. Hyperbolic Equilibrium Points: Let zy be a equilibrium point
for the DE in (2.0.1). Then z, is hyperbolic if none of the eigenvalues of the lineariza-
tion matrix D f(zo) in (2.0.3), have zero real parts; otherwise it is a non-hyperbolic

equilibrium point.

Definition 2.5. The Flow: Let x(f) = ¢,(t) be a solution of the DE (2.0.1) with an
initial condition x(0) = a. The flow {g'} is defined in terms of the solution function

¢q(t) of the DE by
9'a = a(t). (2.0.4)
Definition 2.6. Linear Equivalent: Given two DEs
T = Az, 1y = By, (2.0.5)

where A and B are matrices. The two DEs in (2.0.5) are linearly equivalent if and

only if if there exists an invertible matrix P and positive constant s > 0 such that
et =P teBP forall teR. (2.0.6)
Definition 2.7. The Orbit: The orbit through a, denoted by v(a), is defined by

y(a) = {x € R"|z = ¢*,,for all t € R}. (2.0.7)



There are three types of orbits:

e Point Orbits correspond to equilibrium points which can be happen if ¢*, = a

for all t € R, thus y(a) = {a}.

e Periodic Orbits describe a system that evolves periodically in time which can

be happen if there exists a period T' > 0 such that g7, = a.

e Non- Periodic Orbits happen if ¢', # a for all t # 0.

Definition 2.8. Homomorphism Map: A map H : R” — R" is a homomorphism
on R if and only if it is one to one and onto and it is continuous as well as it’s inverse.

Definition 2.9. Topologically Equivalent: Two linear flows e!4, e'? are topolog-

ically equivalent if and only if there exists a homomorphism map H and a positive

constant s such that
H(ez) =P H(z), forall 2 €R™ andforall teR. (2.0.8)

Definition 2.10. Invariant Set: Given a DE as in (2.0.1), a set S C R” is an
invariant set for the DE if for any point a € S the orbit through a lies entirely in S,

(i.e., 7v(a) C S, the orbits stay inside S and never leave).

Definition 2.11. Bifurcation: Given a dynamical system that depends on param-

eters of the form
i = f(x, ), (2.0.9)

where z € R™ and p € R™ represent phase variables and parameters. As the pa-
rameters vary, the phase portrait also varies (i.e., A bifurcation is a change of the

topological type of the system under parameter variation).
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There is one theorem which helps us to study the models in this thesis and provide
information regarding the local stability of equilibrium points of the dynamical sys-
tem. The Hartman Grobman Theorem can be used to analyze the stability of the
hyperbolic equilibrium points. On the other hand, we use the multiple scale method

to investigate the stability of the non-hyperbolic equilibrium points .

2.1 Hyperbolic Equilibrium Points and the Hartman Grobman Theorem

Given a one dimensional dynamical system & = f(x), where x € R and z¢ is an

equilibrium point. We first define the linear approximation of f(z) such that

!/ T " T
fz) ~ flzo) + / (1!‘)) (x — 20) + / ;! 0) (z —20)% + ... (2.1.1)
which can be written in the generalized form as
o fF) (o
flay=> / n(' 0) (z — )" (2.1.2)
n=0 ’

From the definition of the equilibrium point (i.e., f(xzy) = 0) and by ignoring the
higher order terms in equation (2.1.2), for values of x in a neighbourhood of z, the

DE behaves like

= f'(xo)(x — x0). (2.1.3)

In R™, f(x) can be written as follows

fz) =~ f(xo) + Df(xo)(z — x0) + ...\ (2.1.4)

where

0fi
81:]-

Df(a:o):( ) . ij=1,..n. (2.1.5)



Then, for x in a neighbourhood of zy, the DE behaves as

&= Df(xo)(x — x0). (2.1.6)

Qualitative analysis of a system starts with finding the location of equilibrium points.
Once the equilibrium points of a system of autonomous ordinary differential equations
are obtained, it is of interest to consider the dynamics in a local neighbourhood of
each of the points. The process of determining the local behaviour is based on the
linearization matrix in (2.1.5) at the equilibrium point xy. Then, it follows that the
linear stability of these equilibrium points is classified based on the signs of the

eigenvalues of the linearization matrix as follows:

1. If all of the real part of the eigenvalues of the linearization matrix at xy are neg-
ative (\; < 0), then the equilibrium point of the dynamical system is asymp-
totically stable and the trajectories which start near that point will approach

that point.

2. If all of the real part of the eigenvalues of the linearization matrix at xo are
positive (A; > 0), then the equilibrium point of the dynamical system is a

source and unstable and the trajectories will go away from that point.

3. If at least one of the real part of the eigenvalues of the linearization matrix at
xo is positive and the others are negative (A; > 0, \; < 0), then the equilibrium

point of the dynamical system is a saddle and it is unstable.

This classification follows from the fact that if the equilibrium point is hyper-

bolic in nature the flows of the non-linear system and its linear approximation are
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topologically equivalent in the neighbourhood of the equilibrium points. Using such
qualitative characteristics, we can study whether the solution trajectories approach or
move away from the equilibrium point over time. This result is stated in the following

theorem.

Theorem 2.12. (Hartman- Grobman Theorem): Let a DE i = f(x), where
the vector field f is of class C*. If xq is a hyperbolic equilibrium point of the DE then
there exists a neighbourhood of xo on which the flow is topologically equivalent to the

flow of the linearization of the DE at x.

Unfortunately, the Hartman Grobmen theorem does not apply for the non-hyperbolic
equilibrium points, in which the real part of at least one of the eigenvalues is zero.
Therefore, an alternative technique such as multiple scale method can be applied

which we use in some cases.

2.2 The Multiple Scale Method

The multiple scale in [14, 15] technique is used to construct uniformly valid approx-
imations to the solutions of perturbation problems in which the solutions depend
simultaneously on widely different scales. This is done by introducing fast-scale and
slow-scale variables for an independent variable, and subsequently treating these vari-
ables, fast and slow, as if they are independent. We will use a classical example to
illustrate the idea of the multiple scale method. Consider the ordinary differential
equation

' +eyf +y=0 for t>0, y(0)=0, ¥(0)=1. (2.2.1)
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The exact solution of (2.2.1) is
1 —e 2
y(t) = ————e sin (t 1- 6—) . (2.2.2)
- 4
i

This solution has an oscillatory component that occurs on a time scale of order 0(1),
as well as it has a slow variation of order 0 (%) . To incorporate two time scales into
the problem, we introduce the variables ¢t,7 = €®t. We treat these time scales as
independent variables. Based in the solution it is expected to have e = 1 in this case.
Thus, it follows that

— = 4e—. (2.2.3)

By substituting this into (2.2.1) yields

Yor + 2€Yyr + €Yrr + (Y + €yr) +y =0 (2.2.4)

y=0 y+ey,=1 for t=0=r7. (2.2.5)

Note that we use the symbol y; in place of % (similarly for y,) for simplification.
Note that the solution of the ordinary differential equation is not unique and this will
enable us to prevent the secular terms from appearing in the expansion at least over
the time scales that we are using.

Now we use the power series expansion of the form
y~yo(t,7) + ey (t,7) + ... (2.2.6)
By substituting (2.2.6) into (2.2.5) yields
Yorr + Yo + €(Yree + Y1 + 2yoer + Yor) + 0(€7) + .. (2.2.7)

Now collecting terms of € order as follows,
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Yorr + Yo = 0. (2.2.8)

The general solution of this equation can be written as

yo(t) = A(7)sin(t) + B(7) cos(t). (2.2.9)

yo(t) = A(T)cos(t +¢) oras yo(t) = A(T)e" + A(t)e™", (2.2.10)

where A(7) is a complex valued constant and the over bar indicates a complex con-

jugate.

O(e)
Yiee + Y1 = —2Y0tr — Yot (2.2.11)

From (2.2.9), the differential equation for y; is

Y1t + 1 = (2B, + B(7)) sin(t) — (2A, + A(7)) cos(t). (2.2.12)

Then the secular terms are

B, = @, (2.2.13)
A, = —A(QT) (2.2.14)
After imposing the initial conditions we get
B, = —B;T) = B(r) = Bie % = B(r) =0, (2.2.15)
A = _Al) = A(T) = o2 = A(T) = e 2 (2.2.16)
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Putting all the result together, we find that the solution of
y ~ e 2 sin(t). (2.2.17)

This is first term of approximation that is valid up to the first order of €, which gives us
a good approximation for the problem. Moreover, this procedure is easily expandable
to more general oscillators, also it can used to investigate if the oscillations decay or

grow.



Part 1

Spatially Homogeneous

Einstein-Aether Cosmological
Models: Scalar Fields with

Harmonic Potential
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Chapter 3

Introduction to the Model

Cosmological models in Lorentz-violating theories of gravity are of recent interest
among many scientists. Einstein-Aether theory [1], [3] consists of general relativ-
ity coupled, at second derivative order, to a dynamical time-like unit vector field,
“Aether”. It is one of several proposed models of early universe cosmology which
incorporate a violation of Lorentz invariance [2]. The local space-time structure is

determined by the Aether vector field, u,, together with the metric tensor g, [16].

We shall discuss the late time dynamics of Einstein-Aether cosmological models; in
particular, we explore the impact of Lorentz violation on the inflationary scenario [4],
which provides one of the simplest ways to describe various aspects of the physics of
the early universe in standard cosmology. More precisely, we study the inflationary
scenario in the scalar-vector-tensor theory, where the vector is constrained to be unit
and time-like, and investigate whether the inflationary solutions proposed [8] are

stable when spatial curvature and anisotropic perturbations are considered.

In the phenomenology of the theories, it is assumed that the preferred frame coincides
with the cosmological rest frame is defined by the Hubble expansion of the universe.

15



16

3.1 Einstein-Aether Cosmology Theory

The action for Einstein-Aether theory is the most general covariant functional of the
spacetime metric g,, and Aether field u, involving no more than two derivatives (not

including total derivatives) is [17, 30|
1
S = /d4x\/—g {ﬁR — Ky VuVyu + X (uue + 1) + Lo | (3.1.1)

where

K® .4 = c19™geq + 20%0% + ¢30%6° + cqu’ugeq. (3.1.2)

The action (3.1.1) contains an Einstein-Hilbert term for the metric, a kinetic term
for the Aether with four dimensionless coefficients ¢;, and A is a Lagrange multiplier
enforcing the time-like constraint on the Aether. The convention used in this thesis
for metric signature is (—+-++) and the units are chosen so that the speed of light
defined by the metric g, is unity and x? = 87G = 1. The field equations from varying

(3.1.1) with respect to g?°, u?, and \ are given respectively by [16].

G = Ty (3.1.3)
Ay, = V,J% + cqu,Vyu® (3.1.4)
u'u, = —L (3.1.5)

Here G, is the Einstein tensor of the metric g,,. The quantities J%, 1, and the
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Aether stress-energy 17 are given by

S = =K Vyu" (3.1.6a)
Ug = U*Vpilg (3.1.6b)
o =201 (VuVyu. — Vu,Veup)

— 2[Ve(u(oJ%)) + Ve(uJap)) — Ve(u@dy©)] — 2catia i+

+ 2 uqup + gap Lo (3.1.6¢)

where

,Cu = —K“bcdvaucvbud, (317)

is the Einstein-Aether Lagrangian.Taking the contraction of (3.1.4) with u® and with

the induced metric A% := ¢* + uPu we obtain the equations

A= —uPV,J — cgtigt®, 3.1.8a
b

0 = h**V o J& + cshi, Viyu®. (3.1.8b)

3.2 Models and the Parameters ¢;

Regarding this last subcase, there are 4 dimensionless free parameters (constants)
that define the Einstein-Aether theory (¢;;4 = 1...4). Since we have normalized G
(1 + 3c2 + ¢3 = 0), and since there is an invariance in the action in the cosmological
application, there are effectively only two independent parameters [1] denoted here by
c? and d. The arbitrary parameter d = ¢, — ¢4 does not occur in the tilt-free equations

above. The final parameter, ¢ — 1 = (¢; +c¢3) satisfies 0 < ¢® < 1, where ¢ = 1 is the
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corresponding GR value. In [17] it was shown that (¢ + ¢3) is positive and bounded
above; indeed, it is expected that (c¢; + ¢3) is very small (i.e., ~ 1073). Therefore,
¢* = 1 is consistent with [1]. In addition, since it is not expected that there would
be any significant different qualitative behaviour in the late time dynamics, we could

assume self-consistently here that ¢ = 1 to simplify the analysis.

3.3 Isotropic Model

In an isotropic and spatially homogeneous Friedmann universe with the expansion
scale factor a(t) and the proper time ¢, “Aether” Aether field will be aligned with the
cosmic frame and is related to the expansion rate of the universe. The Friedmann
equation is generalized by the contribution of the additional stress tensor for the
Aether field. If the universe contains a single self-interacting scalar field ¢ with a
self-interacting potential V', then V' can now be a function of ¢ and the expansion

rate . We shall investigate these models in chapter (4).

3.4 Anisotropic Model

In an anisotropic Einstein-Aether model there will be additional terms in the field

equations when compared to the isotropic model. For example:

e The effects on the geometry from the anisotropy (and curvature) of the Bianchi
spatially homogeneous models will be present in the equations. We shall only
be concerned here with a subclass of Bianchi type V I, models with non-positive

spatial curvature (scalar field models with a harmonic potential and a positive
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spatial curvature are known to be chaotic [13]).

The effect of the energy momentum tensor of the scalar field, due to the possible

dependence on V' of the Lorentz violating vector field.

The Einstein Friedmann equations are generalized by the contribution of an
additional stress tensor, 175, for the Aether field which depends on the dimen-
sionless parameters of the Aether model (e.g., the “¢;”) [18]. In GR, all of the
¢; = 0. To study the effects of matter, we could perhaps assume the corre-
sponding G R values (or close to them) in the first instance. The parameter ¢?,
depends on (c¢; + ¢3) such that ¢* < 1, is expected to satisfy ¢* ~ 1, consistent
with [1, 19]. In addition, since it is not expected that there would be any signif-
icant different qualitative behaviour in the late time dynamics, we will assume

here that ¢* = 1 (the corresponding GR value).

In anisotropic models, there may be a tilt between the preferred direction of the
Aether and that of the anisotropy (in an isotropic and spatially homogeneous
Friedmann universe the Aether field is aligned with the cosmic frame). This adds

additional terms to the Aether stress tensor 7%, which can be characterized by

ab’
a hyperbolic tilt angle, a(t), measuring the boost of the Aether relative to the
rest frame of the homogeneous spatial sections [5, 20]. The tilt is expected to

decay to the future [21, 22]. Henceforward, we shall assume that the tilt is

negligible and so a = 0 (and the model does not depend on the parameter d).
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3.5 The Model

We shall assume that the spacetime is spatially homogeneous and anisotropic having
a normalized hyper-surface orthogonal vector field that is aligned with the Aether,
e = (1;0;0;0). An interesting one-parameter class of spacetimes is described by the

diagonal Bianchi type VI, metric
ds® = —dt* + a(t)*dz® + b(t)*e*™ dy* + c(t)*e** dz2?, (3.5.1)

where m is a constant and it is define by m = h — 1. If m = 1, then we have Bianchi
type V; if m = 0, then we have a Bianchi type III and when m = —1 we have Bianchi
type V1. With the above assumptions on the metric and Aether vector, the vorticity

and the acceleration of the Aether vector are zero and the covariant derivative
1
Ug;p = Oqb + gé’hab (352)

is classified by the expansion scalar

a b ¢
0=Vou'=—+ -+ -, 3.5.3
“ a + b + c ( )
and o2 = Lo%0,,, where we assume o = 5. We shall consider the effective potential
of the form
V(0,¢,0) =) ard0°¢> ", (3.5.4)

8

where {a,} are constants. For convenience and simplicity we study a potential

with arbitrary values for (ag = %n2,a10 = p1,a01 = v). Negative constants a, s are
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permitted; however, it might be required that the potential V (0, ¢, o) is positive
definite. The general Friedmann equation has the form

3(m*+m+1)c?
5 :

0> = 30% + 3ps + (3.5.5)

a

The Raychaudhuri equation governing the evolution of the expansion is given by

: 1 1
0= —592 —20% — §(p¢ + 3py). (3.5.6)

The shear evolution equation is given by

1—m

—o6 +
3V3vVm2+m+ 1

The Klein-Gordon equation yields

(6> — 30° — 3p) - (3.5.7)

o=

o= —00— V. (3.5.8)

b

The Hubble expansion is 3H = 6, and the shear is defined by 0% = 10%0,,. An

2
over dot represents differentiation with respect to coordinate time ¢. Units have been
chosen so that 87G = ¢* = 1. The Einstein field equation, the conservation equa-
tion, together with the Klein-Gordon equation for the scalar field, yield the following

autonomous system of ordinary differential equations:

/

. 1 1
9 = —592 — 20’2 — —(p¢ + 3p¢),

2
1—-m
o=—00+ 0% — 30% — 3p,) ,
¢ =1,
¢ = _9¢_ V¢7

\
with first integral

3(m*+m+1)

2 _ 2
0° = 30° + 3ps + 22

(3.5.10)
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In this part of thesis we shall look at the isotropic sub cases of these models: the case
when m = 1,0 = 0 yields a negative spatial curvature model and the limiting case
as (a—lg) — 0 which corresponds to a zero curvature model. We will investigate these
isotropic cases in chapter (4). In chapter (5), we shall look at the anisotropic models

for m = 1, which yields a 4- dimensional system.

3.6 Self Interacting Scalar Field

If the universe contains a self-interaction potential V', which is dependent on a self-
interacting scalar field ¢, together with the expansion rate, then the modified stress

tensor for the scalar field [1] is given by

1 . .
Tj;) :Va¢vb¢ - <§Va¢va¢ + V) Gab + (‘/9 + 0‘/9)9(11) + ‘/Guaub

> Oq VO‘
+V, 24

o . g
60 60 |:(9 N ;) Oab + Oab — 602uaub — U Oc(alUp) | (361)

where Vj is the derivative of V' with respect to 6 (similarly for V,) and a dot is the
covariant derivative along the Aether field, (~ := u*V,). For the class of models
under consideration the effective energy density and pressure due to a scalar field
which interacts with the Aether field velocity vector through its expansion and shear

has the form [1, 13]

P %& +V = Va0 + aVéo) -V, (Ba - %@) , (3.6.2)

And
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Py = %éQ—VnLVg(ejLa\/éoJraT@)+(5—1)Va%+vo<5 \1f \}‘Z)

+V, (1 + OM@EU> +V, (ﬁ; %) , (3.6.3)

where we include arbitrary constant «, 3 to generalize the effective density and the

pressure equations. In this thesis, we set & = 1 = 3. Therefore, the effective density

and the pressure become

P = %¢> +V = V(0 + V6o) — (0——7 ) (3.6.4)
+V,

Dy = %(;5 V+V9(«9+\/_a+ ) ( 69—%%)

# (14 v65) +1 (5 - 1) (3.6.5)

3.6.1 Harmonic Potential

Many kinds of scalar field potentials have been studied in early universe cosmology,
and particularly convex potentials such as the harmonic potential V(¢) = %n2¢2.
Exponential potentials V(¢) = Vpe*®, the focus of much recent work, are also of
physical importance and are of particular interest mathematically due to the exis-
tence of symmetry in the evolution equations. This leads to the decoupling of the
Raychaudhuri equation and makes a qualitative analysis of such models particularly
illuminating [13]. However, a qualitative analysis of scalar field cosmological models
with a non-exponential potential is still useful. In an analysis of inflation in scalar

field models it is usually the dynamics at intermediate times that are of importance.
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For example, for massive scalar field models a slow roll regime is entered, inflation
results until oscillations in the scalar field develop, after which the scalar particles
decay reheating the plasma. However, a qualitative analysis is still useful; in partic-
ular, the question of the degree of generality of solutions that possess an inflationary

stage in such models was addressed in [4].

3.6.2 The Potential

The form of the potential includes effects from the interaction of the scalar field ¢ and
the velocity vector of the Aether through the expansion and shear V(¢,6,0). Here

we are interested in the harmonic potentials of the form
e The potential is a function on ¢ only,
V(g) = 5n’¢?, (3.6.6)
where n is a positive constant
e The potential is a function of the scalar field and the expansion rate as follows:
Ly
where n, u are positive constants.
e The potential is a function of the scalar field; the expansion rate and the shear,
L 5.9
V(@, ¢7 0) = 5” ¢ + M9¢ + l/O'(b, (368)

in which we assume that V' is a positively definite potential and p and n are

positive constants but v can be either positive or negative.



Chapter 4

Isotropic FRW Models

We shall consider the spatially homogeneous and isotropic Einstein-Aether models.
Given the metric is Bianchi VI, in the diagonal form then the Friedmann equation

is given as

3
0> — 30% — 3py = E(mQ +m +1). (4.0.1)

The negative curvature Friedmann, Robertson Walker (FRW) model are an invariant
set of the dynamical system when m = 1 and ¢ = 0. In which case the Friedmann

equation becomes

9
0> = 3ps — ot (4.0.2)

This corresponds to a (k = —1) FLRW models. The zero curvature (kK = 0) FLRW

models are found in the limiting case when ¢ — 0 and a% — 0, in which case the

Friedmann equation becomes

0% — 3py = 0. (4.0.3)

Hence, both £ = 0,—1 (FRW) models can be describe by the dynamical system
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with first integral

9k
2 _

Note that 6 = %“ The energy density and pressure equations yield

1.

1. )
Py = §¢2—V+Vb6+V9.

Therefore,

P + 3py = 20 — 2V + 20V, + 314

We consider a polynomial potential of the form:

1

V(¢7 0) = §7L2¢2 + #9@5,

26

(4.0.4)

(4.0.5)

(4.0.6)

(4.0.7)

(4.0.8)

(4.0.9)

where n, i are assumed to be positive since we assume that the potential is positive

definite. We shall investigate two sub cases under this general case:

1. When the potential is a function of the scalar field ¢ only (u = 0)

V(g) = g

2. When the potential depends on scalar field and the expansion rate with (u > 0)

V(9,6) = 516" + o
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We investigate the qualitative behaviour of the spatially isotropic model in the late
times using two approaches: an analysis using original variables, an analysis us-
ing normalized variables numerically and analytically. Moreover, we investigate the
early times behaviour for these model using the original variables and the normalized

bounded variables numerically only.

4.1 Case (1la): When =0

4.1.1 Original Variables

We shall look to the isotropic spatially homogeneous model with a potential of the

form
L 5.0
Vig) = 3" o (4.1.1)

With this particular potential the autonomous system in (4.0.4) reduce to
(1 1.1 k

S — 2 4 Zn2h2 —

“~3 (\/6¢ T a2> “
b =1, (4.1.2)

-3

1. 1 k )
(\/6¢2+6n2¢2—§>¢—n ¢

Original Variables: Multiple Scales Method

) =
(

In this subsection, we use the multiple scales method to analyse the behaviour of the
model. It is an extremely powerful approach with widespread applications [25]. In
this method, we introduce one or more new “slow” time variables for each time scale

of our problem. This method gives us a leading order expansion corresponding to the
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scalar field ¢ in our model. Our objective is to simplify our model with the original
variables to a reduced and easier model to study.
Define the variable,

1
=== (4.1.3)

Then, it follows that

S L

Combining the second equation of (4.1.2) and (4.1.4) leads to

¢=-3 (\/éqﬁQ + énqu? — kr2> ¢ —n2o,

(4.1.5)
1 1. 1
r= ~3 (\/6¢2 + 6n2¢2 - kr2> r.
Next, rescale the variables r and ¢, where € is small, as follows
p=€ed, r=cR. (4.1.6)
Hence, the system (4.1.5) becomes
. 1. 1 . )
= —3e éqﬂ + 6712(1)2 —kR2 | ®—n"d,
(4.1.7)

. 1 1. 1
=—— —02 + —n2d2 — kR? )
R 36 (\/6 + 6n R ) R
Multiple Scales Method

We use the multiple scales method with ¢ as the fast time and 7 = €t as the slow time
to determine a leading order approximation to the solution of ®, R of the model in
equation (4.1.7). The solution od ®, R are expanded as

O =d(t, 1) ~ Do(t,7) + ey (t,7) + ...,

R=R(t,T) ~Ro(t,7) + eR1(t, T) + .... (4.1.8)
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Using the chain rule gives

R = Ro + € (Ro, +Rug) + ..
b = ®g, + € (Do, + Byy) + ..., (4.1.9)

d = Doy + € (2P + Pryg) + ..oy

d®

42 — ¢,,) and so on. Substituting

Note that, for simplification we used (% = O,

(4.1.8) and (4.1.9) into the model in equation (4.1.7) yields the following

(

q)Ott + E(QCI)OtT + (bltt) + TLQ((I)O + E‘bl) + 3¢ (CI)Ot +€ <(I)()T

1 1
+ <I>1t>) <\/6®0t2 + 6712@02 — k:R02> : (4.1.10)

1 1 1
Rot + €(Ror + Rit) = —=€Ro (\/-@0,:2 + —n2dy% — kR02> )

3 6 6

\

Equating coefficients of like powers of € to 0, gives the following sequence of partial

differential equations:

O(1): ®gy +n’dy =0, (4.1.11a)
Ro: = 0 (4.1.11b)
2 1 2 1 28 2 2
O(E) : (I)ltt +n @1 =-3 E(I)Ot + gn q)() - k‘RO CI)Ot - 2@0“—7 (4]_]_1C)
1 15 1,5 9
th = —g BCI)Ot + én CI)O - kRO R[} - ROT' (4111(31)

Equation (4.2.25a,4.2.25b) have the solutions

@) = A(7) cos(nt + o(7)), (4.1.12)

Ro=R(r) where R(r) an arbitrary function of .



30

After some algebraic calculations the order of € yields

212
P14y + n?P; = sin(0) (SA\/ néA — kR + 2AT> —2n*Ap, cos(d),

1 2 A2
Rip=—= ( e mﬂ) Ro — Ror.

(4.1.13)

3 6

Therefore, in order to eliminate these secular terms, we must have the following

differential equations

3 n2A?
Ar=—3 (\/ 0 kR%) A, (4.1.14)

1 242
Ror = —% ( KB mg) Ro,

6

where Ry = R(7). The equations in (4.1.14) are separable and it can be solved

explicitly when k£ = 0.

A = : A2
, (4.1.15)
n
Ror = ———=Ro.
0 36
Integrating (4.1.15), we obtain
4
A(T) = —=———, where () is a constant of integration
\/6717' + Cl
. (4.1.16)
Ro(T) = :
0( ) (3\/67’LT+01)%

The multiple scale approximation A and the exact solution ¢ for € = 0.1 are depicted
in figure (4.4) which mean that the analogue curve of A gives us how the oscillation

of ¢ decays as t — .

4.1.2 Original Variables: Numerical Method-Past Behaviour

In figures 4.1, 4.2, we plot solutions of ¢(t),a(t) for the system (4.1.2) into the past

time with k& = 0.
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0 T 2 3
t

Figure 4.1: Plot of the solution for ¢(t) of the system (4.1.2) with n = 1 and k =
0 as t — —oo with several initial conditions:[[¢(0) = 0.2, (D(¢))(0) = 0,a(0) =
0.1],[¢(0) = 0.3, (D(¢))(0) = 0.1, a(0) = 0.05]].

0.10 7
0.08 1
0.06 1
0.04 1

0.021

t
a(r)

Figure 4.2: Plot of the solution for a(t) of the system (4.1.2) with n = 1 and k =
0 as t — —oo with several initial conditions:[[¢(0) = 0.2,(D(¢))(0) = 0,a(0) =
0.10], [¢(0) = 0.3, (D(¢))(0) = 0.1,a(0) = 0.11]].

Discussion: As can be seen in figure 4.1, ¢(¢) tends to infinity into the past and in
figure 4.2 show that a(t) decreases. In summary, the numerical solutions for the model
with the original variables to the past with zero curvature is similar to the numerical
solutions for the model with negative curvature, which implies that changing the

curvature does not effect the behaviour of the model under consideration at early



32

times.

4.1.3 Original Variables: Numerical Method-Future Behaviour

In figures 4.3, we plot solutions of of A(t) for the system (4.1.14) and in figure 4.4,
we plot the solution of of ®(t), A(t) for the (4.1.14) and (4.1.7) together with k = 0,

at the late times.

1.09
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0 160 200 300

— 4

Figure 4.3: Plot of solution of A(t) for the system (4.1.14) with n = 1 and k£ = 0 and
initial condition: [A(0) =1,Re(0) = 1].

Discussion As can be seen from the numerical solution, in figure 4.4 the analogue
of A(t) consists with the solution of ®(¢) which starts by oscillation than decays to

Zero.
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Figure 4.4: Plot of solution of A(t) for the system (4.1.14) with n = 1 and k£ = 0 and
initial condition: [A(0) = 1,R¢(0) = 1] together with the plot the solution of ® for
the system (4.1.7) with n = 1, k = 0 and one initial condition:[®(0) = 1, D(®(0)) =
0,R(0) = 1], as t — oo. Black line indicates the oscillation envelope A(t).

4.1.4 Bounded Normalized Variables

Introducing Normalized Variables

We introduce normalized variables to analyze the model. We define a bounded vari-

able D along with the following expressions for ® and W :

_ 0 _ B no _ B ¢
D:m, U= 2(@)’ o= 2<\/1+792>' (4.1.17)

The Friedmann equation becomes

ko, (4.1.18)

D —d? 0P = -
a2(1+62) =

which is conserved by the 3D system (4.1.20) (illustrated below), when k = 0.
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Define

A=D?*— o> -2

then

N =2DD" — 299" — 20V’

=2|D(1 — D*)X + D®*(1 + X) + DX

=2|-DX(D* - ®* + V%) + D(X + ®?)

=2|-DXA — %D (D* — & + 0?)

=2 {—DXA — %DA}

2
= —gDA(BX +1)=0.
The domain of interest is 0 < D < 1, since if
000 —D—1,

and

f—-0 =—=D-—0.

Based on the equation (4.1.18) with £ = 0 and the interest domain of D (0 < D < 1),

hence

0<P*+0? < D* < 1. (4.1.19)

Then, it follows that the other variables ®, ¥ are bounded. Now we define a new time

variable 7 with % = /1 + 62, and apply it to the bounded variables in (4.1.17), then
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we obtain the reduced (3D) system:

(

D' =(1-D")x,
U =nV1- D2® — DUX, (4.1.20)

® =—-DP—nv1l— DV —-dDX,

\

where the prime here indicates the differentiation of each variable with respect to the

new variable time 7 and X" is given by

1 2 1 0
X:__DQ__(I)Q —\112:
37 T3V T3V T

(4.1.21)

Moreover, for k = —1, X < 0, and so D is a monotone decreasing in the interior of

the phase space. Note that X =0if ® =0 and D = .

Bounded Variables:Qualitative Analysis

The equations in system (4.1.20) are relatively simple and it is a well defined system.
Also, note that the D’ does not decouple and the system is not analytic at D = 1 since
we have the square root term in the second equation of the 3D system in (4.1.20).

Moreover, the origin equilibrium point F is highly degenerate.

Equilibrium Points

In table (4.1), we present the summary of equilibrium points for the system (4.1.20);

the values of X and their stability.

Let us discuss the stability of the equilibrium points of the system (4.1.20):
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Pt | (D,®,¥) | X | Stability | k -values
Py | (0,0,0) | 0 Sink | k=0,-1

P | (1,1,0) | =1 | Source |k=0,-1

Py | (1,-1,0) | =1 | Source | k=0,-1
P;| (1,0,1) | 0 | Saddle | k=0,-1
Py} (1,0,-1) | 0 Saddle | k=0,-1

Ps| (1,0,0) | =% | Saddle | k= -1

W=

Table 4.1: Equilibrium points of the system (4.1.20); the value of X and their stability.

Stability of Equilibrium Point ()

Evaluating linearization matrix for the 3D system in equation (4.1.20) at P, gives us
one zero eigenvalue and other two complex eigenvalues. Since one of the eigenvalues
is zero, so we can not tell from the linear stability analysis alone whether or not P is
stable. Numerically, we have been able to show that all solutions (orbits) near Py go
toward it which implies that it is a sink (i.e., see figure 4.9). Below; we analytically
show that Py is a sink. We have that D' = (1 — D?)X and we want to show that
D’ < 0 in the interior (k = —1) of the phase space. We know that the term (1 — D?)
is always positive since the domain of our interest is 0 < D < 1. However, by using

the constraint U2 < (D? — ®?) in X as follows:

1 2 1
X = —-D*—-Zd*+ -0
3 3 3
1 2 2 2 1 2 2 2
< gD’ -30 +§(D —P%) < =% <0, (4.1.22)

Therefore, D' < 0 in the interior of our phase space which implies that the origin
Py in the 3D system is a sink. Note that D — 0 as 7 — oco. Similarly, D — 1 as

7 — —oo. This implies that past behaviour is determined by the D = 1 invariant set
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and the future behaviour of the model is determined by the k& = 0 invariant set (see

figures 4.8, 4.9)

Stability of Equilibrium Points (P;23.45)

Evaluating the linearization matrix of the system in equation (4.1.20) at P; 234 gives
us undefined terms, so we have to examine the stability of these equilibrium points
using different techniques. Then, evaluating the linearization matrix at & =0, ¥ =
+1 or at & = +1,¥ = 0, we found that there is always one positive eigenvalue at
D = 1. In order to determine the signs of the other eigenvalues we need to study the

2D system of @, W. There are two cases:
When k=0 and if D =1 then we have a 1-dimensional set (i.e.,®? + U2 = 1).

When k£ = —1 There is a 2-dimensional invariant set when D = 1 given by

1 2 1
V=0 (- — 2924+ 02
3 3 '3

2 2 1
P=-d(Z—-*+ V%),
3 3 3

(4.1.23)

with the constraint ®2 4 W2 < 1. There are five equilibrium points for the 2D system

in equation (4.1.23).

{(T,®)} = {(0,0), (£1,0), (0, £1)}. (4.1.24)

Note that, (£1,0), (0, £1) are equilibrium points in the k£ = 0 set.

The linearization matrix for the 2D system (4.1.23) is given by
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520202 10U
J(U, ) = : (4.1.25)
20V —2 — 1024292

Now we will evaluate all the equilibrium points in the linearization matrix (4.1.25)
to see the stability (the behaviour) of them in the unit disk. For (0,0), we get two
eigenvalues one positive and the other negative, which implies that the point (0,0) is
a saddle. For P, we get two positive real eigenvalues, which implies that P, , are
sources in the 2D system as well as in the 3D since we know that the third eigenvalue
is positive. Lastly, for Ps 4, we get two negative real eigenvalues, which implies that
Ps 4 are sinks in the 2D system. However, P45 are saddles in the 3D since we know

that the third eigenvalue is positive. The shape of the phase space for the model is

Figure 4.5: Plot of system (4.1.23) as t — oo

a cone in the 3D space and it is a circle in the 2D. In figure 4.5, we plot the phase
portrait for the model in the invariant set D = 1. When k£ = 0, the phase space is

the boundary (i.e., ®*> + ¥? = 1) but if k = —1, the phase space is the interior of the
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circle (i.e., ®? 4+ ¥? < 1). Note that when k& = 0 we have four equilibrium points but
when £ = —1 we have one equilibrium point in the 2D invariant set and the others
are on the boundary. As can be seen from figure 4.5 that P, 5 are sources and Ps4

are sinks and Pj is a saddle.

Qualitative Analysis for Bounded Variables (Point Fp)

Our objective now is to reduce the system with the normalized bounded variables in
(4.1.20) using the multiple scales method.

Expand v/1 — D? using a Taylor series as follows
1
V1i-D2=1-— 5D2 + e, : (4.1.26)

which is valid for small value of D. Then, neglecting all the higher order terms the

system in (4.1.20) becomes

(

1 2 1
D/: __DZ__®2+_\IJ2,
3 3 3
v = n®d, (4.1.27)

' = —-Dd —nV.

\

Define the variables as follows:
D=ed, ®=¢cp, V=er, (4.1.28)

where € is small. Plugging (4.1.28) into (4.1.27) yields to
(
d =

5 (- =207 +07),

YV = no, (4.1.29)
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The system (4.1.29) can be rewritten as follows:

12
€ 2 (U 2
= — [ —q? -2
J 3(d n2+¢),

(4.1.30)
¢” _ _n2¢ _ del.

Multiple Scales Method

We use the multiple scales method with ¢ as the fast time and 7 = et as the slow
time to determine a leading order approximation to the solution of ¢, d of the model

in equation (4.1.30). The solution of 1, d are expanded as

b=t T) ~ Polt, T) + e (t,7) + .o

d=d(t,7) ~do(t, ) + edi(t,7) + ... (4.1.31)

Using the chain rule gives

d = do; + e(dor + dyy) + ...,
W = o + €(or + Y1) + ooy (4.1.32)
V" = ou + €(20otr + V1u) + -,

where (/) indicates the derivative of the variables with respect to time ¢. Substituting

(4.1.32) and (4.1.31) into (4.1.30) yields

€ 2
dot + €(dor + diy) = 3 (—d02 - ﬁwof + %2) ;
(4.1.33)

Yo + €(2%0tr + V1u) = —HZ(% + €e)1) — edoto;.

Equating coefficients of like powers of € to 0, gives the following sequence of partial



differential equations:

O(1):  ou+ n*y = 0,
d()t - 0

O(e) 1 Yy + ”21/11 = =290ty — door,

1

2
dyy = —dor — 3 (—d(z) - ﬁwét + ¢8) :

Equation (4.2.25a),(4.2.25b) have the following solutions
do = d(7) an arbitrary function,

g = A(T) cos(f) where 6= nt+ p(7).

After some algebraic calculations the order of € yields

1 1
dlt - _dOT - g <—d8 + 5142) 5

Vi + 0y = nsin(0) (24, + dpA) — 2Anp, cos(d).

41

(4.1.34a)
(4.1.34b)
(4.1.34c)

(4.1.34d)

(4.1.35)

(4.1.36)

Therefore, in order to eliminate these secular terms, we must have the following

differential equations
(

@Tzoa
A, =-doy

2

1 1
dor = —= >+ =A%) .
| %0 3(“2 )

(4.1.37)

As can be seen in (4.1.37) that dy, < 0. which match the numerical solution in figure

4.7. When we plot the solution of A, we found that A(7) decrease. which implies

that the approximate solutions of the reduced system (4.1.37) decay to zero. Hence,

the approximate solutions of (4.1.30) decay to zero as well. Therefore, P, is a sink.
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Figure 4.6: Plot of solution of A(¢) for the system (4.1.37) with n = 1 and k£ = 0 and
initial condition: [A(0) = 1,dy(0) = 1] together with the plot the solution of 1 (t) for
the system (4.1.30) with n = 1, k = 0 and one initial condition:[¢)(0) = 1, D(x(0)) =
0,d(0) = 1], as t — oo. Black line indicates the oscillation envelope A(t).
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Figure 4.7:  Plot of solution of dy(t) for the system (4.1.37) with n = 1 and k = 0 and
initial condition: [A(0) = 1,d(0) = 1] together with the plot the solution of () for
the system (4.1.30) with n = 1, kK = 0 and one initial condition:[¢)(0) = 1, D(¢(0)) =
0,d(0) = 1], as t — oo.
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4.1.5 Bounded Variables: Numerical Method-Past Behaviour

In the following figure 4.8, we plot solutions of the system (4.1.20) into the past times

with k£ = 0.

~0.54

[—D0 — o) — ¥

Figure 4.8: Plot for the system (4.1.20) with n = 1; k = 0 as t — —oo with sev-
eral initial conditions:[[D(0) = 0.5, ®(0) = 0.5cos(45), ¥(0) = 0.5sin(45)], [D(0) =
0.6, ®(0) = 0.6cos(120), ¥(0) = 0.6sin(120)], [D(0) = 0.8, (0) = 0.8 cos(90), T(0) =
0.8sin(90)]].

Discussion: As can be seen in figures 4.8, D, ® — 1 and ¥ — 0 as t — —oo which
implies that it is going to P; in the past time limit. Note that changing the curvature
value k = —1 does not effect the behaviour of the model into the past, we get similar

behaviour as & = 0.

4.1.6 Bounded Variables: Numerical Method-Future Behaviour

In figure 4.9 we plot the numerical solutions for the system (4.1.20) with n = 1 and

with zero curvature into the future times.
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[— D) — o) — ¥

Figure 4.9: Plot for the system (4.1.20) with n = 1 and k
several initial conditions:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0) = 0.
(0

0.8sin(90)]].

Discussion

As can be seen in figure 4.9, ®, ¥ oscillate and decay to zero, and D decreases and
decays to zero in the late time limit, which means that F, is sink. Note that when
k = —1, we get similar behaviour as with £ = 0. In summary, the numerical solutions
for the model with the bounded variables is consistent with the numerical solutions
for the model with the original variables in the late time limit ( see figures 4.4 and

4.9). In summary, solution approach Fy at ¢t — oo.

4.1.7 Inflation

As an indicator of the accelerated expansion of the universe we introduce the decel-

eration parameter, defined as

30 ad
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With the use of the first equation in (4.0.4) and equation (4.1.17) it follows that the
deceleration parameter can be expressed in terms of the normalized bounded variables
as

1

q::—zﬁ(m2—2¢%. (4.1.39)

The sign of the deceleration parameter indicates the nature of the expansionary evo-
lution. If ¢ > 0, the cosmological expansion is decelerating, while negative values of ¢
indicate an accelerating dynamics. The value for ¢ for each of the equilibrium points

of the model are

1. Py: ¢ is undefined in terms of the normalized variables. However, using the

original variables we obtain that

1 )
m:——(—w9+—ﬁﬁ>, (4.1.40)
which is zero at Fy. Hence, F, is not inflationary.

2. PLQI

alp,=2>0, (4.1.41)

are always positive which implies that P; o are not inflationary.

3. P34I

)

alp,, =—1<0, (4.1.42)

are always negative which implies that P; 4 are inflationary.

4. P5I

=0, (4.1.43)
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which implies that Ps is not inflationary.

4.1.8 Slow Roll Inflation

The expansion term tends to slow down the evolution of ¢, if the following slow roll

conditions are valid

¢ < V(9), (4.1.44)

6] < 164, (4.1.45)
Now, we may approximate Friedmann equation using the slow roll conditions as follow

g2 = P4 g \/%1 [$2 + n2¢2, (4.1.46)

which will be simpler using the slow roll conditions
3
9:vgm@. (4.1.47)
And the Klein Gordon equation in (4.0.4) becomes
0+ n2p = 0. (4.1.48)
Plugging (4.1.47) into equation (4.1.48) leads to
: 2
¢:—vgn<0 (4.1.49)
Integrating (4.1.49) yields

2
o= —\/;mf + C3, where (3 is a constant. (4.1.50)
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Hence,

0 = —n*t + Cy, where C, is a constant. (4.1.51)

Now, we can calculate the solution of the dimensionless scale factor for the universe

a by integrating the following equation

3a

) = = (4.1.52)
a
p 1 )
- =3 (—nt+ Cy) dt |, (4.1.53)
a
1
= In(a) = 6n2t2+C’4t+C’5, (4.1.54)
a = Cﬁe’%”%z*a‘t, where Cj is a constant. (4.1.55)

Thus, the solution for the scale factor of the expanding universe at time zero is a = Cj.
Moreover, the slow roll inflation will happen for intermediate times (values of ¢ for

which the approximations are valid).

4.1.9 Discussion

In the isotropic model (Case (la): pu = 0) we found there is only one sink which is
at the origin F,. There are inflationary saddles at P54 but no inflationary sinks nor

inflationary sources.



48

4.2 Case(1lb): When >0

4.2.1 Original Variables

We shall look to the isotropic spatially homogeneous model with a potential of the

form
L 5.
V(6,6) = 56 + b, (1.2.1)
With this particular potential the autonomous system in (4.0.4) reduce to
.1 1., 1 k
=3 (Va‘“ T —) "

. : 1. 1 L
¢ ==3(¢+n) (\/69252 + én%? — ?) —n2g.

(4.2.2)

Since the evolution equations are invariant under the transformation y — —pu, without
lost of generality we can assume that pu > 0. In the following two subsections, we
investigate the late time behaviour of the model using two approaches: an analysis
of the model with the original variables and analysis using the normalized bounded

variables, numerically and analytically.

4.2.2 Original Variables: Numerical Method-Past Behaviour

In figures 4.10, 4.11, we plot the the solutions of ¢(t),a(t) of the system (4.2.2) into

the past times with k£ = 0.

Discussion

As can be seen from figure 4.10 that ¢(¢) blows up to infinity and in figure (4.11)

that a(t) decreases into the past time limit. Also, we have the similar behaviour
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Figure 4.10: Plot of the solution for ¢(t) of the system (4.2.2) with n = 1 and
k =0 as t — —oo with several initial conditions:[[¢(0) = 0.1, (D(¢))(0) = 0,a(0) =
0.1], [¢(0) = 0.001, (D(¢))(0) = 0.1,a(0) = 0.3]].

Figure 4.11: Plot for the system (4.2.2) with n = 1, k
with several initial conditions:[[¢(0) = 0.1,(D(¢))(0) = 0,

0.10 7

0.08

0.06

0.04

0.02 1

05 1 15 2
t

a(t)

= —last - —x
a(0) = 0.10],[¢(0) =

0.00001, (D(¢))(0) = 0, a(0) = 0.11]].

with negative curvature (k

—1) into the past for any positive values of u smaller

or bigger than the bifurcation value of . which we will be discussed later in this

chapter.
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4.2.3 Original Variables: Numerical Method-Future Behaviour

In figures from 4.12 to 4.15 we plot the solutions of ¢(t) of the system (4.2.2) at the

future time with & = 0 with different positive values of pu.

0.8
0.6

0.41

0.2
\
0 \/\}Vﬂ\y"vf{v’:}/‘\o

-0.29

-0.4

-0.61

—0)]

Figure 4.12: Plot for the solution of ¢(t) of the system (4.2.2) with n =1, u = 0.45,
k =0 as t — oo with several initial conditions:[[¢(0) = 1,(D(¢))(0) = 0.1,a(0) =
1 [60) = 022, (D(9)(0) = 01,0(0) = 0] [60) = 05, (D)) = 0.0(0) =
0.8]].

0.5

-0.51

—0)

Figure 4.13: Plot for the solution of ¢(¢) of the system (4.2.2) with n =1, p = 0.75,
k = 0 as t — oo with several initial conditions:[[¢(0) = 1,(D(¢))(0) = 0.1,a(0) =
1 [60) = 022, (D(@)0) = 0.1.a0) = 04, (0) = 06, (D)D) = 05.(0) -
0.8].
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05

—0)

Figure 4.14: Plot for the solution of ¢(t) of the system (4.2.2) with n = 1, p = 0.81,
k =0 as t — oo with several initial conditions:[[¢(0) = 1, (D(¢))(0) = 0.1,a(0) =
1],][?5(0) = 0.22,(D(¢))(0) = 0.1,a(0) = 0.4],[¢(0) = 0.6, (D(¢))(0) = 0.5,a(0) =
0.8]].

-100

=200

=300

—0)

Figure 4.15: Plot for the solution of ¢(t) of the system (4.2.2) with n = 1, pu = 2,
k =0 as t — oo with several initial conditions:[[¢(0) = 0.1, (D(¢))(0) = 0.1,a(0) =
1 [60) = 0201, (D)) = 0.1.00) = 0} [40) = 001, (DIE)) = 03,00 =
0.8]].

Discussion

As can be seen in figures from 4.12 to 4.15, the numerical solutions suggest that there

is bifurcation value, in which the model changes its behaviour as p passes through a
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bifurcation value p = \/%n As can be seen from figure 4.12, where we plotted the
model with small value of u, and we have oscillations for ¢(t) then decay to zero.
However, when p > \/gn the oscillations disappear and the stability (the behaviour)
of the model changes (see figure 4.14). For the value p > \/gn, as can be seen in figure
4.15, there is no oscillations and ¢ decreases (note that we get the same behaviour

even if we run it for long time). Note that changing the curvature to negative we get

similar behaviour of the model in the original variables.

Bifurcation Value (i.e., e = \/§n> Analysis

In this subsubsection we show an analytic proof for the bifurcation value. From the

steady state for the model in the equation (4.2.2), set (b =0 leads to
1 k
n’¢ + 3u —n?¢? — — | =0,
6 a?

1 k
n2¢:_3M< 6n2¢2_¥> ,

1 k (4.2.3)
’I’L4¢2 — 9/4L2 (6n2¢2 . _2)
a
3 k
n4¢2 _ §u2n2¢2 _ —9§M2a
3 k
n2¢2(n2 . 5/12) — _QEMQ‘
If £ =0 then
952/ 2 O 9
n ®=(n* — FH ) =0. (4.2.4)
Then,
5 3
(n®—-p*) =0. (4.2.5)
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Hence, the bifurcation value, in which the stability (the behaviour) of the model

changes, is defined by (recall p is positive):

(4.2.6)

I
|
S

Lhe

4.2.4 Normalized Bounded Variable

Introducing Normalized Variables

Introduce the normalized bounded variable D as before, along with the following

expressions for &, U :

Then the Friedmann equation for this model becomes

ok
D?—®?> - 92=——_ """ >0. 4.2.
a2(1+62) = 0 (4.2.8)

For the zero curvature the Friedmann equation becomes as follow:
D? = ®? + U2 (4.2.9)

which is conserved by the 3D system in (4.2.11) (illustration below), when k = 0.

Define

A = D?— $? — P2
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then

N =2DD" — 299" — 20V’

3
=2|D(1 — D)X + D®*(1 + X) + DU>X + \/;/@D\ﬂ - D2]

I
N

3
—DXA + DX + D®? + \/;/@D\/l — D2]

D
=2 |-DXA — 3(D2 — P — xIﬂ)}
2
= —gDA(B/'\? +1)=0.
The domain of interest is 0 < D < 1 since if
>0 =—D—1,

and

-0 =D-—0.

Based on equation (4.2.9) and the interest domain of D ( 0 < D < 1), then

0< P+ < D*< 1. (4.2.10)

Then, it follows that the other variables ®, ¥ are bounded. Now we define a new
time variable 7 with ‘Cll—z = 1+ 62, and apply it to (4.2.7), therefore the evolution

equation becomes

)
D' =(1-D*)X,

V' =ndyv1—D?—DUX, (4.2.11)

3
® =—-Db—1-D? (n\If + ﬁw) — ®DX.
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where the prime here indicates the differentiation of each variable with respect to the

new variable time 7 and X’ is given by the expression as follows:

1 2 1 3 0
X=—-D?—Z9%+ 02 — \[ ®(vV1-D2) = . 4.2.12
3 39 T3 ia ( ) (0 +1) (42.12)

Bounded Variables:Qualitative Analysis

The equations in 3D system (4.2.11) are relatively simple and it is a well defined
system. Note that the D’ does not decouple and the system is not analytic at D = 1
since we have the square root term in the second equation of the 3D system (4.2.11).

Moreover, the origin equilibrium point Fj is highly degenerate.

Equilibrium Points

In table (4.2), we present the summary of equilibrium points for the system (4.2.11)

with the value of X and their stability.

Pt | (D,®,¥) | X Stability k-value
< \/gn > \/gn

0,0,0) 0 Sink Saddle k=0,-1
1,1,0) —1 | Source Source kE=0,-1

1,0,1) 0 Saddle Saddle k=0,-1
1,0,—1) | 0 Saddle Sink k=0,-1

(
(
Py | (1,-1,0) | =1 | Source Source kE=0,-1
(
(
( Saddle Saddle E=-—1

SN

Table 4.2: Equilibrium points of the system (4.2.11); the value of X and their stability.

Let us discuss the stability of the equilibrium points of the system (4.2.11):
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Stability of Equilibrium point (F) for £ =0

Evaluating the linearization matrix of the system (4.2.11) at P, gives us the following

eigenvalues

A =0, (4.2.13)

(4.2.14)

Note that, if y > \/gn then Ay > 0, A3 < 0 which implies that F, is a saddle. But, if
n < %n then all the eigenvalues have zero real part which implies that F is non-
hyperbolic equilibrium point. Therefore, the “Hartman-Grobman” theorem fails and
the behaviour of F, for this model is generally not determined by the linearization
and thus is more difficult to study. Therefore, P needs to be analyzed more carefully
with different techniques (see below).

The numerical solutions of the system (4.2.11) (see figure 4.15) suggest that for any
positive value of u such that p > \/gn, Py is a saddle. When p < \/gn then Fy is a

sink. In the following pages we will show that analytically.

Qualitative Analysis for Py when p < p.

This section presents analytic proof to show that F, is a sink when g < p.. Recall

the model
)
D' =(1-D*)X,
V' =ndyv1—D? - DUX, (4.2.15)

3
® =—-Db—1-D? (n\If + \/;MD> — ®DX.
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where X is

1, 2., 1
e (A S \/gucp (\/1—D2>. (4.2.16)

Using Taylor series, we have
1
V1-D?= 1—§D2+..., (4.2.17)

which is valid for small value of D. Neglect all the higher order terms then the system

(4.2.15) becomes

(

1 2 1 3
D =—-D?>— 2324+ 02—,/ Zud
3 3713 Dl
U = nd, (4.2.18)
, 3
' =—-Db— | nV¥ + ED,u )
Define the variables as follow:
D=ced, o=¢cp, V=ce1, (4.2.19)

where € is small. Now, plugging (4.2.19) into (4.2.18) leads to

;

3
d = E (_d2 _ 2¢2 _i_w?) _ \/ilu¢’
3 2
V' =ng, (4.2.20)
, 3
¢ = —edp — (nw + \/;d,u) :
The system (4.2.20) can be rewritten as follow:
€ 2 2 3/1/
d/ _ —d2 = 2 _ \/j_ /
s (-e-Zvma ) -3k
" 3 /
Y= —n (m/} + \/%dﬂ) —edy)’.

\

(4.2.21)
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Multiple Scales Method

We use the multiple scales method with ¢ as the fast time and 7 = €t as the slow
time to determine a leading order approximation to the solution of ¢, d of the model

in equation (4.2.21). The solutions of 1, d are expanded as

W=t T) ~ ot T) + er(t,7) + ...,

d=d(t,7) ~do(t,7) + edi(t,T) + ... (4.2.22)

Using the chain rule gives

d = do + €(doy + diy) + ...,
V' = Yo + €(or + h1e) + ..., (4.2.23)

V" = You + €(20orr + 1) + -,

Substituting (4.2.23) and (4.2.22) into (4.2.21) yields

dot + €(dor + diy) = % (—d02 - %%f + %2) - \/gg(wot + €(Yor +Yu)),

3

You + €200y + Y14) = —n2(¢0 +ey) —n §M(do + edy) — edyibor.

(4.2.24)

Equating coefficients of like powers of € to 0, gives the following sequence of partial
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differential equations:

3
O(1):  dot + \/;%¢ot =0, (4.2.25a)
Wou + n*h = —n\/gudo, (4.2.25Db)
6 : dlt + \/7 wlt — dOT ( th w0> \/7 1/107—, 4 2. 25C)
¢1tt + (n2¢1 + \/gn,UCh) = —21/10157 — dol/)()t. (4.2.25d)

It follows from (4.2.25a), (4.2.25b) that dy and v have the following solutions

\/> o+ A1)
3 \/BH/LA(T)
o = B(r) cos(yfm? = St+0(r) + $ 20T

where A(7), B(7) are arbitrary functions of 7. Plugging the solutions from (4.2.26)

(4.2.26)

into (4.2.25¢) yields to

2 T T 2n2
b= =B - ) (204 ),
——BSQ)Q n? — g;ﬂ (—% sin ( n? — %,th + 9(7’)) cos (@ /n2 — %/ﬂt + 9(7))
u/n? =32+ %e). (4.2.28)
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Substituting (4.2.28) into (4.2.25d) yields

Ui+ (0 = 32) ¥y = 24/n? = 2 B(r)0- cos (/n? — 3t +0(7))
2 3,2 2 _ 3,2 n?B(1)A(r)
+4/n? — 5p?sin (,/n SH t+9(7‘)> <ZBT—|— C=T0) )

+3p nt (—% (n? — 2p?) (BQ(;?Q + A ) — AT) : (4.2.29)

3(n2—%u2)2

Therefore, in order to eliminate these secular terms, we must have the following

differential equations

4

©Or = 07
1 3 B(T)? A(T)*n?

A =—= (n2 — —,ﬁ) < + , 4.2.30
3 2 2n2 3 (n2 . %N2)2 ( )
n?B(7)A(T)

Br=—0r 5 3 2y

\ 2 (n — oM )

Now, in figure 4.16, 4.17, we plot the original system in equation 4.2.21 and the re-
duced system in (4.2.30) with n = 1, u = 0.5 and compare the behaviour of d(t), ¥ (t).
with A(t), B(t).

As can be seen from the equations (4.2.30) that A, < 0if u < %n, which consistent
with the numeric plot in figures 4.16. Also, from figure 4.17 show that B(t) decays
too, which implies that B, decreases. Therefore, when pu < \/gn, the solution decay

to zero which implies that P, is a sink in this case.
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[=——d(1) =——4(1)]

Figure 4.16: Plot of solution of A(t) for the system (4.2.30) with n =1 and k = 0
and initial condition: [A(0) = 1, B(0) = 1] together with the plot the solution of
d(t) for the system (4.2.21) with n = 1, & = 0 and one initial condition:[¢)(0) =
0.99, D(¥(0)) = 0,d(0) = 1], as t — oc.

Qualitative Analysis P): When p > p. for the 2D (k=0) invariant set

At equilibrium point Py, we have D? = 0, and ®2 4+ ¥2 = (. For the first equation in
the system (4.2.11), we have that D' = (1 — D*)X. So, we want to analyze the sign
of D’. Since the domain of interest for D is 0 < D < 1, then (1 — D?) > 0 (i.e., in

our interest domain for D : 0 < D < 1). We have X

1 2 1 3
X=—3D" =204 W - \/;Mcp <\/1 - D2) : (4.2.31)

and since ®? + ¥? < D? then

X < —9*- ucb\/g\/l — D2. (4.2.32)
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T T 1
50 100 150 200

[=—— B(1) (1) |

Figure 4.17: Plot of solution of B(t) for the system (4.2.30) with n = 1 and £k = 0
and initial condition: [A(0) = 1, B(0) = 1] together with the plot the solution of
(t) for the system (4.2.21) with n = 1, &k = 0 and one initial condition:[1)(0) =
0.99, D(¥(0)) = 0,d(0) = 1], as t — oc.

For D? ~ 0 and ®2 + U2 ~ 0, then

3
X = _\/;Mcp. (4.2.33)

Also, note that /1 — D2 21— £D? for D* = 0. So,

D= —\/g,@. (4.2.34)

Since we are looking to see what happen to the system when D? = 0, then we can

neglect higher order terms of all variables ®, ¥, D which yield to

( 3
D’:—\/;D
/52

U = nd, (4.2.35)

3
n¥ 4 \/;,uD] :

P =—
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We notice using (4.2.35) that

3 3 3

Thus,

SV +nD =0, (4.2.37)

)

which implies

n

v, (4.2.38)

Hence, the constraint with zero curvature (4.2.9) can be written as follow

2
3
\112+<1>2=< —ﬁ> 72 (4.2.39)

( g%) _1], (4.2.40)

which is only valid if @ > \/gn Substituting the value of D from (4.2.38) into ¢’

Then,

o2 = P2

equation in (4.2.35), we obtain

2D |3 2
o = —\/;E[§u2—n2]<0 (if ,u>\/;n).

Since ® = 0 is not invariant, ® < 0 and therefore ® decreases. Therefore, X becomes
positive, which implies that D’ > 0 and D increases. So, we can conclude that when

> \/gn, the origin equilibrium point P, is unstable and it is a saddle.

Stability of the Equilibrium Points P, When k£ =0, -1

Evaluating the linearization matrix of the system in equation (4.2.11) at P; o gives

us undefined terms, so we have to examine the stability of these equilibrium points
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using different techniques. Evaluating the linearization matrix at & = +1,¥ = 0, we
found that there is always one positive eigenvalue at D = 1. In order to determine
the signs of the other eigenvalues we need to study the 2D system of ®, ¥. We can

do that with £ = 0, —1 as shown below;
When k£ =0 and if D? =1 then we have a 1-dimensional set (i.e.,®* + ¥? = 1).

When k£ = —1 There is a 2-dimensional invariant set when D? = 1 given by

v —w (Lo Zgr g L)
3 3 3

(4.2.41)
P =P (2 24 1\1;2>

3 3 3
with the constraint ®2 + ¥? < 1. There are five equilibrium points for the 2D system

in equation (4.2.41).
{(V, )} = {(0,0), (£1,0), (0,£1)}. (4.2.42)

Note that, (+1,0),(0,£1) are in the k = 0 set. The linearization matrix for the 2D

system (4.2.41) is given by

J(U, ®) = : (4.2.43)
—20v —2 - 102 4292

Now we will evaluate all the equilibrium points in the linearization matrix (4.2.43)

to see the stability (the behaviour) of them in the unit disk. For (0,0), we get two

eigenvalues one positive and the other negative, which implies that the point (0, 0)
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is a saddle. For P; 5, we get two positive real eigenvalues which implies that P; , are

sources in the 2D system as well as in the 3D However, P5 are saddles in the 2D as

well as 3D.

Stability of the Equilibrium Points P53, When k£ =0, —1

Evaluating the linearization matrix (4.2.43) at P34, we get two negative eigenvalues

which implies that P;4 are sinks in the 2D invariant set D? = 1. All we need now

is to examine whether the third eigenvalue on the boundary has positive or negative

sign. In order to do that we will reduce the system (4.2.11) to easier system to study.

Recall the system

(

D' =(1-D*)X,

U = ndyV1— D?— DUX,

\

where X is given by

1 2 1 3

X =D~ oy vt \ﬁ,@ <\/1 - D?) .
3 3 3 2

Also, we have the Friedmann equation with zero curvature

D?>—d? 9?2 =0

Plugging equation (4.2.46) into the expression (4.2.45) leads to

3
X = —@2 — \/;qu)\/]_ —.D27

' =—-D® —+1— D? (n@—l—@uD) —dDX.

(4.2.44)

(4.2.45)

(4.2.46)

(4.2.47)



on the boundary of the phase space and therefore,

D'=—(1-D? (@2 + \/gmm - D2> ,

(

3
U = ndv1— D2+ DU (cb? + \/;;@\/1 — D2> ,

\

P = —-Do (1 _—— \/;@\/1 — D2> —V1-D2 (n\lf + \/gyD> .

66

(4.2.48)

Since ¢ ~ 0 is an invariant set near P54, we can neglect the higher order terms of ®

in the above system and leads to
D' =—(1—- D? <<I>2 + \/guq)\/l — D2> ,

' = —-D® —+1— D? (n\I/—i-\/g,uD).

Since, ® is an invaraint set then ® = 0, which yield

Let T =+/1 — D? << 1, then, T? = 1 — D?. And

OTT = —2DD/,

3
TT — —D <—T2 ((I)Z n \/;McpT)) ,
, 3
T"'=DTo | D+ §,uT ,
3
T =v1-T2T% <(I> + \/;,uT> )
Since T is small then expand +/1 — T2 using a Taylor series as

1
V1-T2 = 1—§T2+....

(4.2.49)

(4.2.50)

(4.2.51)

(4.2.52)
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Now, plugging (4.2.52) into (4.2.51), and using (4.2.50), 7" becomes

T = Tn¥ (n‘lf + \/§u> <1 - T;) : (4.2.53)

Examine the sign of the constant of the lowest order term of T’

T =Tn¥ (mp + \/§u> : (4.2.54)

Therefore, we can now study each of the equilibrium points P; 4 below.

1. P, since ¥ = 1 near P3, plug U = 1 in (4.2.54), thus 7" is always positive which

means Pj is always a saddle.
2. Py plug ¥ = —1 in (4.2.54) then 7" have two cases:

o If 4 < \/gn —> 7" > 0 which means P; is a saddle.

o If > \/gn = T" < 0 which means Pj is a sink.

Stability of the line of the Equilibrium Points When p = p.:

When p = p., we have a line of sinks of the form
¢=0,V=-D,D=D.

And the determinant equation of the system when p = \/gn when ® = 0 is given by

2
PR gDV + §D2A =0. (4.2.55)

If D =0 then \;23 = 0. But if D # 0 then there are three eigenvalue:

2
)\1 = —D, )\2 = —gD, )\3 - O,

which is line of sinks for all D > 0.
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4.2.5 Bounded Variables: Numerical Method-Past Behaviour

In figure 4.18 we plot solution of the 3D system in (4.2.11) with n = 1,k = 0 for

different positive values of u into the past times.

1.09

0.8

0.6 1

0.4

0.2

0

-0.24

[— D0 — o) — ¥

Figure 4.18: Plot for the system (4.2.11) with n = 1 and £ = 0 as t — —oo with
several initial conditions:[[D(0) = 0.6, #(0) = 0.6 cos(45), ¥(0) = 0.6sin(45)], [D(0) =
0.5, ®(0) = 0.5 cos(120), ¥(0) = 0.5sin(120)], [D(0) = 0.8, (0) = 0.8 cos(90), ¥(0) =
0.8sin(90)]].

Discussion: As can be seen in figure 4.18, D;® — 1 and ¥ — 0 as t — —o0
which implies that it is going to P, in to the past time limit. Note that changing the
curvature value to negative value does not effect the behaviour of the model into the

past (i.e., we get similar behaviour when k£ = —1 in the early times).
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4.2.6 Bounded Variables: Numerical Method-Future Behaviour

In figures from 4.19 to 4.22 we plot the numerical solutions for the system in (4.2.11)
with n = 1 and with zero curvature into the future times for different positive values

of u > 0.

0.8

0.6

S<Ss

0.4

0.2

-0.21
-0.4
-0.61

Figure 4.19: Plot for the system (4.2.11) with n =
t — oo with several initial conditions:[[D(0) = 0.6
0.6sin(45)], [D(0) = 0.5,(0) = 0.5cos(120), ¥(0
0.8, ®(0) = 0.8 cos(90), ¥(0) = 0.8 sin(90)]].

[—bW (1) — ¥(1)]

1,p = 0.45 and k£ = 0 as
,®(0) = 0.6cos(45),¥(0) =
) = 05sin(120)],[D(0) =

Discussion

As can be seen from figure 4.19 to figure 4.20, we get the same numerical results for
any values such that p < p.), the solutions start with oscillations and then decay to

zero which implies that Fy is a sink. When p > p., Py is a sink (see figure 4.22).
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[—D() — o) — ¥

Figure 4.20: Plot for the system (4.2.11) with n = 1,4 = 0.75 and &k = 0 as
t — oo with several initial conditions:[[D(0) = 0.6,®(0) = 0.6 cos(45), ¥(0) =
0.6sin(45)], [D(0) = 0.5,(0) = 0.5cos(120), ¥(0) = 0.5sin(120)],[D(0) =

0.8, ®(0) = 0.8 cos(90), ¥(0) = 0.8sin(90)]].

[—D0) — o) — ¥(@]

Figure 4.21: Plot for the system (4.2.11) with n = 1,u =
t — oo with several initial conditions:[[D(0) = 0.6, P(0)
0.6sin(45)],[D(0) = 0.5,2(0) = 0.5co0s(120), ( ) =
0.8, ®(0) = 0.8 cos(90), ¥(0) = 0.8sin(90)]].

0.814 and k£ = 0 as
= 0.6 cos(45), V(0 ) =
0.5sin(120)], [D(0) =

Bounded Variable: Numerical Method in (2D Space) When k£ =0

When 0 < pu < p. In figures 4.23, 4.24, we plot the solution of the system in
(4.2.11) with the constraint (4.2.9) in the k = 0 invariant set 2D space with n = 1,

u=0,0.5 respectively.
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Figure 4.22: Plot for the system (4.2.11) withn =1,y =2 and k = 0 as t — oo with
several initial conditions:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0) = 0.6 sin(45)], [D(0) =
0.5, ®(0) = 0.5cos(120), ¥(0) = 0.5sin(120)], [D(0) = 0.8, ®(0) = 0.8 cos(90), T(0) =
0.8in(90)]].

Discussion As you can see from the figures 4.23, 4.24, when 0 < pu < p., the

trajectories go away from the sources P; o and approach F;.

When p =y, In figure 4.25, we plot the solution of the system in (4.2.11) with the

constraint (4.2.9) in the k£ = 0 invariant set 2D space with n = 1, u = 0.814.

Discussion As you can see from the figures 4.25, when pu = pu.the trajectories

approach the line of sinks (¢ =0,V = —-D, D = D).

When p >y, In figure 4.26, we plot the solution of the system in (4.2.11) with the

constraint (4.2.9) in the k£ = 0 invariant set 2D space with n =1, yu = 2.

Discussion As can be seen from figure (4.26), when p > pu. the trajectories move

away from the line of sink to approach Pj.
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4.2.7 Inflation

As an indicator of the accelerated expansion we introduce the deceleration parameter,

defined as

ai 36
q== T2 = - (ﬁ + 1> . (4.2.56)

With the use of equation of X’ from (4.2.45) and by using the definition of the normal-
ized variables, it follows that the deceleration parameter can be expressed in terms

of the normalized bounded variables as follows;
3
g=—— (—2@2 + 02 — 3\/%/;\/1 — D2<I>> . (4.2.57)

The sign of the deceleration parameter indicates the nature of the expansionary evo-
lution. If ¢ > 0, the cosmological expansion is decelerating, while negative values of ¢
indicate an accelerating dynamics. The value for ¢ for each of the equilibrium points

of the model are:

1. Py: q is undefined in terms of the normalized variables. Using the original

variables we obtain that

9 1y 11,0,
q= 02( 39 2u¢+4¥l¢), (4.2.58)

which is zero at Fy. Hence, F, is not inflationary.

2. PLQZ

alp,=2>0, (4.2.59)

are always positive which implies that P; o are not inflationary.
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3. P3’4I

qp,, =—1<0, (4.2.60)
are always negative which implies that P; 4 are inflationary.

4. P5I

4|, =0, (4.2.61)

which implies that Ps is not inflationary.

4.2.8 Slow Roll Inflation:

The expansion term tends to slow the evolution of ¢ down if the slow roll conditions

are valid

¢* < V(9), (4.2.62)
0] < 169, (4.2.63)

With the slow-roll conditions (4.2.62,4.2.63) the Friedmann equation can be simplified

to

3nl¢|
0=—F. 4.2.64
V6 ( )
And the Klein-Gordon equation in (4.2.2) becomes
0(d+ 1) +n*p = 0. (4.2.65)

Plugging (4.2.64) into equation (4.2.65) we obtain

$ = \[n— (4.2.66)
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Note that, when p < %n then ¢ > 0 but if u > \/gn then ¢ < 0. Integrating

(4.2.66) we obtain

2
o= <\/;n - M) t+ Cs, where Cj5 is a constant. (4.2.67)
Hence,
3n 2
[/ — -n — t+ Cr. 4.2.68
NG ( 3 M) 7 ( )

Now, we can calculate the solution of the dimensionless scale factor for the universe

a by integrating the following equation

w
Q-

9:_7

a
3a 3n 2
= In(a) = 37 (\/>n — ) t2 4+ C7t + Cg, where Cy,Cy constants

% )t2—|—C7t

Thus, the solution for the scale factor of the expanding universe at t = 0 is a = aq.
Moreover, the slow roll inflation will happen for intermediate times (values of ¢ for

which the approximation are valid).

4.2.9 Discussion

In summary, in the isotropic model with x4 > 0, we found there is a bifurcation value
(i.e., pe = \/gn) When p < p., the equilibrium point Pj is a saddle and P is a sink,

which is consistent with the previous sub case (i.e., when p = 0, we have the origin
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Py is a sink). However, when p > . the equilibrium point Py is a sink (see figures
4.21). Moreover, if > ., then there is an inflationary attractor at P, and there is

inflationary saddle at P; but there is no inflationary source.
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Figure 4.23: Plot for the system (4.2.11) withn = 1, = 0.5 and k = 0 as t — oo with
several initial conditions:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0) = 0.6 sin(45)], [D(0)
0.5, (0) = 0.5 cos(120), ¥(0) = 0.5sin(120)], [D(0) = 0.8, &(0) = 0.8 cos(90), ¥(0)
0.8sin(90)]].



7

Figure 4.24: Plot for the system (4.2.11) withn = 1, = 0.5 and k = 0 as t — oo with
several initial conditions:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0) = 0.6 sin(45)], [D(0)
0.5, (0) = 0.5 cos(120), ¥(0) = 0.5sin(120)], [D(0) = 0.8, &(0) = 0.8 cos(90), ¥(0)
0.8sin(90)]].
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Figure 4.25: Plot for the system (4.2.11) with n = 1,u = 1.5 and k =0 as t — oo
with several initial conditions for example:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0)
0.6sin(45)], [D(0) = 0.5,®(0) = 0.5c0s(120), T(0) = 0.5sin(120)], [D(0)
0.8, ®(0) = 0.8 cos(90), ¥(0) = 0.8sin(90)]].
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Figure 4.26: Plot for the system (4.2.11) withn =1,y =2 and k = 0 as t — oo with
several initial conditions:[[D(0) = 0.6, ®(0) = 0.6 cos(45), ¥(0) = 0.6 sin(45)], [D(0)
0.5, (0) = 0.5 cos(120), ¥(0) = 0.5sin(120)], [D(0) = 0.8, &(0) = 0.8 cos(90), ¥(0)
0.8sin(90)]].



Chapter 5
Anisotropic Model

In this chapter, we investigate a class of the spatially homogeneous anisotropic Einstein-

Aether models. We shall consider a potential of the form:

V(0,¢,0) =) a,00°¢> ", (5.0.1)

r,s

where {a, s} are constants. Negative constants a, s are permitted; however, it maybe
required that the potential V (0, ¢, o) to be positive-definite. In particular, we shall

study the potential of the form
1
V(0,p,0) = §n2¢2 + pbop + vog, (5.0.2)

where, without loss of generality, p is positive (the system has combined p — —p
and ¢ — —¢ symmetry); in principle v can be either sign positive or negative.

There are a number of special cases that might be of interest. The Einstein-Aether
model with the shear equal to zero (i.e., ¢ = 0) that we studied earlier the isotropic

model in chapter (4). Two other cases are:

1. The diagonal Bianchi type VI, (non-zero curvature case), (note that we only
set up the equations for future work but we are not study them in this thesis).

80
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2. The Bianchi type V' with zero curvature. There are three sub-cases that we

study in this chapter:

(a) When v # 0 and p > 0.
(b) When v =0 and p > 0.

(¢) When v # 0 and p = 0.

5.1 Case(1): Diagonal Bianchi VI,

The general Friedmann equation (3.5.5) becomes

X 2
6% — 357 4 3 %dﬂ + 10262 — Vogou + L61/9¢ _3miAmA D) g

2 V6 a?
where m is a constant and it is define by m = h — 1. If m = 1, then we have Bianchi

type V; if m = 0, then we have a Bianchi type III and we m = —1 we have Bianchi

type VIy. The Raychaudhuri equation (3.5.6) can be written as

: 1 1
6 = —§92 —20° — §(p¢ + 3pg). (5.1.2)

The shear evolution equation (3.5.7) becomes

M .
oot [92 3023 (%qbQ + 516~ ougo + %u&b)} . (5.13)

The Klein-Gordon equation (3.5.8) becomes

&+ 0¢ +n’¢ + pub + vo = 0. (5.1.4)
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5.1.1 The Scalar Field

For the class of model under consideration the effective energy density and pressure

has the following form

1 1 1

po = 50"+ 5n°¢* — Vougo + Nitas (5.1.5)
Do = %(f—%n%z%—\/@m (0—1—%) —\V/—(% (9—1—%)
. \/60 (o 1
Hence,
_ 21/66 2 2,9 _ @ o
Py + 3Dy = —2\/6«9 300 [2q§ n?¢? + 2V 6udo 7 + 3\/6/@9
\/szﬁaz . V6o - (o 1
+ 9 + 3uo <1+T> + 3vo (5 — %)] (517)

Therefore, the evolution equation of the expansion rate for this model can be written

as follows:

S
f— > —292— Y2
30 7 T 60— 3ve NG

+\/62¢02 n 3qu'5 (1 + @) + SI/QZ.S <% — %)] (5.1.8)

V60 [2&2 —n%¢% 4+ 2V6upo — % + 3\/6u¢%




83

Thus, the system as follow:

(
. 1 V60 . 0] o
0=—-0>—20%— —— (24> — n2¢® + 2V6pupo — — + 3V6ud—
3 2\/69—3u¢[¢ ¢ P 75 oy
\/éygbaz . V6o (o 1
M 1. 1 1
oc=—00+—— 6’2—302—3<— 24 Zn2¢% — V6udo + —0v >],
m[ 307+ 56" Vo + v
¢ =1,
=0 +p) —n*¢ —vo,
1
a= —ab,
( 3
(5.1.9)
with first integral
1., 1 1 3(m*+m+1)
2 2 2 2 42
0°=30"+3 §qb +§n 0] —\/é,ugzﬁa—i-%uﬁgb — = , (5.1.10)
and M is defined as follows:
1—m
M=—. 5.1.11
vm?+m+1 ( )

5.2 Case(2): Bianchi V with £ =0

In this model, M = 0 and we investigate three sub-cases.
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5.3 Case (2a): When v #0, and x>0

5.3.1 Original Variables

The system in (5.1.9) yields

(- \/6(9

1
=—=6?—20% - ——————
3 2v/60 — 3v¢

| Yovoo? + 3ud <1+ @> + 3vd (% - i)]

[2&2 — 2 — Voo — %5

0 0 NG

¢ =—ab, (5.3.1)

b= —0(¥ + p) —n’¢ — vo,

1
a= —ab.
\ 3

with first integral

1., 1 1
02 =302 +3 §¢2 + §n2¢2 —V6pugo + %I/W) . (5.3.2)

We investigate both early and late time behaviour of the model numerically using
two approaches: an analysis of the model with the original variables and an analysis of
the model using the normalized bounded variables. Moreover, we investigate the late

time behaviour of these sub-cases analytically using normalized bounded variables.

5.3.2 Original Variables: Numerical Method-Past Behaviour

In figures from 5.1 to 5.3, we plot the numerical solutions of (¢(t),o(t),a(t)) respec-

tively, for the model in (5.3.1) with 4 = 2,n =1 and v = 0.81 into the past times.



85

0 0.1 0.2 03 0.4 0.5 0.6
t

Figure 5.1: Plot for solution of ¢(t) for the model in (5.3.1) with n = 1, u = 2 and
v = 0.81 ast — —oo with several initial conditions:[[¢(0) = 0.3,0(0) = 0.5, D(¢(0)) =
0.003,a(0) = 0.5,000) = 0.1],[6(0) = 0.1,0(0) = 0.6, D(¢(0)) = 0.1,a(0) =
0.4,6(0) = 0.6], [¢(0) = 0.2,0(0) = 0.5, D(¢(0)) = 0.3,a(0) = 0.4,0(0) = 0.6]].

Figure 5.2: Plot for solution of o(t) for the model in (5.3.1) with n = 1,u =
and v = 0.81 as t — —oo with several initial conditions:[[¢(0) = 0.3,0(0)
0.5, D(¢(0)) = 0.003,a(0) = 0.5,60(0) = 0.1],[¢(0) = 0.1,0(0) = 0.6, D(¢(0))
0.1,a(0) = 0.4,0(0) = 0.6].

2

Discussion

As can be seen from figures 5.1, 5.2, as t — —o0, o(t) and ¢(t) blow up and from figure
5.3, a(t) decreases. Also, we did numerical solutions for several negative values of v,

for instance; v = —1, —1.8, =2, —2.2, —3 and we get qualitative similar behaviour as in
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Figure 5.3: Plot for solution of a(t) for the model in (5.3.1) with n = 1 U
and v = 0.81 as t — —oo with several initial conditions:[[¢(0) = a(0
0.5, D(¢(0)) = 0.003,a(0) = 0.5,0(0) = 0.1],[¢(0) = 0.1,0(0) = 0.6, D( (0)
0.1, a(0) = 0.4,0(0) = 0.6].

0
)

figures from 5.1 to 5.3. Note that, we did several cases by fixing ;= 0.8,1,1.8, 2,2.2,
and 2.8. So, for each fixed value of u we took different positive and negative values
of v such as v = 0.5,0.8,1,1.8,2,2.2,2.8, —0.5, —.8, —1, —1.8, -2, —-2.2, —28. As a
result, we get similar qualitative behaviour as in figures 5.1- 5.3, which is consistent

with the result found studying the isotropic model.

5.3.3 Original Variables: Numerical Method-Future Behaviour

We plot the system (5.3.1) for different fixed values of the parameter p > 0 and vary
v # 0 and with zero curvature at the late times. We do this because we want to see

the behaviour of the model and compare it with the isotropic model.
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Fix p=0.5 and v > 0

In figure 5.4, we plot the system (5.3.1) for fixed value of v = 0.5 and p = 0.5,n =1

into the future.

0.6

Figure 5.4: Plot for the solution of the system in (5.3.1) with n =1, ¢ = 0.5 and v =
0.5 as t — oo with several initial conditions:[[¢(0) = 0.0005,(0) = 0.5, D(¢(0)) =
0.3,a(0) = 0.3,0(0) = 0.1],[¢(0) = 0.05,0(0) = 0.1, D(¢(0)) = 0.003,a(0) =
0.1,0(0) = 0.2],[¢(0) = 0.7,0(0) = 0.3, D(¢(0)) = 0,a(0) = 0.3,0(0) = 0.4]].

Discussion

As can been seen in figure 5.4, ¢(t) oscillates; o(t) decreases and decays to zero which
is consistent with the isotropic model that we studied earlier. Note that we did several
cases by fixing p to be p = 0.5 and varying v > O such as v = 0.5,0.8,1,1.8,2,2.2, 2.8.
As a result, we ended up with similar qualitative behaviour as in figure 5.4. The next
step that we are going to take the same fixed value of = 0.5 with different negative

values of v.



Fix p=0.5 and v <0

38

In figures from 5.5 to 5.7, we plot the system (5.3.1) for fixed value of u = 0.5 and

different negative values of v into the future.

0.6

N
-

‘ VVV\O
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~0.4

-0.64

0'([

Figure 5.5: Plot for the solution of the system in (5.3.1) with n = 1,4 = 0.5

and v = —0.5 as t — oo with several initial conditions:[[¢(0) = 0.0005,(0)
0.5, D(6(0)) = 0.3,a(0) = 0.3,0(0) = 0.1],[¢(0) = 0.05,5(0) = 0.1, D(¢(0))
0.003, a(0) = 0.1,0(0) = 0.2], [6(0) = 0.7,(0) = 0.3, D(¢(0)) = 0,a(0) = 0.3,0(0)
0.3]].

0.6l

4]

o(r)

— ()

Figure 5.6: Plot for the solution of the system in (5.3.1)

—1 as t — oo with several initial conditions:[[¢(0) = 0.0005,0(0) = 0.5, D(¢(0))
0.3,a(0) = 0.3,0(0) = 0.1],[6(0) = 0.05,0(0) = 0.1,D(¢(0)) = 0.003,a(0)
0.1,0(0) = 0.2], [6(0) = 0.7,(0) = 0.3, D($(0)) = 0,a(0) = 0.3,6(0) = 0.3]].

5.3.
) =

withn=1,4=05and v =
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o) /0o

Figure 5.7: Plot for the solution of the system in (5.3.1) with n = 1,4 = 0.5
and v = —1.1 as t — oo with several initial conditions:[[¢(0) = 0.0005,0(0) =
0.5, D(¢(0)) = 0.3,a(0) = 0.3,0(0) = 0.1],[6(0) = 0.05,0(0) = 0.1, D(6(0)) =
0.003, a(0) = 0.1,6(0) = 0.2], [$(0) = 0.7,5(0) = 0.3, D(¢(0)) = 0,a(0) = 0.3,6(0) =
0.3]].

Discussion

As can been seen in figure 5.5, ¢(t) oscillates; o(t) decreases then decays to zero
(this behaviour is true for values of v in the interval —1 < v < 0). When v ~ —1,
the oscillations for ¢ disappear. When v < —1.1, as can been seen in figure 5.7,
we have that ¢ decreases; o decreases and decays to zero. This is qualitatively the
same behaviour as in the isotropic model when ¢ = 0 and x > 0 but in anisotropic
model with 4 > 0 and v # 0, we get different bifurcation values. Note that we
repeated the numerical with different fixed positive values of p and vary v and we
get similar qualitative behaviour with different bifurcation values (see table (5.1) for

more details).



’ Bifurcation-Value \ v, i -Value

\ The Behaviour

r=-1.1

pw=0.5nand v <0

For v > —1.1 (¢(t) de-
ceases; o(t) decreases to
0). For v < —1.1 (¢(t)
deceases; o(t) decreases
to 0).

I

—-0.2

i=0.8lnand v <0

For v > —0.2 (¢(t) de-
ceases; o(t) decreases to
0). For v < —0.2 (¢(t)
deceases; o(t) decreases
to 0).

pw=mnand v >0

For v < 0.4 (¢(t) de-
ceases; o(t) decreases to
0). For v > 0.4 (¢(t) os-
cillates; o(t) decreases to
0).

p=18nand v >0

For v < 1.8 (¢(t) de-
ceases; o(t) decreases to
0). For v > 1.8 ( ¢(t)
decreases then increases
then oscillates; o(t) de-
creases to 0).

i=2nand v >0

For v < 2.1 (¢(t) de-
ceases; o(t) decreases to
0). For v > 2.1 (¢(t)
decreases then increases
then oscillates; o(t) de-
creases to 0).

90

Table 5.1: Summary of different bifurcation values for v and the behaviour of the
model (5.3.1) with fixed values of n =1, >0 and v # 0
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5.3.4 Normalized Bounded Variable

Introducing Normalized Variables

Introduce the normalized bounded variable D as before, along with the following

expressions for ¢, ¥ 3 :

(5.3.3)

@z@(%) o= g(&) (5.3.4)

Then, the Friedmann equation for this model becomes

V\IJD_
— =

D? —®* — 3592 — U? Ot g, — 0. (5.3.5)
n

The domain of interest is 0 < D < 1, since
000 =—=D—1,
and

-0 =D-—=0.

We have that D is a bounded variable and the other variables ®, ¥, 3 are bounded if
6u% < n? is satisfied. This follows from the Friedmann equation that can be rewritten

as follows

v? 1 642 > vD\? u?
l+—|D*~®*— (v - LZ) —— (¥+—) -322(1-6~ ) =0. (5.3.
(145 (- 25) S (04 2) e (1-6k) —0. 30
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Note that the system is not well defined for 2D — % = 0, which include the origin
D =0 = U see below (5.3.7, 5.3.8). Defining a new time variable 7 with 4 = /1 + 62

Therefore, the evolution equations become

(

D' =(1-D*)X,

U =nv1— D2® — DUX,
(5.3.7)
' =—DO(1+X)—V1-D?

Y

nV¥ + \/g(uD—l—VE)

| ¥ =-2D(1+X),

where the prime here indicates the differentiation of each variable with respect to the

new variable time 7 and X is given by the following expression:

1 6D [4., 2., 2 WS
o lppogyp  MOD A, 20, Zuge v, W
3 V6(2D — L) |3 3 n 3n nD
N> Y1 0
6vV1I—D? |ud [ 1+ X2 1w (2 - || = . 5.3.8
+6 [u <+ e R (D ﬁ) %Y (5.3.8)

Also, the Friedmann equation (5.3.5) is conserved by the 4D system in (5.3.7).

Define

WD
A= D?— @2 — 352 g2 4 gy - VD (5.3.9)
n n

then,
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6
N =2DD' — 20®' — 655 — 200 + L(¥'S + vx) — L(V'D + wD)
n n

= 2DX — 2D*X 4 2D®*(1 4+ X) 4 2nV1 — D2V + V6uv/1 — D?®(D + X))

12
+652D(1 + X) — nV1 — D20V + 202DX + 6uDdVI — D? — —L DUSX
n

2
Ot s py — v Do + “p2ux - Yux
n n

n

D
:—2DX<D2—@2—322—\112+6—“\112_” )+<2D_Z\I,)X
n n n

+ 652D 4 2D02 — P5DU 4 VT = DPO(VE(uD + 1) + 645 — vD).
n

9 2 2 2 4
— 9DXA—:D*+ X2y 4 ops? 4+ Zpw? + Zpa? — ZEpyy.
3 n 3 3 n
9 UD
:—2DXA—§D(DQ—@2—322—\IJ2+6—“\1@—” )
n n

= —%DA(Z&X +1).

Bounded Variables:Qualitative Analysis

The equations in system (5.3.7) are relatively simple. Also, note that the D’ does not
decouple and the system is not analytic at D = 1 since we have the square root term

in the second equation of the 4D system (5.3.7).

Equilibrium Points

There are several equilibrium points of the system but we are only interested in the
study of the anisotropic generalization of P 234 and to compare it then with the
isotropic model that we studied earlier. In table 5.2, we present the four equilibrium

points of the system (5.3.7), u > 0 and v # 0, and the value of X’ for each one.
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Pt (D, ®,7,%) X | Stability
P (1,1,0,0) —1 | Source
Py (1,-1,0,0) —1 | Source

Pyl (1,0, =555 0) | 0 | Saddle

P, (1,0,—(”—@’;“”2),0) 0 | Sink if vV6vAnZ + 02+ v6v — 6 < 0.

Table 5.2: Equilibrium points of the system (5.3.7) and the value of X for each one.

Let us discuss the stability of the four equilibrium points (P;234) of the system

(5.3.7).

Stability of Equilibrium Point P, ,

Evaluating the linearization matrix of the system (5.3.7) at P, » leads to undefined
terms which means that the linearization fails to determine the stability of P, o . Thus,
we need to use different approach to study these equilibrium points P, ,. D =1,¥ =0

is an invariant set then there is 2-dimensional dynamic system given by

o - 2y 20%n — n¥? — v +n
B 2n — vV ’

2
s (5.3.10)
1

V- 1o 49%n — 2nW2 + v¥ — 4n
3 2n — v¥ '

Evaluating the linearization matrix of (5.3.10) at ® = +1, ¥ = 0 lead two positive

eigenvalues. Now we need to find the sign of other two eigenvalues.

By plugging equation (5.3.5) into the expression (5.3.8), and since ¥ — 0 at equilib-

rium points (so that we neglect any terms with ¥), we obtain a simpler expression



for X as follows:

X - _lqﬂ _wb 1\112 _ L Z_lqﬂ _ gqﬂ
3° " 3m 3 VoeD-2)|3 3
v v
——DV +PVO6V1 —D? | — —
G Y+ 2V [“ \/6}

Define T'= /1 — D? << 1, then, T? = 1 — D?. And

2TT' = —2DD’,
TT = -DT*X,
T = —V1-T2TX.

Since T' is small, then we can expand /1 — T2 using a Taylor series as
1
V1-T2=1- 5T2.

Now, by plugging (5.3.13) into (5.3.12), T" becomes

T2
T’:TX(1—7>.
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(5.3.11)

(5.3.12)

(5.3.13)

(5.3.14)

Now, we find the remaining two eigenvalues by looking to the system of D and X

given by
T =-TX

Y

S = —%(1+ ).

(5.3.15)

Next, substituting the simpler expression for X from equation (5.3.11) into (5.3.15)

leads to

T = o T + O(T?),

Y = X 4+ O(%?).

(5.3.16)
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where a5 are the remaining two eigenvalues given by

P2 (4n — vV
>\1:061:—( A )7
3(2n —v¥) (5.3.17)
N O?(2n + v¥)
2= 3(2n —vV¥) -
If ¥ =0 then the eigenvalues (5.3.17) become
252
)\1 = 5
3 (5.3.18)
(I)Z
)\2 - ?

When ®% = 1, \; 5 are positive which implies that Py, are always sources, which is

consistent with the analysis and the result found studying the isotropic model.

Stability of Equilibrium Point P4

Evaluating the linearization matrix of the system (5.3.7) at Ps4 leads to undefined
terms which means that the linearization fails to determine the stability of P; 4. Thus,
we need to use different approach to study these equilibrium points Ps 4. When D =1

is an invariant set then there is a 3 -dimensional invariant set given by

( o — 2\1/ (2@271 +6n%? — 32u¥ — n¥? — p¥ —I—n)
3 2n — v¥ ’
v 1(1) (4@271 +12nX% — 6uX ¥ — 2002 + v — 4n> ’ (5.3.19)
3 2n —vV¥
s 12 (4@271 +12n%? — 6uXV — 2nW? 4+ v — 4n> ‘
L 3 2n — v¥

Evaluating the linearization matrix of (5.3.19) at ® = 0,3 = 0 lead to three negative
eigenvalues. Now we just need to determine the sign of the fourth eigenvalue. Since
X at P34 is 0 and D > 0 then ¥’ < 0 which implies that ¥ — 0 as t — oo, hence we

can neglect all terms that has X.
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Define T' = v/1 — D?, then, T? =1 — D?. And

2TT' = —2DD’,
TT = -DT*X,
T = —V1-TTX. (5.3.20)

Since T' is small, then we can expand v/1 — T2 using a Taylor series as

1
V1I-T2=1- §T2. (5.3.21)

Now, by plugging (5.3.21) into (5.3.20), 7" becomes

T’—TX(l T2> (5.3.22
_ -5 ). 3.22)

Since ® = 0 is an invariant set then &’ = 0, then it follows that

o=-T <n\Il + \/%p) . (5.3.23)

Next, plugging ® from equation (5.3.23) and the simpler expression for X’ from equa-

tion (5.3.11) into (5.3.22) leads to
T = asT + ay(T?), (5.3.24)

where
Uy (nl? 4+ vl — n)
3n(2n —v¥)

(—\/ényq/2+6\/6n2\11+3\/6ny—3u1/\11) (\/énllf+3u)
18(—v V¥ +2n)

Q3 —

(5.3.25)

oy =

When ¥ = £ (‘”Jr— W) then a3 = 0. Since az = 0, there is no linear part.

Hence, if oy < 0 then T = 0 is attractor at P;.
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1. For Py : When ¥ = =¥Hin-tr W then ay > 0 always which implies that P is a

saddle.

2. For P;: When ¥ = — <”+— W) then ay is given by

oy = 36(’/\/4712"-1/24-4712—}—112) ((\/m(G \/6”2 + \/61/2 . 3MV )
+0(2v6n2 + V612 — 3;w)> (V6VaAnZ + 12 + /6v — 6,0) . (5.3.26)

which is negative if v/6v/4 n? + v24+v/6r—6 u < 0. To illustrate this, for example,
choose n = 1,4 = 0.5 and v > 0 then ay > 0 which mean that P, is a saddle
in this case (see figure 5.8). However, when n = 1, ;r = 0.5 and for any value of

v < —1.1, then ay < 0 which means Py is sink in this case (see figure 5.12).
Discussion
Among the four equilibrium points that we studied (P;234), we found that P, is a
sink when ay < 0(\/6\/4712 + 1246y —6pu < 0).
Bounded Variables: Numerical Method-Past Behaviour
In figure 5.8, we plot the solution of system (5.3.7) for y = 1,n = 1 and v = 1 into

the past times.

Discussion As can be seen from figure 5.8, the solution into the past goes to the
point P, which is consistent with the isotropic model that we studied earlier in
chapter (4). Note that, we did this for different positive values of p and vary v # 0

and we get similar qualitative behaviour.
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1.27

0.81
0.6
0.4

0.2

oI\
ol W

-0.4

0 2 4 6 8 10
t
[—on —vw0 2() —D() cc]

Figure 5.8: Plot for system (5.3.7) with n = 1,p = 1 and v = 1 as t
—oo with several initial conditions:[[D(0) = 0.6,¥(0) = 0.3,%(0) = 0.1,P(0)
0.3281767816], [D(0) = 0.4, T(0) = 0.3,5(0) = 0.03, 3(0) = 0.03605551275], [D(0) =
0.8,T(0) = 0.1,2(0) = 0.02,(0) = 0.7488658001]]. Note that CC(t) = D(t)> —
O(t)? — 38(1)2 — W(t)? + LU (4)B(t) — LU,

4

Bounded Variables: Numerical Method Future Behaviour

For completeness, we plot the system (5.3.7) for different positive values of the pa-
rameters p and vary v # 0 at the late times. We do this because we want to see
the behaviour of the model and compare it with the standard model, which does not

have shear. We fixed p and vary v as follows.

Fix 4 =0.5 and v > 0: In figures from 5.9, we plot the system (5.3.7) for = 0.5

and v = 0.5 and with zero curvature into the future.

Discussion As can been seen in figure 5.9, ®(¢) and U(t) oscillate; () decreases
and decays to zero, as in the isotropic model that we studied earlier (4). Note

that we did several cases by fixing p to be p = 0.5 and varying v such as v =
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0.5

~0.51 WWW

-1d ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50
t
[—on —vw0 2() —D() cc]

=}

Figure 5.9: Plot for system (5.3.7) with n = 1,4 = 0.5 and v = 0.5 as t —
oo with several initial conditions:[[D(0) = 0.6,¥(0) = 0.3,%(0) = 0.1,9(0) =
0.3141655614], [D(0) = 0.5, ¥(0) = 0.1, 2(0) = 0.03, (0) = 0.4430575583], [D(0) =
0.8,T(0) = 0.3,2(0) = 0.02,(0) = 0.5716642371]]. Note that CC(t) = D(t)> —
B(t)? — 35(t)% — U(t)% + LW (1)x(t) — PO,

0.5,0.8,1,1.8,2,2.2,2.8. As a result, we get similar qualitatively behaviour as in fig-
ure 5.9. The next step that we are going to take the same fixed value of y = 0.5 with

different negative values of v.

Fix 4 = 0.5 and v < 0: In figures from 5.10 to 5.12, we plot the solution of the

system in (5.3.7) with fixed ;1 = 0.5 and different negative values of v in to the future

Discussion

As can been seen in figure 5.10, ®(¢) and U(t) oscillate; X(t) decreases and decays to
zero (this behaviour is true for small values of v in the interval —1.1 < v < 0). When
v ~ —1.1, the oscillations for ®(¢) and ¥(t) disappear and D(t) — 1, ¥(t) — —0.5

and X(t), ®(t) — 0 which means that Pj is a sink in this case (see figure 5.12).
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[— o0 — v £() — D(1) cc]
Figure 5.10: Plot for system(5.3.7) with n = 1,4 = 0.5 and v = —0.5 as

t — oo with several initial conditions:[[D(0) = 0.5, ¥(0) = 0.1,3(0) = 0.03, ®(0) =
0.5208646657], [D(0) = 0.6, ¥(0) = 0.3, ¥(0) = 0.01, B(0) = 0.6072067193], [D(0) =
0.8,0(0) = 0.3,2(0) = 0.02,8(0) = 0.8287339742]]. Note that CC(t) = D(t)? —
O(t)? — 38(1)2 — W(t)? + LU (4)B(t) — LU,

o4
~05 %

=1+ T T !

0 100 200 300
t

[— o) — v x(r) — D(1) cc()]

Figure 5.11: Plot for system (5.3.7) with n = 1,u = 0.5 and v = —1 as t — o0
with several initial conditions:[[D(0) = 0.5,¥(0) = 0.1,3(0) = 0.03,9(0) =
0.5443344560], [D(0) = 0.6, T(0) = 0.3,,2(0) = 0.01, &(0) = 0.6772739475], [D(0) =
0.8,T(0) = 0.3,2(0) = 0.02,®(0) = 0.8982204629]]. Note that CC(t) = D(t)> —
O(t)? — 35(t)% — W(t)? + LW (1)x(t) — PO,
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[— o0 — v £() — D(1) cc]
Figure 5.12: Plot for system (5.3.7) with n = 1,u = 0.5 and v = —1.1 as

t — oo with several initial conditions:[[D(0) = 0.5, ¥(0) = 0.1,3(0) = 0.03, ®(0) =
0.5489080069], [D(0) = 0.6, ¥(0) = 0.3,,5(0) = 0.01, B(0) = 0.6904346457], [D(0) =
0.8,(0) = 0.3,2(0) = 0.02,®(0) = 0.9114823092]]. Note that CC(t) = D(t)* —
B(t)? — 35(t)% — U(t)% + LW (1)x(t) — PO,

5.3.5 Inflation:

We will check if this case has an inflationary attractor using the deceleration param-

eter in (4.2.56).

1 3v6D 4 2 241 v PN
SR () SR A (G Pt R s R s /) ypupay )/
g D2 [ \/G(QD _ %) [3 3 n 3n + nD
VTR | (14 Y e (E oL (5.3.27)
W D NG . 3.

The sign of the deceleration parameter indicates the nature of the expansionary evo-
lution. If ¢ > 0, the cosmological expansion is decelerating, while negative values of ¢
indicate an accelerating dynamics. The value for ¢ for each of the equilibrium points

of the model are:

1. PLQ:

alp,=2>0, (5.3.28)
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are always positive which implies that P; o are not inflationary.

2. P374:

alp,, =—1<0, (5.3.29)

which implies that Ps 4 has an inflationary solutions.

5.3.6 Discussion

In this case when ¥ # 0, v # 0, and p > 0, we looked at only P 234 and we found
there is some different bifurcation values for different values of v with fixed value of u
(for more details see the table (5.1)). P o is always a saddle and never inflationary. Py
is inflationary saddle and Pj is inflationary attractor if if v6v/4n2 4+ 12 +v/6v—6u <

0.

5.4 Case(2b):When v =0,u >0

For completeness let us consider the sub-case when o # 0, v = 0, and p > 0.

5.4.1 Original Variables

The model is given by

b= —n% — (b + ) <\/ 302+ S 4 ong 3\/5u0¢> ,
(5.4.1)

og=—0 (\/302 + 21/12 + gn2¢2 — 3\/6u0¢> :

1 3 3
a=-a \/302 + S92 + Sn2¢2 — 3v6u0d | .
O 27 2
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5.4.2 Original Variables: Numerical Method-Past Behaviour

In figures 5.13, 5.14, 5.15, we plot the solution of (¢(t),0(t),a(t)) of system in equa-
tions (5.4.1) respectively into the past times with different positive values of the

parameter p > 0.

0 02 0.4 0.6 08 1
t
o(1)

Figure 5.13: Plot for the solution of ¢(t) for system (5.4.1) Wlt n=1,u=0.>5as
t — —oo with several initial conditions:[[¢(0) = 1, D(¢(0)) = =0

1,6(0) = 0.1],[6(0) = 0.85,D(é(0)) = 0.005,0(0) = 0.5, (
0.2], [#(0) = 0.5, D(¢(0)) = 0.003, ¢/(0) = 0.6, a(0) = 0.75,6(0) = 0.3]].

Discussion

As can be seen from figures 5.13, 5.14, (t) and ¢(¢) go to infinity but a(t) is decreases.
By comparing with the isotropic model when o = 0, we have that ¢(¢) blows up to

infinity which is consistent with the anisotropic model.

5.4.3 Original Variables: Numerical Method-Future Behaviour

In figures from 5.16 to 5.19, we plot the system in (5.4.1) with different positive values

of 1 to see the behaviour of this model at the late times.
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Figure 5.14: Plot of the solution of o(t) of the for system (5.4.1) with n =1, = 0.5
as t — —oo with several initial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 0.5,a(0) =
1,6(0) = 0.1],[6(0) = 0.85,D((0)) = 0.005,0(0) = 0.5,a(0) = 0.7,000) =
0.2], [6(0) = 0.5, D(4(0)) = 0.003, 7(0) = 0.6, a(0) = 0.75,0(0) = 0.3]].

1.07
0.9
0.8
0.71
0.6
0.59
0.4
0.31
0.2

0.1

0 02 0.4 0.6 08 1
t

a(t)

Figure 5.15: Plot of the solution of a(t) of the for system (5.4.1) with n =1, u = 0.5
as t — —oo with several initial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 0.5,a(0) =
1,0(0) = 0.1],[6(0) = 0.85,D(6(0)) = 0.005,0(0) = 0.5,a(0) = 0.7,000) =
0.2], [6(0) = 0.5, D(6(0)) = 0.003, (0) = 0.6, a(0) = 0.75,6(0) = 0.3]].

Discussion

As can be seen in figures from 5.16 to 5.19, the numerical solutions suggest that there

is bifurcation value. As can be seen from figure 5.16, where we plotted the model with
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Figure 5.16: Plot for system (5.4.1) with n = 1, u = 0.5 as t — oo with several ini-
tial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 1,a(0) = 0.8,60(0) = 0.3],[p(0) =
0.25, D(¢(0)) = 0.5,0(0) = 0,a(0) = 0.7,6(0) = 0.2], [(;5(0) = 0.75,D(¢(0)) =
1,0(0) =1,a(0) = 0.2,6(0) = 0.1]].

k

-0.57

10 g Ne 40 0

— o) —o()
Figure 5.17: Plot for system (5.4.1) with n = 1, = 0.5 as t — oo with several ini-
tial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 1,a(0) = 0.8,60(0) = 0.2],[p(0) =

0.25, D(¢(0)) = 0.5,5(0) = 0,a(0) = 0.7,6(0) = 0.1],[¢(0) = 0.75, D(¢(0)) =
1,0(0) = 1,a(0) = 0.2,6(0) = 0.3]].

small value of p, and we have oscillations for ¢(t). When p < \/gn, in figure 5.17, we
still have oscillations but they are not symmetric. However, when p passes through
the bifurcation value the oscillations disappear and the stability (the behaviour) of

the model changes (see figure 5.18). For the value p > \/gn, as can be seen in figure
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0.5

-0.54

o) /0o

Figure 5.18: Plot for system (5.4.1) with n = 1, u = 0.5 as t — oo with several ini-
tial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 1,a(0) = 0.8,0(0) = 0.2],[¢(0) =
0.25, D(¢(0)) = 0.5,0(0) = 0,a(0) = 0.2,60(0) = 0.3], [(;5(0) = 0.75,D(¢(0)) =
1,0(0) =1,a(0) = 0.2,6(0) = 0.1]].

—6() /(1)

Figure 5.19: Plot for system (5.4.1) with n = 1, 4 = 0.5 as t — oo with several initial
conditions:[[$(0) = 0.5, D(4(0)) = 0,5(0) = 0.001,a(0) = 0.8,0(0) = 0.2],[$(0) =
0.25, D(6(0)) = 0.5,0(0) = 0,a(0) = 0.7,0(0) = 0.1],[6(0) = 0.75, D((0)) =
1,5(0) = 0.0001, a(0) = 0.2, 6(0) = 0.3]].

5.19, there is no oscillations and o(t) decays, which is consistent with the isotropic

model that we studied earlier in chapter (4).
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5.4.4 Bifurcation Value Analytic Proof of the System (5.4.1):

In this subsubsection we show an analytic proof for the bifurcation value for this

model. Setting ¢ = 0 in the equation (5.4.1) yields to

n?¢ + (\/302 + ;n2¢2 — 3\/6u0¢> =0. (5.4.2)

Since the value of o = 0 at the equilibrium points (i.e., P 234) of the system (5.4.1)

then (5.4.2) becomes

n?p = —pu ( ;n%b?) , (5.4.3)

3
nt¢? = §,u2n2gb2, (5.4.4)
2 2 9
= =g (5.4.5)

Hence, the bifurcation value in which the stability (the behaviour) of the model will

change is defined by (recall p is positive):

2
e = \/;n, (5.4.6)

which is consistent with the sub-case (1b) that we studied earlier in chapter (4).
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5.4.5 Normalized Bounded Variable

Introducing Normalized Variables

Consider the same bounded variables we did earlier. Then, the evolution equations

become
D' =(1-DH)Xx,
U =nyv1l—D2® - DUX,
5 (5.4.7)
O =—-DP(1+X)—V1—D?|n¥ + \/;,LLD],
\ ¥ =-YD(1+2X),
where

1 2 1 3 )y
X = —§D2 — §<I>2 + 5\112 — 252 — \/;mﬂ — D29 (1 + x/éﬁ) + gm. (5.4.8)

Thus, the Friedmann equation becomes

D? — &% — 3% — U? 4 XV = 0, (5.4.9)

where e is defined as follow:

e= 2y, (5.4.10)

n
The domain of interest is 0 < D < 1, since

0 >0 =D —1,

and

fd—-0 =—D-—0.
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We have that D is a bounded variable and the other variables ®, ¥, 3 are bounded if

3u? < n?. This is follows from the Friedmann equation that can be written as follows

n

32\’ 2
1— 32— (\11 - L) — 3x2 (1 - 3“—2> = 0. (5.4.11)
n

Note that the system (5.4.7) is not well defined at D = 0, see (5.4.8). Note that

(5.4.9) is conserved using the 4D system (5.4.7) as follows

Define

A=D?— 32— 352 — U2 4 X7,

then

N =2DD' — 203 — —65% — 20V 4 (XU + ¥'T)
=2D(1 — D)X +2DP*(1 + X) + 2\/;1)@@ +6%2D(1 + &)
+2DV2X + e(nEV1 — D2® — UED(1 + 2X)
= —2DX(D? — ®* — 3% — U2 4 eX0) + en¥dV/1 — D?

+2D | X + B2 + \/gmbx/l —D? 4352 — gzxp

2D
—9 {_DXA - (D@73 0Py ezxy)l

2
= —3DABX +1) =0.

Note that, since D # 0 for the above system, the evolutionary system is not analytic

at By (i.e., D=® =WV =¥ =0, is not equilibrium point for the system (5.4.7)).
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Bounded Variables:Qualitative Analysis

The equations in system (5.4.7) are relatively simple. Also, note that the D’ does not
decouple and the system is not analytic at D = 1 since we have the square root term

in the second equation of the 4D system (5.4.7).

Equilibrium Points

There are several equilibrium points of the system but we are only interested in the
study of Pj234 and to compare it then with the isotropic model that we studied
earlier. In table 5.3, we present four equilibrium points of the system (5.4.7), u > 0

and v = 0, and the value of X for each one.

Pt | (D, ®,¥,%) | X | Stability
P | (1,1,0,0) | —1 | Source

Py | (1,-1,0,0) | =1 | Source
Py | (1,0,1,0) 0 | Saddle

Pl (1,0,-1,0) | 0 smkwhenu>\/§n

Table 5.3: Equilibrium points of the system (5.4.7) and the value of X'.

Now, let us discuss the stability of the equilibrium points (P 234) of the system
(5.4.7).
Stability of the Equilibrium Points P, ,

By using eigenvalues in (5.3.18) when ®2 = 1 then all the eigenvalues are positive

which implies that P, 5 are always sources.
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Stability of the Equilibrium Points P; 4

Evaluating the linearization matrix of the system (5.4.7) at Ps4 leads to undefined
terms which means that the linearization fails to determined the stability of Ps4.
Thus, we need to use different approach to study these equilibrium points Ps 4. When

D =1 is an invariant set then there is a 3 -dimensional invariant set given by

( o _ 2 (280 + 60 - 35u¥ —nl® 40
-3 2n ’
2 2 _ _ 2 _
| %CD (4<I> n+ 12n% SME\IJ 2V 4n) | (5.4.12)
n
s _ 12 (4@271 +12n%? — 6uX¥ — 2n W2 — 4n)
L~ 3 2n '

Evaluating the linearization matrix of (5.4.12) at ® = 0,3 = 0 lead to three negative
eigenvalues. Now we just need to determine the sign of the four eigenvalue. By

plugging (5.4.9) into (5.4.8), we obtain;

X =—d? - 352 + %“xpz. - \/guqn/l — D? (1 + g) .

Since ¥ = 0 at P34, (so that we neglect any terms with X), we obtain a simpler

expression for X as follows:
=92 — \/gucb@. (5.4.13)
Let T = /1 — D2 Then, it follows that;
T'=TX (5.4.14)

Moreover, since ' = 0, then we obtain

®=-T (mp + \/§M> . (5.4.15)
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Next, plugging the value of ® from (5.4.15) into (5.4.14), then we obtain

T = \/gnT?’ <an1 + \/§u> : (5.4.16)

Therefore, now we can study the stability of Ps4 as follows

1. For the Pj, it is a always a saddle for any value of u since 7" is small and

positive.
2. For the Py, we have two cases of stability (the behaviour):

o If < \/gn = T" > 0, which implies that P is a saddle in this case.

o If > \/gn = T" < 0, which implies Pj is a sink in this case.

This result is consistent with the isotropic model that we studied earlier.

Bounded Variables: Numerical Method -Past Behaviour

In figure 5.20, we plot the solution of system in (5.4.7) with p = 0.5 into the past

times.

Discussion

As can be seen from figure 5.20, the solution goes toward the equilibrium point P;
into the past limit in which is consistent with the isotropic model that we studied

earlier in chapter (4).
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Figure 5.20: Plot for system (5.4.7) withn = 1, u = 0.5 as t — —oo with several initial
conditions:[[D(0) = 0.5,¥(0) = 0.3,3(0) = 0.03,®(0) = 0.4066607923], [D(0) =
0.7, ¥(0) = 0.2,%(0) = 0.01, ®(0) = 0.6794850992], [D(0) = 0.8, ¥(0) = 0.03,3(0)
0.02®(0) = 0.8009369513]]. Note that CC(t) = D(t)? — ®(t)* — 3X(t)* — ¥(¢)?
S ()5 (t).

_F

Bounded Variables: Numerical Method-Future Behaviour

In figures from 5.21 to 5.24, we plot the solution of the system (5.4.7) with different
positive values of 1 to see the behaviour of this model into the future times with the
normalized bounded variable and compare it with the numerical solutions that we

get from the original variables as well as with the isotropic model

Discussion

As can be seen from figures 5.21 and 5.22 with u < .., the solutions for ®, W, D start
with oscillations and decay and ¥ decreases and decays to zero. In figure 5.24 when
> e, the solution as ¢t - —oo go toward P, which is consistent with the isotropic

model that we studied earlier in chapter (4).
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Figure 5.21: Plot for system (5.4.7) with n = 1, 4 = 0.5 as t — oo with several initial
conditions:[[D(0) = 0.5,¥(0) = 0.1,%(0) = 0.03,P(0) = 0.4962862077], [D(0) =
0.6, (0) = 0.3,3(0) = 0.01, ®(0) = 0.5279204486], [D(0) = 0.8, ¥(0) = 0.3,X(0) =
0.02®(0) = 0.7528612090]]. Note that CC(t) = D(t)? — ®(t)* — 3X(t)* — ¥(¢)* +
S ()5 (t).

.
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[— o) — v x(r) — D(1) cc()]

Figure 5.22: Plot for system (5.4.7) with n = 1, u = 0.75 as t — oo with several initial
conditions:[D(0) = 0.5, ¥(0) = 0.1,£(0) = 0.03,®(0) = 0.5007993610], [D(0) =
0.6, T(0) = 0.3,5(0) = 0.01, ®(0) = 0.5321653878], [D(0) = 0.8, ¥(0) = 0.3, %(0) =
0.029(0) = 0.7588148654]]. Note that CC(t) = D(t)* — ®(t)? — 3X(t)> — U(t)* +
S (1)5(t).
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Figure 5.23: Plot for system (5.4.7) with n = 1, u = 0.81 as t — oo with several initial
conditions:[[D(0) = 0.5, ¥(0) = 0.1, £(0) = 0.03,®(0) = 0.5019482045], [D(0) =
0.6, (0) = 0.3,5(0) = 0.01, ®(0) = 0.5332466596], [D(0) = 0.8, T(0) = 0.03,2(0)
0.1®(0) = 0.7897797161]]. Note that CC(t) = D(t)* — ®(t)* — 33(t)* — U(t)?
S ()5 (t).
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Figure 5.24: Plot for system (5.4.7) with n = 1, u = 0.5 as t — oo with several initial
conditions:[[D(0) = 0.5, ¥(0) = 0.1,5(0) = 0.03,®(0) = 0.5052722039], [D(0) =
0.7, 7(0) = 0.03,2(0) = 0.01, $(0) = 0.7004284403], [D(0) = 0.6, T(0) = 0.3, 3(0)
0.01®(0) = 0.5363767333]]. Note that CC(t) = D(t)? — ®(t)* — 3X(t)* — ¥(t)?
(1) S().

+

5.4.6 Inflation:

We will check if this case has an inflation attractor. The deceleration parameter in

(5.5.10) when v = 0 becomes

q=- ;2 —6%% — 20% 4+ ¥* 4 3“@2——f\/1—D2q>< @)]. (5.4.17)
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The sign of the deceleration parameter indicates the nature of the expansionary evo-
lution. If ¢ > 0, the cosmological expansion is decelerating, while negative values of ¢
indicate an accelerating dynamics. The value for ¢ for each of the equilibrium points

of the model are:

q’PI,Q =2> 07 (5418)

are always positive which implies that P, o are not inflationary.

2. P374I

glp,, = —1<0, (5.4.19)

are always negative which implies that P; 4 are inflationary.

5.4.7 Discussion:

In this case when > # 0, p > 0 and v = 0, we found that Pj is a saddle inflationary
solution. Moreover, P, is an inflationary attractor when p > \/gn which is consistent

with the isotropic model case (1b) when > =0 and p > 0.



5.5 Case (2¢):When u=0,v #0

5.5.1 Original Variables

(

. 1 9
0= 39
n \/éuqbaz

0

o= —aob,
=1,

a= 1@«9,
\ 3

with first integral

V60 . 0]
2 2 2,0 VU
20 —2\/69 300 [2¢ n-¢o NG
(3]

1. 1 1
0? =302 +3 |=¢* + =n?¢p* + —vl¢| .
o’ + 2¢+2n¢—|—6y¢

5.5.2 Original Variables: Numerical Method-Past Behaviour

V6
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(5.5.1)

(5.5.2)

In figures 5.25, 5.26, 5.27 , we plot the solution of ¢(t),o(t) and a(t) for the system

in (5.5.1) with v = 0.5 in to the past

Discussion

As can be seen from the figures 5.25,5.26 that ¢(t) and o(t) blow up to infinity but

a(t) is decreases which is consistent with the isotropic model. Note this is true for

any value of v # 0.
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2.5

0.57%

Figure 5.25: Plot for ¢(t) for the system (5.5.1) with n = 1, = 0.5 as t - —o0
with several initial conditions:[[¢(0) = 1, D(4(0)) = 0,0(0 ) = 0.5,a(0) = 1,0(0) =
0.1], [6(0) = 0.85, D(6(0)) = 0.005,0(0) = O5,a(0) 700) = 0.2], [6(0) =
0.5, D((0)) = 0.003, 0(0) = 0.6, a(0) = 0.75,6(0) = 0.3]].

201

0 02 0.4 0.6 0.8 1

Figure 5.26: Plot for o(t) for the system (5.5.1) with n = 1,v = 0.5 as t - —o0
with several initial conditions:[[¢(0) = 1, D(¢(0)) = 0,0(0) = 0.5,a 0) =1,0(0) =
0.1],[¢(0) = 0.85,D(¢(0)) = 0.005,0(0) = 0.5,a(0) = 0.70(0) = 0.2],[4(0)
0.5, D(6(0)) = 0.003, 0(0) = 0.6, a(0) = 0.75, 6(0) = 0.3]].

5.5.3 Original Variables: Numerical Method-Future Behaviour

In figure 5.28, we plot (5.5.1) with v = 0.5,n = 1 to see the behaviour of this model

into the future
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Figure 5.27: Plot for a(t) for the system (5.5.1) with n = 1,v = 0.5 as t - —o0
with several initial conditions:[[¢(0) = 1, D(4(0)) = 0,0(0) = 0.5,a(0) = 1,6(0) =
0.1],[6(0) = 0.85, D(6(0)) = 0.005,0(0) = 0.5,a(0) = 0.70(0) = 0.2],[6(0) =
0.5, D(6(0)) = 0.003, 0(0) = 0.6, a(0) = 0.75, 6(0) = 0.3]].

Figure 5.28: Plot for system (5.5.1) with n = 1,v = 0.5 as t — oo with several ini-
tial conditions:[[¢(0) = 1, D(4(0)) = 0,0(0) = 1,a(0) = 0.8,6(0) = 0.1],[¢(0) =
0.59, D(¢(0)) = 0.5,0(0) = 0,a(0) = 0.7,6(0) = 0.2],[¢(0) = 0.8, D(¢(0)) =
1,0(0) = 1,a(0) = 0.2,0(0) = 0.3]].

Discussion

As can be seen from the figure 5.28, o(t) decreases and ¢(t) oscillates and then decays
to zero, which is consistent with the isotropic model. Note this is true for any value

of v # 0.
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5.5.4 Normalized Bounded Variable

Introducing Normalized Variables

Consider a bounded variable D as before, along with the following expressions for

®, U and X

., N=-_2 (5.5.3)

= g(%) @z\@( 1{:92). (5.5.4)

So, the Friedmann equation for this model becomes

A=D>—d? 352 — 92 — =0, (5.5.5)

which is conserved by the 4D system in (5.5.6), illustrated below.

Define

D
A=D?— 2 _3gx2 w272
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then
A =2DD' — 200 — 655 — 20T — %(D’\IJ + D)
=2D(1 — D)X +28°D(1 + X) + 2@@2@ +6DY%(1 + X)
+2D®*(1 + X) + 2nDV1 — D2V + 6uDV1 — D2

2
£ oDVX — vdDVI — D2 + Yop2x — Zux
n n

D
:—2DX(D2—®2—322—\1/2—” >+X(2D—5\1f)
n

n

3
+2DP% + 2\/;@2\/1 — D2 +6X%D — vDPV1 — D2

2 UD
:—2DXA—§D(D2—<I>2—322—\1/2—” )
n

2
= —3DABY +1) =0.

Now we define a new time variable 7 with Cclz_; = /1 + 62. Therefore the evolution

equations become

(

D =(1- DX,
U =ndy1— D2 — DX,
' = —DP(1+X) — V1 - D?

(5.5.6)
n¥ + \/%(1/2)] ,

where the prime here indicates the differentiation of each variable with respect to the

S = —%D(1+ X&),

new variable time 7 and & is given by the expression as follow:

6D 4 2 2020

3 3 3n nD
T o (% %)H - 657

1
=-—-D? 2%~
3
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Note that the system is not well define when 2D — % = 0, which include the origin
D =0 = Vsee (5.5.6, 5.5.7). But since D # 0 for the system (5.5.6), the evolutionary
system is not analytic at the origin (i.e., D = ® = ¥ = ¥ = 0, is not equilibrium

point for the system (5.5.6)).

Bounded Variables:Qualitative Analysis

The equations in system (5.4.7) are relatively simple. Also, note that the D’ does not
decouple and the system is not analytic at D = 1 since we have the square root term

in the second equation of the 4D system (5.4.7).

Equilibrium Points

There are several equilibrium points of the system but we are only interested in study
the Pj 234 to compare it with the isotropic model that we studied earlier. In table
(5.4), we present the summary of strictly speaking interesting equilibrium points to

study, for the system (5.5.6), u =0 and v # 0, and the value of X for each one.

Pt (D, ®,7,5) X | Stability
P (1,1,0,0) —1 | Source
P, (1,-1,0,0) —1 | Source

Py (1, 0, =vE/Anr o) 0 | Saddle

P, (1,0,—(”—@;“”2),0) 0 | Saddle

Table 5.4: Equilibrium points of the system (5.5.6) and the value of X.

Now, let us discuss the stability of the equilibrium points (Py234) of the system

(5.5.6).



124

Stability of the Equilibrium Points P, ,

Basically, we use the eigenvalues in (5.3.18) when ®2 = 1 then we end up with all

of the eigenvalues are positive which implies that P, o are always sources, which is

consistent with the isotropic model.

Stability of the Equilibrium Points P; 4

Basically, we use same analysis as we did earlier with the case (2a) with g = 0. When

D =1 is an invariant set then there are 3 dynamic system;

(

o — 2\1; (2@2n—|— 6n¥? — n¥? — v —|—n>
3 2n — vV ’
v lq) (4(192n +12nX%% — 2n0? + U — 4n) 7 (5.5.8)
3 2n —vVv
o 12 (4@271 +12n%? — 2n0? + v — 477,) .
L 3 2n — vVv

Evaluating the linearization matrix of (5.5.8) at & = 0,3 = 0 lead to three negative

eigenvalues. For the fourth eigenvalue it just follows from equation (5.3.26) with

w=0:

ay

! ((\/4712 +12(6 V6n? + V61?)

N 36(vv4An? +v2+4n? +1?)

+v(2v6n? + \/61/2) <\/6\/4n2 + 2+ \/6V>> , (5.5.9)

Which is always positive therefore P; 4 are saddles.
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Discussion

Among the four equilibrium points (P 234) that we studied, we found that Ps, are

inflationary saddles.

5.5.5 Bounded Variables: Numerical Method-Past Behaviour

In figure 5.29, we plot the solution of the system in (5.5.6) with v = 0.5 into the past

times.

0.5

I\
o
O.SV

-1 T T )
0 10 20 30
t

[— o0 —w0 (1) — D(1) cc]

Figure 5.29: Plot for system (5.5.6) with n = 1,v = 2 as t — —oo with several initial
conditions:[[D(0) = 0.9,¥(0) = 0.1, £(0) = 0.04,®(0) = 0.8397618710], [D(0) =
0.7, T(0) = 0.03,5(0) = 0.02,(0) = 0.6833008122], [D(0) = 0.6, ¥(0) = 0.3, 5(0) =

0.01,®(0) = 0.2994995826]]. Note that CC(t) = D(t)2 — ®(t)? — 35(t)2 — W(t)? —
V(1) D(t)

n .

Discussion

As can be seen from figure 5.29, the solution goes toward the equilibrium point P
into the past limit in which is consistent with the sub-case (2a) that we studied earlier

in chapter (4). Note this is true for any value of v # 0.
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Bounded Variables: Numerical Method-Future Behaviour

In figure 5.30, we plot the solution of the system (5.5.6) with v = 0.5 into the future.

=1+ T T T |

0 10 20 30 40
t

[— o0 —vwu (1) — D(1) cc]

Figure 5.30: Plot for system (5.5.6) with n = 1, = 1 as t — oo with several initial
conditions:[[D(0) = 0.4,¥(0) = 0.1,%(0) = 0.03,®(0) = 0.3275667871],[D(0) =
0.7, ¥(0) = 0.03,%(0) = 0.01, ®(0) = 0.6839590631], [D(0) = 0.6, ¥(0) = 0.3,%2(0) =

0.01,®(0) = 0.2994995826]]. Note that CC(t) = D(t)2 — ®(t)* — 35(t)2 — W(t)2 —
vU(t)D(t)

n .

Discussion

As can be seen from figure 5.30, the solution oscillate and decay to zero, which is
consistent with the sub-case (2a) that we studied earlier in chapter (4). Note this is

true for any value of v # 0.
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5.5.6 Inflation

In the sub section, we will check if this case has an inflation attractor. The deceleration

parameter in The deceleration parameter in (5.5.10) when g = 0 becomes

3v6D 4 5, 2
3 3 3n nD

DA
= |2 2V 1%g2 Zy2 . Upyg
T D [ V6(2D — 2%

+V6V1 — D2v® (% - %)” . (5.5.10)

The sign of the deceleration parameter indicates the nature of the expansionary evo-
lution. If ¢ > 0, the cosmological expansion is decelerating, while negative values of ¢
indicate an accelerating dynamics. The value for ¢ for each of the equilibrium points

of the model are:

1. PLQ:

alp,=2>0, (5.5.11)

are always positive which implies that P; » are not inflationary.

2. P3’4Z

q}PM =-1<0, (5.5.12)

which implies that P54 have an inflationary solutions.

Discussion:

In this case when X # 0, v # 0, and ¢ = 0, we found that P, » are always sources

and not inflationary. Ps4 are inflationary saddles.



Chapter 6

Discussion

In chapters (4)-(5), we have investigated cosmological models in the Einstein-Aether
theory and (extended) Horava gravity in which both the Aether vector field and the
metric tensor together determine the evolution. We have been especially interested in
the possible inflationary behaviour of the models in a class of spatially homogeneous
cosmological models. In particular, we have studied scalar field models in which the
self-interaction potential, consisting of terms each containing exponentials, depends
on the scalar field ¢ and also on the timelike vector field through the expansion rate
0 and the shear scalar o. We derived the evolution equations in two models: the
isotropic and an anisotropic models, which consist of the energy momentum con-
servation law or Klein-Gordon equation, the generalized Friedmann equation, the
Raychaudhuri equation, and the evolution equations for the shear. We introduced
expansion-normalized variables and obtained the resulting dimensionless evolution
equations which reduce to a dynamical system. We studied the behaviour of the
models with zero and negative curvature for the isotropic model and only the zero
curvature case for the anisotropic model. In particular, we studied the local stability
of five equilibrium points (FPp1,234) of the dynamical system corresponding to physi-
cally realistic solutions with a restricted set of values of the parameters. We concluded
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that there are always ranges of values for which there exists an inflationary sink.

We investigated the qualitative late time behaviour of isotropic and anisotropic model
using two techniques; the first one with the original variables and the second one with
normalized bounded variables. The normalized bounded variables are particularly
suitable for numerical and qualitative analysis [13, 21]. In particular, we considered
the isotropic model and an anisotropic model (Bianchi type V'I;) with sub-cases for
each one. In the isotropic model (Case (1)), when the potential is not a function
of the shear, (i.e.,V(¢,0)), we studied two sub-cases: case (la) when ¢ =0, u =0
and v = 0; case (1b) when 0 = 0 = v and g > 0. In the anisotropic model (Case
(2)), when the potential function depends on the shear as well as the scalar field
and the expansion rate, (i.e., V(¢,60,0)), we studied three sub-cases: case (2a) when
o#0, p>0and v # 0; case (2b) when ¢ # 0, v = 0 and p > 0 and lastly case

(2¢) when 0 # 0, p =0 and v # 0 (where v could be either positive or negative).

In the isotropic model (Case(1)), we examined the case when the potential does
not depend on the shear and we studied two further sub-cases. We paid particular
attention to the sinks and whether there are any inflationary attractors. In the sub-
case (la), we found that the equilibrium point P, is a sink but not inflationary and
P 4 are inflationary saddles. Hence, there is no inflationary attractor for this case. In
the sub-case (1b), we found there exists a bifurcation value (i.e., 4 = 1/2n) at which
the stability of the equilibrium points changes. To illustrate this, when p < \/gn, By
is sink but P, is a saddle. However, when p > \/gn Py changes from sink to a saddle

and P becomes a sink. Also, we conclude, if u > p. there is an inflationary attractor
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at P, and there is inflationary saddle at P; but there is no inflationary source. In
addition, we studied slow roll inflation in these two sub-cases For example; for the

sub-case (1b), we found that the slow roll inflation happens when

¢ = (\/gn - u) t + Cé, (6.0.1)

where (3, C are constants. The scale factor of the expnading Universe is

which has the solution a = ag, where ag is constance, when ¢t = 0.

In the anisotropic model case (2), we considered the Bianchi type I (i.e., M = 0)
model with zero curvature, in which the potential is a function of the scalar field ¢,
the expansion rate 6 and the shear o. We paid particular attention to the sinks and
whether there are any inflationary attractors. We further investigated three sub-cases.
In all three sub-cases, we found that F, is not an equilibrium point since the system
with the shear is not well defined at D = 0 = W. In the sub-case (2a), we found
there always exists a ranges of values of the parameters u, v where the model has an
inflationary attractor. For instance, P, is a sink when V6VANZ + 12 +V6v —6 w < 0.
In the sub-case (2b), we found that there is a bifurcation value same as in the case
(1b) and Py is inflationary attractor when u > \/gn Lastly, in the sub-case (2c) we
found that Ps4 are an inflationary saddles. In all cases, our major conclusion that we

require that p > 0 to be large enough in order to have an inflationary attractor.

In conclusion, we investigated the stability of the isotropic equilibrium points and

their stability as well as the stability of four equilibrium points (Pj234) in the
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anisotropic model. The result is consistent with the standard inflationary cosmo-
logical solutions and previous works in Einstein-Aether cosmological models. A qual-
itative analysis of these cosmological models are based on the dynamical systems

approach. In table (6.1), we summarize all the sinks and the inflationary solutions

for each of the two models and their sub-cases.

Cases Sub Cases Sinks Inflation
Case(1) Sub-case (1a) | Py in table (4.1) Ps 4 in table (4.1)
nw=0=v
(X =0) Sub-case(1b) | In table (4.2): two sinks
Isotropic | p>0,v=0 | 1- Fyif p < \/> P 4 in table (4.2)
Model 2- Pyiftp> \/;
Sub-case (2a) | P, in table when (5.2) Ps 4 in table (5.2)

Case (2) V64N + 12 + V6 — 6 <0
(X #0) Sub-case (2b) | Sink

Anisotropic | >0, v=0 | Pyif u> \/gn P 4 in table (5.3)
Model Sub-case (2¢) | No sink P54 in table (5.4)
p=0,v#0

Table 6.1: Summary of the sinks points and inflation for all sub-cases studied.
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To find where all numerical and qualitative analysis has been done in this chapter

for each case see the following table (6.2) In future work we shall investigate the

Cases | Sub Cases | Original Variables | Bounded Variables
p=0=v | Insection (4.1.1) | In section (4.1.4)
oc=20 - -
pw#0, v=0]| section (4.2.1) In section (4.2.4)
p#0, v#0| Insection (5.3.1) | On section (5.3.4)
0#0 | pn#0v =0 | Insection (5.4.1) | In section (5.4.5)
p=0,v%#0| Insection (5.5.1) | In section (5.5.4)

Table 6.2: Locations in the manuscript where the analysis with original variable and
normalized bounded variables for the isotropic model (and its two sub-cases) and the
anisotropic model (and its three sub-cases).

Anisotropic model with a polynomial potential of the following form

1
V(b,¢,0)= §n2¢2 + 10¢ + vog + [axnb® + a1100 + ago?], (6.0.2)

where a,; are positive constants. Without loss of generality, we can assume pu,n are
positive constants but v could be either positive or negative. In particular, it would
be of my interest to determine whether the model with the above potential will have
the same equilibrium points as in our two models that we studied or not. Also, if it
turns out to be the case we would be interest to see the stability of them and compare

it with our cases.
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Chapter 7

Introduction to the Model

Since the vacuum in quantum gravity may determine a preferred rest frame at the
microscopic level, gravitational Lorentz violation has been studied within the frame-
work of general relativity (GR), where the background tensor field(s) breaking the
symmetry must be dynamical [17]. Einstein-Aether theory [1, 2] consists of GR cou-
pled, at second derivative order, to a dynamical timelike unit vector field, the aether.
In this effective field theory approach, the Aether vector field and the metric tensor
together determine the local spacetime structure.

The aether spontaneously breaks Lorentz invariance by picking out a preferred frame
at each point in spacetime while maintaining local rotational symmetry (breaking
only the boost sector of the Lorentz symmetry). Since the aether is a unit vector, it
is everywhere non-zero in any solution, including flat spacetime.

There has been much interest in the qualitative features of cosmological models in
Einstein -Aether theory (and in particular in the presence of curvature and shear),
with a polynomial self-interaction scalar field potential, V', and especially a general-
ization of the harmonic potential [1, 28].

Einstein -Aether theories offer an alternative that permits inflation [5, 20]. Lorentz
violation affects the dynamics of the chaotic inflationary model. Generalizations
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of Einstein -Aether cosmology with a chaotic potential, V, in FLRW models were
studied in [1] and more general models (with coupling constants depending on ¢) in
[29]. modifies the picture of the chaotic inflationary scenario.

In this part of the thesis, we study “spherically symmetric Einstein-Aether mod-
els”. We shall study scalar field models with an exponential self-interaction potential.
Einstein-Aether models with an exponential potential were recently studied [8, 13, 26].
In a companion paper [27], it investigates spherically symmetric Einstein-Aether per-
fect fluid models.

We shall use the 143 frame formalism [30, 31] to write down the evolution equa-
tions for non-comoving scalar field spherically symmetric models. We then consider
the spatially homogeneous Kantowski- Sachs models using appropriate normalized
variables, and obtain the general evolution equations. We then consider a special
case and analyse the qualitative behaviour for physically reasonable values of the pa-
rameters. We are particularly interested in the future asymptotic behaviour of the
models for different values of the parameters and investigate whether the model has

an inflationary attractor or not.

7.1 Einstein- Aether Cosmology Theory

The action for Einstein-Aether theory is the most general covariant functional of the
spacetime metric g, and aether field u, involving no more than two derivatives (not

including total derivatives) [17, 30]. The action is [17, 23]

1
S = /d4x\/—g ER — K% VuVyu® + X (uue + 1), (7.1.1)
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where

K™ = 19" geq + 26205 + 36500 + cauu’ gea. (7.1.2)

The standard Einstein equations (i.e., G4 = kT,) can incorporate the effects of the

Aether by the contribution of an additional stress tensor for the aether field
Gap = KT+ Ty, (7.1.3)
where

w = 20(Vau'Vyue — Vu,Veuy) = 2[Ve(u@dy)) + Ve(uJian) — Ve(uady))]

—2¢4UgUp + 2 Uy + Gap Lo (714)
and

K“é’ = clg“bgcd + 025353 + 0363553’ + cw“ubgcd,

a . ab n
Jm = —Kmnvbu y
L, = —Kgé’vaucvbud.

7.2 Models and the ¢; Parameters

We study the model with different dimensionless parameters ¢; where « = 1,..4. To
simplify the expressions and the equations it is convenient to make a reparameteri-

zation of the aether parameters, analogous to the one given in [32]

c1+c3
Co =CL+C3, C,=20C —C3, Cq=Cq—Cr. (7.2.1)

Cp = Co+
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where the new parameters correspond to terms in the Lagrangian relating to expan-
sion, shear, acceleration and twist of the aether. Since the spherically symmetric
models are hypersurface orthogonal the aether field has vanishing twist and is there-
fore independent of the twist parameter c,. Also, for simplicity and convenience we

define

2=1-2¢,>0.

7.3 Spherical Symmetry

All spherically symmetric aether fields are hypersurface orthogonal and, hence, all
spherically symmetric solutions of aether theory will also be solutions of the IR limit
of Horava gravity. The converse is not true in general, but it does hold in spherical
symmetry for solutions with a regular center [18] . The ¢; are dimensionless constants
in the model. When spherical symmetry is imposed the aether is hypersurface or-
thogonal, and so it has vanishing twist. Thus it is possible to set ¢4 to zero without
loss of generality [18]. After the parameter redefinition to eliminate ¢4, one is left
with a 3- dimensional parameter space. The ¢; contribute to the effective Newtonian
gravitational constant G; so a renormalization of the parameters in the model can
be then used to set 87G = 1 (i.e., another condition on the ¢; can effectively be
specified). The remaining parameters in the model can be characterized by two non-
trivial constant parameters. In GR ¢; = 0. We shall study the qualitative properties

of models with values for the non-GR parameters which are consistent with current
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constraints.

7.4 The Model

The evolution equations, follows from the Einstein Field equations, derived from the
Einstein aether action [18, 31]. In an Einstein-acther model there will be additional

terms in the Friedmann equation:

1. The effects on the geometry from the anisotropy and inhomogeneities (e.g., the

curvature) of the spherically symmetric models under consideration.

2. The Einstein field equations are generalised by the contribution of an additional
stress tensor, Ty, for the aether field which depends on the dimensionless pa-
rameters (¢;) of the aether model. In GR, all of the ¢; = 0. To study the effects
of matter, we could perhaps assume the corresponding GR values (or close to

them) in the first instance.

3. The energy momentum tensor of a scalar field, due to the possible dependence
of the scalar field potential V' on the Lorentz violating vector field; primar-
ily through the expansion, but also through the shear and tilt in spherically

symmetric model.

4. When the phenomenology of theories with a preferred frame is studied, it is gen-
erally assumed that this frame coincides, at least roughly, with the cosmological
rest frame defined by the Hubble expansion of the universe. In particular, in an

isotropic and spatially homogeneous Friedmann universe the aether field will be
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aligned with the (natural preferred CMB rest frame) cosmic frame and is thus
related to the expansion rate of the universe. In principle, the preferred frame
determined by the aether can be different from the CMB rest frame in spheri-
cally symmetric models. This adds additional terms to the aether stress tensor
Sap, which can be characterized by a hyperbolic tilt angle, v(t), measuring the
boost of the aether relative to the (perfect fluid) CMB rest frame [5, 20]. The
tilt is expected to decay to the future in anisotropic but spatially homogeneous

models [22].

7.5 Coupling to a Scalar Field

In Einstein-aether theory with inflation caused by a scalar field there exists the pos-
sibility that inflation is affected by the aether through a direct coupling of the scalar
field with the aether field through quantities like the expansion or shear of the aether.
This is in contrast to the situation in a purely metric theory like GR, where such
quantities cannot be constructed from the metric in a covariant way [1]. Explicit
couplings have been studied for spatially homogeneous and isotropic models in sev-
eral papers [7], [26], and we extended to the anisotropic case with a phenomenological
model in [21]. We will here derive the equations from first principles in the spherically

symimetric case.

Assume that a scalar field has a potential, V' (¢,0,0,), that depends on both the

expansion and shear of the aether (but not the acceleration %), defined as § = V u”
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and 603 = V, ubVyut — %92, where

Vaup = —ugty + %Qhab + Oap, (751)

and a%r = %aabaab, hap = Gap + UqUp, Tap = Opa, U0 = Uy = u®hyg, = 0. We here

assume that the Aether has vanishing vorticity.

The energy-momentum tensor for the scalar field is of the form [27]

1 . )
Tj;) :vﬂ¢vb¢ - (§Va¢va¢ + V) Gab + (‘/0 + 6‘/9)gab + ‘/Guaub

’ Oab Va &—i- . 2 . c
+ VME + ﬁ {( — Z) Oab + Oap — 607 UgUy — UT(qUn) | (7.5.2)

where the subscripts in Vy and V,, denotes partial derivatives of V(¢,0,0,) with
respect to # and o, and a dot the covariant derivative along the aether field,” := u*V,.
The irreducible decomposition of the tensor (7.5.2) with respect to a comoving aether

field is given by

T, = p uqu, + QQ?aub) + % (Gap + Ugtiy) + 75, (7.5.3)
where
¢ = (47,0,0), =5, = diag(—27%, 7%, 7}), (7.5.4)
P’ =3 [eo(d)? +ei(d)’] +V = 0Vy —V, 0oy, (7.5.5)
¢ 1 2 1 2
p” = z€0(¢)" — ge1(d)” =V + 6Vp + eo(Va), (7.5.6)
g7 = —eo(d)er(o) — $Vi, 1, (7.5.7)
% = —Lei(¢)? + 10V, + teo(V,,). (7.5.8)
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7.6 Exponential Potential

Exponential potentials of the form V = V,e™*? occur in higher dimensional frame-
works, Kaluza-Klein theories, and super gravity [24]. Although in general relativity
the exponential potential of the scalar field does not lead to exponential inflation [4],
if the potential is not too steep it can lead to a power law inflation. Ultimately, we
restrict the steep potentials by using multiple fields in order to have assisted inflation
(34, 35, 36, 37, 38]. A late time attractor is a scaling solution for exponential poten-
tials with sufficiently flat potentials [13, 39, 40, 41, 42]. The dynamical system with
negative exponential leads to rich physics, such as that which is found in Ekpyrotic
behaviour [10]. The main reason of using this kind of exponential potentials is that
the dynamical system that results allows us to use dimensionless variables.

Consider the Exponential potential of the form [26]:
V(0,0,0.) = are”*? + ayfe™ + ago e, (7.6.1)

where constants aq, as and a3 are defined such that the potential V (0, ¢,04) can be
assumed to be positive definite. We shall let a; > 0 but allow ay, and ag to have either

positive or negative sign. Thus, the components of the energy momentum become

p? = 3 [eo()? +ei(9)?] + are™, (7.6.2)
p? = l1eg(9)? — te1(¢)” — are ™ — kaseo(d)e ™ — azo e, (7.6.3)
i = —eol6)er(6) — Grie ™, (7.6.4)
70 = —ley(¢) + %(9 — keo())e . (7.6.5)
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7.7 The Evolution Equation

The Einstein Field equations, the Jacobi identities and the contracted Bianchi iden-
tities give a system of partial differential equations on the frame and commutator

functions [27]:

eoler’) = —3(0 — 60y )er (7.7.1)

eo(K) = —2(0+30,)K, (7.7.2)

1-—2c 1+¢
0) = _182 _ o 2 a L — 241
eoll) = =30° = 6 g okt g, (e 0= 20
1
( — e0(¢>)2 + a16_2k¢ + %agke_k‘beo((b) + %G30+6_k¢), (773)
1+ 369
eo<0'+) = —00'_;,_ + m(el(a) — el(u) —au— K — (]. + 200,)7:52)
1
+ m( — 2e1()* + azfe ™ — azkeg(p)e "), (7.7.4)
ep(a) = —3(0 — 60 )a+ 3(ex — @) (0 + 30), (7.7.5)
Constraints
e (InN) =1, (7.7.6)
e (In K) = 2a, (7.7.7)

2e1(a) = 3a® — K — cq(2e1 + @ — 4a)u — £(1 + 3¢y)0” + 3(1 — 2¢,) 07
+ 5€0(0) + ze1() + are”*, (7.7.8)
0= —36(1 —2co)aoy +4(1+ 3cp)e1(0) + 12(1 — 2¢,)e1 (o) + 6eg(p)er(9)

160
+ (4a3u— + T2a3a — 23azi — 4(3az — az)ke;(¢))e 2. (7.7.9)
O+
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Klein-Gordon equation
eo(eo(9)) = —feg(¢) + (e + i — 2a)ei (@) + 2kare™ ¢ + (as0 + azoi ke . (7.7.10)

The commutator

eo(e1(¢)) = ei(eo(9)) — é(9 — 60 )e1(¢) + teg(¢). (7.7.11)



Chapter 8

The Kantowski-Sachs Models

The Kantowski-Sachs models [33] are spatially homogeneous spherically symmetric
models (that have 4 Killing vectors, the fourth being 0,.). We shall consider the special

co-moving aether case. The metric that mentioned earlier in [27] simplifies to

ds® = —N(t)%dt? + (e' (t)) " 2dx® + (ex?(t)) " 2(d9? + sin® ¥dp?), (8.0.1)

(i.e., N, e;! and ey? are now independent of z). The spatial derivative terms e;( )
vanish and as a result @ = 0 = %. Since @ = 0, N is a positive function of ¢ which
under a time rescaling can be set to one. We assume here that the aether field is
invariant under the same symmetries as the metric and therefore is aligned with the
symmetry adapted time coordinate. The evolution equations for the Kantowski-Sachs
metric for an Einstein-Aether spherically symmetric cosmology, in the presence of a

144
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scalar field, are:

eg(er’) = —5(0 — 604 )er’, (8.0.2a)

eo(K) = —2(0+ 304)K, (8.0.2b)
1 —2¢, 1 _

edm:_%m_6(1+3@)ai+1+3@<_%@V+aw2“

+ 2aske *eo(¢) + %a30+ek¢> , (8.0.2¢)

e0(0+) = —90'+ + m(a:;ee_kd) — a3k80<¢)€_k¢ - 2K), (802d)

eo(eo(d)) = —beg(p) + 2kare* 4 (azf + aso, ke ™, (8.0.2¢)

with the following constraint:
K+ (14 3c)0” =3(1 — 2¢,)07 + ej(¢) + are™>*, (8.0.3)

where ¢, and ¢y are parameters (see definition of the ¢; parameters in section (7.2)
from chapter (7)) . Note that all evolution and constraint equations are derived in

[27].

8.1 Normalized Variables

We introduce the normalized variables (which are bounded for 1 —2¢, > 0, note that

we do not use the -normalized variable as in [27, 43] for convenience here):

Y Z?
NeT M D

eo(d) V3o, _ VK 0 e

where

D=\/K+ —, (8.1.2)
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and the new time variable f' = %60( f). To further simplify our model we defined

2 =(1—2¢,) =1—3(c; +c3) > 0. Since the evolution equations are invariant under
the transformation y — —y and ¢ — —c, without loss of generality we can assume

¢ > 0. Thus, it reduce to full 5 dimensional (5D) system:

2v/3 6 3
= —T\/_Q:E +V2ka, W? + ng (agQ + %y) + \/?_:13223/

V32Q - ) V3 3v2
— =2 -2 W? 4+ ZaayW + —=a. kW 8.1.3
301+ 3¢p) c“y 7+ a; + asyW + 5 askWax|, ( a)

2
y = —V3Qy + \/?gyZQ(Q +y)+ ﬁyQS

3
3
L V3
6¢2

V3yQ |
3(1 + 369)

/__\/ng
z = 3 _
|

—222 + \/§CL3QW - \/§a3ka

—2¢%2 — 222 + W2 4+ “asyW + ——akWa

V3 3v2
5 5 ] : (8.1.3b)

3
—202y2 — 222+ a W? + L—agyW

Qy + 5

1+3Ca

+ Tagk}W$ (8.1.3C)

3
—2¢%y? — 222 + W2 + £ag,yI/V

1
/
@ Qy+1+3c9 2

VB2
3

+ ﬂagkwa:” , (8.1.3)

2
W’:W[—\/ﬁka:—F?(Q—l—y)—?

_V3Q
3(1 + 369)

Q%y
3v/2 V3 ”
: .

—202y2 — 282 4+ a W2 4+ —ZakWa + TagyW

(8.1.3¢)

The variables (8.1.3) are related through the following constraints

—3¢)Q> + 2" + Py + e W? =1, (8.1.4a)

Q*+ 22 =1, (8.1.4b)
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which are preserved by the 5D system in equations (8.1.3). From the equations
(8.1.4) it follows that @) and z are bounded in the intervals @ € [—1,1],z € [0, 1]

2 is not necessarily non-negative

(for expanding universes ) > 0). However, since ¢
it follows that =,y and W are unbounded, unless ¢* > 0. Thus, z,y, W is bounded
when ¢ > 0 in the intervals z € [-1,1], y € [—ﬁ, ﬁ} and W € [O, \/%} (since
W > 0). Clearly, the case ¢ = 0 is not included here which is the GR case since the
equation for 3 is not valid in that case. The restriction in the second equation of

(8.1.4) allows the elimination of the variable z globally. This leads to the following

4-dimensional dynamical system:

P 2\/_Q +V2kaW? + \/—_kW ( 2Q + @y> + g:cy(l — Q%)

_ % [_2czy2 0 W 4 ? asyW + imwgc] (8.1.52)
v = =200y + Y- gty - 1) + B (@ - ng)

_ % [—202y2 — 2% W2 + ?w)yw + %anWx] (8.1.5b)
Q = M Qu+ 17 3 —2¢%y° — 207 + e W? + ?agyw

+ M@kwx” (8.1.5¢)

W =W [—\/ﬁkx + \/?g(@ +y) — \/?gQQy
V3Q 3v2

_ VO 92,2 9,2 W2
3(1+309)[ e

3
askWa + gag,yW” : (8.1.5d)
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subject to the following constraint
~3cpQ* + 22 + Pyt + a WP = 1. (8.1.6)

Using the normalized variables in (8.1.1), then the deceleration parameter equation

is given by

1 3V2 3
q = —m —202y2 — 2332 ‘I‘ (I]_W2 —|‘ %k‘W$ + g(lgyw . (817)

We shall study the general case in the future work. For this part of the thesis, we

consider the following special case.

8.2 Special Case

Let us assume

3cg=c1+3ca+c3=0

and assume ag = 0 [7, 21]. Then the system (8.1.5) becomes

7 = \V2ka,W? + \/;kaQWQ + \?wy(l - Q)
o \/ZZL‘Q [2 . 262y2 . 2$2 + CL1W2 + ic@kW:ﬁ] (821&)
I ny [2 2¢2y? — 202 + a; W2 + 3\2/§a2ka]
3
+ 3—\/;(1 - Q%) (Y —1), (8:2.1b)
V3(1 - Q?)

Q' = Qu =26y = 20% + W + —=axhWx|, (8.2.1¢)

3

3v2 ]

W' =w [—\/ﬁlm + ?(Q +y) — ?QQy

2
— @ [—202y2 — 227 + a,W? + %_angx]] : (8.2.1d)
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with the constraint
22+ Ay aW? =1, (8.2.2)

which is preserved by the 4D system in equations (8.2.1). The declaration equation

for the 4D system becomes

= —2c%% — 222 + a W2 +

3
@kwyc (8.2.3)

8.2.1 Analysis of the Special Case Using W Substitution:

Solving the constraint (8.2.2) for W leads to

1_22_ 2
W=V ;% °. (8.2.4)

Substituting W from (8.2.4) into the system (8.2.1) leads to the following 3D system

Y= (1= @7 = ) (V2 — V@) + Lyl - @) + ?“ﬂWTW;W(l —o?)

(8.2.5a)

3 6 ask 1= 12 = 22

y = 3\/7;(1 — QM) (Y —1) — \/ng(l — Ayt — %) — \/T_GQ TQy \/a_lx Yy :
(8.2.5b)
oYU s gy, 3V2akeyl-dy - ot (8.2.5¢)

3 2 Va
Equilibrium Points

In table (8.1, 8.2), we present the equilibrium points of the system (8.2.5); their

existence conditions and their acceleration parameter (¢) value for each one.
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Pt x Y Q |44 Existence q
P 0 % 2c 0 c < % ﬁ
P, 0 -1 2 0 c< 3 =3
P; vVi-cy? oy 1 0 Loy <lie>0 |2
P | —1-cy? g 1 0 —ley<lie>0 |2
Py Vi-cy? oy -1 0 Loy <lie>0 |2
Py —/1 — c2y*? vt =1 0 —t<yr<lie>0 |2
V3k(2v/2a1+a2vB) V3(—2a2k>+v2B) 3
Py 3(a§k2i2af) 0 1 3(a§l€22+2a1) 1) k< \/; In
2 k> /ha<0 | (3272
az?k? > 2 (2k? — 3)
V3k(2v/2a1 —azV/B) V3(2a2k%4+Vv2B) 3
Py 3(a§k2j—2af) 0 1 o 3(a§2kQ+2a1) az <0, k> \/g In
a?k? > 22 (2k* — 3) | (8.2.73)
—/3k(2v/2a14a2/B) V3(2a2k*—V/2B) 3
Pg 3(a§k2+12a1§ 0 —1 3(a§2k?+2a1) k< 2> @2 >0 In
a?k? > 22 (2k? — 3) | (8.2.74)
—V3k(2v2a1—a2VB) V3(2a2k24+V2B) 3
P 3(a§k2+12a1§ 0 -1 3(a§2k:2+2a1) k< \/g In
2 k> \/§ 4 >0 | (8.2.75)
as’k? > 2%(%2 —3)
Table 8.1:  Equilibrium points (P12, P5 456, P789,10) of the system (8.2.5); their

existence conditions and their deceleration value (q).

We use the notation B =

3(a3k® + 2a1) — 4a1k*. y* is an arbitrary parameter and hence the curve Pj,

represent lines of equilibrium points (y

curves)

*

= 0 is a special equilibrium point in the
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Pt x Y Q w Existence q
Py | ¥ E 1| g a2<0,k>\/§
ag?k? < 22 (2k* — 3) | 2
Py | ¥ —2@% 1| - a2<o,k>\/§
a’k? < 22(2k* — 3) | 2
Py | —f8 L 1| 42 |a>0k>,/3
a?k? < 22 (2k* — 3) | 2
Py | —¥8 —2,{5@1 —1| L a2>0,k>\/§
as?k? < 2(2k* — 3) | 2

Table 8.2:  Equilibrium points (Pi1213.14) of the system (8.2.5); their existence

conditions and their deceleration value (¢). We use the notation B = 3(a3k?® + 2a;) —
4&1]{72.

Qualitative Analysis

Let us present the analysis for the existence and stability conditions of each equilib-

rium points in terms of the parameters ay, k, ¢ and as.

Stability of Equilibrium Point P,

The equilibrium point P; exists when ¢ > 0. Evaluating the linearization of the

system (8.2.5) at P; leads to undefined terms. Using the implicit function theorem

from vector calculus, we have the constraint surface is

f=2>+ P+ aW? -1, (8.2.6)

Then the

V flp, = (0,2,0). (8.2.7)
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Therefore, we can not globally use W substitution to analyze the stability of P;.
Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of P

by eliminating the variable y. Subsituating y

V1—122 — ayW?
Y= LA (8.2.8)

into the 4D system in (8.2.1) leads to the 3D system

v = a,WAHV2k — V32Q) + \/?335\/1 — a1W2(1 - Q%)+ ?angQ(l — %),

ay
(8.2.92)
1-Q? T— 27 — a2 2
Q/ = \/g( 3 Q ) Q\/ xa alW -2+ 3G1W2 + %CLQI{;,IW] 5 (829b)
1
122 — W2 2

W =W l—\@kx + \/75(1 — QY v gja ul® _ \?Q [—3 + 30, W2 + %_anxWH

1

(8.2.9¢)

Evaluating the linearization of the system (8.2.9) at P, leads to three eigenvalues

202 11 4c2 — 1 4¢? — 1
a o Y3REHY o VBAE 1) VBUE D) ey g
3¢ 3¢ 3¢

Therefore, P; is a source if ¢ < %; a saddle if ¢ > % So, P, is never a sink.
Stability of Equilibrium Point P,

The equilibrium point P, exists when ¢ > 0. Evaluating the linearization of the

system (8.2.5) at P, leads to undefined terms. We know that

v [, = (0,-2,0). (8.2.11)

Therefore, we can not globally use W substitution to analyze the stability of P.

Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of P,
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by eliminating the variable y. Subsituating y

1— 22— 2
yo Yizomall? (8.2.12)
C

into the 4D system in (8.2.1) leads to the 3D system

o = aW2(V2k — v/32Q) — ?ﬂl - "3;_ a2 g2y ?aszQ(l — %),
(8.2.13a)

Qu:Vai;Q%lﬁfﬂ_x;_wwq—2+3mwﬁ+%?@hw4, (8.2.13b)

W' =W {—\/ikx - ?(1 — QY Vi- x;‘ alV= ?Q {—3 4 3a, W2 + %ﬁamwﬂ

(8.2.13¢)

Evaluating the linearization of the system in (8.2.13) at P leads to the three eigen-

values

2¢2 + 1 4c* — 1 4c? — 1
A = _M’ Ay = M’ py M (8.2.14)
3c 3c 3c

Therefore, P; is sink if ¢ < %

Stability of Equilibrium Point P

The line of equilibrium point Pj exists when y* < % with ¢ > 0. We did similar

analysis as we did earlier for P o: since

Vfb;=<v1—@w{yi®. (8.2.15)

Therefore, we can not globally use W substitution to analyze the stability of Pj.

Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of Py
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by eliminating the variable y. Evaluating the lineraization of (8.2.9) at P; leads to

three eigenvalues

W3y — 2
M =0, M= —%, A3 = —V2k\/1 — 2y*2 + /3. (8.2.16)

Since we have one zero real eigenvalue the equilibrium point P called a normal
hyperbolic and the stability of these line of equilibrium points will be determined by

studying the signs of the remaining two eigenvalues. There are two lines of sinks:

o If c < %; k > %; 4¢c? + % > 1 then the part of the line that is a sink is

1 3 * 1 3
eVl <y <oyl g

e Ifc< %; k > %; 4c? + % < 1 then the part of the line that is a sink is

Wl-ge <y <2

Stability of Equilibrium Point P;

The line of equilibrium point P} exists when y* < % with ¢ > 0. We did similar

analysis as we did earlier for P o: since

v f

b= (—\/1 — c2y*2,y*,0> . (8.2.17)

Therefore, we can not globally use W substitution to analyze the stability of P;.
Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of P;
by eliminating the variable y. Evaluating the lineraization of (8.2.13) at P} leads to

three eigenvalues

/\1 = O, )\2 = —w, )\3 = <\/§k5\/ 1— C2y*2 + \/§> . (8218)
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Since we have one zero real eigenvalue the equilibrium point P; called a normal
hyperbolic and the stability of these line of equilibrium points will be determined by
studying the signs of the remaining two eigenvalues. It is a saddle when y* > 2 but

it is source when y* < 2. P; is non-hyperbolic for y* = 2. So, P; is never a sink.

Stability of Equilibrium Point P

The line of equilibrium point P exists when y* < % with ¢ > 0. We did similar

analysis as we did earlier for P, 5: since

v

b = <\/1 - c2y*2,y*,o> . (8.2.19)

Therefore, we can not globally use W substitution to analyze the stability of Pr.
Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of Py
by eliminating the variable y. Evaluating the lineraization of (8.2.9) at P: leads to

three eigenvalues

2V/3(y* + 2
M=0, A= —%, Ay = — (\/%/1 2yt \/5) . (8.2.20)

Since we have one zero real eigenvalue the equilibrium point P; called a normal
hyperbolic and the stability of these line of equilibrium points will be determined by

studying the signs of the remaining two eigenvalues. There are two line of sinks:

e If ¢ < 3 then the part of the line that is a sink is —2 < y* < %

N |—=

e If ¢ > = then the entire line —% <y < % is a sink.

N[ =
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Stability of Equilibrium Point F

The equilibrium point P exists when y* < % with ¢ > 0. We did similar analysis as

we did earlier for P »: since

b = (—\/1 - c2y*2,y*,0> . (8.2.21)

v f

Therefore, we can not globally use W substitution to analyze the stability of Ff.
Thus, we can reduce the 4D system (8.2.1) to a 3D system in a neighbourhood of By
by eliminating the variable y. Evaluating the lineraization of (8.2.13) at P; leads to

three eigenvalues

M =0, A= —w, A3 = (\/ik;m — 22 — \/§) L (8.2.22)

Since we have one zero real eigenvalue the equilibrium point FP; called a normal
hyperbolic and the stability of these line of equilibrium points will be determined by
studying the signs of the remaining two eigenvalues. If y* > —2 then we will have

several portions that we have sinks:
1. Ifk < %, we have two cases:

(a) If ¢ < § the only line of sink is —2 < y* < L.

N[+

(b) If ¢ >

N | —

the entire line is sink —% <y < %

2. If k> %7 we have two cases:

(a) If ¢ < 3;4¢* + 325 > 1, then the only line of sink is —2 < y* < 1,/1 - %

2k2 2k2

(b) If ¢ < £;4¢® + 525 < 1 the sink is in the portion £4/1 — 5% <y* <1
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(¢) If ¢ > 5 there are two line of sinks are —% < y* < —%\/1 — 535 %\/1 — 5 <

Stability of Equilibrium Point P

In order for P; to exist we need to find the conditions in the parameters where W, x
are real and W € [O, \/%} )
W, x are real when B > 0

B>0 — 3@22k2 + 6a; — 4]{32CL1 >0

= 3&22k2 + 2&1(3 — 2]{Z2> >0

Thus, there are two cases for B > 0 :

1) If k<\/§:> B>0 always.

B>0= :
3 . 2 2CL1 2
2) If k> \/; = B>0 if ay® > @(2]{ — 3)

We>0: W;>0= —2ayk?®+ /2B > 0, which can be written of the form

— N1+ +/(N1)2 — M1, (8.2.23)

where

N1 := —2a5k*>, M1 :=2(a’k* + 2a1)(2k* — 3).

So,
~N1++/(N1)2— M1 >0,

in two cases:
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o If ay < 0 then W; > 0 always.

e If ay > 0 then Wy > 0 provided M1>o;»k;>\/§.

Therefore,
. 3
1) If ag >0, ay anyvalue=W;>0 if k< \/;
Ws>0—
3
2) If a;>0, a;<0=W;>0 if k>\£
W, < \/% : which always true when P; exists. Therefore, P; exists with these
conditions:

P; exists —

3

1) If k<y/Z

) keyf3
2@1

3 .
2) If k> \/;, as <0 and 022 > @(2]{72 — 3)

Evaluating the linearization martix of the system (8.2.5) at Q@ =1,y = 0 and = = 7

gives us the following three eigenvalues

A = % (—3\/§a2kx7\/1 — 12 4 2y/a; (3% - 1)) , (8.2.24a)
Ay = 2‘\7;_1 (—\/Eagerm/l — 22 + 2\/a; (22 — 1)) , (8.2.24b)
1

)\3:

NG (—3\/6a2k:c7@ /1 — 22 +2y/3a,(323 — 1) — 4\/2a1kx7) . (8.2.24c¢)

Note that, by plugging y = 0, = 1 into the equation of z’ in (8.2.5) we obtain the

following expression:

V6ask+/1 — 2
NG = V37 — 2k, (8.2.25)
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which can simplify our expression for the eigenvalues to
Ao = V2kz; — /3, (8.2.26a)

A3 =2 (ﬁkw — ?) . (8.2.26D)

Sink conditions:

1. Ao < 0= V3agh? [—Nz +J(N2)2 = Mz] < 0, where

N2 .= L 3 (3(&22k2 + 2@1) — 4k2a1),

azk

M2 := Lt ((as?k? + 2a1)(3 — 2k%)(3a32k> + 2a,(3 — 2k2)).

ao?k4
Thus, A2 < 0 in two cases:

o If ay < 0 then )\ 5 always negative.

o If ay > 0 then A\ 5 < 0 provided M2 > 0=k < \/g
2. A3 < 0 = 2v/3a2k? [—Ns + /(N3 — MS} < 0, where

N3 = L5 (ay?k? + 2al — 4k2ay),

ask?

M3 = —Lto((as?k? + 2al)(az?k?(1 — 6k?) + 2a1(1 — 2k%)?).

a2k
Thus, A\3 < 0 in two cases:

o Ifa; <0 and ao?k? + 2a,(1 — 2k%) < 0 = A3 < 0 always.

o If ay > 0 and ax?k* + 2a;(1 — 2k?) > 0 = M3 > 0 = a?k*(1 — 6k%) +

2a1(1 — 2k2)2 > 0.

Hence, P; is a sink if there cases:



e Ifay, >0and k <

2k%)% > 0.

o Ifay <0, k < ﬁ; and a2k? + 2a, (1 — 2k2) < 0.

o [fay, <0, k>

27 3k2

Stability of Equilibrium Point P

3. and ap? > 249(2k? — 3); ax?k? + 2a,(1 — 2k%) < 0.
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3. ao’k? + 2a1(1 — 2k?) > 0 and ax?k?(1 — 6k%) + 2a:(1 —

In order for Py to exist we need to find the conditions in the parameters where W, x

are real and W € [0

L
) Var |

W,x are real when B > 0

B>0 = 3&22]{?2 + 6a; — 4k2a1 >0

= 3@22k‘2 + 2&1(3 — 2]€2) >0

Thus, there are two cases for B > 0 :

B>0=

1) I k<\/§:> B>0 always.

2
9) If k>\/§:> B>0 if a?>-2

3k?

(2k* — 3). |

Ws >0:

where

Ws > 0 = 2a2k* + /2B < 0, which can be written of the form

N4 = 2a5k?,

N4+ /(N4)2 = M4 < 0,

M4 = 2(ay*k* + 2a,)(2k* — 3).

(8.2.27)
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So,
N4+ +/(N4)2— M4 <0
Ws>0 if a;<0 and k>,/3
Wy < \/% : which always true when Py exists. Therefore, Py exists with these
conditions:

Ps exists = a3 <0 and k>\/§.

Evaluating the lineraization of the system (8.2.5) at Q@ = 1,y = 0 and x = xg gives

us the following three eigenvalues

V3
M=y (_3\/§a2’f$8\/ 1=+ 2/a (3x5 — 1)> : (8.2.28)
V3
= m (_\/%2’“78\/ L =g+ 2/ - 1)) : (8.2.28b)
1
Az = NG (—3\/60@161’8\/ 1 — 2% +2v3a; (323 — 1) — 4\/2a1kaz8) : (8.2.28c¢)

Note that, by plugging y = 0,Q = 1 into the equation of 2’ in (8.2.5) we obtain the

following expression:

k/1— 22
VG, T8 — \/3as — V2, (8.2.29)
2\ /a1

which can simplify our expression for the eigenvalues to

Ao = V2kzs — /3, (8.2.30a)

A3 =2 (ﬁkxg — ‘?) : (8.2.30b)
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Sink conditions:

1. Ao < 0:= —/3agh? [N5 +/(N5)2 — M5] < 0, where

N5 := —5(3(ax?k? + 2al) — 4k3ay),

ask

M5 = = ((ag’k® 4 2a1)(3 — 2k?)(3a2°k* + 2a1(3 — 2K?)).

Thus, A2 <0 if

3
a; <0, k> \@ (8.2.31)

2. A3 < 0= /3 —2v3ask? [N6+ V(N6)? — MG} < 0, where

N6 = —L5(ay%k? + 2al — 4k2ay),

ask

M6 := 3 ((a2’k” + 2a1)(a®k>(1 — 6K2) + 2a1 (1 — 2k2)?).
Thus, A3 < 0 if

2
as < 0,k > \/g; a2 > %(%2 — 1) and2ay(1 — 2k?)? > a2k (6K — 1).

(8.2.32)
Hence, P is a sink if these following conditions hold

2
a <0, k> \/g; a2 > %(21@2 —1) and 2a(1— 2k%)? > ax?k2(6k — 1).

Stability of Equilibrium Point F,

In order for Py to exist we need to find the conditions in the parameters where W, x

are real and W € [O, \/%} )
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W, x are real when B > 0

B>0 — 3@22k’2 + 6a; — 4]{32@1 >0

= 3@22]{72 + 2&1(3 — 2]{Z2> >0

Thus, there are two cases for B > 0 :

1) If k<\/§:> B >0 always.
B>0—=

3k?

, .
2) If k>\/§: B>0 if a?> —2(2k% - 3).

Wy >0: Wy>0= 2ask? — 2B < 0, which can be written of the form

NT++/(NT)Z = M7 <0, (8.2.33)

where
NT :=2ayk?, M7 :=2(as*k* + 2a,)(2k* — 3).
So,
N7T—/(N7)2—=MT7>0
Weg>0 if ay>0 and k>\/§
Wy < \/% : which always true when Py exists. Therefore, Py exists with these
conditions:

2 3k

Py exists = ay > 0;k > \/g and a? > 24(2k% - 3)|
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Evaluating the lineraization of the system (8.2.5) at Q = —1,y = 0 and & = x4 gives

us the following three eigenvalues

AL = 3\\;_2_ (3\/§a2k::vg\ /1 — a3+ 2/a;(1— 31:3)) : (8.2.34a)
Ay = 2\‘/[_ (fagkxm/l — 22+ 2y/a; (1 — x3)> : (8.2.34b)
1

A3 = <3\f askxor/1 — 22 4+ 2¢/3a; (1 — 322) — 4\/2a1kx9> . (8.2.34c)

2/m

Note that, by plugging y = 0,Q = —1 into the equation of 2’ in (8.2.5) we obtain

the following expression:

ky/1
V6az = VBxy — V/2k, (8.2.35)
2\/_
which can simplify our expression for the eigenvalues to
A2 = V2kze + /3, (8.2.36a)
3
A3 =2 <\/§k:a:9 + %) : (8.2.36h)

Sink conditions:

1. Ao < 0:= —/3agh? [NS N O MS] < 0, where

N8 :=

Lo (3(ax?k? + 2al) — 4k2ay),

ask

M8 = L ((ak? + 2a1)(3 — 2k?)(3a22k® + 2a1(3 — 2k?)).

Thus, A2 always positive since Py exists only when ay > 0..

2. N3 < 0= /3 — 2v/3ak? [N9 + /N9 = ]\/[9} < 0, where

N9 := o?k% + 2al + 4k*ay),

a2k2 (

M9 = a2+,€4((a22k2 + 2a1)(ag?k?(1 — 6Kk%) + 2a1 (1 — 2k%)?).
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Thus, A3 > 0 always positive. Hence, Py is a source if

3 2 2@1 2
=; —(2k* — 3).
a2>0,k>\/;,a2 >3k2(k 3)
Thus, Py is not a sink.
Stability of Equilibrium Point P

In order for Pjg to exist we need to find the conditions in the parameters where W, x

1
are real and W € [O, \/_aTi| )

W, x are real when B > 0

B>0 — 3@221{72 + 6a; — 4]{32@1 >0

= 3@22]{72 + 2&1(3 — 2]{?2> >0

Thus, there are two cases for B > 0 :

1) If k<\/§:> B >0 always.
B>0=

3k?

2
2
2) If k>\/§¢ B>0 if a?> —2(2k% - 3).

Wi >0: Wip> 0= 2ask? + V2B > 0, which can be written of the form

N10 + /(N10)2 — M0, (8.2.37)

where

N10 := 2ak?,  M10 := 2(ax*k* + 2a;)(2k* — 3).

So,

N1++/(N1)Z=M1>0 if
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o If ay > 0 then Wiy > 0 always positive.

e If ay < 0 then Wig > 0 provided M10 >0 = k < \/g

Therefore,
. 3
1) If a1 >0, ay anyvalue= Wy >0 if k< \/;
Wi >0—=
3
2) If a;>0, a;>0=Wy;>0 if k>\/;
Wig < \/% : which always true when Pjy exists. Therefore, P exists with these
conditions:

3
1) If k —
) <ﬂ

3 2a4 2 .
2) If k:>\/;a2>0 and  ay” >@(2k‘ - 3).

Py exists =

Evaluating the lineraization of the system (8.2.5) at @ = —1,y = 0 and & = x4 gives

us the following three eigenvalues

3
= 3\/;1 (3\/§a2kx1m /1 — 2% +2y/a; (1 — 3:530)) , (8.2.38a)
Ao N <\/_a2k:x1m /1 — a2 +2/a;(1 — xfo)) : (8.2.38D)
1

A3 = (3\F askaior/1 — 22y + 2v/3a; (1 — 32%,) — 4\/2a1kx10) . (8.2.38¢)

2 /a1
Note that, by plugging y = 0,Q = —1 into the equation of 2’ in (8.2.5) we obtain

the following expression:

\/_Clgk\/
2\/_ = V319 — V2, (8.2.39)
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which can simplify our expression for the eigenvalues to

)\1,2 = \/§k$10 + \/g, (8240&)

A3 =2 <\/§kx10 + g) : (8.2.40D)

Sink conditions:

1. A < 0= —/3agh? [Nu + /(N11)Z = M11| < 0, where

N11 := —L5(3(ay?k? + 2al) — 4k%a,),

ask?

M1 = 5 ((a2®k 4 2a1) (3 — 2k?) (302K + 2a1 (3 — 2k%)).

Thus, A2 > 0 always.

2. X3 < 0= /3 — 2302k [N12 +/(N12)Z — M12| < 0, where

N12 := L (as?k? + 2al + 4k%ay),

ask?

M12 = 5 ((ag®k + 2a1)(a®k>(1 — 6K2) + 2a1 (1 — 2K2)?).

Thus, A3 > 0if ap > 0,k > %,but as < 0,k < %,then A3 < 0.

Hence, Py is a source if ay > 0,k > \/g, but if a; < 0; and k£ < %, then Py is

saddle. Thus, Pj( is not a sink.
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Stability of Equilibrium Point P

Recall the 3D system

o' = (1= = a*)(Vak — V32Q) + ‘/;xyu -Q)+ ?“MV L= f’f;aj@?(l —z9
1

(8.2.41a)

3 6 aok /1 — 22 — o292
y/:3_\/6;(1_Q2><C2y2_1)_\/§yQ(1_62y2_x2)_§G2 -TQZ/ \/a_ll' cy :

(8.2.41b)

Q = V(1 -9 Qy —3c%y* — 32> + 1+ V2 ahay/1 - Ayt - ot

3 2 Jar

] . (8.241c)

which has the equilibrium point Py;

\/6 \/4]{32@1 - 3(@22]{?2 + 2&1) \/§CL2
Tn= o Ui Dhevfar , Qn Wiy o0 (8 )

Py exists when ay < 0 (since Wiy > 0); k > \/g and a»?k? < 22 (2k* — 3) (because
y11 is real). Evaluating the linearization of the system (8.2.41) at Pj; leads to three

eigenvalues:

A\ a9 \/6[3((122]{52 + 2&1) — 4]{326L1]
1 =

(complex with real part zero),  (8.2.43a)

4@1 ’
6[3(as2k2 + 2a;) — 4k2
Ay = _az\/ (e 41_ @) a1]7 (complex with real part zero) (8.2.43Db)
1
V3
A3 = 3o (—4a1kc + \/a1 [4k2a; — 3(a3k? + 2a1)]> (real). (8.2.43c¢)

A3 is real and negative if these two conditions hold: ¢ < % and 3(a22k2 + 2ay) <
4a1k*(1 — 4¢%). Since Pp; have two purely complex eigenvalues (i,e., Py called a

non-hyperbolic equilibrium point), then Hartman Grobman theorem fails to tell the

stability of Pj;. Thus, we will analyze the stability of such equilibrium point using
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different approach. Since () = 1 is an invariant set, then plugging ) = 1 into the 3D

system (8.2.41) leads to

v = (1— 2y? — 2?)(V2k — v/3z) + VO agky/1 = % — (1 - 2%) (8.2.44a)

2 v/ al 7
V6 askzy/1 — 22 — 22
(] — 2yt — g2y YO , 8.2.44h
y'=—V3y(l =y’ — %) — 5 = ( )

Doing the linreaization around Pj; of the system (8.2.44) to second order terms yields

i = Az — By + Cz* + DIy + Ei?, (8.2.45a)
7 =Fz — Ay+ Gz* + Hzy + Ji°, (8.2.45b)

where T,y define as
r=x— T11, g =Y — Y- (8246)

and A, B,C, D, E, F,G, H, J are constants (i.e., arbitrary functions of the parameters

ai; ag; k; ) defined by

A= 4£ [3(a2’k* + 2a;) — 4k*aq] , (8.2.47a)
1
V2c(2k* — 3)
B .= """ "\ J4k2a, — 3(as2k? 4 2ay), (8.2.47D)
4k2, /ay
V2(3ax*k* + a1 (2% — 3)(2a; — as?k?))
= 2.4
¢ 4k3a1a22 ’ (8 7C)
Do— Vi 3@10(2k2 — 3) \/4]{32@1 — 3((122k‘2 -+ 2(11)’ (8247d)
3k3a22
V2c2(2k? — 3) [~3as?k? + a1 (2k* — 3)]
E = T , (8.2.47¢)
Fo— 3\/5(@22/{52 + 2&1)\/4]62(131 - 3(@22]{32 + 2(11)’ (8247f)
8ck2a, 2
Qo= _ \/§<6L22k2 + 2&1)\/4]{?2CL1 — 3(@22]{32 + 2@1)7 (8247g)

4k3caq?\/a;
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\/5(&22]{?2 + 2@1)(-3@221{?2 + 2a1k‘2 — 3@1)

H:=— 8.2.48
2&1@22]{}3 ’ ( a)
3cv/4k2ay — 3(ax?k? + 2ay) [6a2k? — a1 (2k* — 3
g i Viev/ AR = 30tk + 2a)) [602%K7 — o I} (8.2.48)
6as?k3\/a;
Rescaling z and 7 as follows;
T=¢eX, y=c¢€Y, where ¢ small. (8.2.49)
Thus, the system (8.2.45) becomes
X'=AX — BY +¢(CX?*+ DXY + EY?), (8.2.50)
Y'=FX — AY + ¢(GX? + HXY + JY?). (8.2.51)

Now, changing the system in equation (8.2.50 - 8.2.51) from two variables to one

variable in terms of Y as follow:

First, from (8.2.51) X is given by

X = % (Y + AY — e(GX? + HXY + JY?)) . (8.2.52)

Next, differentiating (8.2.51) then using (8.2.50); (8.2.51) and (8.2.52), and keeping

only the second order terms of ¢, yields to

V'+u?Y = (Y2 +a2Y'Y +asY?)+e2 (Y *+a5 Y'Y 240 Y?Y +arY'?), (8.2.53)
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where w = VFB — A% and ay, ae, as, oy, as, o, a7 are constants (i.e., arbitrary func-

tions of the parameters aq; aq; k; ¢) defined by

2k (=3 ao?k® + 2 k?ay — 4k%ay — 2k2 42
= 3cas ( 3as + a; — 6 al) \/ ai 3(@2 + al)’ (82543)
4@13/2 (a22k2 + 2 al)

2 3alc\/4k2a1 — 3(ag?k? + 2aq)k

: 8.2.54b
a2 a22k2 + 2 aq ’ ( )
2 k(=3 ay’k? 2k? — 3
az = — Vaick (=3 a7k + ai ) , (8.2.54c¢)
\/—3 CL22]€2 + 4 k:2a1 —6 aq (a22k:2 + 2 al)
= —CH ax’k*(9ay* — 12a1a9* + 4a,?)
. 3(11 (CL22]€2 + 2&1)2 !
+ 4k2a1(9as*(as® — ay) + 4a,?) + 12a,%(3as* — 2a1) |, (8.2.54d)
4 _ 2]{?2 2 k2 _ k2 2
g = V3 (Z8as’k? + 2K%a; — G o) Kar ¢ , (8.2.54¢)

3 (a22k2 + 2 CL1>2

Q2 212 4 9 )2, _ 2 2
g = 8¢ ( 3a22k: +2k%ay —6ay) a1 k 7 (8.2.54f)
3 (CLQQICZ + 2 al) (—3 CLQQk’Q + 4]{526!1 —6 al)

___ 32V3a°Ck (—3a’k® + 24P — G a) N (8.2.545)
27 CL22 (—3 CL22]€2 -+ 4k2a1 — 6&1) (a22k2 + 2 (11)

a7

Multiple Scales Method

Here we seek an asymptotic approximation for Y in equation (8.2.53) of the following

form

Y =Y(t,7,8) ~ Volt, 7, 5) + (L, 7, 8) + €No(t, 7, 5), (8.2.55)

for three time scales t,7 = et, s = €*t. Substituting (8.2.55) into (8.2.53) and then

collecting coefficients of equal power of € gives
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Vore + o + € <y1tt + 2Voir + WY1 — a1 d® — o Vor — 043370752> +e€ <2y0ts
+Vorr + 2147 + Vour + W Vo — 2030t (Vor + Vit) — azyOtyl) + € (—042370

(Vor + V11) — 200 Y01 — ardoi® — aVoVoi® — asVo*Vor — a4y03> +O(€*) = 0.

Note that we use the symbol ) in place of %—3; (similarly for );) for simplification.
Equating coefficients of like powers of € to 0, gives the following sequences of linear

partial differential equations:
O(1): Yo +w?Ip =0, (8.2.56a)
O(e) 1 Vi +w V1 = =2Voir + 10 + 2V Vot + a3Vt (8.2.56b)
O() s Yo+ 1w Vo = =2Vurs + 20000V + (V1 D0)i + 205V e

+ Vo + asVorVo? + asVoor + ardo’. (8.2.56¢)
Equation (8.2.56a) has the following solution
Vo = A(s)e®™ + A(s)e ™™, (8.2.57)
Then equation (8.2.56b) becomes
A(s)2e® (g + agiw — azw?) + MQG_M“(% —iaw — azw?)  (8.2.58)
+2A(5)A(s) (o + azw?), (8.2.59)
which yields to

2

Vi = —3A(s)2e* oy + agiw — azw?) — $A(s) e 2™ (o — aziw — azw?)
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Hence, the term of order €? leads to

Vour + w2V = =2Vps + 20101 + as(M1 o)t + 2a3 Vol

+audo® + asVodo® + asYodoi® + ardos’.

Substituting Y, and ), followed by some calculation yields the following coefficient

of ewt

iA, = %|A(s)|2@ (=202 — 2a1a5w? + 3oy + sax?w? 4+ Fwias?)

+i (—3aaw(an + azw?) + asw + 3agw?) | (8.2.60)

Note that the expression in front of 7 in the right hand side of equation (8.2.60) is
equal to zero (i.e., —%agw(al + a3w2) + asw + 3arw? = 0). Suppression of secularity
requires the above equation (i.e., 8.2.60) to be zero. The substitution A = Re'®,

yields

®, = —1R* (—2m” — 20q0w% + 3oy + sax’w? + Jwtas?) . (8.2.61)

R, =0. (8.2.62)

Therefore, the behaviour of the model near to P;; is oscillations. Note that the
expression in front of R? in equation (8.2.62) can be simplified in terms of ay, as, k, ¢

as follows
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Bo = =21 — 20na3w* + 3ay + %a22w2 + %w4a32
fo =~ 4a13(a221:22+2 a1)2k? (81 ag"k® — 216 a; as®k® + 180 a;* s k°

—48 a;2as*k® + 486 a; as®k* — 882 a;%as0k* + 456 a;3antk?
—80 a;*as?k* + 972 a;2as%k% — 936 a3 as*k? + 144 a;* ay%k?
+64 a,°k? + 648 a;3as* — 72 a;*ax? — 96 aﬁ]
When a; = 3,a, = —1,c =1,k =2 then fy = g—é. Hence,
Vo = A(s)e"™ + A(s)e ™" = 2R cos (t {1 — %GQRQD : (8.2.63)

with the initial condition }y(0) = 1, Yy = 0 then R = % Therefore,

Vo = cos (t [1 — 2%62]) : (8.2.64)
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Numerical Plot

In figure 8.1, we plot for the solution of the system with 3 variables (z,y, @) in (8.2.41)

0.9
0.81

0.7

0 10 20 30 40 50 60 70

Figure 8.1: Plot of the system (8.2.41) with a; = 3,as = —1,¢ = 1,k = 2 with one
initial condition: [x(0) = 0.6,4(0) = 0.6, Q(0) = 0.999999]

As can be seen from figure 8.1 that the solutions for z,y oscillate and @ — 1.

Note that, when we plot the solution of the system (8.2.53) with cos(t), without the
shift in figure 8.2 it shows the solutions are different. However, when we plot the solu-
tion of the system (8.2.53) with the multiple scalar approximation (cos (¢ (1 — 3€?)))

in figure 8.3 with the shift it works.
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0.5

N \X/

[— v

]

'cos (1)’ |

Figure 8.2: Plot of the system (8.2.53) with a; = 3,as = —1,6e = 0.3;c = 1,k = 2
with cos(t) without the shift

A

[—

'cos(t)'l

Figure 8.3: Plot of the system (8.2.53) with a; = 3,a3 = —1,¢ = 0.3;¢ = 1,k = 2

with cos(T) = cos (t (1 — 22€?)) with shift.

Stability of Equilibrium Point P,

Py, exists when ay < 0 (since Wy > 0); k > \/g and ax?k? < %(Zk;z — 3) (because

y11 is real). Evaluating the linearization of the system (8.2.41) at Pj; leads to three
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eigenvalues:

(complex with real part zero),  (8.2.65a)

Y

A\ as \/6[3(&22]{32 -+ 2&1) — 4k2a1]
1 pumy
4&1

6[3(as2k? + 2a;) — 4k?
Ay = _az\/ 3(a 4+ a) a1]7 (complex with real part zero) (8.2.65b)
aq
V3
A3 = Skarc <4a1k'c + \/&1[4]{:%1 — 3(a3k? + 2a1)]) (real), (8.2.65¢)

and always positive which implies that P;5 is not attractor.

Stability of Equilibrium Point P34

We did same analysis as we earlier for P;; and we found that there is oscillations

which implies that P34 are center.
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In table (8.3) we summarizes of all the eigenvalues and the stability of all the equi-

librium points

Pt | Eigenvalues Sink
P, <\/§(2c2+1) VECEEN) _\/§(4c2—1)> No Sink
3c ) 3c ’ 3c

R ) Sink if ¢ < 1

Ps (0, —w, —V2kr/1 — 2y*2 + \/3) Sink in two cases if k& > %, c< %
1) 4¢ + 525 < 1 then the sink part is
L/l—55 <y <2
1) 4¢* + 52 > 1 then the sink part is
—% 1—%<y*<% 1—%

P (o, _2BWD ST 2y + \/5) No sink

Pz <0, w, —(\/§k\/ 1—c2y*? + \/§)) Sink conditions:
y* > —2,k any value sink:
De<g——2<y <,
2)e>i—-—L<y <i

Py <0, —m, V2ky/1 — 2y*? — \/§> If y* > —2 two sink cases:
1) If k< \/gz two cases:
(a) If ¢ < 4 sinkin =2 < y* < 2
(b) If ¢ > 3 sink in —2 < y* < ¢
2) k> %: three sink portions:
(a) ¢ < 3;4¢* + 525 > 1 the only
. . . " 1 3
is asink is: =2 <y* < 24/1— 55
(b) ¢ < 3 sink in
Tl— 32 <y <2
(¢) ¢ > 5 sink in two parts:
oy <15
and %@/1—% <yt < %

Table 8.3:  Eigenvalues of the equilibrium points (Pr2 and P3,54) of the system

(8.2.5); the sinks conditions. We use the notation B = 3(a3k?® + 2a1) — 4a, k.
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Pt | Eigenvalues Sink
P, (\/515957 — V3,V 2kzr — /3,2 (\/ﬁkm — ‘?)) Sink if 3- cases:
Dar>0, k<2
a22k2 > 2@1(2]{72 — 1)
2@1(1 — 2]{32)2 > a22k2(6k:2 — 1)
2) 4y <0, k< \f2
a22k2 < 2@1(21{32 — 1)
3)as <0, k> \/g
as? > 24(2k* — 3).
P | (V2has — /3, Vakos — V3,2 (Vakos — £)) | Sink if ay < 0,k > /3
as?k? > 2a;(2k* — 1)
2@1(1 — 2]{?2)2 > a22k2(6k‘2 — 1)
P (\/Eimg V3,V ko + /3,2 (ﬁkxg n @)) No Sink
P (\/Ekxm + V3, V2kz10 + /3,2 <\/§k$10 + \?)) No sink
P <a24xa/?7B, _@4\?13737 _3];{36(—4@11{:0 + \/—a1B)> Center
P, <a24\£§i737 _az4\£f1375’7 3£C(4a1k0 + \/—alB)> Center
Py <a24\£73> —“%?737 _3£c(4a1kjc + \/—alB)> Center
Py (a%ﬁTB, _a24\£5737 3£C(—4a1kc + \/—a1B)> Center
Table 8.4: Eigenvalues of the equilibrium points (Prgg1011,12.13.14) of the system

(8.2.5); the sinks conditions. We use the notation B = 3(a3k? + 2a;) — 4a, k?.

Numerical Solutions for the 4D System in (8.2.1) into the Future

We plot the 4D system in equations (8.2.1) for different values of the parameters near

each of the sink equilibrium points and we obtain the following figures:
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Point P»:  We plot the 4D system in (8.2.1) and we obtain that P, is a sink when

1
¢c<3.

o% ‘ : ‘ ‘
= 2 3 4 5
[

x(1) y(1) — 0(1) w() — cC]

Figure 8.4: Plot of the system (8.2.1) with a; = 1 = ag,¢ = 1/4,k = 1 with three dif-
ferent initial conditions: [[z(0) = cos(60)sin(45),y(0) = 4sin(60) cos(45), Q(0) =
0.5, W(0) = cos(45)],[z(0) = cos(45)sin(30),y(0) = 4sin(45)cos(30),Q(0) =
0.3,W(0) = cos(30)],[z(0) = cos(90)sin(30),y(0) = 4sin(90)cos(30),Q(0) =
0.1, W(0) = cos(30)]]. Note that CC = 2% + c*y*> + a;W? as t — oo.

Discussion: We can see from figure 8.4 that x — 0,y — —4;Q — —% and W — 0
(which is P, when ¢ = }1) Note that, we have the same figure when as < 0 and for

any value of k > 0.

PointPj:  We plot the 4D system in (8.2.1) and we obtain that Pj is a sink in two

cases:

o If c < %; k > %; 4c? + % > 1 then the part of the line that is a sink is

1 3 * 1 3
eVl <y <oyl g
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e Ifc< %; k > %; 4c? + % < 1 then the part of the line that is a sink is

L= 3 <y <2

Case(1): ¢ < ; k>\/§; 4% + 335 > 1

1 -
0.8 1

0.6 1

0.4 1

0.2+

0

70.2 d

~0.4-

70.6 d

_08 a

x(1) — (1) W(t) —— C(t) — 0(1)]

Figure 8.5: Plot of the system (8.2.1) with ay = 1 = ag,¢ = 045,k = 1.5
with three different initial conditions: [[z(0) = 0.9377499667,y(0) = 0.5,Q(0) =
0.99, W (0) = 0.3], [z(0) = 0.7921489759, y(0) = 1,Q(0) = 0.99, W (0) = 0.5], [x(0) =
0.9389355675, y(0) = —0.8,Q(0) = 0.99, W (0) = 0.2]]. Note that C(t) = 22 + c?y? +
aW?as t — oo.

Discussion: We can see from figure 8.5 that + — 0.99; —-1.6 <y < 1.6;Q — 1 and

W — 0 which corresponds to Py at ¢ = 0.45.
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Case(2): ¢ < i; k’>\/§; A1 + 325 < 1

2.5
2,
1.5
1
/
0.5
0 1 2 3 4 5
t
[—=x() (1) W() — C(t) — 0(1)]

Figure 8.6: Plot of the system (8.2.1) witha; = 1 = as,¢ = 1,k = 2 with three dif-
ferent initial conditions: [[z(0) = 0.7071067812,y(0) = 2.8,Q(0) = 0.99, W (0) =
0.1,[z(0) = 0.84330265417,5(0) = 2.15,Q(0) = 0.99,W(0) = 0.02],[x(0) =
0.8510434772, y(0) = 2.1, Q(0) = 0.99, W (0) = 0.01]]. Note that C(t) = 22 + 2y +
aW?as t — oo.

Discussion: We can see from figure 8.6 that + — 0.9;3.13 <y < 2;() — 1 and

W — 0 which which corresponds to P5 at ¢ = 0.25.

Point P;: We plot the 4D system in (8.2.1) and we obtain that P7 is a sink in two

cases:
1. If e< % then —2 < y* < % is the only portion of the line of sink.

2. If ¢ > § then P} is a sink in the whole line —% < y* < 1.
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Case (1): ¢ < 3:

x(1) — (1) W(t) — C(1) — 0(1)]

Figure 8.7: Plot of the system (8.2.1) with a; = 1 = as,c = 1,k = 2 with three
different initial conditions: [[z(0) = 0.5,y(0) = 2.828427125,Q(0) = —0.99, W (0) =
0.5, [2(0) = 0.55, y(0) = 1.264911064, Q(0) = —0.99, W (0) = 0.3], [z(0) = 0.7, y(0) =
2.792848009, Q(0) = —0.99, W (0) = 0.15]]. Note that C(t) = 2% + ®y® + a;W? as
t — o0.

Discussion: We can see from figure 8.7 that —4 <y < 4, - —1 and W — 0
which corresponds to P;. Note that we have the same figure for a; < 0 and for any

value of k > 0.



184

Case(2): ¢ > i:

N

_05 4

x(1) (1) W(t) — C(t) — 0(1) ]

Figure 8.8: Plot of the system (8.2.1) with a; = 1 = ay,c = 1,k = 2 with three dif-
ferent initial conditions: [[z(0) = 0.5,y(0) = —0. 7071067812 Q(0) = —0.99, W (0) =
0.5],[x(0) = 0.5, (0) = 08124038405, Q(0) = —0.99, W (0) = 0.3], [x(0) = 0.5, /(0) =
08529361055, Q(0) = —0.99, W(0) = 0.15]]. Note that C(¢) = 2 + 2 + a,W? as
t — oo.

Discussion: We can see from figure 8.8 that -1 <y < 1,0 - —1 and W — 0

which corresponds to F;.

Point F;: We plot the 4D system in (8.2.1) and we obtain that Fg is a sink in

several cases:

1. If k< %, we have two cases:

|

(a) If ¢ < § the sink is in the portion —2 < y* <

(b) If ¢ > % the sink is in the portion —% < y* <

oI

2. Tk > , we have two cases:



(a) If ¢ < §;4c¢*+505 > 1. then the sink is in the portion —2 < y* < £,/1— 5%

(b) If ¢ < % the sink is in the portion %\/1 — % <y*< %

(¢) If ¢ > 3 thesink is in the two portion: —¢ < y* < —%\/l — 3a3; %\/l — 355 <

y* < L

C

Case (1la): when k < \/g and ¢ < %

N

5 10 15

t
~————————————
-1
[—x0) —y() W) — ) — 0]
Figure 8.9: Plot of the system (8.2.1) with a1 = 1 = ag,¢ = }l,k‘ = % with
three different initial conditions: [[z(0) = —0.5,y(0) = 2.828427125,Q(0) =
—0.99, W (0) = 0.5],[x(0) = —0.5,y(0) = 3.411744422,Q(0) = —0.99,W(0) =
0.15], [2(0) = —0.5,5(0) = 1.549193338,Q(0) = —0.999, W(0) = 0.2]]. Note that

Ct) =2+ y* + a,W? as t — oo.

Discussion: We can see from figure 8.9 that -2 < y < 4;Q — —1, and W — 0

which corresponds to Ff.
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Case (1b): when k< /3 and ¢ > §

1

0'5,_\

_0,5,\

x(1) — (1) W(t) — C(t) — 0(1) ]

Figure 8.10: Plot of the system (8.2.1) with a1 = 1 = as,¢c = 1,k = i with
three different initial conditions: [[z(0) = —0.5,y(0) = —0.7071067812,Q(0) =
—0.8,W(0) = 0.5],[z(0) = —0.3,5(0) = —0.9055385138,Q(0) = —0.99, W (0) =
0.3], [2(0) = —0.5,y(0) = 0.8529361055, Q(0) = —0.79, W (0) = 0.15]]. Note that
Ct)=a*+y* + ayW? as t — oo,

Discussion: We can see from figure 8.10 that -1 <y < 1;Q — —1land W — 0

which corresponds to P at ¢ = 1.
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Case (2a): when k> /3; 4 + 22z > 1 and ¢ < 3

5 10 15

x(1) (1) W(t) — C(t) — 0(1) ]

Figure 8.11: Plot of the system (8.2.1) with a; = 1 = ag,¢ = 045k = 2
with three different initial conditions: [[z(0) = 0.5,y(0) = 1.571348403,Q(0) =
—0.9,W(0) = 0.5],[z(0) = 0.3,y(0) = 2.012307808,8,Q(0) = —0.99, W (0)
0.3, [2(0) = 0.8, y(0) = 1.20094449, Q(0) = —0.9, W(0) = 0.15]]. Note that C(t)
22+ FaW? ast — oo.

Discussion: We can see from figure 8.11 that -2 <y < 2.3;Q — —1and W — 0

1

which corresponds to F§ at ¢ = 3.
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Case (2b): when k> /3 and ¢ < §

19
4+
dn

x(1) — (1) W(t) — C(t) — 0(1) ]

Figure 8.12: Plot of the system (8.2.1) with a1 = 1 = as,¢c = 1,k = 2 with

three different initial conditions: [[y(0) = 3.815547143,Q(0) = —0.99,z(0) =
0.3, W(0) = 0.01],[y(0) = 3.664096069,Q(0) = —0.9999, (0) = —0.4, W (0) =
0.03], [y(0) = 3.919165217,Q(0) = —0.999,z(0) = —.2,W(0) = 0.003]]. Note that

Ct)y=a?+y* + yW? as t — oo,

Discussion: We can see from figure 8.12 that x — 0.5; 2.3 <y < 4;() — —1 and

W — 0 which corresponds to P¢ at ¢ = 1.

'S
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Case (2c): when k > \/g and ¢ > %

1

0.5 1

_05 n

x(1) (1) W(t) — C(t) — 0(1) ]

Figure 8.13: Plot of the system (8.2.1) with a; = 1 = as, ¢ = 2,k = 2 with three dif-
ferent initial conditions:[[z(0) = —0.2,y(0) = —.4898956522, Q(0) = —0.99, W (0) =
0.003], [2(0) = —0.3,(0) = —0.4769693386, Q(0) = —0.99, W (0) = 0.001], [z(0) =
—0.25,5(0) = —.4841218855,Q(0) = —0.99,W(0) = 0.002]]. Note that C(t) =
22+ FaW? ast — oo.

Discussion: We can see from figure 8.13 that 0.79 <y < 1;Q - —1land W — 0

which corresponds to P at ¢ = 1.

P, is a sink if there cases:

e Ifas > 0and k < \/2; a)?k? 4 2a:(1 — 2k?) > 0 and ay?k?(1 — 6k%) + 2a,(1 —

2k?)? > 0.
o Ifay <0, k < /3 and a?k* 4 2a:(1 — 2k?) < 0.

o Ifay <0, k> /2 and ax® > 24 (2k* — 3); a2®k* + 2a, (1 — 2k?) < 0
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Point P;: We plot the 4D system in (8.2.1) and we obtain that P; is a sink in there
cases:

Case(1): when a; > 0; ap >0, k< ,/3

1
0.8*-\
0.6*/V

0.4+

AN

0.2+

0 T - -
10 20 30
-0.21 4

_04 4

,06 4

-0.81

x(1) W) — C(1) y(t) — 0(1)]

Figure 8.14: Plot of the system (8.2.1) with a; = 1 = ag,c = 1,k = 0.45 with
three different initial conditions: [[z(0) = 0.45,y5(0) = —0.8803408431,Q(0) =
0.99,W(0) = 0.15],[z(0) = 0.83,y(0) = —0.5487257967,Q(0) = 0.99,W(0) =
0.1],[z(0) = 0.5,y(0) = 0.8660253980,Q(0) = 0.9,W(0) = 0.15]]. Note that
Ct) =2+ y* + a,W? as t — oo.

Discussion: We can see from figure 8.14 that + — 0.6;y — 0;Q — 1 and W — 0.8

which corresponds to Py at c=1; a; =1 = as.



191

Case(2): when a; > 0; ap <0, k< ,/3

0.8\
0.6

0.2 1

10 20 30 40 50

~0.4-
_06 i

-0.81

x(1) (1) W(t) — C(t) — 0(1) ]

Figure 8.15: Plot of the system (8.2.1) with a; = 1; ay = —%,c = 1,k = 0.
with three different initial conditions: [[z(0) = 0.83,y(0) = —0.5395368384, Q(0)
0.99,W(0) = 0.1],[z(0) = 0.5,50) = 0.8660253922,Q(0) = 0.99,W(0) =
0.0001], [2(0) = 0.45,y(0) = —0.86674675786,Q(0) = 0.9, W(0) = 0.15]]. Note that
Clt)y=a*+y* + yW? as t — oo.

75

Discussion: We can see from figure 8.15 that x — 0.4;y — 0;Q — 1 and W — 0.6

which corresponds to Py at c=1; a1 = 1; as = —%.
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Case(3): when a; > 0; ap <0, k> /3

0.8 1

0.6 1

0:2\\)87//
0 \/Z T

-0.21 t

~0.4-

-0.6

-0.81

x(1) (1) W(t) — C(t) — 0(1) ]

Figure 8.16: Plot of the system (8.2.1) with a; = 1; ay = —1,¢ = 1,k = 2 with three
different initial conditions: [[z(0) = 0.45,y(0) = 0.8803408431, Q(0) = 0.99, W (0) =
0.15], [z(0) = 0.15,y(0) = —0.8529361055,Q(0) = 0.99,W(0) = 0.5],[z(0) =
0.1, y(0) = 0.5916079783, Q(0) = 0.9, W (0) = 0.8]]. Note that C(t) = 2?+c2y?+a, W?
as t — oo.

Discussion: We can see from figure 8.16 that  — 0.2;y — 0;Q — 1 and W — 0.97

which corresponds to P at c=1; a1 = 1; ay = —%.
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Point FP: We plot the 4D system in (8.2.1) and we obtain that Py is sink when

a2<0andk>\/§.

0.8*\

0.6 1 \

0.4

"Il

-0.21 t

-0.41

s \LL

-0.8 1

[—=x ¥ (1) (1) — C(t) — 0(1)]

Figure 8.17: Plot of the system (8.2.1) with a; = l,ays = —1l,¢ = 1,k = 1
with three different initial conditions: [[z(0) = 0.9,y(0) = 0.3872983346,Q(0) =
0.99,W(0) = 0.2],[z(0) = 0.45,y(0) = 0.8303408431,Q(0) = 0.99,W(0) =
0.15], [z(0) = 0.15,y(0) = —0.8529361055, Q(0) = 0.9,W(0) = 0.5]]. Note that
Ct)y=a?+y* + ayW? as t — oo,

Discussion: We can see from figure 8.17, y — 0; W — 0.8; x — —0.6 and ) — 1.
which corresponds to Fyat c=1; a1 =1; apo = —1,k = 2.
Inflation:

Evaluating each of the equilibrium point in table (8.1) at the deceleration parameter

in equation (8.1.7) we obtain

1. qat Pp:

1
=— >0, (8.2.66)
C
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q at Ps:

q at Py

q at Py:

q at P

qat Fg:

q at Pr:

q at FPks:

q at Py:

. qath:

qp2=2%2>0,
qp.. =2>0,
qp. =2>0,
q|p., =2>0,
q|p-y =2 >0,

_ V2ak*VB — (a%k? + 2a;) + 4a, K
q‘P7 o (Cl22k'2 + 2(11) '

_ —\/§a2k2\/§ — (a22k2 + 2&1) =+ 4@1]{32

q’Pg (a2.k2 + 2a,)

. \/§a2k2\/§ — (a22k2 + 2(11) + 4a1k2
q‘Pf) B (a?9k? + 2a4) ’

B —V2a3k*V B — (a%3k? + 2a1) + 4a k>

q‘Pm (CL22]€2 —+ 2&1)
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(8.2.67)

(8.2.68)

(8.2.69)

(8.2.70)

(8.2.71)

(8.2.72)

(8.2.73)

(8.2.74)

(8.2.75)



11. q at Piq:

12. q at P122

13. q at Pi3:

14. q at Pyy:

qlp =2>0,
qP12:2>O,
qP13:2>0,
qP14:2>O.

There are three cases where P; has inflationary attractor:

195

(8.2.76)

(8.2.77)

(8.2.78)

(8.2.79)

o Ifay >0; k<./3; 3a%k?+2a;(1—2k%) >0 and ao?k?*(1 — 6k?) + 2a1(1 —

29

2k%)? > 0.

o Ifay <0; k< /2 3a%k?*+2a1(1 — 2k?) < 0 and ax?k%(1 — 6k2) + 2a4(1 —
2

2k*)? < 0.

oIfa2<O,k>\/§;anda22

> 24(2k% — 3); a’k? + 2a, (1 — 2k?)

< 0.

All other equilibrium points do not have an inflationary solution since ¢ positive at

each equilibrium points.



Chapter 9

Discussion

In part II of this thesis, we have studied spherically symmetric Einstein-Aether models
with a scalar field; whose potential depends on the time-like “Aether” vector field
through the expansion and shear scalars. These models are also solutions of the IR
limit of Horava gravity [19]. We used the 143 frame formalism [5, 44] to write down
the evolution equations for non-comoving scalar field spherically symmetric models.
We also introduced bounded normalized variables. The formalism is particularly

well-suited for numerical and qualitative analysis.

In particular, we considered the “spatially homogeneous Kantowski-Sachs models”.

We investigated a special case where we assumed

cg=c1+3ca+c3=0, and a3=0, (9.0.1)

and analyzed the qualitative behaviour. First, we derived the general evolution equa-
tions in terms of expansion-normalized variables, which reduce to a five dynamical
system with two constraints. Second, one of the constraints allow us to eliminate one
variable (z) globally which leads to a four dimensional dynamical system with one
constraint. Third, we used the W — substitution, which leads to three dimensional
dynamical system. Finally, we have studied the local stability of the equilibrium

196
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points of the dynamical system, corresponding to physically realistic solutions. We
are especially interested in the possible inflationary behaviour of the models for dif-
ferent ranges of the parameters where a; > 0,¢ > 0,k > 0 and as could be either

positive or negative signs.

For P, » and the lines of equilibrium points P, 55, we have W equal to zero. There-

fore, we can not globally make a W — substitution to analyze the stability of such

an equilibrium points. Thus, to study the stability in the neighbourhood of these

equilibrium points we eliminate the variable y. We found that when ¢ < %; k> \/g ,

P, is a sink and Pj; P are sinks in the portion —2 < y* < %,/1 — % In addi-
1 1

tion, for any value of k, P; is a sink in two portion ¢ < 3; -2 < y* < ¢ and

1
pe

For the points P;g910,11,12,13,14, We used the W substitution to study the stability.
We found that when k < %, there is only the unique shear-free, zero curvature
(FLRW) inflationary future attractor at P;. When k < \/g point Py does not exist.

For k > %, Py is sink but not inflationary.

For Py 12,1314, we found these equilibrium point have a pair of purely complex eigen-
values and the third eigenvalue is real. We analysis these points at the invariant
() = 1, which leads to two dynamic system. Then, reduced to dynamic system with
one variable. Finally, we used the multiple scale method to analysis the approxima-
tion solution of reduce system and we found that there is oscillation. To illustrate this,

for instance, P;; have a pair of purely complex eigenvalue and the third eigenvalue is
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negative when these two conditions hold; ¢ < 1 and 3(ax?k? + 2a1) < 4a;k*(1 — 4c?).

After plugging @) = 1, we studied the simplify differential equation
V' 4+w?Y = (o Y2 +aY'Y +asY"?) + € (Y + a5 Y'Y 2 +ag Y'Y +a7Y"°), (9.0.2)

;where the parameters are defined earlier, using the multiple scale method and we

found that there is oscillations which implies that Pj; is center, similarly for Pi3, Pi4.

In future work we shall investigate the general Kantowski-Sachs models when az # 0
and ¢y # 0. In particular, it would be of interest to determine whether or not these
model will have more inflationary solutions than the cases we have studied in this

part of the thesis.



Chapter 10

Conclusion

In this thesis we have investigated two applications of cosmological models in Einstein-
Aether models with scalar field, which are also solutions of the IR limit of Horava
gravity [32]. We used the 143 frame formalism [30, 44, 45] to write down the evolution
equations. In each of these two class of models, we derive the evolution equations
in terms of expansion-normalized variables, which reduce to a dynamical system.
Then, we study the local stability of the equilibrium points of the dynamical system
corresponding to physically realistic solutions. We are especially interested in the

possible inflationary behaviour of the models.

In the first application, we investigated the qualitative behaviour of isotropic and
Anisotropic model. In the isotropic model, we study two sub cases. In case (1) (i.e.,
V(¢,0), p = 0), we found there is we found that the equilibrium point Py is a sink
but not inflationary and Ps, are inflationary saddles. In case (1b) (i.e., V(¢,6),
> 0), we found that if ;1 > pu. there is an inflationary attractor at P, and there is

inflationary sources at P; but there is no inflationary saddle and Fj is attractor when

< He

For the Anisotropic model, we did three sub-cases. For case (2a) (i.e., V(¢,0,0),

199
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p >0 and v # 0), we found that P; is inflationary attractor when v/6v/4n2 + 12 +
V6v — 611 < 0. In the case (2b) ((i.e., V(¢,0,0), > 0 and v = 0) ), we found that
P, is an inflationary attractor when g > 4/2n. Finally, in case (2¢) ((i.e., V(¢,0,0),
i =0 and v # 0), we found that there is no any inflationary attractor equilibrium

point among the equilibrium point that we looked at it.

Possible future work related to this part is to look at the harmonic potential of the

following form

1
Vb, ¢,0)= §n2¢2 + p0¢ + vod + [l + a1100 + ago?], (10.0.1)

and investigate the inflationary behaviour of this model.

For the second application, we investigated spherically symmetric cosmological models
in Einstein-aether theory with scalar field. In particular, we consider special case
of the spatially homogeneous Kantowski-Sachs models using appropriate bounded
normalized variables, where we assume ¢y = 0,a3 = 0. We found that there there

is only one inflationary attractor solution at P; when k < \/g . Possible future work

related to this application is to look at the general Kantowski-Sachs models when

az # 0 and cg # 0.
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