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Abstract

In this thesis we first study a special class of squarefree monomial ideals, namely,
path ideals. We give a formula to compute all graded Betti numbers of the path ideal of
a cycle and a path. As a consequence we can give new and short proofs for the known
formulas of regularity and projective dimensions of path ideals of path graphs and cycles.
We also study the Rees algebra of squarefree monomial ideals. In 1995 Villarreal gave
a combinatorial description of the equations of Rees algebras of quadratic squarefree
monomial ideals. His description was based on the concept of closed even walks in a
graph. In this thesis we will generalize his results to all squarefree monomial ideals
by using a definition of even walks in a simplicial complex. We show that simplicial
complexes with no even walks have facet ideals that are of linear type, generalizing

Villarreal’s work.
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Chapter 1

Introduction

Let K be a field and consider a polynomial ring R = K[z, ..., z,] over K. A monomial

in R is a polynomial f of the form

Qn

f=x oz, for (ag,...,q,) € N

If all a; € {0,1}, the polynomial f is called a squarefree monomial. An ideal  in R
is called a (squarefree) monomial ideal if / is generated by (squarefree) monomials. A
monomial ideal is called pure if the degrees of its generators are the same.

Monomial ideals have been investigated by many authors from several points of view.
One of the important aspects of these ideals is their application in exchanging information
between commutative algebra and combinatorics. In fact we can assign a squarefree mono-
mial ideal to a graph or a simplicial complex to make a dictionary between their algebraic
and combinatorial properties.

This thesis is divided into three parts. In Chapter 2 we introduce some basic theo-
rems and well-known results of finite free resolutions of finitely generated modules over
polynomial rings and Rees algebras of squarefree monomials. We also introduce some
combinatorial notions like simplicial complexes and their homology modules and graphs.

In Chapter 3 and Chapter 4 we study the minimal free resolution of a special class of
squarefree monomial ideals (path ideals). After that, in Chapter 5 we investigate the Rees

algebras of squarefree monomial ideals.

1.1 Path Ideals

Path ideals of a graph were first introduced by Conca and De Negri [14] in the context of
monomial ideals of linear type. Simply, path ideals are ideals whose monomial generators
correspond to vertices in paths of a given length in a graph. More precisely the path ideal

of a graph G, denoted by I;((G), is defined as an ideal of R generated by the monomials of

1
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the form z;,x;, - - - ;, where z;,,x;,,...,x;, is a path in G. The case t = 2 is called the
edge ideal of G, first introduced by Villarreal in [45].

In this thesis we are interested in the free resolutions of path ideals. In 2010 Bouchat,
Ha and O’Keefe [11] and He and Van Tuyl [21] studied invariants related to resolutions of
path ideals of certain graphs. Since edge ideals of graphs are a special class of path ideals
one approach may be to first consider edge ideals. In his thesis, Jacques [28] used beautiful
techniques to compute Betti numbers of edge ideals of several classes of graphs. In this
thesis we extend Jacques’s techniques to higher dimensions to compute Betti numbers of
path ideals of cycles and paths.

In Chapters 3 and 4 we consider the path ideal of a graph as a disjoint union of con-
nected components. We then use homological methods to glue these components back
together, and use Hochster’s formula (Corollary 3.1.2) to compute all top-degree graded
Betti numbers (Theorem 4.1.1).

We then use purely combinatorial arguments to give an explicit formula for all the
graded Betti numbers of path ideals of path graphs and cycles. As a consequence we can
give new and short proofs for the known formulas of regularity and projective dimensions
of path ideals of path graphs. Also, we can find the projective dimension and regularity of

path ideals of cycles.

1.2 Rees Algebras of Squarefree Monomial Ideals

Rees algebras are of special interest in algebraic geometry and commutative algebra be-
cause they describe the blowing up of the spectrum of a ring along the subscheme defined
by an ideal. The Rees algebra of an ideal can also be viewed as a quotient of a polynomial
ring. If I is an ideal of a ring R, we denote the Rees algebra of I by R|[It], and we can
represent R[[t] as S/J where S is a polynomial ring over R. The ideal J is called the
defining ideal of R[t].

Finding generators of J is difficult and crucial for a better understanding of R[It].
Many authors have worked to get a better insight into these generators in special classes of
ideals, such as those with special height, special embedding dimension and so on (cf. Fouli
and Lin [18], Morey [34], Muiiios and Planas-Vilanova [35], Ulrich and Vasconcelos [41],
Villarreal [47], Vasconcelos [44]).

One of these classes of ideals is squarefree monomial ideals. An interesting approach
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for these ideals is to give a combinatorial criterion for minimal generators of J for a square-
free monomial ideal /. The simplest case of a squarefree monomial ideal is an edge ideal,
which is equivalent to a quadratic squarefree monomial ideal (squarefree monomial gener-
ated by monomials of degree 2). In 1995 Villarreal gave a combinatorial characterization of
irredundant generators of .J for edge ideals of graphs by attributing irredundant generators
of J; to closed even walks in the graph G (cf. Villarreal [47]).

In Chapter 5, motivated by this work, we define simplicial closed even walks. We
prove that if T}, g(I) is an irredundant generator of J,, then the generators of I involved
in T, 5(I) form a simplicial even walk. We show that the class of simplicial even walks
includes even special cycles (cf. Berge [9], Herzog, Hibi, Trung and Zheng [23]), as they
are known in hypergraph theory.

By using the concept of the simplicial closed even walks we can give a necessary con-
dition for a squarefree monomial ideal to be of linear type (/ is called of linear type if J can
be generated by its degree one elements). We also show that every simplicial closed even
walk contains a simplicial cycle. By using this new result we can conclude that every sim-
plicial tree is of linear type. This fact can also be deduced by the concept of M-sequences
from the work of Conca, De Negri [14] and Soleyman Jahan, Zheng [29].

The results of this thesis appear in [1], [2] and [3].



Chapter 2

Background

Throughout, we assume that K is a field and R = K [z, ..., z,] is a polynomial ring in n

variables.

2.1 Simplicial Complexes and Monomial Ideals

Let a = (ay,...,a,) € N be an integer vector. We set 2% = x' ---x%. A polynomial
f in R of the form f = x® where a € N" is called a monomial in 2. The monomial f is
called squarefree if « € {0,1}". An ideal [ in R is called a squarefree monomial ideal
if I is generated by squarefree monomials.

One of the most useful techniques applied to connect commutative algebra to combina-
torics is assigning a squarefree monomial ideal to a graph or a simplicial complex to make
a dictionary between their algebraic and combinatorial properties. Here we need some

definitions of simplicial complex terminology.

Definition 2.1.1 (simplicial complex). An abstract simplicial complex on the vertex set

X ={zy,...,z,} is acollection A of subsets of X satisfying
e FEAGCF=GeA.

We set V(A) = {z € X : {z} € A} and the elements of V(A) are called the vertices
of A. The elements of A are called faces of A and the maximal faces under inclusion are
called facets of A. An element /' € A of cardinality ¢ + 1 is called an i-dimensional face

of A. Note that () is the only —1-dimensional face of A. We set
dim(A) = max {dim F' : F'is a face of A}.

A simplicial complex is called pure if all dimensions of its facets are the same.
We denote the simplicial complex A with facets F, ..., Fs by (Fi,..., Fs). We call
{F1,..., Fs} the facet set of A, and it is denoted by Facets(A). For i € Z, let C;(A)

4



denotes the set of all 7-dimensional faces of A.

Example 2.1.2. The simplicial complex A with V(A) = {1, 9, x3, x4} and Facets(A) =
{F17 FQ, F3} where F1 = {[Eh T, Ig}, F2 = {IQ, IE4}, F3 = {ZL‘37 ZL’4} 18 pictured below.

T2 F2 Tq

P F3

Z1 X3

Figure 2.1: A simplicial complex with three facets

Here we also need the notation of subcollections of a simplicial complex and comple-

ment of a simplicial complex.

Definition 2.1.3 (subcollection of a simplicial complex). A subcollection of a simplicial
complex A with vertex set X is a simplicial complex whose facet set is a subset of the
facet set of A. For Y C &, the induced subcollection of A on ), denoted by Ay, is the

simplicial complex whose vertex set is a subset of )’ and facet set is
{F € Facets(A) : F C Y}.

Definition 2.1.4. Let A = (F7,..., F;) be a simplicial complex over the vertex set X'. If
Fis a face of A and W C X, we define the complement of F' in A with respect to W to
be 5, = W\ F and also the complement of A with respect to W is defined as

Ay = ((F)s -+ (Fs)iw)-
Also if W G X, then Af, = (Aw)§;, where Ay is the induced subcollection of A on V.
Remark 2.1.5. When W = & we will use A€ to denote Af;,.

Example 2.1.6. In Example 2.1.2 simplicial complex I' = (F7, F3) is a subcollection of
A, such that V(I') = V(A). However I is not an induced subcollection on its vertex set.

Also the following graph is A€,



Z2

X1

T3
Figure 2.2: Complement
For every squarefree monomial ideal we can assign two simplicial complexes.

Definition 2.1.7. Let R = K|zy,...,2,]| be a polynomial ring over a field K, and / an
ideal in R minimally generated by squarefree monomials my, ..., ms. One can associate

two simplicial complexes to .

i. The Stanley-Reisner complex A/ (I) associated to I has vertex set V = {z; : z; ¢
I} and is defined as

N(I) = {{xil,...,xik} D < lg < - <7:k,WheI'CZL’il"'ZEZ'k ¢ ]}

ii. The facet complex F(I) associated to I has vertex set {z1,...,2,} and is defined

as

F(I)=(F,...,Fs)where [, = {z; : xjim;, 1 <j<n} forl <i<s.

Conversely to a simplicial complex A one can associate two monomial ideals.

Definition 2.1.8. Let A be a simplicial complex with vertex set xi,...,z, and R =

Kz1,...,x,] be a polynomial ring over a field K.

i. The Stanley-Reisner ideal of A is defined as

N(A) = (Hm : FisnotafaceofA).

zeF
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The quotient ring R/N(A) is called the Stanley-Reisner ring of A and is denoted
by K[A].

ii. The facet ideal of A is defined as

F(A) = (Hw : FisafacetofA) :

zeF

Example 2.1.9. Consider the simplicial complex A in Example 2.1.2. AV(A) and F(A)

have been computed below.
T2

Iy

]/'r
1 23 3

(z4) (x1,x3) (@1, 22)

N(A) = (z4) N (22, 23) N (21, 22) = (2174, T2T324)
-F(A) = (331$2!E3,$2334,373334)

Figure 2.3: Facet ideal and Stanley-Reisner ideal

Since we have
e F(F(I))=1Iand N(N(I)) = I, for each squarefree monomial ideal [;
e F(F(A)) =Aand N(N(A)) = A, for each simplicial complex A

there is a one-to-one correspondence between monomial ideals and simplicial complexes
via each of these methods.
We can assign a dual to each simplicial complex. To prove some of our results we recall

the definition of this.

Definition 2.1.10 (Alexander dual). Let A be a simplicial complex with vertex set X'. The



Alexander dual A* is defined to be the simplicial complex with faces
A* = {F% : Fisnotaface of A}.
For the simplicial complex A in Example 2.1.2, we have

A" = ({1}, {72, 23}).

2.2 Simplicial Homology, Cohomology and Mayer-Vietoris Sequence

Simplicial homology modules of a simplicial complex are K-vector spaces that provide

information about the number of holes (cycles) contained in a complex.

Definition 2.2.1 (simplicial homology module). Let A be a d-dimensional simplicial com-
plex on X. ForeachT" € C;(A), let er denote the corresponding basis vector in the K-vector

space, K¢ (2 (it is a K-vector space generated by C;(A)). Consider the following sequence
0 — KCa(A) 2y RE(A) Oy gCima(8) 2oty fo gea(d) 2.2.1)
where, foralli = 0,1,...,d,and I" € C;(A),

di(er) = Zsign(j, Dery;.
jED
Ifi > dori < —1, then K% = 0, and we define 6; = 0. Take sign(j,T') = (—=1)""1if j
is the ¢-th element of I when the elements of I" are listed in increasing order.
Since 9;0;,1 = 0, the sequence (2.2.1) is a chain complex, which is called the simplicial

chain complex of A over K, and is denoted by SC(A).

Example 2.2.2. For A in Example 2.1.2 since we have dim(A) = 2 and

x

2(A) = {{a1,22,23}}

Cl(A) = {{z, 22} {or, ws}, {2, 2}, {w2, w4}, {ws, 24} )
)
)

x

(&) = o} {wa}, {ws), {2t}
C_i(A) = 0



we have the following simplicial chain complex.

1
-1 -1 -1 0 0 0
1 1 0 -1 -1 0
0 0 1 1 0 —1
o) \o o 0o 1 1 4(1 11 1)
0 —K > K > K »y K — 0

For i € Z, the i-th reduced homology module of A over K is the K-vector space

H;(A;K) = kernel(d;)/ image(d;41)-

Elements of kernel(d; ) are called i-cycles and elements of image(d;1 ) are called i-boundaries.
When K is clear from the context we use ITIZ(A) to denote ﬁi(A; K).

Theorem 2.2.3 (Proposition 5.2.3, [46]). The dimension of Ho(A;K) as a K-vector space

is one less than the number of connected components of A .

Note that i-th reduced homology module of a simplicial complex A when ¢ > 1 pro-

vides information about the number of i-cycles contained in A.

Example 2.2.4. The simplicial complex in Example 2.1.2 is connected. Therefore from
Theorem 2.2.3 fIO(A; K) = 0. Also since the only non-zero cycle is a 1-cycle there is only

one non-zero homology module which is H;(A;K) = K.

Now the question is how we can compute the homology modules of simplicial com-
plexes. One method that we use frequently is the Mayer-Vietoris sequence. This method
consists of splitting a simplicial complex into two subcollections, for which the homol-
ogy module might be more easily computed. The Mayer-Vietoris sequence is a long exact
sequence that relates the homology module of the simplicial complex to the homology

module of its subcollections. For more details see Hatcher [20] Chapter 2.

Theorem 2.2.5 (Mayer-Vietoris sequence). Suppose A is a simplicial complex and A, and
Ay are two subcollections such that A = A1 UAs. We have the exact sequence of the chain

complexes



10
which produces the following long exact sequence, called the Mayer-Vietoris sequence

Definition 2.2.6 (Simplicial cohomology module). Let A be a d-dimensional simplicial

complex on X’ with the simplicial chain complex SC(A) as follows

0 — KCal(®) 28y RC(A) &y gCima(d) 2ty S e (a) (2.2.2)

We define the dual of SC(A) as follows and called it simplicial cochain complex of A,

0 ¢ (KCa®)" L (RG(A)) S (KC-2(2))" bt g (KE ()" 0
where (K&(®))" = Homg (K%(®), K) is the set of linear transformations from K% to
K. For each ¢ € (KCH(A))* the map 6;(¢) is defined as the composition of K¢ (%) LN
KC-1(8) & K.

It is straightforward to show that d,,,%9;" = 0, so we can define H “(A;K), the i-th

reduced cohomology module of A, as the quotient

H'(A;K) = kernel(6;,1)/ image(d;).

Since we work with homology module and cohomology module with coefficients in
a field, by using the universal coefficient theorem for cohomology module (see [20]

Theorem 3.2) we have the following theorem.

Theorem 2.2.7 ([20], Page 198). Let A be a simplicial complex and K be a field. Then we
have
H(A;K) = Homg (H;(A;K),K) = H;(A;K).

Lemma 2.2.8 (Lemma 5.5.3, [12]). Let K be a field and A C ¥ be simplicial complexes
X| =d. Then

where Y. is a simplex on the vertex set X,
H;(A;K) =2 H3/(A%K). (2.2.3)

To prove some of our results we need the definition of a cone and its properties.



11

Definition 2.2.9. Let A; and A, be two simplicial complexes on disjoint vertex sets V and
W. The join A * A, is the simplicial complex on V' | | W with faces F'UG where F' € A,
and G € A,.

The cone Cn(A) of A is the simplicial complex w * A, where w is a new vertex.

Proposition 2.2.10 (Proposition 5.2.5, [46]). If A is a simplicial complex we have

H;(Cn(A)) =0 foralli.

2.3 Minimal Free Resolutions and Betti Numbers

Definition 2.3.1 (graded rings and modules). A ring R with a decomposition R = @ R;
SY/

of Z-submodules of R is called a graded ring if
RiRj C Ri+j for all 1,] € 7.

For the graded ring R, the R-module M with a decomposition M = GB M; of Z-submodules
i€z

of M is called a graded module if
R;M; C M;y; foralli,j € Z.

Every element x € M; is called homogeneous of degree ;. A submodule N in M is
called homogeneous if NV is generated by homogeneous elements. The graded module M

is called positive if M; = 0 for every ¢ < 0. Every R; and M, is an Ry-module.

Example 2.3.2. Let K be a field. The polynomial ring R = Klzy,...,z,]| in which we

=0

where R; is the K-vector space generated by monomials of degree ¢ is a positive graded

have

ring .

Definition 2.3.3 (graded maps). Let R be a graded ring and M, N be graded R-modules.
The R-homomorphism ¢ : M — N is called graded of degree j if for each i € Z, the



12

map v sends every homogeneous element of degree ¢ in M to a homogeneous element in

N of degree i + j.

If ¢ is graded of degree O then kernel ¢ and image 1) are graded R-modules.

Definition 2.3.4. Let R = @ R; be a positive graded ring and a € N. The graded R-

i=0
module obtained by a shift in the graduation of R is given by
R(—a) = P R(-a);.

where i-th graded component of R(—a) is R(—a); = R_q.

Proposition 2.3.5 (Proposition 2.5.5 and Theorem 2.5.6, [46]). Let R = @) R; be a posi-

=0

tive graded polynomial ring over a field K with maximal ideal m = R, = @ R; and M
i=1
be a finitely generated positive graded R-module. Then there is an exact sequence, of finite

length, of graded free R-modules

0= ED R(~dy)rir 25 - 2 A R(~dy)* 2 D) R(~d)™0 25 M (23.1)
a

d1 dO

where 6; is graded of degree 0 and for eachi = 1,2,...,p we have

image (6;) C mR""' forb_, = Z/Bi—l,di—l'
di—1
Definition 2.3.6 (graded minimal free resolution). Let R be a positive graded polynomial
ring over a field K and M be a finitely generated positive graded R-module. Then, the
graded resolution of M by free modules described in Proposition 2.3.5 is called an N-

graded minimal free resolution of M.

We can see that a minimal graded free resolution is unique up to chain complexes

isomorphism (cf. Villarreal [46], Corollary 2.5.7), so we have the following corollary.

Corollary 2.3.7 (Betti numbers). The numbers [3; 4, in the minimal free resolution (2.3.1),
which we shall refer to as the i-th N-graded Betti numbers of degree d; of M, are indepen-

dent of the choice of graded minimal finite free resolutions.
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Let R = @ R; be a positive graded polynomial ring over a field K and I C R be

a homogeneous 1dea1 in R. There are two important invariants attached to I, which are

defined in terms of the minimal graded free resolution of R/1.

e projective dimension of R/ is defined as

pd(R/I) =max{i: §;;(R/I) # 0 forsome j}.

e regularity of / is defined as

reg(l) =max{j —i: B3;;(R/I) # 0 forsome j}.

Definition 2.3.8 (syzygies). Let fi, ..., f, € Rand F be a free R-module and {ey, ..., ¢,}

be a basis of F'. Consider the following homomorphism

— (f1,-- s fa), € fi

The kernel of this homomorphism is called the syzygy module of fi, ..., f, and we denote
it by Syz(fi,-... fq)-

Example 2.3.9. Let I = (2%, y) be an ideal in the polynomial ring R = K[z,y]. The

following is the minimal free resolution of R/I.
-y
x? (:U2 y)
0— R(-3) ——= R(-2)® R(-1) ———— R— R/I — 0
where 3 = (11 = (12 = 1. From this resolution we can see that pd(R/I) = 2 and

reg(R/1) = 1.

2.4 Graphs

A simple graph is a graph without multiple edges and loops. We give some definitions and

theorems from graph theory. For the most part we follow West [48].
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Definition 2.4.1. Let G = (V, E') be a graph where V is a nonempty set of vertices and £

is a set of edges. A walkin G is alist ey, es, ..., e, of edges such that
ei={x, v} €L foreachi € {1,...,n—1}.

A walk is called closed if its endpoints are the same i.e. 1 = x,,. The number of edges of
a walk W is called length of V and is denoted by ¢()V). A trial is a walk with no repeated
edges. A path in G is a walk with no repeated vertices or edges allowed. A closed path is

called a cycle.

Lemma 2.4.2 (Lemma 1.2.15 and Remark 1.2.16, [48]). Let G be a simple graph. Then

we have

e FEvery closed odd walk contains a cycle.

e Every closed even walk that has at least one non-repeated edge contains a cycle.

Definition 2.4.3 (unicyclic graphs and trees). A connected graph without a cycle is called

a tree. A graph which contains only one cycle is called a unicyclic graph.
We will make use of the following theorem. (cf. West [48]).

Theorem 2.4.4 (Theorem 2.1.4 and Corollary 2.1.5, [48]). Let G be a connected graph
with |V(G)| = nand |E(G)| = q. Then we have

o Gisatreeifandonlyifq=n — 1.
e (7 is a unicyclic graph if and only if ¢ = n.

Theorem 2.4.5 (Euler’s theorem). [Theorem 1.2.26, [48]] If G is a connected graph, then
the edges of G form a closed walk with no repeated edges if and only if the degree of every

vertex of G is even.

We can associate a quadratic squarefree monomial ideal to each simple connected

graph.

Definition 2.4.6 (edge ideal). Let G be a graph on the vertex set V. = {xy,...,x,} with
edge set £ = {ey,...,e,}. The edge ideal of G is defined as follows over the polynomial
ring Klzy, ..., z,):

I(G) = (zzj : {i,j} € E).
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Note that if we consider the graph G as a 1-dimensional simplicial complex, then we
can easily imply that the edge ideal of G is the facet ideal of GG as a simplicial complex.

Edge ideals were first defined by Villarreal in [45], and can be used to make a link
between combinatorial properties of a graph and algebraic properties of its edge ideal. For

instance the edge ideal of the following graph is

I(G) = (2172, ToT3, T3y, ToTs, T1T5, T1Tg, T3T5).

L1

L5 )

L4 L3
Figure 2.4: Edge ideal

2.5 Rees Algebras and Symmetric Algebras

First we need to recall the definition of Rees algebras. For more details see Huneke and

Swanson [27].

Definition 2.5.1. Let R be a Noetherian ring, / C R be an ideal and ¢ be an indeterminate
over R. The following subring of R]t] is called Rees algebra of I.

R[It] = {iaiti :neNa; € IZ} = é[iti.
i=0 i=0

Definition 2.5.2 (defining ideal of the Rees algebras). Let R be a Noetherian ring, [ =

(fi,..., f;) be an ideal in R and ¢ be an indeterminate. Consider the polynomial ring
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S = R[T\,...,T,] where T, ..., T, are indeterminates. For the Rees algebra R[[t] =
R[fit, ..., f,t] we can defined the following homomorphism of algebras

o R[Ty,.... T, — R[It], T, fi.

Let J be the kernel of ¢ and then R[[t] = S/J. The map ¢ is graded of degree 0, so .J is
graded and we have
I=EJ

The ideal J is called the defining ideal of R[] and its minimal generators are called the

Rees equations of /.

These equations carry a lot of information about R[It]; see for example Vasconce-
los [42] for more details.

We consider the linear homogeneous polynomials in J (i.e., J;). These polynomials
can be obtained from a presentation of /. To see this we need to state the definition of

symmetric algebras.

Definition 2.5.3. Let R be a Noetherian ring and / be an ideal in R which is given by the

following presentation.
RP S RIS T 0, ¢=(ay) € Matrix,, (R).

The symmetric algebra of I, denoted by S(I), is the quotient ring of the polynomial ring
R[Ty,...,T,] by the ideal A generated by the following linear polynomials

Fi=aTi+---+agl, forl<:<p
It can be seen that A = (J;) C J (cf. Vasconcelos [43]). Therefore when J = (.J;), the

Rees algebra and the symmetric algebra coincide.

Definition 2.5.4 (ideals of linear type). The ideal I is called to be of linear type if J =
(J1); in other words, the defining ideal of R[] is generated by linear forms in the variables

Tv,..., T,

Ideals of linear type have been investigated by many authors (cf. Conca and De Ne-

gri [14], Costa [15], Fouli and Lin [18], Huneke [25] and [26]). Because of the following
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proposition complete intersection ideals are perhaps the most obvious class of ideals of

linear type.

Proposition 2.5.5 (Example 1.2, [43]). Let R be a Noetherian ring and I be an ideal in R.
Ifthe ideal I is generated by a regular sequence fi, ..., f, the Rees algebra of I is

... T,
R[It] = R[Ty,...,T,)/ L,
[I1] = R 1/ (f1 fq>

where I5(A) is an ideal which is generated by all 2 x 2 minors of A.

Another famous class of ideals of linear type is the class of ideals generated by d-
sequences which was introduced by Fiorentini [17] and Huneke [26].

We have the following useful result from Herzog, Simis and Vasconcelos [22].

Theorem 2.5.6 (Proposition 2.4, [22]). Let I be an ideal in a Noetherian ring R and let |
be of linear type. Then for every prime ideal p containing I, the ideal I,, can be generated
by ht(p) elements (where ht(p) is height of p which is the maximum of the lengths of the

chains of prime ideals contained in p).

Corollary 2.5.7. Let I = (f1, ..., f,) be a squarefree monomial ideal in R = K[z, . .., z,).
If 1 is of linear type, we have q < n.

From Corollary 2.5.7 and Theorem 2.4.4 we can deduce the following corollary.

Corollary 2.5.8. Let G be a connected graph and 1(G) be its edge ideal. If 1(G) is of

linear type, then G is either a tree or a unicyclic graph.

Proof. Let V(G) = {z1,...,z,} be the vertex set of G and I(G) = (fi,..., f,) Where
|E(G)| = q. Since I(G) is of linear type from Corollary 2.5.7 we have ¢ < n. On the
other hand since G is connected we can conclude ¢ > n — 1 so ¢ € {n — 1,n}. The claim
follows from Theorem 2.4.4. [l

Villareal showed that the converse of this corollary is also correct [47]. Here we prove

the converse in Corollary 5.3.10 with a different method.
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2.6 Simplicial Trees and Good Leaves

Good leaves were first introduced by X. Zheng in her PhD thesis [50]. To state the definition
of a good leaf we first need to recall the definition of a leaf. The following definition was
given by Faridi [16].

Definition 2.6.1 (leaves and simplicial forests). Let A be a simplicial complex and F be a
facet of A. The facet F' is called a leaf of A if either F' is the only facet of A or else there
exists a facet G with G # F' such that for all facets H # F' we have H N F' C . The facet
G is called a joint of F'.

A simplicial complex A is called a simplicial forest if each of its subcollections has a

leaf. A connected simplicial forest is called a simplicial tree.

Example 2.6.2. In Figure 2.5 F}, F; are leaves of A and their joint is F5.

F]_ F2 F3

Figure 2.5: A simplicial tree

We now state the definition of a good leaf.

Definition 2.6.3 (Good Leaf). Let A be a simplicial complex. A facet F' of A is a good

leaf of A if F'is a leaf of all subcollections of A which contain F'.
We also need the following useful property of a good leaf.

Lemma 2.6.4 (Lemma 3.10, [50]). Let A be a simplicial complex and F be a facet of A.

The following conditions are equivalent
o Fisa good leaf of A;
o The set {H N F; H € Facets(A)} is totally ordered by inclusion.

Example 2.6.5. In Figure 5.1a, F},..., F; are leaves of A and their joint G is a solid
tetrahedron. However, since the subcollection I' has no leaves, then Fj, ..., F) are not

good leaves.
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(@) A = (F1, F, F3, Fy, G) ) I = (F1, Fy, F3, Fy) C A

Figure 2.6: Good leaf

The existence of a good leaf in every simplicial tree was proved by Herzog, Hibi, Trung
and Zheng in [23].

Theorem 2.6.6 (Corollary 3.4, [23]). Every simplicial tree contains a good leaf.

2.7 Higher Dimensional Cycles

We end this chapter by introducing three higher dimension cycles.

Definition 2.7.1. Let A be a simplicial complex with at least three facets, ordered as
Fi,...,F, Suppose (|F; = (). With respect to this order A can be one of the follow-

ing:

(i) extended trail if we have
FFNF.,#0 i=1,...,q modgq.

Extended trails come from the definition of a higher dimension cycle which is defined
by Berge [10].

(ii) special cycle [23] if A is an extended trail in which we have

FiNFia¢ |J F i=1,....¢ modg.
je{ii+1}
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Special cycles come from hypergraph theory and were first introduced by Lovasz in

1979 (cf. [30]).
(iii) simplicial cycle [13] if A is an extended trail in which we have
FNF#0eje{i+1l,i—1} i=1,...,¢ modg.

Simplicial cycles are related to simplicial trees and were first introduced by Caboara,

Faridi and Selinger [13].

We say that A is an extended trail (or special or simplicial cycle) if there is an order on

the facets of A such that the specified conditions hold on that order. Note that
{Simplicial Cycles} C {Special Cycles} C {Extended Trails}.

In the case of graphs the special and simplicial cycles are the ordinary cycles, but an ex-
tended trail in our definition is neither a cycle nor a trail (a walk without repeated edges) in
the case of graphs (but they are walks in the graph terminology). For instance, the graph in

Figure 2.7 is an extended trail, which is neither a cycle nor a trail, but contains one cycle.

€1

ey €2

€3

Figure 2.7: Extended trail in a graph



Chapter 3
Resolutions of Path Ideals of Cycles and Paths

In this chapter we consider the path ideal of a graph as a disjoint union of connected compo-
nents. We then use homological methods to glue these components back together, and use
Hochster’s formula. In the next chapter we compute all graded Betti numbers, projective

dimension and regularity of path ideals of paths and cycles.

3.1 Betti Numbers of Squarefree Monomial Ideals

Every squarefree ideal can be viewed as a Stanley-Reisner ideal of a simplicial complex.
Then for computing the N-graded Betti numbers of a squarefree monomial ideal we only
need to use Hochster’s formula for Betti numbers of simplicial complexes (Betti numbers

of the Stanley-Reisner ring). We now state Hochster’s theorem.

Theorem 3.1.1 (Theorem 5.1, [24]). Let A be a simplicial complex. For i > 0 the Betti

numbers [3; 4 of A are given by

BiaK[A]) = Y dimg Hy_i—1 (A K)
WCV(A)
|W|=d

where Ay = {F € A: F C W}.

Here we use an equivalent form of Hochster’s formula (cf. Corollary 5.12 of Miller and
Sturmfels [33]).

Theorem 3.1.2. Let R = K[zy,...,x,] be a polynomial ring over a field K, and I be a
pure square-free monomial ideal in R. Then the N-graded Betti numbers of R/ are given
by
Ba(R/T)= Y dimg Hi ()
IcF(I)
|V(IT)|=d

where the sum is taken over the induced subcollections " of F (1) which have d vertices.

21
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Proof. Hochster’s formula says

Bz,d(R/I> = E dlmK ﬁ[d—i—l(N(I)[W])
W$V(|N(I))
W|=d

where N'(I)jw) = {F € N(I) : F C W}. On the other hand from Theorem 2.2.7 and

Lemma 2.2.8 we have

Ha i o (N (D) = HN (D) = Hi (N (D). (3.1.1)

Suppose mq,mas, ..., m, is a minimal monomial generating set for / and correspond-
ingly, F(I) = (Fi, ..., F.). We now claim N (1) w" = (F(I)w)y, for W C V(N (I)).

FeNDw™ <= W\F &N
= W\F ¢ N(I)

— H x el =(my,mg...,m,)
zeW\F

< my| H x, forsome s € {1,...,r}
zEWN\F

<~ F;,C W\F CW, forsomes € {1,...,r}
< F C W\F; € (F(I)w)$y, forsome s € {1,...,r}.

Now Hochster’s formula and (3.1.1) imply that

Bia(R/T) =Y dimgHi o((F(I)w)iy).
WCV(F(I))
|W|=d
If we assume V(F(I)w) # W then it is straightforward to show that (F(I)y )5 is a cone

and by Proposition 2.2.10 it contributes 0 to the sum. So we have

Bia(R/I) = Z dimg H; (I, ).

rCF(I
IV(F)I d

where the sum is taken over the induced subcollections I' of F(I) which have d vertices.

O
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Based on Theorem 3.1.2, from here on all induced subcollections I' = A, of a simpli-

cial complex A that we consider will have the property that ) = V(T").

3.2 Path Ideals and Runs

Definition 3.2.1 (path ideal and path complex). Let G = (X, E) be a finite simple graph
and ¢ be an integer such that ¢ > 2. We define the path ideal of GG, denoted by I;(G) to
be the ideal of K[z, ..., x,] generated by the monomials of the form x; x;, - - - x;, where
Tiy, Tiy, . .., Ty, is @ path in G. The facet complex of [;(G), denoted by A;(G), is called the
path complex of the graph G.

We will be considering in this thesis a cycle C,,, or a path graph L, on vertices

{.1'1, c. ,l’n}.

Cp = (129, ..., Ty 1Ty, Tpry) and L, = (x1Z9, ..., Ty 1Tp).

Example 3.2.2. Consider the cycle C7 with vertex set X = {zy,..., 27}

x

Ze x3

5 T4

Figure 3.1: Cycle with 7 vertices

Then we have

14(07) = ($1$2$3l‘4, ToT3T4T5, L3L4L5L6, LaLsTeL7, L1X5LeL7, L1L2T6L7, $1I2$3I7)
A4(617) = <{I17 Xo, T3, 134}, {'/I"27 T3, T4, $5}7 {$37 Ty, Ts, 136}, {134, T5, Tg, .1:7}, {$17 X5, T, .CC’?},

{‘rly T2, T, QZ7}, {xh L2, T3, Q:7}>

We now focus on path ideals, path complexes, and their structures.
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Notation 3.2.3. Let ¢ and £k be two positive integers. For (a set of) labeled objects we use

the notation mod & to denote
z; modk ={z; : 1<j<k;i=j modk}

and

{%uy, Ty, - 0y} mod k ={z,;, modk :j=12,... k}

Note 3.2.4. Let C,, be a cycle on vertex set X = {x1,...,x,} and ¢ < n. The facets of the
path complex A(C,,) = (Fy, ..., F,) can be labeled as

Fl = {xla"‘axt}w"an—(t—l) :{xn—(t—l)a"wxn}W'an: {flv“'axt—laxn}

such that all indices are considered to be mod n and F; = {z;, z;41,..., 241} for all
1 <7 < n. This labeling is called the standard labeling of A;(C,,).

Since for each 1 < ¢ < n we have

Fia\ Fy={r} and F\ Fip = {7},

it follows that |P1z \ E+1| =1 and |Fi+1 \ Fz| =1 foralll <:<n-—1.

Note 3.2.5. In this chapter and the next chapter when we work with the cycle C), all indices

are considered to be mod n.

It is straightforward to show that each induced subgraph of a graph cycle is a disjoint
union of paths. Borrowing the terminology from Jacques [28], we call the path complex of
a path a “run”, and show that every induced subcollection of the path complex of a cycle is

a disjoint union of runs.

Definition 3.2.6. We define a run to be the path complex of a path graph. A run which has
p facets is called a run of length p and corresponds to A;(L,;_1) for some ¢. Therefore a

run of length p has p + ¢ — 1 vertices, for some .

Example 3.2.7. Consider the cycle C; on vertex set X = {z1,...x} and the simplicial

complex A4(C7). The following induced subcollections are two runs in A4 (C7)

Al = <{$1,$2,ZL’3,I’4},{1'2,1'3,33471'5})

Ay = ({96’1,9527336,357},{551,1752,333,337},{531,9027333,354})-



25

Proposition 3.2.8 below shows that every proper induced subcollection of a path com-

plex of a cycle is a disjoint union of runs.

Proposition 3.2.8. Let C,, be a cycle with vertex set X = {x1,....x,} and2 < t < n. Let
[ be a non-empty proper induced connected subcollection of Ay(C,,) on U ; X. Then T’
is of the form Ay(Lr|), where Lip| is the path graph on |I'| vertices.

Proof. Suppose A(C,,) = (F1,. .., F,) has the standard labeling and I = (F;,, ..., F; ).
Note that there exists a facet F, € I' for 1 < a < n suchthat F,,; ¢ I, because otherwise
I' = A4(C,,). Therefore from Note 3.2.4 we have

{Zay Tas1y- oy Taye1} CU and x4 ¢ U. (3.2.1)

Let r be the largest non-negative integer such that x, ; € U for 0 < ¢ < r so that

Lo—r—1; Tg—ry- -, La—1,Las Tat1s-- -5 Latt—1, Latt-
—— ~ o~
¢ U eU ¢ U (3.2.2)
It follows that since I is an induced subcollection of A;(Cy,) on U, F, ., Fyy i1, ..., Fy

I". We now show that
F,¢Tforalli¢ {a—ra—r+1,... a}.

This follows from the fact that I" is connected: if any F; (except for a—r < ¢ < a) intersects
some of the facets F,_,,..., F},, then it must contain x,_,_; or x,; (as otherwise it would
beoneof F, ,,...,F,),and hence F; ¢ T.

‘We have therefore shown that
U= (For, Forir,--., Fa).

Next we prove I' = A,(Ly|). Without loss of generality we can assume that a — r = 1, so
that ' = (F},..., F.y1). Since I # A,(C,,) we can say that  + 1 < n and therefore we

have
V() = {x1, 20, ..., 214}

Since I' is induced and proper we have  +t < n, and therefore we can conclude that
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F = At(L{x17x2 ..... IH.T})' D

Lemma 3.2.9. Let I" and A be two induced subcollections of Ay(C,,) = (Fy, Fy, ..., F,)
each of which is a disjoint union of runs of lengths sy, ..., s,. Then I' and A are isomor-
phic as simplicial complexes. In particular the two simplicial complexes ' and A° are

isomorphic and have the same reduced homology modules.

Proof. First we suppose A, (C,,) = (F, Fy, ..., F,) has the standard labeling. If we denote
each run of length s; in I' and A by R; and R}, respectively, we have

I' = <R1, RQ, ce 7R7“> and A = <R1/, R2/7 ey Rr/>
where, using the standard labeling, for 1 < j;, h; < n we have
Ry = (Fj,, Fj11, - Fjiys,1) and R = (Fi;, Fhiyry s s 1)

Then we have . .
V(F> - U V(RZ) = U{‘ij Ljit1ye - 7xji+si+t—2}
i=1 i=1

and . .
V(A) - U V(R’l/) = U{whm xhrﬁ‘l’ e 7xhi+8i+t—2}'
=1 =1

Now we define the function ¢ : V(I') — V(A) where
90<xji+U) = Thi+u forO0<u<s; +t—2.

Since ¢ is a bijective map between vertex set I' and A which preserves faces, we can
conclude I" and A are isomorphic. Therefore, the two simplicial complexes ['“ and A° are

isomorphic as well and have the same reduced homology module. [

Therefore, in light of Proposition 3.2.8, Theorem 3.1.2 and Lemma 3.2.9 all the infor-
mation we need to compute the Betti numbers of A,(C,,), or equivalently the homology
modules of induced subcollections of A.(C,,), depend on the number and the lengths of the

runs.

Definition 3.2.10. For a fixed integer ¢ > 2, let the pure (¢ — 1)-dimensional simplicial
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complex I' = (F7, ..., Fy) be a disjoint union of runs of length sq,...,s,. Then the se-
quence of positive integers sy, ..., s, is called a run sequence on ) = V(I'), and we use

the notation

E(s1,...,8) =TS = (F)S,. .., (F)5).

3.3 Reduced Homologies for Betti Numbers

Let I = I;(C,,) be the path ideal of the cycle C,, for some ¢t > 2. By applying Hochster’s
formula (Theorem 3.1.2), we see that to compute the Betti numbers of R/I, we need to
compute the reduced homology modules of complements of induced subcollections of A
which by Proposition 3.2.8 are disjoint unions of runs. This section is devoted to complex
homological calculations. The results here will allow us to compute all Betti numbers of
R/I (and more) in the sections that follow.

We make a basic observation.

Lemma 3.3.1. Let F, ..., E,, be subsets of the finite set V where m > 2 and suppose that
&= <(E1)€/7 (EQ)%" N (Em)€/>

i. Suppose V'\ U E; #0. If & = ((E1)S) and E = ((E2)$, ..., (Eny)$) then for
each i T

Hi(€) = Hi(E V&) = Hi_1(E,N &)
Hi 1 ((ByU By, .. (By U ER)S))

Hi 1 (((E2) (v gyys - (Bm) (i en))-

ii. If E, C Ey for some a # b, then & = ((Ey)y, .. ., (E\b)f/, ey (Bm)$)-

The decomposition £ = &£; U &, described in part () is called a standard decomposi-
tion of £.

Proof. The proof of (ii) is trivial so we shall only prove (i). Since & is a simplex, we have

I;Ti(é'l) = 0. Also since V' \ U E; # () we have &, is a cone, so from Proposition 2.2.10
i=2
we conclude

H;(&) = 0 for all .
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By applying the Mayer-Vietoris sequence we reach the following exact sequence

- — ﬁz(gl)@ﬁz<52) — Hl(g) — j:[i—l(gl 052) — ﬁi_1(51>@ﬁi_1(82) — e
which from & N & = ((E1 U Ey)y,, ..., (E1 U E,,)y,), implies that

Hi(E1U&) 2H, 1(ENE)
—H, 1(((EyUEy)S, ..., (Ey U Ep)S))

and this settles our claim. O]

Proposition 3.3.2. Let ' = (E, ..., E,,) be a pure simplicial complex of dimension t — 1
on the vertex set V.= {x1,...,x,} where 2 < t < n. Suppose the connected components
of I are runs of lengths s1,...,s,, and € = E(sy,...,s,). Let s; = (t + 1)p; + d; where
pj > 0and0 < d; <tand1 < j <r. Then for all i, we have

1. Iij Zt+2then Hi(g)gHi_Q(E(Sl,...,S]’—(t+1),...,8r));
it. Ifd; # 1,2 then H;(&E)=0;

iti. Ifs; =2andr > 2 then Hi o(E(S1,-.,8j-1,8j415---,51));

=
>
I

iv. Ifsj=1landr >2then H;(E)=H;,_1(E(s1,...,5j-1,5j+1,---,5))-

Proof. We assume without loss of generality that £, . . ., By, are ordered such that Ey, . . ., E;
are the facets of the run of length s;, and they have the standard labeling

El == {xlvm% s axt}a EQ = {-1'27 T3, .. 7xt+1}a cee 7E5j = {xsj'a ijJrla cee >$Sj+t71}'

We have & = ((E1)S, (E2)5, ..., (Em)§). Since zy € V \ %, E; there is a standard

decomposition
&= ((E)y) U(E)y, - (En)y)-

From Lemma 3.3.1 (i), setting V' = V' \ {xy, 29, ..., 2}, we have

HA(E) = Hya (B, (B (33.1)
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If s; > ¢ + 2 from (3.3.1) we have

H{(€)) = Hit ({1 Yy (Bir2)irs -, (Bn)i) (3.3.2)

and since the following is a standard decomposition

{zer}v) U{(Brp2)vr, - (B, - (Em)v)

from (3.3.2), Lemma 3.3.1 (i) and by setting V" = V' \ {z1, z2, ..., 2411}, we have

Hi(€) = His((Err2)vms -5 (Es))yms s (Em)yn)-

Now note that the connected components of (F; o, ..., E,,) are runs of the following

lengths sq,...,s; — (t+1),...,s,, and therefore we can conclude that for all ¢

Hi(E) = Hi_o(E(s1,....5;— (t+1),....5)).

This settles Part (i) of the proposition. Now suppose 1 < s; < ¢+ 2. In this case by (3.3.1)

and Lemma 3.3.1 (i) and (ii) we see that
Hi(E) =2 Hi (a1 Yo (Bsys1)5r -y (B)en))  forall i, (3.3.3)
1. If s; > 3since v, 441 € V' \ (U?ist E; U{x+1}) the simplicial complex

<{$t+1}€/'7 (Esjﬂ)(\://a s (Bn)y)

is a cone and by Proposition 2.2.10 and (3.3.3) we have H,(£) = 0 for all .

2. If s; =2andr > 2, since z,1 € V' \ (UL, Ei) we have

{zen}v) U{(Es 1), - (Bm)v)
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is a standard decomposition and then by Lemma 3.3.1 and (3.3.3) we have

Hi(€) = Hio((Eg1)§ms - (En)§n))

= HifQ(E(Sb ey Si—15 8541y - - 757‘)) for all .

This settles Part (iii).

3. If s; =1landr > 2since £y} N B}, = () for 1 < h < m, and from (3.3.1) we have

Hz(g) = Hi—l(E(817 ce e S5—15 841y e 87-)) for all 4.

This settles Part (iv).

To prove (ii), we use induction on p;. If p; = 0, then d; = s; > 1. From above we know
that ﬁz(é' ) = 0if 3 < s; < t, and we are done. Now suppose p; > 1 and the statement

holds for all values less than p;. We have two cases:

1. If s; < t+ 2, then since p; > 1, we musthave p; = 1,d; = 0, and s; = ¢t + 1. It was
proved above (under the case 3 < s5; < t + 2) that H;(&) = 0.

2. If s; > t + 2, by (i) we have

Hi(E) =2 Hy_»(E(s1,...,(t+1)(pj —1)+d;,....s,)) = 0whend, #1,2.
This proves (ii) and we are done. L]

We conclude that for computing the homology module of the induced subcollections of
path complexes of cycles or paths the only cases which have to be considered are those of

runs of length 1 or 2. We now set about computing these.

Proposition 3.3.3. Lett > 2 be an integer, o, f > 0 and o + 5 > 0 and consider
E=E((t+Dp+1,...,(t+Dpa+1,(t+ 1) +2,...,(t+1)gs +2)
for nonnegative integers p1, . ..,po and qi, . . ., qg. Then

ﬁi(f)z{ K i=2P+Q)+23+a—2

0 otherwise
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where P =" | p;and () = Zf:l qi-

From here on, we use the notation F(1%,2") to denote the complex £ described in the
statement of Proposition 3.3.3 in the case where all the p’s and ¢’s are zero; i.e. the case of

a runs of length one and [ runs of length two.

Proof. First we prove the twocasesa =0, =1anda =1, 3 =0.
. Ifa=1,8=0,then & = (V\ {x1,29,...,2:}) = {0} where V = {x1,..., 2},

and therefore
- K :1=-1
Hi(€) = {

0 otherwise.

2. Ifa=0,8=1,then& = (({z1,z2,...,2:})§, {22, ..., 241 1)) = {zeia by {21 })
where V' = {x1,..., 2441} Since & is disconnected and the number of connected

components is 2, we have

0 otherwise.

ﬁz‘(g):{K =0

To prove the statement of the proposition, we use repeated applications of Proposition 3.3.2 (1),

p1 times to the first run, p, times to the second run, and so on till gz times to the last run as

follows.
Hy(E) = H(B((t+)p1 + 1,0, (t+ Dpo + 1, (t+ D) + 2, (t + 1)gs +2))
= Ni—2(E((t+ 1)(pl - 1) + 17""(t+ 1)pa + 17(t+ 1)Ql +27 SRR (t+ 1)Qﬂ +2))
= ~Z‘_2(p+Q) (B(1%,27)) apply Proposition 3.3.2 (iv)
= N,L‘_Q(p+Q)_a<E(2'B)> apply Proposition 3.3.2 (iii)
= Ni_g(p+Q)_a_25+2(E(2)) apply Case 2 above

) K i=2(P+Q)ta+28-2
0 otherwise

so we are done. OJ
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An immediate consequence of the above calculations is the homology module of the

complement of a run, or equivalently, a path complex of any path graph.

Corollary 3.3.4. Let t, p and d be integers such thatt > 2, p > 0, and 0 < d < t. Then

K d=1i=2p—1
Hy(E((t+Dp+d)={ K d=2, i=2p

0 otherwise.

Proof. By Proposition 3.3.2 (ii), if d # 1,2 the homology module is zero. In the cases
where d = 1, 2, the result follows directly from Proposition 3.3.3. [

We end this section with the calculation of the homology module of the complement
of the whole path complex of a cycle; this will give us the top degree Betti numbers of the

path ideal of a cycle. We will first need a technical lemma.

Lemma 3.3.5. Let R = K{z1,...,x,] be a polynomial ring over a field K, and suppose
A(Cy) = (F1, By, ..., F,) is the path complex of a cycle C,, with standard labeling. Let
a,k,s,t € {1,...,n} be suchthatk <t,anda+s+t—1 <n. Suppose s = (t+1)p+d
where p > 0and 0 < d <t+ 1. Set V ={x4, Ta11, .-, Tarsri—1} and

&= <(Fa)€/7 ceey (Fa+sfl)(€/7 {xa+s+tfk7 LTats+t—k+1y--- 7xa+s+t71}%/>~
Then for all © we have

(K d=1,i=2
- K k<t d=k+1,i=2+1

K k=t,d=0,1=2p—1
\ 0 otherwise.
Proof. Suppose a, k, s,t € {1,...,n}. Without loss of generality we can assume a = 1 so

that V = {x1,..., 25} and

&= <(F1)€/’ s (FS);v {xS-&-t—k-&-la cee ,I5+t}$/>.



Since z,; ¢ Fj, for 1 < h < s, £ has standard decomposition

5 == <(F1)€/7 (F2>(\:/7 ety (Fs)%'> U <{xs+t—k+17 Lott—k+2y - - - 7‘rs+t}€/>

and then from Lemma 3.3.1 (i) and (ii), setting Vi = V' \ {Zs14t—k11, Tstt—kt2, -

we have

Hi(&) =H; 1 (((F1)vy, (F2)Tqs - oo (Fomi)vas {Zsmkr1y -+ Tspt—k J 70 {Ts— k2, - -

) {.Z'Sfl, s 7x8+t*k}$/17 {x& s 7x8+t*/€}€/1>)

:ﬁ[ifl(«Fl)%/l? (F2>€/17 R (FS*k)%/p {xS’ s 7x5+t*k}(\:/1>)
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.. 7x8+t}’

(&
© x8+t7k}vl7

(3.3.4)

We prove our statement by induction on |V| = s+t = (¢t + 1)p + d + t. The base case is

|V| = d +t, in which case p = 0 and d = s > 1. There are two cases to consider.

1. If 1 < d < k, then s < k, and so by (3.3.4)

Hi(€) = Hin(({zs, . worii}in).

The simplex {z, . . ., x5+t_k}f/1 is not empty unless s = d = 1, and hence we have

~ K d=1,i=0
0 otherwise.

2. If d > k, we use (3.3.4) to note that since x5 ¢ F1 U...U F,_y, the following is

a standard decomposition

<<F1)(\:/17 (FQ)(\:/N RN (Fs—k)%lv {xm LR 7xs+t—k}€/l>-

Using Lemma 3.3.1 and (3.3.4) along with the fact that s = d < ¢, we find that if

Vo=V \{xs,..., 2514}, then

12

H;(€)

Lz (TR ()

12

Hio(({ar, . msady {oe, o ms iy {Zsmke - @1 }y,)

Now the simplex {zs_g, . .., Zs_1}{, is nonempty unless s—k = 1, or in other words,
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d = s =k + 1. Therefore

~ K d=k+1,i1=1
0 otherwise.

This settles the base case of the induction. Now suppose |V| = s + ¢ > d + ¢ and the
theorem holds for all the cases where V| < s +t. Since |V} = (s — k) +¢ < |V/| we shall
apply (3.3.4) and use the induction hypothesis on V7, now with the following parameters:

ki=t—k+1,s9=s—k=(t+1)p+d—kand

d—k d>k D d>k
d1: and pP1 =
d—k+t+1 d<k p—1 d<k.

Applying the induction hypothesis on V; we see that fIZ (€) = 0 unless one of the following

scenarios happens, in which case H;(&) = K.
1. di=1andi— 1= 2p;.

(a) Whend > k and k # t, this means thatd = k + 1 and i = 2p + 1.
(b) Whend < k, this means d—k+t+1 = 1 which implies that 0 < d = k—t <0,
andhenced =0,t=kandi=2p, +1=2p— 1.
2. d1:k1+1andz—1:2p1—|—1
(a) Whend > k, thismeansthatd — k=t —k+ 1+ 1andsod =t + 2 which is
not possible, as we have assumed d < ¢ + 1.
(b) Whend < k, thismeansthatd —k+t+1=t—k+1+1andsod =1 and

i =2p +2=2p.

We conclude that f[z(é’) =Konlywhend =1andi = 2p,ord =k +1landi = 2p+ 1
andk < t,ord=0andi =2p—1and k = t and H;(£) = 0 otherwise. O

Theorem 3.3.6. Let 2 < t < nand A = Ay(C,,) be the path complex of a cycle C,, with
vertex set X = {x1,xs,...,x,}. Suppose n = (t + 1)p+ dwherep > 0,0 < d < t. Then
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foralli
K d=0,i=2p—-2,p>0
ﬁi(ACX): K d#0,i=2p—1

0  otherwise.

Proof. 1If p = 0, then n = t and our claim is true, so we assume that p > 1 and therefore

n > t + 1. We define the following simplicial complexes

Ey = ((F)% (F2)% -+, (Faey1)5) = E(n —t + 1)
(3.3.5)
Ek = Ek—l U <(Fn—k+1)f\{> for k = 1, 2, Ce ,t — 1.

Note that A%, = E;_;. We start with Fy and apply the Mayer-Vietoris sequence repeatedly
to calculate the homology modules of the Ej. Since Ey = E(n —t + 1), we find

(t+1)p+1 d=t
n—t+l=0t+p+d—t+1=<¢ (t+1)p d=t—-1
t+Dp—1)+d+2 d<t—1

which by Corollary 3.3.4 implies that

K d=0,i=2p—2
H(E)={ K d=t, i=2p—1 (3.3.6)

0 otherwise.

In order to to find the homology modules of F;_; we shall recursively apply the Mayer-
Vietoris sequence as follows. For a fixed 1 < k < t — 1 we have the following exact

Sequence,
Hi(Er—1 0 {(Faeis1)%)) = Hi(Bre1) = Hi(Ey) = Hi1(Ep—y 0 {(Fo1)5))3.3.7)
We claim that for 0 < k£ <t — 2,

K d=0,i=2p—3
H(Ex N {(Fos)S) =4 K d=t—k—1,i=2p—2 (3.3.8)

0 otherwise.
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Setting X' = X\ F,,_, = {®4_, ..., Tn__1} We can write
Ex N {(Fr-k)%) = (F1)% s (Fn—ts1) % (Fnegt1) %5 - - -5 (Fn)%r)- (3.3.9)
We now compute the (F})5% = {Zh, ..., Try@-1)}% appearing in (3.3.9).

e When 1 < h <t — k,itis straightforward to show that

(Fn)% = {Zt—ks Tt—kt1s -+, Terh—1} -

e Whent—k+1<h<n—-t—k—1,then2t—k<h+t—1<n-—k—2,and so

(Fh)f\// == {l’t_k, ooy Th—1y Thtty - - - ,l’n_k_l}.

e Whenn—k—t<h<n-—t+1,thenn—k—1<h+t—1<n,and therefore

(Fr)sr = {n, o Tnopm1

e Whenh=n—jfor0<j<k—1thent—k<—j+ (t—1) <t—1andsowe

have
anj = {»’Un—j, e a$n—j+(t—1)} = {lUn—j> vy Ty Ty e 71't7j71}
which implies that

(Fnj)dr = {Tt—kes Teb1s - Tejio1 P

From the observations above, (3.3.9) and Lemma 3.3.1 (ii) we see that

Ei N ((ank)fﬁ = <{xt7k}; Fepir, oo Pk, {$n7t+17 cee ,9€n7k71}>fy/- (3.3.10)
We now consider the following scenarios.

1. Suppose p = 1. In this situation, n = ¢t +d + 1 < 2t + 1 which implies that
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n—1t—k—1<t— k. Therefore, (3.3.10) becomes

BN {((Fai)y) = {oen s {Tntpns o i1 S (3.3.11)

(@) fd<t—k—2,thenn—t+1=t+d+1—t+1=d+2<t—k. Aswell,
sincen >t+1,wehaven —k—1>1¢t—k.

It follows that in this situation, z;_ € {Z, 411, ..., Tn_k_1} Which means that
(3.3.11) becomes Ej, N ((F—x)%) = ({@i—x}5)- Also note that X' = {z;_,}
only when d = 0. It follows that

Hi(Bp N {(Fok))) =

~ K d=0,i=-1
0 otherwise.

(b) If d > t — k — 2. In this situation, x;_x ¢ {®,_¢41,...,%n_k_1} Which means
that we can apply Lemma 3.3.1 (i), with X" = X"\ {x;_} to find that for all i

Hi(Ey N {(Fai)) = Himat ({Zn—t41, -+ Tk 1) )

Moreover, X" = {x,_411,...,Zn_k_1} only when d = t — k — 1, and so we

have

Hi(Ep N ((F)?)) =

~ K d=t—k—1,i=0
0 otherwise.

2. Suppose p > 2. In this case it is straightforward to see thatn —¢t —k —1 >t — k
andn —t+1>t—k.

Therefore, we can apply Lemma 3.3.1 (i) with & = X'\ {z;_+} to (3.3.10) to

conclude that for all 7

Hi(Ek N <(ank)?\{>) = Hi71(<thk+1> NN DS {$n7t+1, e 7xn7k71}>?w/)'

Now we use Lemma 3.3.5 with valuesa = t — k+land s = n—2t — 1 =



38
(p—2)(t +1) + d+ 1 to conclude that
K d=0,i=2p—3

Hi(Ex N {((Fa-i)y) = K d=t—k—1,i=2p—2

0 otherwise

This settles (3.3.8). We now return to finding ]?Ii(Et_l) by recursively using the Mayer-
Vietoris sequence to find fIZ(Ek)

1. If 0 < d < t, then by (3.3.8) we know that H;(Ej,_, N ((Fr—k+1)%)) is nonzero only
when ¢ = 2p — 2 and k = t — d. We apply this observation and (3.3.6) to the exact
sequence (3.3.7) to see that

Once again we use (3.3.7) to observe that

0 1<k<t—d-1
Hi(Ey) = Hi(Byoy N {(Fropn))) k=t—d
Hi(Ey_g) t—d<k<t—1.

_{K k>t—d i=2p—1

0 otherwise.

We can conclude that in this case

. K i=2p—1
Hi(E, 1) = {

0 otherwise.

2. If d = t, then by (3.3.8) we know that H;(E;_1 N ((Fr—k+1)%)) is always zero. We
apply this fact along with (3.3.6) to the sequence in (3.3.7) to observe that

~ ~ K i=2p—-1
{ e fork € {1,2,...,t—1}.

0 otherwise

3. If d = 0, then by (3.3.8) we know that H;(Ej_; N ((Fn—g+1)%)) is zero unless
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i = 2p — 3, and from (3.3.6) we know ITIi(EO) is zero unless ¢ = 2p — 2. Applying
these facts to (3.3.7) we see that

When ¢ = 2p — 2, the sequence (3.3.7) produces an exact sequence

K K
— ~ A

0— ﬁgp_g(EQ) — H2p—2(E1) — ﬁgp_g(Eo N <(Fn)c>§ — 0.

Therefore
~ K2 i=2p—2
0  otherwise.
We repeat the above method, recursively , for values k = 2,3,...,t — 1
Kk K
—N— ~ %

0 — Hopo(Ep1) — Hapo(Ex) — Hapg(Ep1 0 (Fygsn)) — 0
and conclude that for 1 < k£ <¢—1

. Kk = 2p —2
H;(Ey) = {

0 otherwise.

We put this all together

K' d=0,i=2p—2 p>0
j:[i<Et71): K d#0,i=2p—1

0  otherwise

and this proves the statement of the theorem. [



Chapter 4
Graded Betti Numbers of Path Ideals of Cycles and Paths

In this chapter we use combinatorial techniques to calculate Betti numbers of path ideals
of paths and cycles. We also compute projective dimension and regularity of path ideals of

cycles and paths. By Theorem 3.1.2 we only need to count induced subcollections.

4.1 The Top Degree Betti Numbers for Cycles

We are now ready to apply the homological calculations from the previous section to com-
pute the top degree Betti numbers of path ideals. If I is the degree ¢ path ideal of a cycle,
then

Bij(R/I)=0foralli > 1and j > ti 4.1.1)

see Jacques [28], Theorem 3.3.4, for a proof.
By Theorem 3.1.2, to compute the Betti numbers of I of degree less than n, we should
consider the complements of proper induced subcollections of A = A,(C,,). For degree n

we should consider A°.

Theorem 4.1.1 (top degree Betti numbers for cycles). Let p, t, n, d be integers such that
n=(t+1)p+d wherep >0,0<d <t and2 <t <n.IfC, is acycle over n vertices,

(
/ d:O,@:Q(L)
t 1

n—d
d =2 —— 1
0,1 <t+1>+

then

Bin(R/1(Cr))

I
—_

0 otherwise.

\
Proof. Suppose A = A,(C,). By Theorem 3.1.2 3;,(R/1,(C,)) = dimg H;_5(A%) and

the result now follows directly from Theorem 3.3.6. U

40
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4.2 Eligible Subcollections

From Hochster’s formula we see that computing Betti numbers of degree less than n comes

down to counting induced subcollections of certain kinds.

Definition 4.2.1. Let 7 and j be positive integers. We call an induced subcollection I’

of A(C,,) an (4, j)-eligible subcollection of A,(C,,) if I" is composed of disjoint runs of

lengths

t+Dpr 1, t+Dpa+1,E+D)q +2,...,(t+1)gs +2 (4.2.1)
for nonnegative integers «, 3, p1, P2, - - -, Das @15 G2, - - - » 43, Which satisfy the following con-
ditions

j = t+)(P+Q)+tla+p)+p
i = 2(P+Q)+28+a,

where P = >  p;and Q = Ziﬂzl Gi-

The next theorem is similar to a statement proved for the edge ideal of a cycle by

Jacques [28].

Theorem 4.2.2. Let [ = F(A) be the facet ideal of an induced subcollection A of A(C,,).
Suppose i and j are integers with i < j < n. Then the N-graded Betti number (; ;(R/1) is
the number of (i, j)-eligible subcollections of A.

Proof. Since F(I) = A from Theorem 3.1.2 we have

Big(R/T) = Y dimg Hyo(T )
rca,|V@)|=;

where V(I") is the vertex set of " and the sum is taken over induced subcollections I" of A.

It is straightforward to show that each induced subcollection of A is an induced sub-
collection of A4(C},), and can therefore be written as a disjoint union of runs. So from
Proposition 3.3.2 we can conclude the only I' whose complements have nonzero homology

module are those corresponding to run sequences of the form (4.2.1). Such subcollections
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have j vertices where by Definition 3.2.6

j = (t+p+t)+---+((t+Dpa+t) +((t+ ) +t+1)+---+((t+ g+t + 1)
= (t+1)(P+Q)+tla+p)+p. (4.2.2)

So
Ve =B +Dp+ 1 (4 Dpa + L (E+D)gr + 2, (84 1)gs +2)

and by Proposition 3.3.3 we have

dime(H;-2(Ty ) = (4.2.3)

0 otherwise.

- {1 i=2P+Q)+26+a

From (4.2.2) and (4.2.3) we see that each induced subcollection I' corresponding to a run

sequence as in (4.2.1) contributes 1 unit to 3; ; if and only if

j = t+1)(P+Q)+tla+p)+p
i = 2(P+Q)+20+«

it settles the claim. O

Theorem 4.2.2 holds in particular for A = A(L,,) and A = A,(C,,) for any integers

m, n. The following corollary is a special case of Theorem 4.2.2.

Corollary 4.2.3. Let I = F(A) be the facet ideal of an induced subcollection A of A(C,).
Then for every i, 3;1i(R/I), is the number of induced subcollections of A which are com-

posed of i runs of length one.

Proof. From Theorem 4.2.2 we have f3; +;(R/I) is the number of (3, ti)-eligible subcollec-

tions of A. With notation as in Definition 4.2.1 we have

{ ti=({t+1)(P+Q)+tla+p)+p
i=2P+Q)+ (a+p)+8 =t =2t(P+ Q)+ tla+ ) +1t8

Putting the two equations for ti together, we conclude that (¢t — 1)(P + Q + ) = 0. But §,
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P, > 0andt > 2, so we must have
ﬁ:P:Q:O:}plzp2:...:pa:0.

So a =i and I' is composed of ¢ runs of length one. [

Theorem 4.2.2 holds in particular for A = A,(L,,) and A = A,(C,,) for any integers

m, n. Our next statement is in a sense a converse to Theorem 4.2.2.

Proposition 4.2.4. Let t and n be integers such that 2 < t < n and I = F(A) be the facet
ideal of A where A is an induced subcollection of Ay(C,,). Then for each i,j € N with
i <d<mn,if f;;(R/I) # 0, there exist nonnegative integers {, d such that

i = (+d
j = tl+d
Proof. From Theorem 4.2.2 we know f3; ; is equal to the number of (7, j)-eligible subcol-

lections of A, where with notation as in Definition 4.2.1 we have

{j:(t+1)(P+Q)+t(a+B)+ﬁ
i=2(P+Q)+ (a+B) +B.

It follows that
j—i=(t-1)(P+Q+a+p) and ti—j=(t—-1)(P+Q+p). 424

We now show that there exist positive integers ¢, d such that : = ¢ + d and j = t{ + d.

1=0+d i — 1 ti— 7
:>€:‘7 ! and d = ! ].

From (4.2.4) we can see that 7 and j as described above are nonnegative integers. [

Theorem 4.2.5. Let i, j be integers andi < j < nand j < it. Also supposen = (t+1)p+d
andd < t+ 1. If B; ;(R/1(Cy)) # 0 we have j —i < (t — 1)p, and i < 2p for d = 0 and
i <2p+1ford# 0.
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Proof. By using Theorem 4.2.2 we know 3, ;(R/I;(C,,) is equal to the number of (3, j)-
eligible subcollections of A;(C,,). So if we assume 3; ;(R/1;(C,)) # 0 we can conclude
there exists a (i, j)-eligible subcollection C' of A;(C,,) which is composed of runs of lengths

as described in (4.2.1). Therefore
j—i=(t-1D)(P+Q+a+p) and ti—j=(t—-1)(P+Q+p). (4.2.5)

It follows that j — 7 > ti — 7 so

i(t+1)§2j:ig2(%)<2(w>

+1 t+1

so if d = 0 it follows that ¢ < 2p and if d # 0 it follows that i < 2p + 1.

On the other hand since A;(C,,) has n facets and since there must be at least ¢ facets

between every two runs in C, we have

t+1y
n>t+1)P+(t+1)Q+a+28+ta+tf > (t+1)(P+Q+a+3) = (t——l> (7—1)
which implies that
J—1 n d
t—1 -0
and since from (4.2.5) we have (j —7)/(t — 1) is an integer the formula follows. O

We end this section with the computation of the projective dimension and regularity of

path ideals of cycles. The case ¢t = 2 is the case of graphs which appears in Jacques [28].

Corollary 4.2.6 (projective dimension and regularity of path ideals of cycles). Let n, t, p
and d be integers such thatn > 2,2 <t <nandn = (t + 1)p + d, where p > 0 and
0<d<t Then

i. The projective dimension of the path ideal of a graph cycle C,, is given by

2p+1 d+#0
pd(R/1(Cy)) =
2p d=20
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ii. The regularity of the path ideal of the graph cycle C,, is given by

(t—1)p+d—1 for d#0

reg(R/1,(Cy)) = { (t—1)p for d=0 )

Proof. i. This follows from Theorem 4.1.1 and Theorem 4.2.5.

ii. By definition, the regularity of a module M is max{j —i : f3;;(M) # 0}. By
Theorem 4.2.5, and the observation above, if d = 0 then reg(R/1;(C,,)) is

max{n —2p, (t — 1)p} = max{(t+ )p—2p,(t — 1)p} =(t —1)p
and if d # 0 then reg(R/I;(C,,)) is
max{n—2p—1, (t—1)p} = max{(t+1)p+d—2p—1,(t—1)p} = (t—1)p+d—1.

The formula now follows. O]

4.3 Some Combinatorics

Theorem 4.2.2 tells us that to compute Betti numbers of induced subcollections of A,(C),)
we need to count the number of its induced subcollections which consist of disjoint runs
of lengths one and two. The next few pages are dedicated to counting such subcollections.
We use some combinatorial methods to generalize a helpful formula which can be found in

Stanley’s book [39] on page 73.

Lemma 4.3.1. Consider a collection of k points arranged on a line. The number of ways
of coloring all points red or green so that for all m red points there are at least t green

points on the line between each two consecutive red points is

(/{—(Z—nt)

Proof. First label the points from 1,2, ..., k from left to right, and let a1 < ay < --- < a,,

be the red points. For 1 < ¢ < m — 1, we define z; to be the number of points, including
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a;, which are between a; and a;,1, and z( to be the number of points which exist before a4,

and x,,, the number of points, including a,,,, which are after a,,.

xo x1 xr2 Tm—1 Tm
N AN A
e ® - @ -+ @ +-- ® - @ ---
1 a Qo as A1 @y, N
If we consider the sequence g, 71, . . . , x,, it is not difficult to see that there is a one to one

correspondence between the positive integer solutions of the following equation and the
ways of coloring red m points of k points on the line with at least ¢ green points between

each two consecutive red points.
To+x1+-t+x,=k 20>0,2; >t forl <i<m-—1,andz,, > 1.

So we only need to find the number of positive integer solutions of this equation. Consider

the following equation
(o+ 1)+ (1 —t)+ -+ (1 —t) +axm=k—(m—1)t+1

where xg+1 > 1,2, —t > 1,fort =0,...,m — 1 and x,,, > 1. The number of positive

integer solution of this equation is (cf. Grimaldi [19] page 29) (k*(mfl)t). U

m

Corollary 4.3.2. Let C,, be a graph cycle and let Ry, be a run of length k of A(C,,). The

number of induced subcollections of Ry, which are composed of m runs of length one is

(k—(nﬂ’;—l)t)

Proof. The run Ry, has k facets, which following the standard labeling on the facets of
Ay(C,,) we can arrange in a line from left to right. To compute the number of induced
subcollections of ), which are composed of m runs of length one, it is enough to compute
the number of ways which we can color m points of these k arranged points red with at
least ¢ green points between each two consecutive red points. Therefore, by Lemma 4.3.1
we have the number of induced subcollections of Rj; which are composed of m runs of
length one is (k_(:rr‘t_l)t). O

Corollary 4.3.3. Let C,, be a graph cycle and with the standard labeling let I be a proper
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subcollection of Ay(C,,) with k facets F,, ..., F,ix_1. The number of induced subcollec-

tions of I which are composed of m runs of length one is

(k—(z—nt)

Proof. To compute the number of induced subcollections of I" which are composed of m
runs of length one, it is enough to consider the facets F,, ..., Fi,.x_1 as points arranged
on a path and compute the number of ways which we can color m points of these £ ar-
ranged points with at least ¢ uncolored points between each two consecutive colored points.
Therefore, by Lemma 4.3.1 we have the number of induced subcollections of I' which are

composed of m runs of length one is (*~(™~"). O

Proposition 4.3.4. Let C,, be a graph cycle with vertex set X = {x1, ..., x,}. The number

of induced subcollections of A(C,,) which are composed of m runs of length one is

n n —mt
n —mt m ’

Proof. Recall that Ay(C,) = (Fy, ..., F,) with standard labeling. First we compute the

number of induced subcollections of A;(C},) which consist of m runs of length one and do
not contain the vertex x; fori € {1,2,...,n}.
There are t facets of A;(C,,) which contain z;, the remaining facets are Fj 1, ..., Fi 1, 4,

and so by Corollary 4.3.3 the number we are looking for is

(n_t_;lm_ 1)t) _ (n ;nmt) (4.3.1)

Foreach i € {1,2,...,n}, there is an induced subcollection which is composed of m runs
of length one not containing x;. Since from (4.3.1) for each 7 the number of these induced

"_mt) subcollections in all.

subcollections is ( o n—mt)

so there are n( o
On the other hand for every subcollection there are n —mt vertices which do not belong
to it, so each subcollection is counted n — mt times. Hence the number of subcollections

which are composed of m runs of length one is —— (""", O

n
n—mt m

We apply these counting facts to find Betti numbers in specific degrees; the formula

in (ii1) below (that of a path graph) was also computed by Bouchat, Ha and O’Keefe [11]
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using Eliahou-Kervaire techniques.
Corollary 4.3.5. Let n > 2 and t be an integer such that 2 < t < n. Then we have

i. For the cycle C, we have

n — it 1

Bin(R/I(CL)) = — <n—.z’t>'

ii. For any proper induced subcollection \ of Ay(C,,) with k facets we have

atr/F ) = (M0,

]

iii. For the path graph L,,, we have

1

n—it+1
at/niza) = ("),
Proof. From Corollary 4.2.3 we have 3; ;(R/I) in each of the three cases (i), (ii) and (iii)
is the number of induced subcollections of A;(C,), A and A;(L,,), respectively, which are
composed of 7 runs of length 1. Case (i) now follows from Proposition 4.3.4, while (ii) and

(ii1) follow directly from Corollary 4.3.3. [

4.4 Induced Subcollections Which Are Eligible
The following Lemma is the core of our counting later on in this section.

Lemma 4.4.1. Let A(C,,) = (F1, Fs, ..., F,), 2 <t < n, be the standard labeling of the
path complex of a cycle C,, on vertex set X = {x1,...,x,}. Let i be a positive integer
and 1" = (F,,, F,,, ..., F.) be an induced subcollection of A,(C,,) consisting of i runs of
length I, with1 < ¢ < g < --- < ¢; < n. Suppose Y. is the induced subcollection on
V() U{zc,+¢} for some 1 < u < i. Then

5| = |+t w<iand cyp1=c,+1t+1
IT|+1 u=ior cu1>c,+t+1
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Proof. Since I consists of runs of length one and each F,., = {x.,, Tc 41, - -, Teytt—1} WE
must have ¢, > ¢, +tforu € {1,2,...,i— 1}. There are two ways that x.,; could add

facets to I' to obtain X..

1. Ifcyy1 =cy+t+1then F, , F, +1,...,Fc 1101 = F, € X or in other words, we

Cu+1

have added ¢ new facets to I'.

2. lf cy41 > ¢y +t+1oru =ithen F, 1 € X, and therefore one new facet is added

tol.
So we are done. O]

The following propositions, which generalize Lemma 7.4.22 in Jacques [28], will help

us compute the remaining Betti numbers.

Proposition 4.4.2. Let A,(C,,) = (F1, Fs, ..., F,), 2 < t < n, be the standard labeling
of the path complex of a cycle C,, on vertex set X = {x1,...,x,}. Also let i, j be positive
integers such that j <iandl' = (F, | F,,, ..., F.) be an induced subcollection of A(C),)
consisting of © runs of length 1, with 1 < ¢; < ¢co < -+ < ¢; < n. Suppose W =
V(') U A C X for some subset A of {x¢, 4, ..., Te, vt} With |A| = j. Then the induced
subcollection ¥ of Ay(Cy,) on Wis an (i + j, ti + j)-eligible subcollection.

Proof. Since I consists of runs of length one and each F,., = {z.,, Zc, 41, -, Teyrt-1} WE
must have ¢, 41 > ¢, +t foru € {1,2,...,7 — 1}. The runs (or connected components)
of X are of the form X' = X;; where U C W, and can have one of the following possible

forms.

a. For some a < 2:
U=F,.,

and therefore >’ = (F ) is a run of length 1.

b. For some a < i:
U = Fca U {mca"l‘t}?

and therefore ¢,,1 > ¢, + ¢ + 1, so from Lemma 4.4.1 we have >’ = (F,_, F. 1) is

a run of length 2.
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c. For some a < 1:
U = Fca U Fca+1 J---u Fca+7- U {Ica+t,xca+1+t, Ce ,xca+r71+t}

and F,

tas; = Feqrjyr) for j=0,1,... rand r > 1. Then from Lemma 4.4.1 above

we know X' is a run of length r + 1 +tr = (¢t + 1)r + 1.

d. For some a < 7:
U = FC(L U FCCL+1 U T U Fca+7' U {‘/Eca“l‘t? ‘rca+1+t7 e 7$Ca+7'+t}

and F

tar; = Fegrjeyny forj=0,1,...;randr > 1, and c41p41 > Coqr + 1+ 1or

a + r = 1. Then from Lemma 4.4.1 we have >’ isarun of lengthr + 1 +¢r + 1 =
(t+1)r+2.

So we have shown that > consists of runs of length 1 and 2 mod ¢ + 1.

Suppose the runs in Y are of the form described in (4.2.1). By Definition 3.2.6 we have

VE)| =t+Dpi+t+--+(t+Dpa+t+E+ )+t +14+-+(t+ g+t +1
=t+1)P+tat+(t+1)Q+t5+0

=(t+1)(P+Q)+tla+p)+0.

On the other hand by the definition of > we know that, 3. has ¢ + j vertices and therefore
ti+j=0t+1D)(P+Q)+tla+p)+p.

It remains to show that i + j = 2(P + @) + (o + ) + 8. Note that if j = 0 then
B =P = = 0and hence

j=0 = P+Q+p=0. 4.

Moreover each vertex ., .+ € A either increases the length of a run in I" by one and hence
increases (3 (the number of runs of length 2 in I') by one, or increases the length of a run by
t + 1, in which case P + (Q increases by 1. We can conclude that if we add j vertices to I,

P + @ + [ increases by j. From this and (4.4.1) we have j = P + ) + 3. Now we solve
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the following system

{m’+j = t+D)(P+Q)+tla+B)+ = ti=t(P+Q)+tla+p)
i = P+Q+58 — i =P+Q+a+p
:>{; z iigi?ﬁ = i+j=2(P+Q)+ (a+p)+ 0.

It follows the claim. O]

Proposition 4.4.3. Let C,, be a cycle, 2 < t < n, and i and j be positive integers. Suppose
Y is an (i + j,ti + j)-eligible subcollection of Ai(C,,), 2 < t < n. Then with notation
as in Definition 4.2.1, there exists a unique induced subcollection I of A(C),) of the form
(Fopy Fogy oo FL) withl < ¢ < g < -+ < ¢; < nconsisting of i runs of length 1, and a
subset A of {x¢ 14y, Te,at}, With |A| = j suchthat ¥ = Ay(C,)w where W = V(I')UA.
Moreover if R = (Fy, Fyi1, ..., Fhim) is a run in X with |R| = 2 mod (¢t + 1), then

Foim & T

Proof. Suppose ¥ consists of runs 1}, Ry, ..., R, 5 where fork =1,2,...,a + j3

R;i‘ = <Fhk7 Fthrla s 7Fhk+mkfl>
V(R;c) = {th Thy41s .- 7Ihk+mk+t—2}

Py >t + Iy +my,

and
t4+1)pr +1 for k=1,2,...,«
My — (t+ Dps (4.4.2)
(t+1)gr-o+2 for k=a+1l,a+2,...,a+ 0.
For each k, we remove the following vertices from V(R))
Thy+t> Thy+2041s - - - s Thy+ppt+(pe—1) ifl<k<aandp, #0 4.43)
Lhi4tr Lhp+2t+1s - - -5 Lhyp+(gh—a+1Di+qa—q fa+l1<k<a+p

Let I' = (Ry, R, ... Ro4p) be the induced subcollection on the remaining vertices of X,
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where
by, F RN 3 forl <k<a
Rk _ { < hiy £ hp+t4+1 hk+(t+1)pk> (444)
(Fhs Fhrerts - Pyt i yg_o) - fora+1<k <a+p.
In other words I" has facets
Fhla Fh1+t+17 ceey Fh1+(t+1)p17 tha Fh2+t+17 ey Fh2+(t+1)p27 sy Fh(,+57 cee 7Fha+5+(t+1)qg'

It 1s straightforward to show that each ?;, consists of runs of length one. Since I' is a
subcollection of ¥, no runs of R;, and Ry, are connected to one another if & # £/, and
hence we can conclude I' is an induced subcollection of A;(C;,) which is composed of runs
of length one. From (4.4.4) we have the number of runs of length 1 in I' (or the number of

facets of I) is equal to
P+ +Pe+ )+ @Pat+t D)+ (@ +1)+ -+ (g +1)=P+Q+a+ =i

Therefore, I is an induced subcollection of A;(C,,) which is composed of i runs of length

1. We relabel the facets of I"as I" = (F,, ..., F.,). Now consider the following subset of

7

{xc1+t7 . ,I‘Ci_;'_t} as A

« a+8

U @nee merzerts o Ot () {2 Theeren - St o)
k=1,p#0 k=a+1

by (4.4.3) we have:
[Al=P1+pt-+p)+ @+l +g+1)=P+Q+ 5=

Then if we set

we have ¥ = (A(C,,))w. This proves the existence of I', we now prove its uniqueness.
Let A = (F},, Fy,, ..., Fs,) be an induced subcollection of A;(C},) which is composed of i

i

runs of length 1 such that 1 < 57 < 59 < --- < s5; < n. Also let B be a j- subset of the set
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{xsl-i—h Lsotts -+ - 7x5i+t} such that
2 = (AC)vius: (4.4.5)

Suppose A = (S, 5,...,Sa+4), such that for £ = 1,2,...,a + 3, Sy is an induced
subcollection of R; which consists of y, runs of length one. By (4.4.5) we have y;, # 0 for
all k. Now we prove the following claims for each & € {1,2,...,a + 8}.

a. Iy, € A. Suppose 1 < k < a + B. If p, = 0 we are done, so consider the case
pr # 0.

Assume Fj,, ¢ A. Since F}, is the only facet of > which contains z;,, we can
conclude z, ¢ V(A). From (4.4.5), it follows that xp,, € {Tg 11, Tsyits -+ Ts;4t )

SO
Th, = Ts,+¢ fOr some a. (4.4.6)

On the other hand we know

Fsa = {%a, Lsot1ye- ,fsa+t—1}

Fsa-‘rl = {xsa—i-la Lso42y -+ axsa-l—t}-

Since Rj, is an induced connected component of ¥, by (4.4.6) we can conclude z;, €
F,, 41 and F;,, F; 11 € R;. However, we know Fj, is the only facet of R which
contains xp, and so F, 1 = F},, andthen s, + 1 = h;. This and (4.4.6) imply that

t =1 mod n, which contradicts our assumption 2 < ¢ < n.
ye=pr+1 for k=12... «
Y =Qra+1 for k=a+1,a+2,...,a+ 0.

‘We know that

Y+ Y2+t Yayp =1
=P+Q+a+j (4.4.7)
=+ + +@at D)+ (@ +1)+ -+ (gs+1).
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Since we know for all k& = 1,2,...,a + [ there exist m;, facets in each R;, by
Corollary 4.3.3 we can conclude the number of ways of selecting y;, runs of length

one in Ry, is equal to (m’“i’cfl)t). Then for all such k& we have

(mk —(yp — 1)t

: )%O@mk—<yk—1>t2yk@mk+t2yk<t+w(4.4.8>
k

and hence by (4.4.2) and (4.4.8) we have

Ue < Qoo +1 for k=a+1,a+2,...,a+p.

There exists g, runs of U <pp+1 for k=1,2,...,«
<
length one in R},

Putting this together with (4.4.7), we can conclude that

=pr+1 for k=1,2,...,«
{y’“ P (4.4.9)

Y =Qk-a+1 for k=a+1,a+2...;a+ 0.

b. If F\, € S for some uwand F\ 11 € Ry, then Fyyi11 € Sk Assume F 1 ¢ Sk
and F,,11 € R;. Let

ro =min{r : r > u, F, € S, mod n}.

Since Sy consists of runs of length one we can conclude ry > u + ¢ + 1. Since

ro #u—+t+ 1 wehave rg > u+t+ 2. But then

Loytt41 ¢ V(A) U {x31+t7 Tsotty--- 7$si+t}
and therefore x,, ;1 ¢ V() which is a contradiction.
Now for each k, by (a) we have Fj,, € A and from repeated applications of (b) we find that

1,2,...,pe 1<k<a

Fh+ t+1 GSk forf:
ey 1,2, e a+1<k<a+p.

So Ry C Sk. On the other hand Sj, consists of runs of length one, so no other facet of R}

can be added to it, and therefore S, = R}, for all k. We conclude that A = I" and we are
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therefore done. The last claim of the proposition is also apparent from this proof. O

4.5 Betti Numbers of Degree Less Than n
We are now ready to compute the remaining Betti numbers.

Theorem 4.5.1. Let n, i, j and t be integers such thatn > 2,2 <t < n, and ti + j < n.
Then

i. Forthe cycle C),

Bivinisi(R/T(Ch)) = — @ (n_ﬁ)

n—it \J 1

ii. For the path graph L,

ot () ) (7))

Proof. It I = 1,(C,,) (or I = I;(Ly)), from Theorem 4.2.2, 3, ;i+;(R/I) is the number
of (i + j,ti + j)-eligible subcollections of A;(C},) (or A¢(L,,)). We consider two separate

cases for C,, and for L,,.

i. For the cycle C,,, suppose R ;) denotes the set of all induced subcollections of A, (C},)
which are composed of ¢ runs of length one. By propositions 4.4.2 and 4.4.3 there
exists a one to one correspondence between the set of all (i + j,ti + j)-eligible

subcollections of A;(C},) and the set

o (4

where ([;]) is the set of all j-subsets of a set with 7 elements. By Corollary 4.2.3 we

have |R;| = S, and since ]([;]) | = (;) and so we apply Corollary 4.3.5 to observe
that

1
J n—1it\J 7

brasass R/ = () atrinie = 2 () (")
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ii. For the path graph L,,, recall that
At(Ln) == <F1, ey Fn—t+1>.

Let A = (F,, F,,,..., F.) be the induced subcollection of A;(L,,) which is com-
posed of ¢ runs of length 1 and V(A) C & \ {z,}, so that it is also an induced
subcollection of A;(L,,_1). Also let Abe a j - subset of {c, 14, Teyity - - -y Teyit ) SO
by Propositions 4.4.2 and Proposition 4.4.3 the induced subcollections on V(A) U A
are (i + j,ti + j)-eligible and if one denotes these induced subcollections by B we

have the following bijection

B= ([Z]) x {I' C Ay(L,—1): T" is composed of i runs of length 1}. (4.5.1)
J

We make the following claim:

Claim: Let I be an (i + j, ti + j)-eligible subcollection of Ai(L,) which contains a
run R with F,_y,1 € R. ThenT € Bifand only if | R| =2 mod ¢ + 1.

Proof of Claim. LetI" € B and assume that A = (F,.,, F,,, ..., F.,) is the subcollec-
tion of Ay(L,,_1) used to build I as described above. Then we must have ¢; = n — t.

Now, the run R contains F}, ;. and F;,_;.

If  R| >2,thenc; 1 =n—2t—landx.,_,y; = 2, 41 € Aand from Lemma 4.4.1
we can see that another ¢ + 1 facets F,,_o; 1,..., F,_;_1 are in R. If we have all
elements of R, we stop, and otherwise, we continue the same way. At each stage

t + 1 new facets are added to R and therefore in the end |R| =2 mod ¢ + 1.

Conversely, if |R| = (t + 1)g + 2 then let A = (F,,, F.,, ..., F.,) be the unique

subcollection of A;(L,) consisting of i runs of length one from which we can build

I'. Since F,,_;_1 € R,wemusthavec;, =n —torc;=n—t+ 1.

If ¢; = n — t, then we are done, since A will be subcollection of A;(L,_;) and so
I'e B. If ¢; = n—t+ 1, then R has one facet F},_;,; and if z.,_,+ € A, then by
Lemma 4.4.1 R gets an additional ¢ 4 1 facets. And so on: for each ¢, either O or
t + 1 facets are contributed to R. Therefore, for some p, |[R| = (¢t + 1)p + 1 which

is a contradiction. This settles our claim. ]
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We now denote the set of remaining (7 + j,ti + j)-eligible induced subcollections
of A;(L,) by C. First we note that C consists of those induced subcollections which
contain F,,_; 1 and are notin B. Also, if j = 7, then a (21, (t+1)j)-eligible subcollec-
tion I" of A;(L,,) would have no runs of length 1, as the equations in Definition 4.2.1

would give & = 0. So I' € C and we can assume from now on that j < s.

We consider A = (F.,,F,,,...,F._,) C Ay(L,) which is composed of i — 1
runs of length 1 with V(A) € &\ F,—411 U {z,—+}. If Ais a j-subset of the set
{Teytty Tegtts - -+ s Tey_, 4t 1> We claim that the induced subcollection I" on V(A) U AU

F, ;1 belongs to C.

Suppose R is the run in I which includes F,, ;1. If |R| # 1then ¢, +1t =
n — t which implies that ¢; ; = n — 2¢t. By Lemma 4.4.1 we see that ¢t + 1 facets
oo Fropy1, ..., I, are added to R. If these facets are not all the facets of R
then with the same method we can see that in each step £+ 1 new facets will be added

to R and since F;,_;,1 € R we can conclude |[R| =1 mod ¢+ 1. Therefore I' ¢ B.

Now we only need to show that I" is an (i + j,ti + j)-eligible induced subcollec-
tion. By Proposition 4.4.2 the induced subcollection IV on V(A) U A is an (i —
1+ j,t(i — 1) + j)-eligible induced subcollection. Suppose I is composed of runs
R1,Ra, ..., Rayp and then we have

{t(i—1)+j =+ )P +Q)+t(/ +58)+p :{i—l =P +Q +d+7

i—1+j  =2P"+Q)+20 +d J =P +Q +p
(4.5.2)
So I consists of all or all but one of the runs Ry, Ro, ..., Ry s as well as R where

‘R is the run which includes F}, ;1.

Aswehave seen |R| = 1 mod t+1. If we suppose |R| = 1 then we can claim that I"
is composed of &« = o’ + 1 runs of length 1 and = ' runs of length 2 mod ¢ + 1,
and with P = P and Q = ', by (4.5.2) we have T is an (i + j,ti + j)-eligible
induced subcollection. Now assume [R| = (¢t + 1)p + 1, so we have F},_o; € A and
x,—y € A. Let R’ be the induced subcollection on V(R) \ F,, ;1. Then we have

R’ is a run in I and since the only facets which belong to R but not to R’ are the ¢
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facets F,,_o¢19, ..., Fn_+11 we have
R|=(@+Dp+1—t=(t+1)(p—1)+2 (4.5.3)

Therefore we have shown the run in I' which includes F;, ;. has been generated by
a run of length 2 mod (¢ + 1) in I. Using (4.5.2) we can conclude I" consists of
a = o + 1 runs of length 1 and § = ' — 1 runs of length 2 mod ¢ + 1. We set
P=P +pand Q = Q" — (p— 1), and use (4.5.3) to conclude that

{ P+Q+a+pB=(P+p)+(Q —p+1)+ (@ +1)+ (8 —1)=i
P+Q+pB=(F+p) + (@ -p+1)+(F-1) =

Therefore I' € C as we had claimed.
Conversely, let I" € C then one can consider the induced subcollection I on

V(I)\Fr—t+1. Assume I is composed of runs Ry, R, . .., Ratp, sothat mod t+1,
Ry, is arun of length 1 if 4 < « and length 2 otherwise.

Suppose Ry, is the run which includes F),_;,1. By our assumption we have |R;| = 1
mod ¢t + 1,s0 h < a. If [Ry| = 1 then Ry, ¢ I and therefore we delete one run of
length one from I" to obtain I”, in which case I'" is (i — 1 + j,£(: — 1) + j)-eligible.

If |Ry| = (¢t + 1)pp, + 1 > 1 then the ¢ facets F,_o/49,...,Fy_411 € Ry do not
belong to I'". So I consists of & + S runs R, . .. ,7/2\,” ..., Ra+p, R}, where

Ry =@C+Dpr+1—t=(t+1)(pp—1)+2

Settingo/ = a -1, =0+1, PP = P —p,and Q' = Q + p, — 1 it follows
that I is (¢ — 1+ j, t(i — 1) + j)-eligible. By Proposition 4.4.3 there exists a unique
induced subcollection A = <Fcl, F.,, ... ,FCZ._1> of Ay(L,_4_1) which is composed
of i — 1 runs of length one and a j subset A of {x., s, ...,%¢_,4+¢; such that IV
equals to induced subcollection on V(A) U A. So I' is the induced subcollection on

V(A)UAUF, ;.. Therefore there is a one to one correspondence between elements
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of C and

— 1
<[2 . ]) x {I' C Ay(Lp—4—1) : T' is composed of 7 — 1 runs of length 1}
J
4.5.4)

By (4.5.1), (4.5.4) and Corollary 4.3.5 (iii) we have
Bivjriri(R/T) = [B|+]C|
. 1
= (;) Biti(R/L(Ly—1)) + (Z j )5i1,t(z’1)(R/[t(Ln—t—1)
(z) <n — z’t) (z — 1) <n — z’t)
= . . + . . .
7 1 J 1—1

So we are done. O]

Finally, we put together Theorem 4.2.2, Proposition 4.2.4, Theorem 5.1 of [1] and
Theorem 3.1.2. Note that the case ¢ = 2 is the case of graphs which appears in Jacques [28].
Also note that 3; ;(R/1;(C,,)) = 0 forall i > 1 and j > ti (cf. Jacques [28] 3.3.4).

Theorem 4.5.2 (Betti numbers of path ideals of paths and cycles). Let n, t, p and d be
integers such thatn > 2,2 <t <n,n= (t+ 1)p+d, wherep > 0,0 < d < t. Then

i. The N-graded Betti numbers of the path ideal of the graph cycle C,, are given by

( n

t = d=0,1=2 ——
joacaiea(i)

n—d
1 = d#0,1=2 1
Jj=mn,d#0,i (t+1)+

Bij(R/L(Cy)) = j<n,1<7<ti, and

0 otherwise.
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ii. The N-graded Betti numbers of the path ideal of the path graph L,, are nonzero and

equal to

e - (E) ) () (1)

if and only if

(a) j <nandi < j < tiy
M)Ud<Man2%:%ZUZ

j—i

(c) Ifd:tthen(p—i—l)zt_l

> (1+1)/2

Proof. We only need to make sure we have the correct conditions for the Betti numbers to

be nonzero.

i. When j <n, 3;;(R/1,(C,)) # 0 <=

(j—i o ti—j
t—1- t—1
= W) i
i) -
\ t—1 —t—-1
,
2j > (t+1)i
<
t+1
S
k?l_(t_l)o i)
(
2j > (t+ 1)i (4.5.5)
<
t+1
@+ praz (F) G-
k -
(2]>(t+1)2
. d J—1
Py =t-1
2(j —
— > $]Ozi asd <t+1
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o o
j zztz J J ZZM J 9
t—1-t—1 t—1~ t—1

— W) i or o) i
N k) B Bl po =i iz
\ t—1 t—1 t—1 t—1
( (
2j > (t+1)i 2j > (t+1)(i+1)

< or

t+1 t+1
> (2 S 1> (L .
\n_<t—1)(] Y | _(t—1>(] 0
( (
2 > (t+1)i 2j > (t+1)(i + 1) (4.5.6)
< or
t+1\,. t+1\
(t+1)p+d2(—>(j—z) (t+1)p—|—d+12(—>(j—z)
\ t—1 \ t—1
(2> (t+1)i (2j > (t+1)(i +1)
< . . or . .
J—1 d+1 _ j—1
_ > >
N N
d (G—1) _ . d+1 _(j—i) _i+1

S > > > >

Ptz 22 R ey

Then since d < t+ 1 and (j — ¢)/(t — 1) is an integer we can conclude that i < 2p
when d # tand i < 2p+ 1 ford = t. Also we have j —i < (¢t — 1)p for d # t and
j—i<(t—=1(p+1)ford=t. O

We can now easily derive the projective dimension and regularity of path ideals of paths,
which were known before. The projective dimension of paths (Part i below) was computed
by He and Van Tuyl in [21] using different methods. The case ¢t = 2 is the case of graphs
which appears in Jacques [28]. Part 11 of the following Corollary reproves Theorem 5.3
in Bouchat, Ha and O’Keefe [11] which computes the Castelnuovo-Mumford regularity of

path ideal of a path. The case of cycles was done in section 4.1.

Corollary 4.5.3 (projective dimension and regularity of path ideals of paths). Let n, t, p
and d be integers such thatn > 2,2 <t <n,n= (t+ 1)p+d, wherep > 0,0 < d < t.
Then
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i. The projective dimension of the path ideal of a path L,, is given by

2p d+#t

2p+1 d=t

pd(R/1(Ly)) =

ii. The regularity of the path ideal of a path L,, is given by

p(t—1) d<t
reg(R/1i(Ln)) =
p+1(t—-1) d=t

Proof. By using Theorem 4.5.2 we know that if 3; ;(R/I,(L,,) # 0 then i < 2p + 1 when
d = t and therefore pd(R/I;(L,)) < 2p+ 1. On the other hand by applying Theorem 4.5.2

it~ ()2 () ) -

Then we can conclude that pd(R/I;(L,)) = 2p + 1.
Now we suppose d # t. From (4.5.6) we can see that if 5; j(R/I;(L,)) # 0 then 2p > ¢
and therefore pd(R/I;(L,)) < 2p. On the other hand, by applying Theorem 4.5.2 again,

we have

we can see that

sttt - () 3)+ ()= 01 7o

Therefore pd(R/1;(Ly)) > 2p and we have pd(R/I;(L,)) = 2p.
By definition, the regularity of a module A is max{j —¢ : fS;;(M) # 0}. By
Theorem 4.5.2, we know exactly when the graded Betti numbers of R/1;(L,,) are nonzero,

and the formula follows directly from (4.5.6). ]



Chapter 5

Rees Algebras of Squarefree Monomial Ideals

In this chapter we investigate Rees equations of squarefree monomial ideals. We give a
criterion for examining ideals of linear type. Throughout this chapter we are working with

the polynomial ring R = K[z, . .., z,] over a field K.

5.1 Rees Algebras of Squarefree Monomial Ideals and Their Equations

Definition 5.1.1. For integers s, ¢ > 1 we define
IS:{(i17"'7is) . ]-Sll S/LQSSZSSQ}CNS

Let « = (i1,...,4s) € Zs and fy,..., f, be monomials in R and T7,..., T, be variables.

We use the following notation for the rest of this paper. If ¢ € {1,..., s}

o Supp (o) = {i1,....is}

-~

[ J ait :(il,...,it,...,is>:(7:1,...,it_l,it+1,...,is);

o T, =T, ---T;, and Supp (T,) ={T;,,...,T.. };

o fo=fi - fiss
—~ —~ fa
hd fat:fi1"'fit"'fiszr;
~ ~ T,
.Tatzﬂl...nt...ES:T_;

° O[t(]) = <i1;~~~7it—17j;it+17--~7is)’ forj € {1,2,,q} and s Z 2.

Theorem 5.1.2. (D. Taylor [40]) Let f1, ..., f, be the monomials in R. Then we have

Syz<f1,...,fq>=<(%ﬂ>ei_(%)%:19<m>.

63



64

Definition 5.1.3. Let I = (fi,..., f,) be a monomial ideal, s > 2 and «, 5 € Z,. We
define

Top(l) = <M) T, — (M) Ts. (5.1.1)
fa fﬁ

When [ is clear from the context we use 7, 5 to denote T}, 5(I).

Since products of monomials are again monomials the following theorem follows from

Taylor’s theorem.

Theorem 5.1.4. Let [ = (fi, ..., f,) be a monomial ideal in R and J be the defining ideal
of R|1t]. Then for s > 2 we have

Jo={Tap():a,BE€T,). (5.1.2)

Moreover, if m = ged (f1,..., f,) and I' = (fi/m, ..., f,/m), then for every o, 3 € I,

we have

Tos(l) = Tap(I')

and hence R[It] = R[I't].

Proof. Lets > 1 weset|Zs| = N. If n € J; from the definition of defining ideals we have

N
= Ty, € J; (5.13)
=1

where (aq,...,an) € Syz(fo : a € Z;). On the other hand by using Theorem 5.1.2 we

have

N
(ah”,,aN):Zaiei: Z )\ij (lcm(fawfaj)ei_ lCm(.famfaj)€j>

i=1 1<i<j<N fo‘i f%‘

for \;; € R. Then we have

N -1
a; = Z Aij (M) Z (M) fori=1,2,...,N

OCz
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(empty sums are zero). Thus we have

=2

N N N i—1
Sal =33 A (m(f};fa)) L, -3 YA, (M) T,
i=1 Qi Qi

i=1 j=i+1 i=1 j=1
o /\ lcm(fa’i7f06j)T lcm(fa’i7f06j)T
= Z Z] —f a; f Qg
1<i<j<N i Qaj
- Z Aij T o 0
1<i<j<N

Then by (5.1.3) we can conclude
ne(Tos: o, €L,

If I' = (fi/m,..., f,/m) then it follows that T, s(I) = T, 5(I') for every «, 8 € Z; since

lem(fa, f5) _ lem(fa/m, f3/m)

fa fOé/m

It settles the claim. L]

In light of Theorem 5.1.4, we will always assume that if / = (fy, ..., f,) then

ng(f1,...,fq) = 1.

We will also assume Supp («) N Supp () = 0, since otherwise T, 5 reduces to those with
this property. This is because if t € Supp (a) N Supp () then we have T,, 3 = T,T.. 5

ag,Be

For this reason we define
Jo=(Top5(I): o, €L, Supp () N Supp (B) = 0) (5.1.4)

as an 2-module. We have J = J;.S + J9S5 + - --.

Definition 5.1.5. Let [ = (f1,..., f,) be a squarefree monomial ideal in R and J be the
defining ideal of R[It], s > 2, and o = (i1,...,15),8 = (J1,...,Js) € Zs. We call T,,

redundant if it is a redundant generator of .J, i.e.

Ta,ﬁ e LS+ + Js1S.
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(a) Even walk (b) Not an even walk

Figure 5.1: Examples of simplicial even walk

5.2 Simplicial Even Walks

By using the concept of closed even walks in graph theory Villarreal [47] classified all Rees
equations of edge ideals of graphs in terms of closed even walks. In this section our goal
is to define an even walk in a simplicial complex in order to classify all irredundant Rees

equations of squarefree monomial ideals.

Definition 5.2.1 (degree). Let A = (F, ..., F,) be a simplicial complex, F(A) = (f1,..., f,)
be its facet ideal and a = (41, ...,15) € Zs, s > 1. We define the a-degree for a vertex «
of A tobe

dego(xz) = max{m:a™|f,} =[{j € Supp (a):z € F}}|.

Example 5.2.2. Consider Figure [5.1a] where

F = {I47‘T77a3}7F2 = {$47$57a1}7F3 = {I575E67a2}7

Fy= {$27$37a2}7F5 = {$17$27a1}7F6 = {$67$77a1}-

If we consider o = (1, 3,5) and 5 = (2,4, 6) then deg,(a;,) = 1 and degg(a;) = 2.

Suppose I = (fi,..., f,) is a squarefree monomial ideal in R with A = (F}, ..., F})
its facet complex and let o, 5 € T, where s > 2 is an integer. We set o = (i, ... ,145) and

B = (j1,...,Js) and consider the following sequence of not necessarily distinct facets of
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A
Ca,,b’ = E17F1j'1> .. '7E57Fjs'
Then (5.1.1) becomes
(5.2.1)
Tos(I) = H gdegs(@)—dega(@) | T H €9 (x)—degs(x) Ts
dega (z)<degp(x) dega(x)>degs ()

where the products vary over the vertices x of C, 3.

Definition 5.2.3 (simplicial even walk). Let A = (F}, ..., F,) be a simplicial complex and
let « = (iy,...,45),8 = (J1,...,Js) € Ls, where s > 2. The following sequence of not

necessarily distinct facets of A

Caﬁ:Fquhv"wESaF}

s

is called a simplicial even walk, or simply “even walk,” if the following conditions hold

e Foreveryi € Supp («)and j € Supp () we have

FN\F; ¢ {x € V(A) : dego(x) > degp(x)} and F;\F; ¢ {x € V(A) : degq(z) < degp(x)}.

If C,, s is connected, we call the even walk C,, 3 is a connected even walk.

Remark 5.2.4. It follows from the definition, if C, g is an even walk then Supp () N
Supp (8) = 0.

Remark 5.2.5. Even walk are a generalization of monomial walks in hypergraph theory
which is introduced by Petrovi¢ and Stasi [37]. They have used monomial walks to con-
tribute a combinatorial description of the toric ideal of a hypergraph. In fact they have
generalized a Villarreal’s work of the graph case [47]. (Villarreal’s description of toric
ideals of a graph have been proven with different techniques by Ohsugi and Hibi [36] and
Reyes, Tatakis and Thoma [38]).

Example 5.2.6. In Figures [5.1a] and [5.1b] by setting o = (1, 3,5), 5 = (2,4, 6) we have
Cap = I1,..., Fsis an even walk in [5.1a] but in [5.1b] C, g = F7, ..., F§ is not an even
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walk because
F\F, ={x1,01} = {z : deg,(x) > degp(x)}.

Remark 5.2.7. A question which naturally arises here is if a minimal even walk (an even
walk that does not properly contain an other even walk) can have repeated facets. The
answer is positive since for instance, the bicycle graph in Figure 5.2 is a minimal even

walk, because of Theorem 5.2.18 below, but it has a pair of repeated edges.

a=(1,3,3,5) f = (2,4,6,7)

Figure 5.2: A minimal even walk with repeated facets

5.2.1 The Structure of Even Walks

Proposition 5.2.8 (structure of even walks). Let Co 3 = I, Fs, ..., Fys be an even walk.

Then we have

(i) If i € Supp (a) (ori € Supp (B)) there exist distinct j, k € Supp (5) (or
J, k € Supp («)) such that

FiNF;#0 and F,NF,#0. (5.2.2)

(ii) The simplicial complex (C, ) contains an extended trail of even length labeled

Fo . Fyy,. .. Fyy where vy, ... vy_1 € Supp (o) and vy, . .., v9 € Supp (5).

Proof. To prove (i) leti € Supp («), and consider the following set

A;={j € Supp (8): ENE; #0}.

We only need to prove that |.4;| > 2.
Suppose |.A;| = 0 then for all j € Supp (5) we have

FAF) = F, C {2 € V(Cays) : dega(z) > degs(x))
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because for each x € F;\ F; we have degg(x) = 0 and deg, (x) > 0; a contradiction.

Suppose | A;| = 1 so that there is one j € Supp () such that F; N F; # (). So for every
x € F;\F; we have degg(x) = 0. Therefore, we have

F\F; C{x € V(Cap) : dega(x) > degs(z)},

again a contradiction and so we must have |.4;| > 2 and we are done.

To prove (ii) pick u; € Supp («). By using the previous part we can say there are

up, Uy € Supp (B), ug # uz, such that
F,NF,, #0 and F,NF,, #0.

By a similar argument there is uz € Supp («) such that u; # ug and F,,, N F,, # 0. We
continue this process. Pick uy € Supp () such that

F,,NF,, #0 and wuy # us.

If uy = wy, then F,,, I, , F,, [, 1s an even length extended trail. If not, we continue this
process each time taking
Fuys-o s Fu,

and picking u,1 € Supp (a) (or uny1 Supp (B)) if u, € Supp (B) (or u, € Supp (@)
such that

Fu, o NE, #0 and wu,41 # un_1.

If up iy € {uo, ..., Un_2}, SAY Upt1 = U, then the process stops and we have
Fu'm’ Fum+17 ctty Fun
is an extended trail. The length of this cycle is even since the indices w,, Upt1, .. ., Uy

alternately belong to Supp («) and Supp () (which are disjoint by our assumption), and
if u,, € Supp («), then by construction u,, € Supp (/) and vice-versa. So there are an

even length of such indices and we are done.



70

If w1 ¢ {uo,...,u, o} we add it to the end of the sequence and repeat the same
process for I, F,,, ..., F,, . Since C, g has a finite number of facets, this process has
to stop. 0

Corollary 5.2.9. An even walk has at least 4 distinct facets.

In Corollary 5.2.11, we will see that every even walk must contain a simplicial cycle.
The following theorem, which we prove directly can also be deduced from combining The-

orem 1.14 in Soleyman Jahan and Zheng [29] and Theorem 2.4 in Conca and De Negri [14].
Theorem 5.2.10. A simplicial forest contains no simplicial even walk.

Proof. Assume the forest A contains an even walk C, 3 where «, 3, € Z; and s > 2 is an
integer. Since A is a simplicial forest so is its subcollection (C, ), so by Theorem 2.6.6
(Cq,3) contains a good leaf F,. So we can consider the following order on the facets
Fo, ..., F,of (C.p)

F,NFyC--- CFyNEy CF N Fy. (5.2.3)

Without loss of generality we suppose 0 € Supp («). Since Supp (5) # (), we can pick
Jj € {1,...,q} tobe the smallest index with F; € Supp (/). Now if z € F\ F}, by (5.2.3)
we will have deg, () > 1 and degg(x) = 0, which shows that

Fo\F; C {z € V(Cap); dega(x) > dega(x)},
a contradiction. O
Corollary 5.2.11. Every simplicial even walk contains a simplicial cycle.

An even walk is not necessarily an extended trail. For instance see the following exam-

ple.

Example 5.2.12. Let o = (1,3,5,7),8 = (2,4,6,8) and C, 3 = Fi,..., Fs as in Fig-
ure 5.3. It can easily be seen that C, s is an even walk of distinct facets but C, s is not an

extended trail.
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Figure 5.3: An even walk which is not an extended trail

The main point here is that we do not require that F; N F;; # () in an even walk which

is necessary condition for extended trails. For example Fy N F5 # () in this case.
On the other hand, every even-length special cycle is an even walk.

Proposition 5.2.13 (even special cycles are even walks). If FY, ..., Fys is a special cycle

(under the written order) then it is an even walk under the same order.
Proof. Let o« = (1,3,...,2s — 1) and § = (2,4,...,2s), and set Cp 3 = F1,..., F,.

Suppose C, g is not an even walk, so there is ¢ € Supp () and j € Supp () such that at

least one of the following conditions holds

FA\F; C{x € V(Cop) : dego(x) > degs(x)} (5.2.4)
FA\F, € {2 € V(Casp) : dega(s) < degs(x)}.

Without loss of generality we can assume that the first condition holds. Pick h € {i —
1,7+ 1} such that h # j. Then by definition of special cycle there is a vertex z € F; N F},
and z ¢ Fj for [ ¢ {i,h}. In particular, z € F;\Fj, but deg,(z) = degg(z) = 1 which
contradicts (5.2.4). O

The converse of Proposition 5.2.13 is not true: not every even walk is a special cycle.
(see Figure [5.1a] or Figure [5.3] which are not even extended trails). But one can show

that it is true for even walks with four facets.

Lemma 5.2.14. Let o = (1,3),8 = (2,4) and Co 3 = (F1, F3, F3, Fy) be an even walk

with distinct facets. Then C, g is a special cycle.
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Proof. By Proposition 5.2.8 we know F7, Iy, F3, F) 1s a extended trail. If it is not a special

cycle then, without loss of generality, suppose
FiNF, CF3UF,. (5.2.5)
Since C, s is an even walk there is x € F} N Fy such that
1 < deg,(x) < degp(x) < 2.

Since there are only 4 facets, it follows that deg, (z) = degs(x) = 1. Sox € F;NF}, which,
by (5.2.5), implies that z € F5 N Fy. So deg,(x) > 1 or degz(x) > 1, a contradiction. [

5.2.2 The Case of Graphs

We demonstrate that simplicial closed even walks in dimension 1 restricts to closed even

walks in graph.

Lemma 5.2.15. Let G be a simple graph and let C = e;,, ..., e;,, be a sequence of not
necessarily distinct edges of G where s > 2 and e; = {x;,x;11} and f; = x;x;y1 for
1 <i<2s. Let o = (iy,1i3,...,025-1), 5 = (i2,%4,...,125). Then C is a closed even walk

ifand only if fo, = f5.

Proof. (=) This direction follows from the definition of closed even walks.

(<=) We can give to each repeated edge in C a new label and consider C as a multigraph
(a graph with multiple edges). The condition f,, = f3 implies that every x € V(C) has even
degree, as a vertex of the multigraph C (a graph containing edges that are incident to the
same two vertices). Theorem 2.4.5 implies that C is a closed even walk with no repeated
edges. Now we revert back to the original labeling of the edges of C (so that repeated edges

appear again) and then since C has even length we are done. [

To prove the main theorem of this section (Theorem 5.2.18) we need the following

lemma.

Lemma 5.2.16. Let C = C, g be a 1-dimensional simplicial even walk and o, 8 € Z;. If
there is © € V(C) for which degs(x) = 0 (or dego(x) = 0), then we have degg(v) = 0
(degn(v) = 0) forall v € V(C).



73

Proof. First we show the following statement.
e; = {w;, w1} € E(C) and degs(w;) = 0= degg(w;+1) =0.  (5.2.6)

where E/(C) is the edge set of C.
Suppose degs(w;11) # 0. Then there is e; € E(C) such that j € Supp (§) and w;1; €
e;. On the other hand since w; € e; and degz(w;) = 0 we can conclude i € Supp () and

thus deg, (w;) > 0. Therefore, we have

ei\e; = {w;} C{z:degn(z) > degp(2)}

and it is a contradiction. So we must have degs(w;4+1) = 0.
Now we proceed to the proof of our statement. Pick y € V(C) such that y # x. Since

C is connected we can conclude there is a path v = ¢;,, ..., ¢;, in C in which we have
o ¢ = {x,x;  fforj=1,... .t
e r;, =zvandx; , =y.

Since 7 is a path it has neither repeated vertices nor repeated edges. Now note that since
degs(z) = degs(z;,) = 0 and {z;,, x;,} € E(C) from (5.2.6) we have degs(z;,) = 0. By

repeating a similar argument we have
degg(zi;) =0 forj=1,2,...,t+1

In particular we have degs(z;,,,) = degg(y) = 0 and we are done. O]

We now show that a simplicial even walk in a graph (considering a graph as a 1-
dimensional simplicial complex) is a closed even walk in that graph as defined in Defi-

nition 2.4.1.

Theorem 5.2.17. Let G be a simple graph with edges ey, ... e, Let e;,..., ¢e;,, be

a sequence of edges of G such that {(e;,, ..., e; ) is a connected subgraph of G and
{i1,13, ... i2s_1} N {i2,04,...,005} = 0. Then e, ..., e, is a simplicial even walk if
and only if

{x € V(Cyp) : dega(z) > degs(z)} = {x € V(Cap) : dega(x) < degs(z)} =10
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Proof. (<) is straightforward. To prove the converse we assume « = (iq, 13, .. .,925_1)s

B = (i2,14,...,12s) and C, g is a simplicial even walk. We only need to show
dego(x) = degg(x)  forall z € V(C, ).

Assume without loss of generality deg,(xz) > degg(x) > 0, so there exists i €
Supp (o) such that = € e;. We sete; = {z, w }.
Suppose degs(x) # 0. We can choose an edge e, in C, g where £ € Supp () such

that x € e; N e;,. We consider two cases.

(1) If degs(wy) = 0, then since deg, (w;) > 1 we have
e\er = {wi} C {2 € V(G) : degal(2) > degs(2)},

a contradiction.

(2) If degs(wy) > 1, then there exists b € Supp () with w; € ep. So we have
e\en = {2} € {z € V(G) : dega(2) > degs(2)},

again a contradiction.

So we must have degg(x) = 0. By Lemma 5.2.16 this implies that degs(v) = 0 for every
v € V(Cq,p), a contradiction, since Supp () # 0. O

Corollary 5.2.18 (1-dimensional simplicial even walks). Let G be a simple graph with
edges ey, ... e, Lete;, ..., e, bea sequence of edges of G such that (e;,, ..., e;,,) isa
connected subgraph of G and {iy, i3, ... ,i2s 1} N{ia,i4,... 025} = 0. Thene;,, ..., e,

is a simplicial even walk if and only if e;, ..., e;,. is a closed even walk in G.

Proof. Let I(G) = (fi,..., f,) be the edge ideal of G and o = (iy,43,...,%2,—1) and
B = (i2,44,...,1025) sothat Cop = €;,...,€,,. Assume C, s is a closed even walk in G.

Then we have

fom T0 awe= [ sy,
2V (Ca.p) 2€V (Ca p)
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where the second equality follows from Lemma 5.2.15.

So for every x € V(C, 3) we have deg, () = degs(x). In other words we have

{z € V(Cop) : dega(z) > degs(x)} = {x € V(Cop) : dega(z) < degs(z)} = 0,

and therefore we can say C, g is a simplicial even walk. The converse follows directly from

Theorem 5.2.17 and Lemma 5.2.15. [
We will need the following proposition in the next sections.

Proposition 5.2.19. Let C, 3 be a 1-dimensional even walk, and (C, g) = G. Then every
vertex of G has degree > 1. In particular, G is either an even cycle or contains at least two

cycles.

Proof. Suppose G contains a vertex of degree 1 namely v. Without loss of generality we
can assume v € e; where i € Supp (). So deg,(v) = 1 and from Theorem 5.2.17 we
have degz(v) = 1. Therefore, there is j € Supp () such that v € e;. Since deg(v) = 1
we have ¢ = j and it is a contradiction since Supp («) and Supp (/) are disjoint.

Note that from Corollary 5.2.11 G contains a cycle. Now we show that GG contains at
least two distinct cycles or it is an even cycle.

Suppose G contains only one cycle C,. Then removing the edges of C), leaves a forest
of n components. Since every vertex of GG has degree > 1, each of the components must
be singleton graphs (a null graph with only one vertex). So G = C,,. Therefore, by
Corollary 5.2.18 and the fact that Supp («) and Supp (/3) are disjoint, n must be even. [

5.3 A Necessary Criterion for a Squarefree Monomial Ideal to be of Linear Type

We are ready to state one of the main results of this thesis which is a combinatorial method
to detect irredundant Rees equations of squarefree monomial ideals. We first show that

these Rees equations come from even walks.

Lemma 5.3.1. Let I = (fi, ..., f,) be a squarefree monomial ideal in the polynomial ring
R. Suppose s,t, h are integers with s > 2, 1 < h < qand1 <t < s. Let0 # v € R,
a=(i1,...,is), = (J1,-..,Js) € Ls. Then
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A~

(i) lem(fo, f5) = 7fhj/";t < Thp = N0, T4, m) + W, )3 for some monomials
A€ R AFNO.

(ii) lem(fa, f5) = thfABt = T,5 = /\fﬂtT(h)7(jt) + uTo g,y for some monomials
M€ R A£O.

Proof. We only prove (i); the proof of (77) is similar.

First note that if h = 7, then we have

lcm(faa fﬁ) = ’yfoz — Ta,ﬁ - Ta,ﬁ (Setting M= 1)

and we have nothing to prove, then without loss of generality we can assume that i # ;.
If we have lem(fa, f3) = fhfat, then the monomial  f}, is divisible by f;,, so there

exists a nonzero exists a monomial A € R such that

)\lcm(f“,fh) :’th (531)

By using (5.3.1) we have

lm (&3] lm (%] lm o
T.s = (M)T_(%VF(WTJ%)T‘( <J{B f@)TB

Ta,ﬁ = )\fatT(it),(h) + (W) 7/:‘oth’h - (%) Tg (532)
h B

On the other hand note that since we have

lem(fa, £5) = Vo for = Vfouti), (5.3.3)

we can conclude lem( fo,(n), f3) divides lem( f,, f3). Thus there exists a monomial 1 € R

such that
lem(fa, f3) = plem(fo, ), f3) (5.3.4)

By using (5.3.1), (5.3.3) and (5.3.4) we have

(5.3.5)
Mem(fi,, fn) _ Mem(fi,. f1) fo, - 3V f e _lem(fa, fo) _ plem(fo,m), f)

In fau(h)  faun) fau(h) Jau(h)
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Substituting (5.3.4) and (5.3.5) in (5.3.2) we get
Top = AN, Tii),n) + 1T oy (n),8-

For the converse since h # i;, by comparing coefficients we have

= H r = lem (fa, fz) = A H x| fa

mth\Fit mth\Fit

= lem (fa, £5) = Xofnfar

lcm(fa,fﬁ) — <1Cm(fi“fh)>
fa fit

where 0 # )y € R. This concludes our proof. 0

Now we show that there is a direct connection between redundant Rees equations and

the above lemma.

Theorem 5.3.2. Let A = (Fy,. .., F,) be a simplicial complex , o, 5 € I, and s > 2 an

integer. If C, 3 is not an even walk then
Topg € 1S+ JeaS.

Proof. Let I = (fi,...,f,) be the facet ideal of A and let « = (iy,...,45) and § =
(J1,---,Js) € Is. If Cp is not an even walk, then by Definition 5.2.3 there exist i; €
Supp () and j; € Supp () such that one of the following cases is true

(D) F\F;, € {z € V(A) : dega(z) < degs(z)};
(2) F,\Fj, € {z € V(A) : dega(x) > degs(z)}-

Suppose (1) is true. Then there exists a monomial m € R such that

lem (fa, f3) deg(z)—d
N Jb) pdegp(@)—dega(r) — o xT. (5.3.6)
fa H H

degg(x)>dega (x) r€F; \Fy,

So we have

lem (fao, f3) = mfa H x:mijz.]/C;z

IGFjl\Fit
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where my € R. On the other hand by using Lemma 5.3.1 we can say there exist monomials

0 # A\, € R such that

Tap = MNoT.) + #laGo)s
= Ao, Ty + 1T Ts, 5 € JiS + Joo1S  (since ji € Supp ().

If case (2) holds, a similar argument settles our claim. ]

Corollary 5.3.3. Let A = (F\,..., F,) be a simplicial complex and s > 2 be an integer.
Then we have
J:LS+<UB>S
i=2

where P, = {T, 5 : o, € Z; andC, s is an even walk}.

Theorem 5.3.4 (main theorem). Let I be a squarefree monomial ideal in R and suppose

the facet complex F(I) has no even walk. Then I is of linear type.

The following corollary, can also be deduced from combining Theorem 1.14 in Conca,

De Negri [29] and Theorem 2.4 in Soleyman Jahan, Zheng [14].

More precisely Conca and De Negri have showed that M -sequence ideals (ideals which
are generated by M -sequences) are of linear type. More recently Soleyman Jahan and
Zheng proved that M -sequence ideals can be viewed as the facet ideal of a simplicial tree.
Thus from these two facts one can conclude that the facet ideal of trees are of linear type.

In our case, it follows directly from Theorem 5.3.4 and Theorem 5.2.10.
Corollary 5.3.5. The facet ideal of a simplicial forest is of linear type.
The converse of Theorem 5.3.2 is not in general true. For example see the following.

Example 5.3.6. Let o = (1, 3), 5 = (2,4). In Figure [5.4] we see C, s = Fi, Fy, F3, Fy is

an even walk but we have

Taﬁ = I4$8T1T3—£E1$6T2T4 = $8T3(£L‘4T1—$2T5)—|—T5(l’gl’ng—ZL'51'6T4)+$6T4(5L‘5T5—$1T2) € JlS
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P=a)

T2

5

Z7
Te

g

Figure 5.4: A simplicail complex with 5 facets containing an even walk

By Theorem 5.3.2, all irredundant generators of .J of deg > 1 correspond to even walks.
However irredundant generators of .J do not correspond to minimal even walks in A (even
walks that do not properly contain other even walks). For instance C(1 35),(2,4,6) as displayed
in Figure [5.1a] is an even walk which is not minimal (since C(35),(2,4) and C(1 5 (2,6) are
even walks which contain properly in C(; 3 5) (2.4,6))- But T(1 3 5) (2.4,6) € J is an irredundant
generator of .J.

We can now state a simple necessary condition for a simplicial complex to be of linear

type in terms of its line graph.

Definition 5.3.7. Let A = (F7, ..., F,) be a simplicial complex. The line graph L(A) of
A is a graph whose vertices are labeled with the facets of A, and two vertices labeled F;

and F}; are adjacent if and only if F; N F; # 0.

Theorem 5.3.8 (a simple test for linear type). Let A be a simplicial complex and suppose

L(A) contains no even cycle. Then F(A) is of linear type.

Proof. We show that A contains no even walk C, g. Otherwise by Proposition 5.2.8 C, 3
contains an even extended trail B, and L(B) is then an even cycle contained in L(A) which

is a contradiction. Theorem 5.3.4 settles our claim. O

Theorem 5.3.8 generalizes results of Fouli and Lin [18], where they showed if L(A) is
a tree or is an odd cycle then [ is of linear type.
It must be noted, however, that our test is far from being criterion. Below is an example

of an ideal of linear type whose path graph contains an even cycle.

Example 5.3.9. In the following simplicial complex A, L(A) contains an even cycle but

its facet ideal F(A) is of linear type.
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L(A)
A

Figure 5.5: A simplicial complex and its line graph
By applying Corollary 5.3.3 and Proposition 5.2.19 we conclude the following state-
ment, which was originally proved by Villarreal in [47].

Corollary 5.3.10. Let G be a graph which is either tree or contains a unique cycle which
is odd. Then the edge ideal F(G) is of linear type.



Chapter 6
Conclusion

In this chapter we discuss some open problems and further work related to the topics cov-
ered in this thesis. These can be divided into two groups, questions related to path ideals
of cycles and paths and questions related to Rees algebras of squarefree monomial ideals.
For path ideals we would mainly like to investigate the arithmetic rank of these ideals for
cycles. For Rees algebras of monomial ideals, the equations of Rees algebra of quadratic
squarefree monomial ideals are known. The focus of my work is to find a combinato-
rial interpretation for equations of Rees algebras of squarefree monomial ideals of higher

degrees.

6.1 Path Ideals

Definition 6.1.1. Let [ be an ideal in R, then the minimum number of elements of R that
generate [ up to radical is called the arithmetic rank of /. More precisely the arithmetic

rank of [ is

ara([):min{r:EIal,...,aTGR;\/TZ \/(al,...,aT)}.

Finding the arithmetic rank of squarefree monomial ideals is inspired by the work of
Lyubeznik [31] in 80’s, who used Taylor’s resolution of monomial ideals to study questions
about cohomological dimensions.

The computation of the arithmetic rank of an ideal is a challenging problem. For this
reason researchers are developing bounds for the arithmetic rank of classes of ideals. The
simplest upper bound for the arithmetic rank of an ideal [/ is p(/), the minimal number of
generators of /. By using Krull’s Principal Ideal Theorem [46], one can find a lower bound;

it is the height of the ideal /. Thus

ht(I) < ara(l) < u(I).
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According to Lyubeznik’s result in [31], one can find a less obvious lower bound for
the arithmetic rank of squarefree monomial ideals. For a squarefree monomial ideal I we
have the following

ht(I) < pd(R/I) < ara(l) < p(I).

In 2000, Zhao Yan [49] showed that the inequality is sharp in some cases. The following

question arises immediately.
Question 6.1.2. For which classes of squarefree monomial ideals does pd(R/I) = ara(l)?

This is a broad question. Some classes of squarefree monomial ideals in which the
equality holds have been investigated (cf. [6], [4], [S], [8], [7]). The edge ideals of cycles

have also been investigated. Barile, Kiani, Mohammadi and Yassemi [8] showed that

ara(l>(Cy)) = pd(R/I3(Cy)),

where (), is a graph cycle with n vertices. Now we can ask what happens for ¢t # 27
Regarding the arithmetic rank of path ideals of a cycle, Macchia [32] in his unpublished

work showed the following.

Lemma 6.1.3. Let C,, be a cycle graph over n vertices and let 2 < t < n. Then we have

ara(l;(Cn)) € {pd(R/1(Cy)), pd(R/1(Cr)) + 1} .

Since it is proved for ¢ = 2 in [8] that ara(l5(C,,)) = pd(R/15(C,)), we have the

following open question.

Question 6.1.4. Let C,, be a graph cycle over n vertices and 2 < t < n. Is it true to say
ara(l;(Cy)) = pd(R/1,(C,))?

I have been able to show that for some values of ¢ and 7 this equality holds. However,

there are still lots of unexamined cases.

6.2 Rees Algebras of Squarefree Monomial Ideals

Villarreal gave a combinatorial characterization of irredundant generators for edge ideals

of graphs [47] by attributing irredundant generators of .J to closed even walks. Motivated
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by this work I defined simplicial closed even walks in this thesis for simplicial complexes
to generalize graph case.

Earlier in this thesis I showed that if 7}, g(/) is an irredundant generator of .J;, then the
generators of / involved in T, (1) form a simplicial even walk. Our class of simplicial even
walks includes even special cycles (cf. Herzog et al. [23]) as they are known in hypergraph
theory.

Also in this thesis I showed that every simplicial closed even walk contains a simplicial
cycle (not necessarily of the same length). By using this new result we can conclude every
simplicial tree is of linear type.

Generally the converse of Theorem 5.3.2 is not correct. My goal is to further investigate
the structure of simplicial closed even walk so that I can give a more effective criterion to

replace Theorem 5.3.2.

Question 6.2.1. Find a more effective criterion to characterize squarefree monomial ideals

of linear type.

Fouli and Lin [18] used the line graphs of squarefree monomial ideals to give a simple
test for ideals of linear type. Here I improved their test as demonstrated in Theorem 5.3.8.
One can ask what happens for line graphs which contain an even cycle. In general we
can say nothing about linearity of / by using these line graphs. I am currently working on

improving Theorem 5.3.8.
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