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All space-times admitting a proper affine conformal vector (ACV) are found. By using a
theorem of Hall and da Costa, it is shown that such space-times either (i) admit a covariantly
constant vector (timelike, spacelike, or null) and the ACV is the sum of a proper affine
vector and a conformal Killing vector or (ii) the space-time is 2 + 2 decomposable, in which
case it is shown that no ACV can exist (unless the space-time decomposes further).
Furthermore, it is proved that all space-times admitting an ACV and a null covariantly
constant vector (which are necessarily generalized pp-wave space-times) must have Ricci
tensor of Segré type {2,(1,1)}. It follows that, among space-times admitting proper

ACYV, the Einstein static universe is the only perfect fluid space-time, there are no non-null
Einstein—-Maxwell space-times, and only the pp-wave space-times are representative of

null Einstein—-Maxwell solutions. Otherwise, the space-times can represent anisotropic fluids
and viscous heat-conducting fluids, but only with restricted equations of state in each

case.

I. INTRODUCTION

There has been much recent interest in the existence
of symmetries in the space-times manifold of general rel-
ativity and in the corresponding symmetry vector fields
£°. These symmetries are often discussed in the context of
fluid (perfect, anisotropic, or viscous heat-conducting)
space-times and the effect of these symmetries on the ki-
nematic and dynamic properties of the fluids is studied.

In general, these symmetries may be characterized by
the Lie derivative of the metric tensor g, along £°, which
can be written in the form

< 8ab = 2¢gab + Kab» (11)
3

where ¢ = ¢(x,) is a scalar function and K, is a sym-
metric tensor not proportional to g,,. When K, =0, the
various special symmetries of the form (1.1) are Killing
vectors (KV), with = 0, homothetic vectors (HV),
with ¢ = const£0, special conformal Killing vectors
(SCKYV), with ¢.,,=0, 1,50, and proper conformal
Killing vectors (CKV), with t,,,50. (Note that the term
“proper CKV” is usually used to exclude KV and HV;
our use of the term also excludes SCKV.) When K, is
not zero and is covariantly constant, ie., K, =0, the
corresponding symmetries are affine vectors (AV), with
¥, =0, proper affine conformal vectors (ACV), with
¥..570, and special affine conformal vectors (SACV),

with 4., = 0, Y=£0.
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All space-times admitting SCKV have been found by
the present authors,! who have also shown that these are
the ‘only space-times admitting SACV.2 There are very
few such space-times, none of which can represent a per-
fect fluid or an Einstein—-Maxwell field (other than the
pp-wave null field), but they each can represent an aniso-
tropic fluid with a particularly restrictive equation of
state or a viscous heat-conducting fluid. Hall and da
Costa® have made a thorough study of AVs. The purpose
of the present investigation is to complete the study of the
last four of the above symmetries by considering the case
of ACVs.

An ACV or a CKV (which may be regarded as a
special case of an ACV in which X, is proportional to
8ab) generates a conformal collineation characterized by

Llocl =8, + 8%, — gt (1.2)
£

Conformal collineations and, in particular, ACVs have
been the subject of a number of studies;*® the problem of
the existence of ACVs for positive definite manifolds has
been solved completely,” but no complete solution of the
problem exists for space-times. In this article we shall
present the complete solution by finding all space-times
that admit ACV. In particular, we shall show that the
Einstein static universe, which is known to admit an
ACV,% is the only perfect fluid space-time and also the
only FRW model to do so; this is contrary to an assertion
made in Ref. 8.

® 1992 American Institute of Physics
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The existence of the covariantly constant tensor K,
imposes strong restrictions on the possible space-times. It
has been shown® that if a simply connected space-time
admits a global, nowhere zero, covariantly constant sec-
ond-order symmetric tensor, then one of the following
three possibilities must occur.

(a) There exists locally a timelike or spacelike no-
where zero covariantly constant vector field 7, =7,
such that K,, = 7,7, and the space-time is locally de-
composable into a 1 4 3 space-time.

(b) There exists locally a null nowhere zero covari-
antly constant vector field 9,=7,, such that K ,,=7 1,
and the space-time is the generalized pp-wave
space-time,'® which, in general, is not decomposable.

(c) The space-time is locally decomposable into a
2 4- 2 space-time and no covariantly constant vector ex-
ists unless the space-time decomposes further. If the
space-time does decompose into a 1 + 1 + 2 space-time
(which also can be regarded as a special case of a 1 + 3
space-time), there exist two covariantly constant vectors
Na=17,and A,=4,

In cases (a) and (b), Eq. (1.1) becomes

ga;b + gb;a = 2¢gab + 1,47, (1.3)

which, since 7,,, = 0, can be written in the form

(€a—11M,0)35 + (£ — 11M,) ;0 = 2Y8atr (1.4)
so that

§a="Cat Tar (1.5)
where §, is a CKYV; i.e,

Sap + Eba = 2V (1.6)

and 7, =7, is an AV. Thus, in cases (a) and (b), the
ACYV is the sum of a CKV and an AV; the problem in
these cases becomes one of finding space-times admitting
both a CKV and a covariantly constant tensor. Note
that in these cases K, is generally given by
Koy = 2vg + M, 5 where vis a constant.> However, an
analysis similar to that above shows that the AV is then
the sum of an HV and a proper AV, and this can hold
only if the space-time admits an HV; if no HV exists, then
v must be zero. (This fact is of particular relevance in
Sec. VI.) Since we are interested only in proper ACV, i.e.,
ACY for which additive constants in 9, corresponding to
HYV, are factored out, we can always take v=0 even
when an HV does exist.

In Secs. II-IV of this paper we discuss, respectively,
the cases when the covariantly constant vector is timelike,
spacelike, and null, while in Sec. V, it is shown that no
ACVs exist in the case of a 2 + 2 decomposable space-
time. Concluding remarks are made in Sec. VI and the

Appendix contains the proof of a result that is required in
Secs. II and III. Throughout this investigation we are
interested only in fluid space-times that admit proper
ACYV, so we shall discard the case in which Y =0, ie,
in which &% is a SACV.

Finally, we note for future reference the expressions
for the energy-momentum tensors corresponding to an
anisotropic fluid and to a viscous heat-conducting fluid,
respectively. The first of these is

Top = ptigty + pynaiy + Prbas (L.7)

and the second is
Tab = LU Uy +Phab - 2'r]o'zzb + qalup + Gl (18)

where p is the energy density, p is the isotropic pressure,
R = gup + U uy is the projection tensor onto the hyper-
surface orthogonal to the four velocity #° ¢° is the heat
conduction vector satisfying ¢°u, = 0, 7(>0) is the shear
viscosity coefficient, o, is the tensor, #° is a spacelike unit
vector orthogonal to % p,, is the projection tensor onto
the two-plane orthogonal to # and n% and Py» Py denote
pressure parallel to and perpendicular to n® respectively.

ll. THE TIMELIKE CASE

Consider the case in which the covariantly constant
vector 177, is timelike. Choosing coordinates such that
n= —t(= —x9, ie., Ng= — 62, the metric takes the
form

ds? = —df* + g,p(x")dx? dxP, (2.1)

where the Greek suffixes take the values 1, 2, 3. We need
to find the CKYV, if any, admitted by this space-time. The
CKY equations (1.6) for the metric (2.1) are

Soo= —1 (2.2)
Soat+ 8o =0, (2.3)
ga;ﬁ + gﬂ;a = 21/}306' (2.4)

Putting ¢ = = o, where = = 3(2,x%), and integrating
Eq. (2.2), we obtain

So= —Zo+A4(x*). (2.5)
Equation (2.3) then yields

ba =2 — At + Bo(x"), (2.6)
and Eq. (2.4) becomes

23 45— 24,45t + Bog + Bg, = 2Ygap. (2.7)

Differentiating twice with respect to (wrt)#, we obtain

J. Math. Phys., Vol. 33, No. 5, May 1992
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2;CIB'OO = 1,[’,008 aff

ie.,

V.op = Y 008aps (2.8)

which is Eq. (A10), with e = — 1. Identifying x!, x? of
the Appendix, with ¢, x, Eqs. (A24)—-(A26) show that
the possible metrics are

ds? = —df* +dx® + sin? kxf2(p,z) (dy? +dZ),  (2.9)

ds* = —d? + dx* + cosh? kxf(y,2) (dy? + dZ%),
(2.10)

ds* = — d + dx* + sinh? kxf2(p,z) (dy* + dZ%), (2.11)

ds* = —df + dx* + x*f*(y,2) (dV* + d2%). (2.12)

The metric (2.12), corresponding to a = O in the Ap-
pendix, is one of the SACV space-times.? In this case it is
easily shown that, in order to satisfy all components of
Eq. (2.7), the constant 3 in Egs. (A29) and (A31) must
be zero so that ¢ is a linear function of #, as shown in Ref.
2. This implies that the space-times cannot admit any
ACVs other than the SACV. The space-times (2.10) and
(2.11) are listed for completeness but, since neither of
them can satisfy the dominant energy condition (DEC),
we shall exclude them from further discussion. Thus the
metric (2.9) represents the only space-time that locally
admits a proper ACV with timelike covariantly constant
vector and that can also satisfy the DEC. From Egs.
(2.2)-(2.4) and (A15), (A24), (A27), and (A30), the
expressions for ¢ and the ACV £ corresponding to this
space-time are

£° = (k~? cos kx sin kt — jt,k ~? sin kx cos k2,0,0),

) (2.13)
Y=k~ cos kx cos kt.

Note that, while the ACV given by Eq. (2.13) always
exists for the metric (2.9), in special cases, i.e., for par-
ticular metric functions f2( y,z), additional CKV, and
thus additional ACV, may exist. For example, the metric
(2.9) includes the Einstein static universe which admits
eight proper CKYV, each one of which can be combined
with the AV to produce an ACV.

The space-time (2.9) satisfies then DEC if

A< — K cos 2kx, (2.14)
where A,=A/(y,z) is defined by
Ap=f* S fy+ ffa— L= 1. (2.15)

Note that the condition (2.14) is always satisfied if
A< — K

The nonzero Einstein tensor components for the met-
ric are

G = 2K* — k? cot? kx — Agcsc? kx,

G}=k2cot2kx+Afcsc2 kx, (2.16)

G =Gi= — K,

and these satisfy the Einstein field equations for a perfect
fluid if and only if A f= — k%, ie., the two-space
f2( »,z) (dy2 + dz?) must be a space of constant negative
curvature. In this case, we can choose coordinates such
that f = sech y and the space-time is the Einstein static
universe which, without cosmological constant, satisfies
the equation of state y + 3p =0.

From Eq. (2.16), the space-time (2.9) cannot repre-
sent an Einstein~Maxwell field, but can represent an an-
isotropic fluid with p, = — k?, or a viscous heat-conduct-
ing fluid with s + 3p =0, as in the case of SACV.?

1ll. THE SPACELIKE CASE

When the covariantly constant vector 7 , is spacelike,
we may choose coordinates such that 1 = z( =x7); ie.,
Ng= 83, and the metric takes the form

ds? = dz* + gp(x")dx* dxP, (3.1)

where now the Greek suffixes take the values 0,1,2. The
CKYV equations (1.5) are

S33=1, (3.2)
830+ 6a3 =0, (3.3)
ga;B + gB;a = Z'I’gaﬁ' (3.4)

Putting ¢ = E 33, where E = E(£,x%), and following the
corresponding process of Sec. II, we obtain in place of
Eqgs. (2.5)—(2.8) the following equations:

G=E3+ C(x%), (3.5)
Sa= —Eq— Caz+ Do(x?), (3.6)
— 28,8 —2Cupz + Do+ Dpg = 2¢0p, 3.7)
Vap= — ¥3380p (3.8)

the last of which is Eq. (A10) with € = + 1. We identify
x' of the Appendix with z, but x* of the Appendix can be
identified either (i) with ¢, or (ii) with y (equivalently
with x). The possible metrics in each case are

(i) ds?=d2? —d? + a2(1)g (xp) (dx* + dy?),
(3.9)

J. Mathk. Phys., Vol. 33, No. 5, May 1992
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with @, = sin kt, cosh .z, sinh k¢, or ¢, and

(i) ds’ =dz? +dy* + (A (tx)( — dP + dx?),
(3.10)

with a, = sin ky, cosh ky, sinh ky, or y.

As in the case of the space-time with metric (2.12),
case (i) with a,= ¢ and case (ii) with a, =y admit only
SACV,? while case (i) with @, = cosh kt or sinh k¢ and all
of the space-times of case (ii) cannot satisfy the DEC and
so will not be considered further. Hence the metric (3.9)
with a, = sin k1, i.e.,

ds* = — di? + sin® kig? (x,p) (dx* + dy?) + d22
(3.11)

represents the only space-time which locally admits a
proper ACV with spacelike covariantly constant vector
and which also can satisfy the DEC. From Egs. (3.2)-
(3.4) and(A15), (A24), (A27), and (A30), the expres-
sions for the ACV &% and for i corresponding to this
space-time are

£ = (k~2 cos kz sin k£,0,0,k ~ % sin kz cos kt + iz),

3.12
W=k~ cos kz cos kt. (3.12)
The space-time (3.11) satisfies the DEC if
Ag<k? cos 2kt (3.13)

which is always true if A< — k%, where A, is the expres-
sion for g(x,y) corresponding to Eq. (2.15). The space-
time cannot represent a perfect fluid or an Einstein—
Maxwell field but can represent an anisotropic fluid
satisfying u + p) — 2p, =0 or a viscous heat-conducting
fluid.

IV. THE NULL CASE

In the case when 7, is null, since it is a gradient
vector and a null KV, it follows that we have a general-
ized pp-wave space-time'® with metric of the form

ds* = P~ X(dx* + dy*) — 2 du(dv — mdx + H du),
(4.1)

where H, m, and P are arbitrary functions of u, x, and y
only. Labeling the coordinates (u,v,x,y) = (x°x!,x%x?),
the null KV k%= 1% is given by k% = 8, i.e, k,= — &%,

so that
= —u (4.2)

When the Ricci scalar vanishes, the metric (4.1) can
be transformed into

ds* = dx* + dy? — 2 du dv — 2H du’%; (4.3)

i.e., the metric (4.1) with P=1 and m =0, and Eq.
(4.2) still holds.

We require those members of the two sets of metrics
(4.1) and (4.3) which admit CKV; we consider first the
metric (4.1), i.e., the case R%0. The nonzero compo-
nents of the Ricci tensor for this metric are

Roo = P (H, + H,, + m,, + m2P?)

+2P~*(PP,, — 2P),

Ry = —%myypz—myPPY"'P_Z(PP“X_P"P")’( )
4.4

Ro3 = 3myP* + m PP, + P~*(PP,, — P,P,),
Ry =Ry3 =3P~ *R =P~ (PP, + PP,,— P, — P)),
and the CKV equations (1.5) are
oo = (Hy, + mm,P + mH.P*)§, + (m, + H,) PG,
+ H P53 — 2H,
Soqa+810= —29,
bop+ 520 =2(H,—mP~'P)§; — 2P~ 'P,g,

- myP2§3 + 2m¢’

Soz+ Ci0= Z(Hy+%mympz)§l + m,P°¢,
— 2P 'PL, (4.5)
Sii=82t8&1=8013+8,1=0,
bop= — (PP, + mP~'P,+ m), — P~ P&,
+ P PLy+ P Yy,
$a3+832= — (my+2mP~'P)§, — 2P~ 1P,
— 2P 'P g,
G33= — (PP, —mP~'P)5 + PP,
— P PG+ P
From the (1,1) component of Eq. (4.5) we obtain

&1 =A(ux,p), (4.6)

and the (1,2) and (1,3) components then imply that

Gr= —Aw+ B(ux,y), (4.7)

J. Maih. Phys., Vol. 33, No. 5, May 1992
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Gy= —Ap+ Clux,y). (4.8)

Now for a CKYV, the Lie derivative of the Ricci tensor
satisfies’

{Rab = - 2¢;ab - gabD¢r (4.9)

where Eh/;sg“bw;ab, and (1,1), (1,2), and (1,3) compo-
nents of this expression lead to

"l’vu =0,

ll’wc = %RAX’ 1/’vy = iR-Ay'

Using Egs. (4.6)-(4.8) the (0,0) and (0,1) compo-
nents of Eq. (4.5) become

(4.10)

(4.11)

oo = (H,+ mm,P* + mHP)A + (m, + H,)P*
X (— A+ B) + HPP(—4p + C) — 2HY,

(4.12)

Go1 = — Ay =21,

and the integrability condition £o0; = £g,10 leads to

(4.13)

Ay + 20, = (m, + H,)PA, + HPPA, + 2Hy,.
(4.14)

Differentiating wrt v and using Eq. (4.10) results in

¢uv =0.

Similarly, Eq. (4.13), the (0,2) and (0,3) components of
Eq. (4.5), and the integrability conditions £p51 = §o,12
and §0'31 = §0'13 lead to

(4.15)

Ay + 29+ 2P~ 1P A, + mPPA, + 2mip, =0,

(4.16)

Ay + 2,4+ 2P~ 'P A, + mP4,=0. (4.17)
Further differentiation wrt v yields

Y=ty =0 (4.18)

and this, combined with Eq. (4.11), and the fact that
R=£0, implies that
Ax:_Ay:O; (4.19)

i.e., A = A(u) and so &, {,, §; are each independent of v;
ie.,

§1=A4W), &=B(uxy), §3=C(uxy).

Differentiating the (2.2) component on Eq. (4.5) wrt v
and using Eq. (4.20) we obtain

(4.20)

¢v= 0,

and using this and Eq. (4.19) we obtain from Eqs. (4.16)
and (4.17)

"px = ‘/’y =0;
i.e., ¥ = ¢(u), and from Eq. (4.14), ¥, = —34,, ie.,

(4.21)

(4.22)

where « is a constant and, consequently, Ot = 0.
Equation (4.13) now integrates to give
fo= —av+ D(u,x,y), (4.24)

so that, when R5£0, the CKV is of the form
¢ = [ — A(u),av — D(u,x,p) + (2H + m*P?)A(u)
+ mP?B(ux,y),mPA(u)
+ P°B(u,x,p),PPC(ux,p)], (4.25)

where the functions 4, B, C, and D satisfy the following
set of differential equations:

D, = (H,+ mm,/P* + mH P)A + (m,+ H,)P'B
+HPPC— H(a — 4,),
B,= — (PP, +mP~'P,+ m)4 — P~ 'P.B
+P7IPC+ 3P a —4,),
C,= — (P7*P,—mP~'P)A+ P~ 'P.B
—P~'PC+3iP *a—4,), (4.26)
D.+B,=2(H,—mP~'P)A—2P'PB
— myP2C+ m(a—A4,),
D,+ C,=2(H, + mymP*)4 + m,P"B — 2P~ 'P,C,
B,+ Cy= — (m,+2mP~'P,)4 — 2P~ 'P,B
—2P-'p.C.
Elimination of a, 4, B, C, and D from these equations will
result in an expression connecting H, m, P and their de-
rivatives which specifies those members of the general set
of space-times with metric (4.1) which admit CKV. Note
that when 4 is a quadratic function of #, we have ¥, = 0;

ie., ¥4 =0, so that % is a SCKV; this case should be
excluded.

J. Math. Phys., Vol 32, No. &, May 1002
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The space-time with metric (4.1) has an energy-mo-
mentum tensor that can be written in the form!

Tab = %R(kalb + kbla) + Mkakb» (4.27)
where k,=7, is the null KV, /, is a null vector satisfying
k=1, and M is a scalar function of the coordinates.
When Ms40, T, is of Segré type {2,(1 1)}, while if M
=0, T, is of Segré type {(1,1)(1 1)} where, in each
case, the two bracketed spacelike eigenvectors have zero
eigenvalue. Note that the metric (4.3), for which R =0,
always has T, of Segré type {2,(1 1)}.

Using Eq. (4.27) with M =0, the expression (4.4)
for R,;, and the fact that k% = &9, it is easily shown that
T, for the metric (4.1) will be of Segré type
{(1,1)(1 1)} if and only if the second null eigenvector /*
is given by

F=(—1,—R 'R+ 2mPR™ 'Ry + H,

2P°R 7 'Ry,2P’R ~ 'Ry3), (4.28)
whence the condition /,/” = 0 yields
2P [ (Rp2)? + (Rg3)*] — RRy = 0. (4.29)

Now the left-hand side of this expression is a scalar quan-
tity (R2L,P%), so that

L(RUL) = EX(RYUP) 4= 0. (4.30)
3

Using Eqgs. (4.5), (4.25), and (4.29), after a straight-
forward but tedious computation, Eq. (4.30) simplifies to
¥,. = 0, so that £? is necessarily a SCK'V and we have the
following theorem.

Theorem 1: The generalized pp-wave space-times
given by the metric (4.1) and which have energy-momen-
tum tensor of Segré type {(1,1)(1 1)} cannot admit a
proper CKV but may admit a SCKV.

Alternatively, we may say that a necessary, but not
sufficient, condition for the space-time with metric (4.1)
to admit a proper CKYV is that the corresponding energy-
momentum tensor be of Segré type {2,(11)}. Thus a
proper ACV, £ may exist only for Segré type {2,(1 1)}
and is then given by

ga = ga - %u&;’

where £ is given by Eq. (4.25).

Turning to the case when R =0, i.e., to the metric
(4.3), we note that, unlike the R0 case, comparison of
Egs. (4.11) and (4.18) does not lead to 4, = 4, =0 and,
consequently, ¢ is not necessarily a function of u only.
Maartens and Maharaj'! have investigated the CKV

(4.31)

equations for the metric (4.3) and have shown that the
general CKV, £% and the conformal scalar, 9, are of the
form

1
§0=§a(x2+y2) +ax+ by +c,

§'=av’ + (a,x — by — ¢, + 2d)v + F(u,x,y),

E = (ax + a)v+3a,x* + bxy —3a)? +dx + ey

+/ (4.32)

= (ay+b)v—3bx* + axy + 3" —ex +dy
+g

Y=av+ax-+by+d, (4.33)
where a is an arbitrary constant, q, b, ¢, d, e, f, and g are
functions of u only, and the above expressions are subject
to the following conditions:

(ax +a)H,+ (ay + b)H,— 2aH + a,,x + b,y — ¢y,

+2d, =0, (4.34)

F,=2(d —¢,)H — [La(x* + y*) + ax + by + c]H,
— [1a% + bxy —ay’ + dx + ey + f1H,

~ [ ="+ axy+ 36" —ex + dy + glH,,
(4.35)

Fx= —2(ax + a)H'f’%amtxz + buwxy_%auuyz + dltx

+ e+ fu (4.36)

F,= —2(ay+b)H —3b,,3* + a,xp + 1b.,0" — e.x

+dy + 8 (4.37)
The three integrability conditions F,, = Fy,, F,,=F,,
F,,= F o together with Eq. (4.34), form a set of four
conditions on the metric function H and its derivatives
which satisfy those space-times with general metric (4.3)
that admit CKV. Note that the case a=aq,
=b,=d,, =0; ie., Yxu, should be discarded since it
implies that the CKV is a SCKV.! The equations (4.32)—
(4.37) are all given in Ref. 11, where there are also two
examples, one of which (the conformally flat null
Einstein—-Maxwell solution) admits seven CKV and so
admits seven ACV, showing that space-times exist that
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admit multiple ACV. The ACV is again given by Eq.
(4.31) with £° now given by Eq. (4.32).

Since the ACV space-times with metric (4.1) or
(4.3) necessarily have T, of Segré type {2,(1 1)}, they
cannot represent perfect fluids, anisotropic fluids of the
form (1.6), or non-null Einstein—-Maxwell fields. They
can represent viscous heat-conducting fluids and, in the
case R = 0 only, null Einstein—-Maxwell fields. In the vis-
cous fluid case, if we write the heat conduction vector as
q° = Qe°, where €° is a unit spacelike vector orthogonal to
u® and assume that ¢° is an eigenvector of the shear
tensor o, with eigenvalue A, then the viscous fluid inter-
pretation of metric (4.1) must satisfy the conditions!?

M=20=up+3p, p=—n4, (4.38)
where M is the scalar quantity in Eq. (4.27). In the case
of the metric (4.3), these conditions hold together with
n=73p.

An example of a space-time with metric (4.1) which
is not conformally flat, admits a CKV, and has T, of
Segré type {2,(1 1)}, is

ds? = —du* —2dudv+ P~ 2dx*+dy*), (4.39)
with P=u"e" +7, where — 1<n<0, nst — 3. The
CKV is

C=u"2"(—85+16), v=nu"2"1, (4.40)

This can be interpreted as a viscous fluid model with
=58, e,=06l, p=4P —2n(n+1u"?
= -3 —in(n+ Du?,

0= —2n(n+Nu"? (4.41)

n=Pn " u+(n+Du""

The conditions >0, Q>0 always hold, while p>0,
>0 hold in the region of space-time defined by
2e2("2+3’2)< —n(n+ 1Du~"%"2% Note that n = — 1Lis
excluded because then 3 = const, i.e., £ is a HV. The
ACYV is given by

E= —u 85+ 3(u= " —u)és. (4.42)

V. THE 242 CASE

When the space-time is locally decomposable into a
2 + 2 space-time, Eq. (1.1) must be solved directly. The
general 2 4+ 2 metric can be written in the form

ds? = — 2 du dv + 2¢¥ d¢ dE, (5.1)

where ¢ = g(u,v) and r=r({,§) are real-valued func-
tions, u,v ( =x%x") are real null coordinates and g,f
( =x%x*) are conjugate complex coordinates. The only
possible form for the symmetric covariantly constant ten-
sor K, for the metric (5.1) is

Km = — hez", K23 = keZ’, (52)

where A,k are constants with As£k  (otherwise,
K., = hg,). Without loss of generality, we may put &
=0.

The nonzero Ricci tensor components for the metric
(5.1) are

Royy= —2¢y, Ry= — 2r§Z'; (5.3)
and the Ricci scalar is
R=4q,e % —4rge=7. (5.4)

The ACV equations (1.1) for the metric (5.1) with
(5.2) are

Ev=Eu=Er=£r=0, (5.5)
HIE = &¥'E, (5.6)
HES =M, (5.7)
e =€E), (5.8)
HEr=C, (5.9)
£0+ £+ 20,80 + 298" =29 + b, (5.10)
FtES g g =2y (5.11)
Integrating Eq. (5.5) yields
£ = [A(u,56),B(,68),Cunt),Cupt)]  (5.12)
and Egs. (5.6)—(5.11) become
4, = 'C, HAz=e'C,
¢MB, = &'C,, ¢Br=é"C,. (5.13)
(€*4), + (€¥B), = ¥ (2¢ + h), (5.14)
(e¥C) + (0= 24 (5.15)

For an ACV, £°% the Lie derivative along £° of the
Ricci tensor and the Ricci scalar satisfy

{Rab = - 2¢;ab - Dlpgab’ (5.16)

J. Math. Phys,, Vol. 88, Ne. §, May 1252



A. A. Coley and B. O. J. Tupper: Affine conformal vectors in space-time 1761

.i:R = — 2R — 600y — KR, (5.17)
Setting 2 =0, b = 2 in Eq. (5.16) yields

{Roz = Ryp&, + Ryl = — 20y
ie.,

thue = 7ZC0 + quiB;.
Using Eq. (5.13) this becomes

e = Ke"B, = Ke?'C,, (5.18)
where K is defined by

K(u0.60) = gue™ 9+ rge=7. (5.19)

Differentiating Eq. (5.15) wrt u using Eq. (5.13), we
obtain

¥, =€~ VBz (5.20)

and differentiating this expression wrt £ and using Eq.
(5.18) yields

Yy = (e~ VBi) = Ke¥ B, (5.21)

from which it follows that either K, = 0 or B, = 0. Sim-
ilarly, by finding the mixed second partial derivatives ¥,z
e ¥,z in two ways and comparing the results, we find
that either K, = K, = K, = Kz=0 or

A;=Az=B,=B;=C,=C,=C,=C,=0.  (5.22)

However, if Eq. (5.22) holds, then Egs. (5.14) and
(5.15), respectively, show that ¢ =1o(u,v) and ¢
= Y(&,0); ie., ¥ is a constant so that £%is not an ACV
but an AV. Hence, K must be a constant and, from Eq.
(5.19), this implies that g,e~ % and rgg‘z’ are each
constants, so that each two-space is a space of constant
curvature. If x; and «, are, respectively, the constant cur-
vature of the (u,v)-space and the (§,E)-space, then

k=29~ %, K= -2z, (5.23)
K= %(Kl — Kz). (5.24)

Differentiating the third equation of Eq. (5.13) wrt ¢
and using Eq. (5.13), again we obtain

eMB = 2re"C, = 2re*By;
ie.,

ie.,

Bz =2rBz + 2rB;. (5.25)
From Egs. (5.21) and (5.25) we find
Yug =¥ (B — 2reBy) = €~ V2rgzBe

= k¥ B,. (5.26)
But, from Egs. (5.18) and (5.24), we have

Ve = 3k, — K)€¥B, (5.27)
whence comparison with Eq. (5.26) shows that

K+ Ky =0, (5.28)

unless B; =0, which implies that C, = 0. If instead we
use, for example, the first member of Eq. (5.13), we
would again obtain Eq. (5.28) unless A =0, which im-
plies that C, = 0. Thus, using all of Eq. (5.13), we find
that either Eq. (5.28) holds or that Eq. (5.22) holds; i.e.,
¥ = const. Hence, Eq. (5.28) is always true for ACV and
this is precisely the condition required for the space-time
(5.1) to be conformally flat and, from (5.4) and (5.23),
also implies that R = 0. Thus the only possible space-
times are the Bertotti-Robinson space-time, with k; <0,
k3>0 and the “anti-Bertotti-Robinson” space-time with
k1> 0, k3 <0. The second of these solutions does not sat-
isfy any required energy conditions. Note that this result
is independent of the value of the constant % and so holds
for CKV;ie., A =0.

Having found the space-time, we need to complete
the investigation by finding the ACV £°. We note that the
Lie derivative along £ of the Weyl tensor C},, is given by

{Cﬁcd = 3(86aK*Roc — 5K Roq — KpaR% + K4 RY)

+ §(87K a0 — 83K pe) R
— §(880a — 5285 ) KVR,. (5.29)

Since for the space-time solutions found Cj; =0, R =0,

K, =0, except for Ko; = — he®? and R, = 0, except for
Ry = — k1€, R,y = iye?, the (3,323) component of
Eq. (5.29) is simply

hi e =0,

and since «; = 0 implies that «, = 0, i.e., flat space-time,
we conclude that A =0, so that no ACV exists for a
nonflat 2 + 2 space-time.

Turning to the case of a 1 + 1 + 2 space-time, this is
a special case of a 2 4 2 space-time in which one two-
space is flat, i.e., there exist two covariantly constant vec-
tor fields, n,=7, and A,=4 ,, which may be both space-
like or one may be timelike and the other spacelike (or,
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equivalently, both may be null). Hence, in the metric
(5.1), either g = 0 or r = 0. Excluding multiples of g,
the general form of K, in this case is

Kppy=anm,+B(nAs+ 1k + VA AL

where a, B3, and y are arbitrary constants, and Eq. (1.1)
can be written in the form

(ga - Ta);b + (gb - Tb);a = 2¢gab’

where

Ta=30mm,+3BMA,+ An,) +3 VAL,

Hence, £, = &, + 7, where {,is a CKV and 7, is an AV
[see Egs. (1.3)-(1.6)]. Thus a 1 4 1 4 2 space-time ad-
mitting an ACV must also admit a CKV. But we have
shown that the only 2 + 2 space-times admitting CKV
are those that are conformally flat and, since 1 two-space
is flat, it follows that the 1 4+ 1 4 2 space-time must be
flat Minkowski space-time. Hence, apart from this trivial
case, 1 + 1 + 2 space-times do not admit CKV and so do
not admit ACV.

The results of this section may be summarized in the
following theorem.

Theorem 2, A 2+ 2 space-time cannot admit an
ACYV; this result holds true even if the space-time decom-
poses into a 1 4 1 + 2 space-time. Furthermore, the only
2 + 2 space-times admitting proper CK'V are those which
are conformally flat and, of these solutions, the Bertotti-
Robinson solution is the only one that satisfies the energy
conditions.

VI. CONCLUSION

We have shown that the only space-times admitting
proper ACV are those with metrics (2.9)-(2.12), (3.9),
(3.10), (4.1) satisfying (4.26), but not (4.29), and (4.3)
satisfying (4.34)—(4.37). Of these, only (2.9), (3.11),
and some of (4.1) and (4.3) satisfy the dominant energy
condition. In addition, there is the trivial case of flat
Minkowski space-time that admits four proper CKV and
four covariantly constant vectors and so admits many
ACYV given by the sum of any CKV with various combi-
nations of the covariantly constant vectors.

The ACV space-times are not only few in number,
they also admit very restrictive physical interpretations.
The static Einstein universe is the only perfect fluid
space-time, there are no non-null Einstein—-Maxwell
space-times, and the only null Einstein—-Maxwell space-
time is the conformally flat pp-wave solution. Otherwise,
the ACV space-times can represent anisotropic fluids or
viscous heat-conducting fluids; in the former case, the
equations of state are very restrictive, while in the latter
case they are usually quite restrictive. Thus the solution

to the mathematical problem of finding all space-times
admitting ACV shows that these space-times are physi-
cally less interesting than envisioned by previous authors.

Levine and Katzin* have shown that if a nonflat con-
formally flat space admits a covariantly constant symmet-
ric second-rank tensor L,, then the two fundamental
solutions for L, are L, =constXg, and
L,, = scalar X R, i.e., in general

Loy =Vgu+ WRy, (6.1)

where V is a constant and W is a scalar function. Iden-
tifying L, with K, = 7,14, it is clear that V" and W are
determined by Eq. (1.1). The only two conformally flat
space-times admitting ACV are the Einstein static uni-
verse and the special case of the pp-wave space-time in
which the metric function H is given by

H=f(u)(x*+ %), (6.2)
where f(u) is an arbitrary function of u. For the Einstein
universe we find that V= — 1, W= % ie,

Kab =NaNp= —8ab + %Rab- (6.3)

Note that we cannot include the g, term on the left-hand
side, i.e., we cannot write

KabEn,an,b + 8ap = %Rab’ (6.4)

because this would imply the existence of a HV (see Sec.
I), which is not true of the Einstein universe. This shows
that for a nonflat conformally flat space-time, K, is not
necessarily proportional to R, contrary to an assertion
made in Ref. 8. For the conformally flat pp-wave case, we
find that ¥ =0, W = 1f~'(u) so that in this case K, is
proportional to R.

Finally, we note that as a by-product of our investi-
gation, we have shown that the only 2 + 2 decomposable
space-times admitting a proper CKV are those that are
conformally flat and, of these, only the Bertotti-Robinson
space-time satisfies the energy conditions.
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APPENDIX

Petrov!® quotes without proof a result due to

Sinyukov,'* namely, if an n-dimensional Riemannian
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space of arbitrary signature, with metric tensor g, ad-
mits a gradient vector field ¢, satisfying

b.a0 = PLat» (A1)

where p is a nonzero scalar function of the coordinates,
then a system of coordinates exists in which the metric
takes the form

dsﬁ =gy (dx!)? + (gn)~ lrpg(xz,...,x”)dx" dx?,
(A2)

where

-1
gl gn= [zfp(xl)dxl + C] ,

and p is now an arbitrary function of x! only. Since the
proof of this result is nontrivial, we shall present a proof
here, which is as follows.

Choose coordinates such that ¢ = x' and choose the
remaining coordinates x” (p541) to lie in the hypersur-
face ¢ = const. This implies that the metric tensor com-
ponents g,,=0, ¢, = 8}, and g'' = (g,,) ~ . The com-
ponents of Eq. (A1) are then

a 1
bn=dn—llp,= —|n]= — 8 "1 =pg1, (A3)

bip=b1p— L= — 1| = —ig"'81,=0,  (A4)

¢’;pq = ¢,pq _ IPI¢1|¢’1 = - {_plq} = %g”gpq,l = P8pqg (AS5)

Equation (A4) implies that g;, =g;;(x!), while Eq.
(A3) shows that

—3gn) "B, =p (A6)

so that p = p(x') and, on integration, we obtain

(g)~'=2 f p(x")dx! + C. (A7)

Equation (AS5) then becomes
8118pg1 T 811,18p¢ =0;
ie.,
8o = (&11) T T pg(x%,...,x"), (A8)

thus proving the result.
In Secs. I and III we are required to find space-times
of the form

ds* = €(dx")? + go(x)dxPdx? (e==1)  (A9)

which admit a gradient vector field ¥, satisfying

¢;pq = - eill,llgpq: (A10)
where p,g5~1. This differs from Eq. (A1) in that, for a
space-time, g, is strictly three dimensional, whereas ¢
can depend on all four coordinates. Unlike the previous
case we cannot, in general, choose 1 as a function of x'
only, but we can choose ¥ to be a function of x! and one
other coordinate, say x2, i.e., in each x' = const hyper-
surface we can choose the coordinate x? so that i is a
function of x? only. We also choose the remaining coor-
dinates x? (4 = 3,4) to lie in the x = const hypersur-
faces which implies that g,, = 0. Equation (A10) then
has the following components:

Vo =P — 18 8na¥n = — € 1182, (All1)
You= — 187802 =0, (A12)
Voup=18"8ups02 = — €Y 11845 (A13)

Now 1,#0; otherwise, Eq. (All) implies that
¥,1; =0 and thus ¢, = 0 so that ¢,,, = 0 and the ACV
becomes a SACV. Hence, Eq. (Al2) implies that
82 = 82,(x?). From Eqgs. (A11) and (A13), using the
fact that g22 =(g3) "~ 1, we obtain

842 = (2 20/ V3 — 8222/822)8um (A14)

which shows that ,,/4, is independent of x'; i.e.,

Y =a(x")b(x") + c(x'). (A15)
Equation (A14) then becomes

842 = (2a2/63 — £222/822)845, (A16)
which integrates to give

8ap= (a2)*(gn) ~ 'pap(x°). (A17)

, Putting g,, = M(x?) and defining a new coordinate
x* by
MY?dx* = dx*, (A18)
the metric (A9) becomes, on dropping the primes,

ds® = e(dx")? + e(dx?)? + (a,)2p45(xC)dx* dxE,
(A19)

where e = =+ 1 and at least one of ¢,e takes the value -+ 1.
From Egs. (A11) and (A15), we obtain
anpb=ab; +cy (A20)

and differentiation wrt x? yields
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ajy/a,;=b,,/b = y,const. (A21)

If x50, the first of these equations integrates to give,
after some rescaling and translation of the coordinates

an = Xxa, (A22)
whereas, when y = 0, we obtain
a; = const. (A23)

After further coordinate manipulations, the solutions
of Egs. (A22) and (A23) are
ay=sinkx*? (y= —K), (A24)

ay;=cosh kx? or a,=sinhkx® (y=4K"),

(A25)
a;=x (x=0), (A26)
and, with suitable scaling, b takes the values
b= —coskx' (y= —K), (A27)
b=cosh kx! or b=sinhkx' (y=4k%), (A28)
b=px' (y=0), (A29)

where 3 is an arbitrary constant.
From Eq. (A20), C;; =0, when y = =k ie.,

C=yx'+5, (A30)

but, when y =0, C;; = b; i.e,

C=BuxH +ox! +o, (A31)

where 7, 8, 0, @ are arbitrary constants. In all cases ¥ is
given by Eq. (A15).

Thus the space-times of the form (A9), which admit
a gradient vector field ¥, satisfying Eq. (A10), are lo-
cally of the form (A19) with a, given by one of the four
expressions (A33)-(A35). The corresponding scalar 1 is
given by Eq. (A15), with a being the integral of the
appropriate a,, b is given by one of the expressions
(A36)-(A38) [note that either expression for b in Eq.
(A37) can be associated with either expression for a ob-
tained from Eq. (A34)], and c is given by the appropriate
expression (A30) or (A31).
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