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Abstract

In the quest to enhance the capacity and quality of information networks, struc-

tured random light has emerged as a promising option. The study of the structured

random light and its application in advancing new-generation information networks

is reported. First, we establish a robust high-capacity communication system for

information transport using structured random light and deep learning algorithm.

Second, to enhance the transmission distance in above structured random light com-

munication links, we introduce “perfect” correlation vortices which can maintain their

structure even during slow diffraction in free space and remain stable in strong at-

mospheric turbulence. Third, we propose a multi-function radar incorporating the

vortex structure. It effectively manages limited resources to acquire a large amount of

information and possesses a high level of versatility to accomplish multiple functions.

Finally, we reveal the connection between statistical optics and number theory, which

can be utilized for information storage and bolster information security.
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Chapter 1

Introduction

1.1 Overview

Nowadays, the rapid pace of innovations in information transfer and related emerging

applications causes unprecedented growth in data traffic, which results in great de-

mand for efficient information networks. The latter refer to systems of interconnected

devices that facilitate the exchange and dissemination of information. These networks

play a fundamental role in the modern society where people have the opportunity to

connect with each other anytime and anywhere with high-quality and high-capacity

data transfer, all while ensuring robust information security [1, 2, 3]. These demands

trigger ever increasing interest in optical techniques because of their wider bandwidth

compared to the radio frequency technology [4]. The integration of optical technology

with a new-generation information technology not only brings more innovation and

possibilities to information networks but also expands the application scenarios of

optical technology, particularly for information acquisition and transport.

One of the widely used and important optical technologies for information ac-

quisition is a laser radar (Radio Detection and Ranging) technology [5]. According

to their purposes and applications, laser radars can be classified into several main

types: indoor radars, outdoor radars, and biometric radars [6]. The indoor radars

are mainly used for indoor environment monitoring, distance measurement, and posi-

tioning. They are typically designed with smaller size and low power consumption in

mind to adapt to indoor space limitations and low power requirements [7, 8, 9]. The

outdoor radars are employed for monitoring, tracking, navigation, and detection in

outdoor environments, which include automotive systems, airspace surveillance, and

weather forecasting [10, 11, 12, 13]. Biometric radars can be implanted into living or-

ganisms to detect their health status, facilitate medical diagnosis and realize wildlife

tracking[14, 15, 16].

Optical information transport is accomplished by a communication process. An

1
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optical communication is a form of communication that uses light as a carrier for

information transmission. Specifically, depending on different application scenarios,

optical communications can be divided into fiber optical communications, under-

water communications, short-range wireless communications, and free-space optical

(FSO) communications. In fiber optical communications, optical fibers are employed

as the transmission medium to carry out end-to-end information transfer, which is

currently the main means for inter-city communications [17]. Underwater communi-

cations primarily involve deploying sensors on the seabed to monitor and transmit

underwater information to prevent disasters [18]. Short-range wireless communication

applications include local and industrial communications like Bluetooth, Wi-Fi, NFC

(near-field communications), on-chip communications, and IIoT (industrial internet

of things), where high-density fiber deployment is not feasible, yet high-speed infor-

mation exchange remains imperative [19]. FSO communications are the designation

for optical wireless techniques that utilize wavelengths in the range of 1300 nm-1600

nm. In FSO communications, light is utilized as the information carrier to transmit

data accurately and securely through free space between different stations [20]. Today,

FSO communications can achieve transmission distances on a kilometer scale. They

attract attention across various industries because they provide an excellent solution

in situations where the cost of installing fiber or the harsh installation environment

makes fiber optic communications ill-advised [20, 21].

Notably, information security cannot be overlooked throughout the above appli-

cations. Efficient information networks rely heavily on robust information security

measures to safeguard data integrity, confidentiality, and availability. Cryptography

provides safety mechanisms to securely transfer and store the acquired informtion,

ensuring that only authorized recipients can access and manage it. Deployed en-

cryption measures can be classified into two categories: conventional encryption and

lightweight encryption [22]. Conventional encryption is well-established and widely

used to address potential threats involving eavesdropping, data breaches, and denial-

of-service attacks [23]. However, it is only suitable for high-security and high-resource

scenarios and does not adapt well to constrained application scenarios, such as em-

bedded systems and sensor networks. Lightweight encryption fills the gap in scenar-

ios with restricted computational power and resources, involving constrained physical
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size, processing requirements, and memory limitations [22]. Both categories are based

on highly complex mathematical problems. As computing power increases, solving

these mathematical problems becomes easier, bringing severe challenges to these en-

cryption techniques. Subsequently, quantum encryption, as a powerful remedial tech-

nology, is developed to address these challenges [24]. Quantum encryption utilizes

quantum states as information carriers for transmitting data [25]. Due to its reliance

on quantum properties, quantum encryption offers a high level of security, ensuring

robust security throughout the optical communication process [26].

These advancements originate from the solid theoretical foundation of structured

light. Structured light refers to optical fields with a multitude of controlled degrees

of freedom (DoFs), including amplitude, phase, polarization, frequency, space and

time [27]. With the increasing demand for high-capacity information networks, struc-

tured light offers a promising solution. Multiplexing the light field structure with

numerous DoFs boosts the capacity of various kinds of information networks, cater-

ing to operations for high-capacity data. In order to effectively acquire and transmit

large-capacity data, various technologies for encoding, multiplexing, and modulation

are typically used [28, 29, 30], such as amplitude encoding [31], polarization encod-

ing [32], space division multiplexing (SDM) [33], polarization division multiplexing

(PDM) [34], wavelength division multiplexing (WDM) [35], amplitude modulation

(AM) [36], quadrature phase modulation (QPM) [37], and quadrature phase shift

keying (QPSK) [38].

One successful case of structured light providing premium service in high-capacity

information networks is the utilization of a helical phase structure exp(ilφ), linked

with the orbital angular momentum (OAM) of l~ per photon. The radar system

using OAM-modulated signals can collect a great amount of information about tar-

gets [39, 40]. Vortex-multiplexed and -encoded communication networks can signifi-

cantly enhance data transmission capacity without resorting to additional bandwidth

usage [41, 42, 43]. Simultaneously, the security of these advanced networks is sup-

ported by OAM-based encryption approaches [44, 45], which leverage mathematical

foundations of prime decomposition in number theory. Prime decomposition involves

factorizing a composite number into its prime factors, which is essential for developing

secure encryption mechanisms [46]. Various approaches have been proposed to realize
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efficient prime number decomposition, including quantum algorithms [47], variational

algorithms [48], and classical protocols involving Gauss sums [49, 50, 51, 52, 53]. Con-

sequently, applying efficient prime factorization algorithms helps secure data integrity

and availability of OAM-based high-capacity information networks.

Although improving data capacity is crucial for storing and processing large-scale

information, ensuring the quality of this data is equally important. Data quality di-

rectly impacts the accuracy and reliability of information networks. Regardless of how

high the data capacity is, its value diminishes significantly if the quality is poor. Par-

ticularly for outdoor information networks, which typically cover extensive areas in

free space, data quality is paramount for effective analysis and decision-making. How-

ever, maintaining high quality in the outdoor scenario faces three major challenges

from atmospheric turbulence, random scatterers and misalignment [43, 21]. Light is

sensitive to atmospheric turbulence and relies heavily on line-of-sight propagation,

making it susceptible to random light scatterers. On the other hand, an incoming

light beam and a receiver aperture are easily misaligned. Unfortunately, coherent

structured light fields are easily distorted by these factors. Consequently, additional

technologies have to be supplemented to improve the transmission quality. To address

the issue of atmospheric turbulence, pre-compensation and post-compensation adap-

tive optics technologies are utilized [43]. Meanwhile, some novel strategies are being

rapidly explored, such as the use of anti-turbulence beams as information carriers [54],

the application of scattering matrices to retrieve transmitted signals [55], and the de-

ployment of artificial neural networks to distinguish intermodal coupling patterns [56].

As for the challenge of random obstacles, novel light with self-healing and self-bending

abilities has been introduced, such as Bessel beams and Airy beams [57, 58]. To tackle

the problem of misalignment, electrical digital signal processing technologies are em-

ployed, such as MIMO [59]. Regrettably, integrating all these techniques will cause

a high-cost setup and enormously complicated process, contradicting the real-time

and high-speed requirements of the communication process. Therefore, the research

into tailoring light fields to improve communication quality and capacity has been

ongoing.

In addition to the traditional DoFs, the degree of spatial and/or temporal co-

herence of light, which has not hitherto been explored in connection with free-space
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information networks, has recently piqued researches’ curiosity [60]. The coherence

of light refers to the degree of optcial field correlations between pairs of points in

space and time. Laser beams with infinite transvers coherence scales are usually

regarded as fully coherent because they maintain their phase over both space and

time. Unlike laser light, sunlight is generally considered to be incoherent, with the

coherence scale being nearly zero. Therefore, the light fields whose coherence scale is

between 0 and infinity, fall into the category of partially coherent light. In the space-

frequency domain, the cross-spectral density (CSD) of a partially coherent light field

is an autocorrelation function of the fields at a pair of spatial points at frequency

ω [60, 61],

W (r1, r2, ω) = 〈E∗ (r1, ω)E (r2, ω)〉 , (1.1)

where E(r, ω) is a scalar field at a position r at frequency ω, and the angular brackets

denote an ensemble average. It is also the Fourier transform of the mutual coherence

function Γ (r1, r2, τ) with respect to the time delay τ in the space-time domain [62].

Further, a degree of coherence (DOC) of the field is defined as [60, 63],

µ (r1, r2, ω) =
W (r1, r2, ω)√

W (r1, r1, ω)
√
W (r2, r2, ω)

, (1.2)

where 0 < |µ| < 1. By arbitrarily tailoring coherence, novel light sources that generate

structured random light can be designed. During past several decades, remarkable

progress has been made in designing structured random light fields. This has been a

multi-stage process.

In the first stage, the studies mainly focused on the beam generation and coherence

detection both in theory and experiment [64, 65, 66, 67]. The practical realization

begins with the generation of a Collett-Wolf source, which is as highly directional as a

fully coherent laser source.[64, 65]. This type of source is nearly spatially incoherent,

as a limiting case of quasi-homogeneous sources. [68] Subsequently, it extends to a

general case, known as Gaussian Schell-model (GSM) beams, whose far-field inten-

sity distribution and DoC are both Gaussians, just as those at the source[66, 69].

General Schell-model sources are statistically homogeneous [66]. In parallel, various

modal representations in the temporal/spectral domain have been proposed. For ex-

ample, the elementary-field approach specifies that the CSD of any partially coherent

source can be represented as a continuous, incoherent linear superposition of mutually
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independent (but same) coherent elementary fields f , with the weight function s [70]

W (r1, r2) =

∫
s (r′)f ∗ (r1 − r′) f (r2 − r′) dr′. (1.3)

Utilizing a complex Gaussian representation [71], the CSD of any partially coherent

source can be expanded into a complete set of pseudo-modes as [72, 73]

W (r1, r2) =

∫
p (α)ϕ∗α (r1)ϕα (r2) d4α, (1.4)

where the complex Gaussian function is

ϕα (r) =
e−(Imα)2

π1/2
exp

[
−
(
r−
√

2α
)2

2

]
. (1.5)

Here α denotes a complex vector specifying displacement, and a nonnegative function

p is associated with coherence properties of the source. An important advantage of

the complex Gaussian representation over the competition is that, in principle, given

the CSD of the source, any source can be represented this way because there exists

an explicit integral representation for p in terms of W . On the flip side, though,

an explicit expression for p might be very complicated, involving multiple folded

integrals.

These representations efficiently reduce the computational complexity of partially

coherent sources, opening up avenues for the arbitrary design of structured random

light. In 2007, a general procedure to design any bona fide (that is non-negative

definite) structured random light field was advanced [74]. It follows that the cross-

spectral density of any genuine random source must have the form

W (r1, r2) =

∫
p (v)H∗ (r1,v)H (r2,v) dv, (1.6)

where p(v) is a real, non-negative function, and H(r,v) can be an arbitrary complex

function. Within these constraints, by adjusting functions p and H, specific spatial

correlated structures can be constructed. Thus, the structured random light is gener-

ated. For example, let H (r,v) = τ (r) exp (−2πiv · r) and substitute it back into Eq.

(1.6), we can represent the CSD of any statistically homogeneous, or Schell-model

source as

W (r1, r2) = τ ∗ (r1) τ (r2) p̃ (r1 − r2) . (1.7)
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It follows that the degree of coherence µ(r1, r2) of any Schell-model source is a Fourier

transform of p, denoted as p̃ (r1 − r2).

Alternatively, CSDs of bona-fide sources can be expressed in terms of coherent

modes as [75]

W (r1, r2) =
∑
n

λnψ
∗
n (r1)ψn (r2), (1.8)

where the weight λn ≥ 0 yields a power carried by the nth mode.

Meanwhile the studies on experimental generation and detection methods have

also proceeded vigorously. The explored experimental methods can be divided into

three categories, each characterized by their principles and optical components with

its own advantages and drawbacks. The earliest generation method involves utiliz-

ing dynamic scatterers to reduce DOC of lasers, allowing for real-time generation of

Schell-model sources [76]. Later, with the advances in light wave-front manipula-

tion, digital generation methods based on phase-only spatial light modulators (SLM)

were developed [77, 78]. These approaches provide greater flexibility in generating

a wider range of sources. Additionally, there exists another holographic method for

generating random fields which can be expanded as a series of coherent modes, where

each hologram represents one coherent mode [79]. Although the SLM and holo-

graphic methods are more advanced than the dynamic scatterer based ones, longer

computation times are required. In parallel, the corresponding detection methods

have been advanced that stem from Hanbury Brown and Twiss type experiments,

such as intensity-intensity correlation measurements and intensity cross-correlation

of fluctuating fields [80, 81].

In the second stage, the focus was on exploring physical phenomena arising from

partially coherent field propagation. Various correlated structures exhibit different

propagation properties, making them suitable for diverse applications. By customiz-

ing p(v), such sources exhibit desired self-shaping far-field patterns, which can be

advantageous for various optical applications [82]. For example, Laguerre-Gaussian

(LG) correlated Schell-model sources [83], whose correlation function stems from

p(v) ∝ (v2σ2
c/2)|l|

[
L
|l|
p (v2σ2

c/2)
]2

e−v
2σ2

c/2, evolve into ring-shaped spatial patterns

on propagation in free space. Decreasing their initial coherence width can shape

the far-field patterns into Gaussian profiles. This feature can be useful for particle

trapping [84]. Multi-Gaussian correlated Schell-model beams have far-field flat-top
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intensity profiles, making them suitable for applications in laser processing and med-

ical therapy [85]. Partially coherent beams with spatially varying correlations exhibit

a self-focusing effect on propagation in free space, which can be beneficial for im-

proving the resolution of biomedical imaging [86]. Spatial optical coherence lattices

exhibit periodicity reciprocity between the DOC at the source and their far-field in-

tensity distributions: the periodic DOC at the source transfers its periodicity to the

intensity distribution during free-space paraxial propagation [72, 87]. This unique

property quickly propels their development into a lattice family, encompassing par-

tially coherent Bessel beam arrays, plasmonic coherence lattices, and perfect optical

coherence lattices [88, 89, 90]. Experimental results related to this family expose their

potential for image transmission and optical encryption [91].

Besides, all the correlated sources share one common feature: they effectively

resist the deleterious effects caused by atmospheric turbulence over a given stretch

in the medium [92, 93]. Furthermore, to enhance their resistance to turbulence and

achieve kilometer scale propagation, partially coherent diffraction-free beams, have

been proposed. The CSD of any such beam must have the form [94].

W (r,R) = Φ (r) + Ψ (R) , (1.9)

where r and R are the new variables to replace r1 and r2 by the relationships r =

r1 − r2 and R = (r1 + r2)/2. The arbitrary function Φ and Ψ should follow the

constraints to satisfy the Hermiticity of CSD,

Φ∗ (−r) = Φ (r) ,Ψ∗ (−R) = Ψ (R) . (1.10)

As a result, one can model a variety of partially coherent diffraction-free beams. For

example, dark or antidark (DAD) beams on incoherent background, W (r1, r2) =

J0 (β |r2 − r1|) + αJ0 (β |r2 + r1|), are extremely robust to fluctuations when propa-

gating through the turbulent atmosphere, making them structurally stable for FSO

communications [95].

On the other hand, a large number of experiments show that the structured ran-

dom light with a short transverse coherence length can self-heal after encountering

obstacles [96]. Research on the physical mechanism of self-healing and fundamental

properties mentioned above has laid the foundation for numerous follow-up applica-

tions of structured random light [97].
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In the third stage, with the support of advanced modulation technologies, new

applications emerged. The integration of coherence with other traditional DoFs is

evolving for more diversified applications and efficient optical functionalities, such

as the joint modulation of coherence with polarization, vortex phase, and twist

phase [98, 99, 100]. For example, the detailed information about a semi-rough target

can be detected by comparing the beam scale and coherence radius of the incident

and reflected beams [101]. Furthermore, structured random light has been applied to

high-resolution imaging, trapping micro particles with different refractive indices, and

encrypted image transmission [102, 103, 104]. These studies underscore the signifi-

cant potential of structured random light in the field of new-generation information

networks.

1.2 Thesis Motivations and Objectives

With the maturity of modulation techniques, the time has come for structured ran-

dom light to facilitate major breakthroughs toward a new generation of informa-

tion carrying networks, especially in the outdoor wireless information acquisition and

transport [105, 106]. Why do we have confidence in the potential of the structured

random light for information networks? This is because such light meets the demands

of new-generation information networks to establish smart, low-cost, and efficient in-

formation systems with high-capacity and improved-quality data transfer.

Since structured random light possesses the additional DoF, coherence, it shows

outstanding robustness against turbulence and can also self-heal when partially blocked

by obstacles, ensuring that optical signals remain intact. Therefore, such light uti-

lized in communication systems, can maintain stable transmission and ensure the

robustness and reliability of a communication link, even in noisy outdoor environ-

ments. Furthermore, structured random light has infinite mutually orthogonal coher-

ent modes as a reward; these states are mutually uncorrelated relative to each other

and can work as separate data channels. As a structured random light beam is mul-

tiplexed with traditional DoFs, the capacity of optical systems can be significantly

enhanced. Consequently, this unique DoF makes it adept to improve communication

quality and capacity. Hence, it is reasonable to expect that structured random light
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carries immense promise for new-generation information networks. The natural ques-

tion then is: How can one incorporate structured random light into a noisy wireless

information network? This thesis aims to address this question.

New-generation communication systems are anticipated to offer high capacity and

improved quality of service, fully supported by artificial intelligence (AI). Therefore,

we seek to establish a robust high-capacity communication system for FSO informa-

tion transport using the integration of structured random light and deep learning

algorithms. Furthermore, in terms of high-capacity data and long-haul transmission

in noisy environment, we plan to employ a powerful alliance between structured ran-

dom light and appealing vortex-based communication techniques. To achieve this

goal, we intend to develop a vortex-correlated structured light source generating light

beams resilient to diffraction and turbulence, serving as an optimal candidate for

enhancing communication capabilities in challenging environments.

On the other hand, to address increasingly complex information networks, an

advanced detection protocol on the new-generation miniaturized hardware is crucial

to improve the overall network efficiency. Regarding this, we propose a multi-function

radar system that incorporates an appealing structure–the vortex phase, to ensure

optimal performance in terms of versatility and adaptability.

At the same time, available and secure information storage is essential to main-

tain confidentiality and integrity of vast amounts of received information. Some

number factorization related applications, like OAM holographic encryption scheme,

can further enhance the security of information [107, 108]. Therefore, we introduce

a protocol involving OAM carrying beams and a carefully engineered prime number

sieve for simple and effective factorization of prime numbers, thereby enhancing infor-

mation security and effectively maintaining the integrity of information throughtout

the communication process.

1.3 Thesis Outline

This thesis is based on papers published or submitted for publication by the author.

Each chapter is dedicated to a single paper while the introduction to each and every

chapter identifies and summarizes the author’s original contribution.

In Chapter 2, we advance theoretically and realize experimentally a potentially
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high-capacity FSO protocol that enables high-fidelity transfer of an image, or set of

images through a complex environment. In our protocol, we complement random light

structuring at the transmitter with a deep learning image classification platform at the

receiver. Multiplexing novel, independent, mutually orthogonal degrees of freedom

available to structured random light can potentially significantly boost the channel

communication capacity of our protocol without introducing any deleterious crosstalk.

Specifically, we show how one can multiplex the degrees of freedom associated with

the source coherence radius and a spatial position of a beamlet within an array of

structured random beams to greatly enhance the capacity of our communication link.

The superb resilience of structured random light to environmental noise, as well as

extreme efficiency of deep learning networks at classifying images guarantees high-

fidelity image transfer within the framework of our protocol.

In Chapter 3, we introduce a class of random optical vortices that possess two

distinct features. First, their two-point spatial correlation structure is independent of

their topological charge, hence the name perfect correlation vortices (PCV). Second,

PCVs are nearly immune to diffraction in the low-coherence limit and maintain their

perfect vortex structure in free space over any desired distance. Moreover, the vortex

structure of a PCV is robust even against strong atmospheric turbulence over modest

propagation distances. We derive a closed-form analytical expression for the degree of

coherence of a PCV field and show it to be statistically homogeneous in any transverse

plane. Incredible resilience of the discovered PCVs to diffraction and turbulence

makes them ideal candidates for FSO communications and imaging through random

media.

In Chapter 4, we theoretically propose a promising protocol that integrates effi-

cient data processing methods with robust hardware for detecting, positioning and

tracking moving targets in real-time. In our scheme, the emitted field is modulated

by optical vortices, and the received field is processed in real-time, thereby synchro-

nizing the functions of imaging, target positioning, and tracking. Moreover, the pro-

tocol extends its utility to serve as a topographic laser profiling system for geographic

landscapes, highlighting its adaptability to varied scenarios. This adaptability and

versatility position the proposed protocol to support a wide range of applications,
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ranging from self-driving vehicles to aerial systems, underscoring its potential signif-

icance across diverse platforms.

In Chapter 5, we point out a link between OAM carrying light beams and number

theory. The established link makes it possible to formulate and implement a simple

and fast protocol for prime number factorization by employing OAM endowed beams

that are modulated by a prime number sieve. We are able to differentiate factors from

non-factors of a number by simply measuring the on-axis intensity of light in the rear

focal plane of a thin lens focusing a source beam. The proposed protocol solely relies

on the periodicity of the OAM phase distribution, and hence it is applicable to fully as

well as partially coherent fields of any frequency and physical nature from optical, or

x-ray to matter waves-endowed with OAM. Our experimental results are in excellent

agreement with our theory. We anticipate our protocol to trigger new developments

in optical cryptography and information processing with OAM beams.

Chapter 6 presents a brief discussion, concluding remarks, and offer the direction

for future work.



Chapter 2

Deep learning and random light structuring ensure robust

free-space communications

This chapter’s work is published in the paper entitled “Deep learning and random

light structuring ensure robust free-space communications”, Applied Physics Letters

124 (21), 214103 (2024). The authors are Xiaofei Li, Yu Wang, Xin Liu, Yuan Ma,

Yangjian Cai, Sergey A. Ponomarenko and Xianlong Liu. We propose a high-capacity

FSO protocol that enables high-fidelity transfer of images through a complex envi-

ronment, benefiting from the complement random light structuring at the transmitter

with a deep learning image classification platform at the receiver.

My contribution to this work includes carrying out the experiments, performing

formal analysis, analyzing methodology, and writing original draft.

2.1 Introduction

In the age of information explosion, there has been growing demand for high ca-

pacity communication systems due to relentless growth of traffic through any avail-

able communication channel [109]. To achieve high-capacity communications within

the framework of free-space optics, it is essential that all available degrees of free-

dom of a light field be explored and engaged. To date, a number of approaches

to boost the transmission capacity of free-space optical communications have been

proposed [110, 111, 112], including a quadrature phase shift keying [38], wavelength

division multiplexing [35], space division multiplexing [33], and polarization division

multiplexing [34]. To further increase the channel capacity to overcome the existing

bottle necks, the orbital angular momentum division multiplexing has lately been pro-

posed [113, 43, 114] . Apart from the capacity limitations, though, free-space optical

communications are hampered by the transmission quality degradation owning to the

data crosstalk [115]. The latter is chiefly due to the challenge posed by a realistic

transmission medium involving atmospheric turbulence and/or solid particles, such

13
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as aerosols, in the light path from a source (transmitter) to a receiver [43]. Indeed,

the refractive index of the atmosphere fluctuates due to the temperature and humid-

ity variations, giving rise to turbulent effects. The atmospheric fluctuations distort

the phase of a transmitted light beam, causing deleterious crosstalk among multiple

independent degrees of freedom (DoF) of a free-space communication link [115]. As

atmospheric turbulence seriously hinders further progress toward high-quality, high-

capacity optical communications through a realistic complex environment, numerous

strategies have been proposed to remedy the channel crosstalk [116, 117, 118, 119].

In addition to multiple adaptive optics techniques, which can be subdivided into two

main groups, pre-compensation and post-compensation [43], there is a spatial po-

larization differential phase shift keying technology for vector light beams [54] and

scattering-matrix-assisted retrieval protocol [55]. Unfortunately, virtually all these

strategies require complicated, and often time-consuming, data processing and they

invariably fail to lower crosstalk to an acceptable level. Further, to compensate for

light scattering obstacles in the transmission path, self-healing coherent light sources,

such as the ones generating Bessel beams, have been employed to help self-reconstruct

transmitted image structure past opaque obstructions [57, 120].

At the same time, recent work has established extraordinary resistance of struc-

tured random beams to atmospheric turbulence and their outstanding self-healing

ability upon encountering obstacles [92, 96, 97, 95]. In particular, the authors of [95]

have demonstrated that there exist structured random beams maintaining their in-

tensity profile structure in the turbulent atmosphere over a distance determined by

the turbulence strength. In contrast to fully spatially coherent fields [121], structured

random fields possess a new degree of freedom, the normalized autocorrelation func-

tion of the fields at a pair of points across the source, known as the degree of coherence

of a source [60, 63]. This DoF has been explored to realize high-security optical data

storage and retrieval. Moreover, various aspects of optical field correlations at the

source, for example, their spatial structure, transverse coherence radius, or classical

entanglement [100] provide access to numerous, untapped, mutually orthogonal DoFs

that can be employed for high-capacity, high-fidelity optical communications through

complex environments.

In this work, we combine structured random light engineering at the source to
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encode an image into the novel DoFs of such light and deep learning framework at

the receiver to propose theoretically and realize experimentally high-fidelity image

transmission through a complex environment. In particular, we employ statistically

homogeneous, Laguerre-Gaussian correlated sources which produce optical fields with

ring correlation structure at the source and ring-like far-field intensity profiles. We

demonstrate that such ring-like patterns can be utilized to encode image information.

We also show how the source coherence radius can be used as another independent

DoF for information encoding. Further, we demonstrate experimentally that supreme

resilience of structured random light to atmospheric fluctuations and their excellent

ability to self-heal upon encountering obstacles augurs well for the fidelity of image

transfer, at least, over short free-space communication links. We reveal the multiplex-

ing capabilities of novel DoFs of random light. For instance, we show how the source

coherence radius can be multiplexed with the space position of any beamlet within an

array of partially coherent beams carrying image information to the receiver. These

multiplexing capabilities demonstrate the potential for significant enhancement of

information capacity within our protocol.

Yet another novelty of our protocol is the use of deep learning network capabil-

ities for pattern classification at the decoding stage. In recent years, deep learning

has enjoyed immense success in computer science, making it possible to advance

data-driven artificial intelligence technologies, such as computer vision [122], speech

recognition [123], and decision making [124]. Recent applications of deep learning in

photonics range from accurate prediction of resonance spectra [125] and inverse design

of photonic devices [126] to high-resolution retrieval of orbital angular momentum

states [127] and accurate phase prediction for anisotropic digital coding metasur-

faces [128]. Although a deep convolutional neural network (CNN), which can be

applied to classification tasks [129], is the most popular, recently proposed residual

networks (ResNets), which can scale up to thousands of layers, have demonstrated

excellent promise for classification tasks with low training errors [130]. For these

reasons, we employ ResNet 34 for image decoding at the receiver end. The fusion of

random light structuring at the transmitter and deep learning image classification at

the receiver renders our protocol a promising candidate to realize high-fidelity optical
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image transmission through a noisy link with a potential to attain high communica-

tion channel capacity via tapping into novel crosstalk-free DoFs available to random

light sources. As an added bonus, our work will undoubtedly inform further research

in the topical field of deep learning network applications to photonics.

2.2 Image transmission employing source correlation structure

Consider a structured random light field propagating along the z axis. In the space-

frequency representation, we can describe the second-order correlations of the fields

at a pair of points r1 and r2 in the transverse plane of the source in terms of a

cross-spectral density of the source. We can express the cross-spectral density of any

physically realizable statistical source as [131]

W0(r1, r2) =

∫
dk p(k)H∗(r1,k)H(r2,k). (2.1)

Here, H(r,k) is an arbitrary kernel at a temporal frequency ω and p(k) is a nonnega-

tive spectral distribution function in the reciprocal k-space; we will drop any explicit

dependence on ω hereafter.

Let us now focus on statistically homogeneous light sources for which H(r,k) =√
I(r)eik·r, where I(r) is a source intensity profile [131]. It then follows at once

from Eq. (3.5) that the degree of coherence µ0(r1 − r2) of such a source, defined as a

normalized second-order correlation function µ0(r1, r2) = W0(r1, r2)/
√
I(r1)I(r2) [60,

121], is simply a Fourier transform of p(k). Further, the far-field intensity profile of a

low-coherence source has the same functional form as p(k) [60]. Therefore, the spatial

structure of source correlations, or equivalently, its spectral density distribution p(k)

can serve as an independent DoF for information encoding. We choose a Laguerre-

Gaussian (LG) correlated Schell-model source as a representative example [83]. The

spectral density of such a source reads

p(k) ∝ (k2σ2
c/2)|l|

[
L|l|p (k2σ2

c/2)
]2
e−k

2σ2
c/2. (2.2)

Here σc is a coherence radius of the source, L
|l|
p stands for an associated Laguerre

polynomial of azimuthal l and radial p indices, respectively. We can then generate a

multitude of LG-correlated sources by varying p and l. Further, one can easily verify
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Figure 2.1: Schematics of our encoding/decoding protocol with LG correlated beams.

that a Fourier transform of the spectral density of the LG-correlated source yields yet

another LG-like spatial pattern.

We are now in a position to describe our strategy to encode a desired image into

an ensemble of light beams generated by an LG-correlated source. We sketch the

schematics of our protocol in Fig. 2.1. We exhibit 4 LG profile patterns, which we

refer to as states hereafter, as an illustrative example of image encoding into LG

spatial correlations of a source. The source produces an ensemble of LG correlated

beams of spot size w = 0.68mm and coherence radius σc = 0.1mm, propagating from

the source (transmitter) to a receiver. The ensemble contains LG states corresponding

to four index parameters: LG10, LG20, LG12, and LG22. The transmitted information

in our protocol is a 16-grey-level (8, 24, 40, 56, 72, 88, 104, 120, 136, 152, 168, 184,

200, 216, 232, and 248) image of Lena which has 100×100 pixel resolution. The grey

level of the image is quantified by 2-digit quaternary numbers (00, 01, 02, 03... 32,

33). Here, every quaternary number corresponds to an LG correlated beam structure

(0 is LG10, 1 is LG20, 2 is LG12, and 3 is LG22). Therefore, we can encode the grey

level of each pixel at the transmitter and store it in 2 LG correlated beam structures.

Next, we transmit the encoded information from the source to the receiver in free

space, or realistically through a random medium, with the aid of an ensemble of LG

correlated beams. In the case of free-space propagation, the intensity patterns at

the receiver, situated in the far-zone of the source, are proportional to p(k) which
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is evaluated at r. Further, we record the intensity patterns of the received beam

ensemble with a CCD camera and decode them into a set of quaternary numbers

following the encoding rules. Finally, we collect a set of pixels of variable grey level

encapsulating the transmitted image.

Figure 2.2: Decoding process and the architecture of ResNet 34 classifier.

We employ a deep residual learning ResNet architecture with 34 layers, known

as ResNet 34 network. The network is only interested in the image of intensity

patterns and these patterns are directly accessible to the computers. First, we order

sequentially all members of an LG-correlated beam ensemble recorded by the camera.

In the following step, we have the network classify the received images and map them

into quaternary numbers for subsequent decoding. Thus, each intensity pattern can

be converted into a set of digital numbers by the classifier network as shown in Fig. 2.2.

We display the basic framework of ResNet 34 classifier in the dashed square of Fig. 2.2

and we discuss the details of the overall structure of the network in Section 1 of the

Appendix A, see especially Tab. 6.1 and Fig. 6.1. We now outline how ResNet 34

works in a classifier mode. Inspired by the concept of transfer learning, we use the pre-

trained parameters, which have been previously trained and tested on the ImageNet

dataset[132], for initialization. We then fine-tune ResNet 34 with our images to suit a

particular classification task. At the outset, we prepare 200 experimental images with
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labels for each category and combine them into a training dataset. Next we resize all

the training images to 224 × 224 to be served as input to the network. To obtain a

robust classifier model, we divide the whole training dataset randomly into three non-

overlapping subsets in proportion 70%, 20% and 10%, corresponding to the training,

validation, and test sets, respectively. Specifically, to avoid any bias caused by class

imbalance, we make sure that the number of different class samples is the same in each

subset. We utilize the training set to learn the characteristics of the data and develop

a model. The validation set is used to adjust the parameters and hyper-parameters

of the model during the training process to improve the model performance. The test

set should not be used in the training phase and is used to evaluate the performance

and robustness of the model on unseen data[133]. Having taken these steps, we have

established a robust ResNet 34 network ready to classify images. We then resize

images to be tested and feed them into the established classification network, which

realizes decoding in our protocol. Each tested image corresponds to the network

output category, with the corresponding quaternary number specifying its grey level.

Once the decimal grey value of each pixel is obtained, we can identify the whole

image.

We employ a workstation with Ubuntu 18.04 OS, PyTorch platform, 32 GB RAM

and NVIDIA Titan RTX for decoding. Due to the difference in the number of

classes—while ImageNet has 1000 classes, we have only 4 classes—we only need to

load the pre-trained parameters of the first 33 layers prior to training. The training is

carried out by Adam optimizer[134] with an initial learning rate of 0.0001 and a batch

size of 32. The overall training phase requires 20 epochs. The training is carried out

in an end-to-end fashion.

We verify our protocol by carrying out proof-of-principle image transmission with

an experimental setup sketched in Fig. 2.3(a). First, we produce a fully coherent

Gaussian beam with the help of a continuous-wave-diode-pumped laser with the car-

rier wavelength λ0 = 532 nm and transmit the beam through a neutral density filter

(NDF). After having been expanded and collimated by a beam expander (BE) com-

prised of two lenses of different focal length, L1 and L2, the beam is reflected by a

spatial light modulator (SLM), which displays a hologram dataset of LG patterns

encapsulating the encoded information. The generated LG beams are then focused
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Figure 2.3: Experimental verification of our protocol. (a) Experimental setup. NDF:
neutral density filter; L: thin lens; RGGD: rotating ground glass disk; GAF: Gaussian
amplitude filter; SLM: spatial light modulator; RM: reflected mirror; and CCD: charge
coupled device. (b) Qualitative juxtaposition of transmitted and received images.
(c) Quantitative measure of the state detection fidelity as a conditional probability
Psr|st of finding a transmitted state st in state sr , where sr(st) is represented in the
quaternary basis (0, 1, 2, 3).

by a lens L3 (f = 250mm) and projected onto a rotating ground glass disk (RGGD),

which we place in the front focal plane of a collimating lens L4. Next, an LG-correlated

beam emerges past L4 (f = 150mm) and a Gaussian amplitude Filter (GAF) and

we encode the transmitted information into its spatial correlation structure. Having

propagated a 1.92m stretch of free space, the beam is focused onto a charge coupled

device (CCD) camera by a lens L5 (f = 150mm). The camera serves as a receiver

recording the intensity patterns of an LG-correlated beam ensemble.

We contrast the transmitted and received images of Lena in Fig. 2.3(b). We can

readily infer from the figure that there is excellent qualitative resemblance between

the transmitted and received images attesting to the viability of our protocol. We

then quantify the fidelity of each state in terms of a conditional probability Psr|st of

finding a transmitted state st in state sr . We summarize the results in Fig. 2.3(c).

The multitude of 100× 100× 2 = 20000 received states are recognized by the ResNet
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34 network, and the attained fidelity of the image transfer, evaluated as a fraction

of correctly received states versus the total number of transmitted states, exceeds

99.99%.

Figure 2.4: Recorded intensity profiles of LG-correlated versus fully coherent LG
beams transmitted through either a single or two optical diffusers.

We now elucidate the role of noise due to either atmospheric turbulence or opaque

obstacle scattering on image transmission quality within the framework of our proto-

col. There has been a growing body of evidence, see, for instance, [92] for a review

that decreasing spatial coherence of a light source enhances the resilience of the beams

generated by such a partially coherent source to random perturbations in a complex

environment. In particular, it has been recently demonstrated [95] that there ex-

ists a class of structured random beams, the so-call dark and antidark beams on

incoherent background [94] that maintain their intensity profile structure over cer-

tain propagation distances in the turbulent atmosphere, regardless of the turbulence

strength. Instructively, the intensity profile of any such structurally stable beam has

a ring structure, similar to that of the LG-correlated beams which we employ in our

protocol. Therefore, we anticipate the latter to be fairly robust against atmospheric

turbulence as well. To verify this conjecture, we record the intensity patterns of
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LG-correlated beams propagating through a random medium mimicking atmospheric

turbulence and compare them with those of fully coherent LG beams propagating

through the same medium. We use optical diffusers (OD) to simulate turbulence,

see the Appendix A for further information. We can infer from Fig. 2.4, that fully

coherent LG beams are more distorted than their partially coherent cousins. This

observation implies that image transmission through random medium and recovery

of fully coherent LG beams are much more complicated and time consuming as well

as far less accurate than those with LG correlated beams. Moreover, the situation

exacerbates as the turbulence strength increases. We can model stronger turbulence

with two ODs as opposed to weaker turbulence which can be modelled with just a

single diffuser. By comparing the corresponding panels of Fig. 2.4, we observe that

the advantage of reducing source coherence of the beam augments for stronger turbu-

lence: We clearly distinguish a ring structure of the LG-correlated beam in stronger

turbulence, while the intensity profile of a fully coherent LG beam swiftly turns into

essentially a random speckle pattern.

To test our protocol in the more adverse situation, we repeat all protocol steps,

except we include two ODs to model stronger turbulence as a propagation milieu.

We transmit a 16-grey-level Lena image of 80 × 80 pixel resolution. We present

an experimental setup schematics in Fig. 6.2 of the Appendix A. Our results show

good tolerance of the protocol to medium turbulence and yield the fidelity of image

retrieval of over 99.99%, which can be inferred upon comparison of the transmitted

and received states in Fig. 2.2(b).

By the same token, random beams of sufficiently low coherence are known to

self-heal upon encountering discrete obstacles such as suspended particles in free

space [96]. In Fig. 6.3 of the Appendix A, we provide experimental evidence of LG-

correlated beam self-healing capabilities by comparing its evolution with that of a

fully coherent LG beam after the cross-section of either beam has been partly blocked

by an opaque obstacle. We then repeat our protocol for a 16-grey-level Lena image

of 86 × 86 pixel resolution and are able to accurately transmit the image through

a medium containing obstructing particles to the fidelity of over 99.99%, see also

Fig. 6.6. We remark that the extremely high fidelity of image transmission in free-

space and turbulent or colloidal particle medium is achieved thanks to the superb job
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that a deep learning network, such as ResNet 34, does to faithfully decode images.

2.3 Image transmission utilizing source coherence radius

Figure 2.5: Schematics of the image transfer protocol employing the source coherence
radius for information encoding. (a) Illustrating control of the transverse coherence
radius of the source with a focusing hologram. (b) The image transmission protocol
involving the spatial coherence radius DoF.

We now illustrate an alternative strategy of encoding image information into the

transverse coherence radius of a light source which can be viewed as another inde-

pendent degree of freedom for free-space optical communications. To be consistent,

we employ an LG-correlated source as well, so that we can encode the Lena image

into coherence radii of LG ring patterns. To this end, we select 4 distinct states of

an LG-correlated beam with the ring structure corresponding to LG04 of the same

spot size w = 0.68mm and the coherence radii at the source σc = 0.02mm, 0.025mm,

0.03mm, 0.05mm as an example. Notice that all four states have low coherence

in the sense that σc � w0. In the protocol described in Section 2, we impart a

phase ΦLG with a phase-only hologram to generate an LG-correlated source. The

source coherence radius depends on the spot size of the coherent beam incident on

the RGGD. The spot size is, in turn, controlled by adjusting the distance between

L3 and RGGD. In the alternative strategy, we should be able to control the coher-

ence radius of the source without affecting the other parameters of the experimental

setup. With this purpose, we employ a digital focusing hologram [135] to tune the
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coherent beam spot size digitally without affecting any distances between optical el-

ements. It follows that for a fixed distance between SLM and RGGD, the spot size

is controlled by the focal length f of the hologram as we show in Fig 2.5(a). As

a result, the coherence radius of the LG-correlated source can be modified. Thus,

the source coherence can be modulated by refreshing holograms on SLM. The trans-

fer function of the digital hologram is a combination of that of a focusing element,

t (x, y) = exp[i k0
2f

(x2 + y2)], where k0 = 2π/λ0 and the transfer function of a linear

phase grating, tg (x, y) = exp[i2π (ux+ vy)], where u and v are inverse grating pe-

riods along the x- and y-directions, respectively. Therefore, the hologram for image

encoding into the source coherence radius modifies the phase of an input beam to

Φ = mod

[
ΦLG +

k0

2f
(x2 + y2) + 2π (ux+ vy) , 2π

]
. (2.3)

In Fig. 2.5(b), we illustrate the principle of our alternative image transmission

protocol. Specifically, we encode a 16 grey-level Lena image of 90×90 pixel resolution

into 4 states, corresponding to the LG-correlated sources of different coherence radii:

0 is σc = 0.05mm, 1 is σc = 0.03mm, 2 is σc = 0.025mm, 3 is σc = 0.02mm. The grey

level value of each pixel is thus encoded into the coherence radius of an LG-correlated

beam generated by the corresponding source. Following this procedure, we generate

an ensemble of LG-correlated beams propagating in free space from the source to the

receiver. At the receiver, we capture and decode 90× 90× 2 = 16200 intensity profile

images with the aid of a CCD camera and ResNet 34 network. Finally, we collect the

grey level values of all image pixels and recover the image of Lena. As is evidenced by

Fig. 2.5(b), the received image bears excellent resemblance to the transmitted one,

attesting to the viability of our protocol.

The two protocols that we have described in Sections 2.2 and 2.3 involve two

independent DoFs for free-space optical communications: the spatial structure of the

source degree of coherence and the coherence radius of the source. Each of these DoFs

can be multiplexed with other optical field characteristics such as spatial, polarization,

and spectral (wavelength) DoFs to boost communication capacity of the protocol.

We illustrate multiplexing the coherence radius and spatial location of a beamlet

within a source array to illustrate but one among multiple perspectives. We encode

information at the transmitter by generating an array of LG correlated beams with
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Figure 2.6: Schematics of the image transfer protocol employing an array of LG-
correlated beams. (a) Schematic representation of the array generation. (b) The
position of each intensity pattern in a 2×2 array. (c) The encoding/decoding sequence
of 256 grey levels and 256 array states.

the RGGD. Conceptually, the idea of our multiplexing method stems from the spatial

coherence radius modulation with the phase hologram realizing the transformation

of Eq. (2.3). By adjusting the periods of the linear grating tg (x, y), we can steer

each beamlet of the array to a distinct spatial location as is visualized in Fig. 2.6(a).

Thus, we are able to control the spatial coherence radius of any beamlet within the

array. Inspired by [136], we can then jointly control the coherence radius and spatial

location of the beamlet with the aid of a single hologram that performs a cumulative

phase ΦM transformation viz., ΦM =
∑M

j=1 Φj, where Φj is given by Eq. (2.3) with

fj, uj and vj corresponding to the jth state. By introducing the space dimension into

the encoding protocol, we greatly increase the number of available encoded states.

Indeed, in the protocol sketched in Fig. 2.6, we engage 4 coherence state channels

which correspond to four sources of variable coherence radius according to the rule:

0 is σc = 0.05mm, 1 is σc = 0.03mm, 2 is σc = 0.025mm, 3 is σc = 0.02mm.

We multiplex each coherence state channel with 4 position channels (I, II, III, IV),

yielding 44 = 256 states (0000, 0001, 0002 ... 3332, 3333). The transmitted image is

a large-scale, grey Lena image of 100×100 pixel resolution corresponding to 256 grey

levels (0-255). In this experiment, the grey level value of each pixel is represented by

a single array of LG-correlated beams. After having propagated over a stretch of free
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space, the array intensity patterns are recorded by the CCD camera and mapped into

the grey value diagram by ResNet 34. Finally, we compare the decoded and encoded

grey-level information to ascertain the transmission fidelity to be 99.99%, see Fig. 2.7.

Figure 2.7: Qualitative (visual) and quantitative (fidelity) comparison between trans-
mitted and received images. The color bar shows normalized fidelity with unity cor-
responding to 100%.

2.4 Conclusion

We have theoretically proposed and experimentally implemented a free-space optical

communication protocol enabling high-fidelity transfer of a desired image or a set of

images through, in general, a noisy communication channel. The key novelty of the

proposed protocol is the fusion of random source structuring at the transmitter end

and the employment of a deep learning network at the receiver end. The structuring

of random source makes it possible to tap into multiple hitherto unexplored DoFs

for image encoding, including the two that have been explicitly demonstrated to

yield high-fidelity information transfer: the coherence structure of the source and the

source coherence radius. In addition, using structured random light ensures resilience

of the transmitted image to channel noise such as medium turbulence or the presence

of solid obstacles in the light propagation path. The high-fidelity of our protocol

is achieved due to two factors. First, the structured random light is robust against

random perturbations in the medium. Second and most important, the deep learning
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network, which we employ for image decoding, enables extremely accurate image

recognition in a time efficient manner.

We have demonstrated the capability of our protocol for multiple DoF multi-

plexing to enhance communication capacity. In particular, we have shown how to

multiplex the source coherence radius DoF with that of a spatial position of a beam-

let within a random beam array carrying the image information. At the moment, our

protocol is limited to relatively short propagation links in a noisy environment. We

conjecture that the incorporation of dark/antidark beams on incoherent background,

which are known to maintain the ring structure of their intensity profiles over tens

of kilometers in weak, and hundreds of meters in strong atmospheric turbulence [95],

into our protocol can significantly extend the operational range of the latter without

compromising the fidelity of transmitted images.
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Chapter 3

Perfect correlation vortices

This chapter’s work is published in the paper entitled “Perfect correlation vortices”,

Optics Letters 49(16), 4717-4720 (2024). The authors are Xiaofei Li, Sajjad Bashiri,

Yuan Ma, Chuanhao Liang, Yangjian Cai, Sergey A. Ponomarenko and Zhiheng Xu.

We introduce a class of random optical vortices, named perfect correlation vortices

(PCV), with incredible resilience to strong atmospheric turbulence over modest prop-

agation distances.

My contribution to this work includes performing the necessary analysis, and

carrying out numerical simulations.

3.1 Introduction

A coherent optical vortex (OV) features a helical phase with the electromagnetic

energy circulating around a vortex core which is a line of zero field intensity and in-

determinate (singular) phase [137, 138]. The discovery of a fundamental link between

any optical vortex and its orbital angular momentum [139] has triggered a flurry of

research activity on OVs, culminating in numerous applications thereof to optical

communications [140, 141], optical trapping and tweezing [142, 143], imaging [144],

and even optical computing [145].

The phase singularity positions (intensity nulls) of a typical coherent OV strongly

depend on the magnitude of the topological charge (TC) of the vortex [140, 146].

However, the so-called perfect vortex beams were introduced [147] and actively ex-

plored [148, 149] that alter this picture. The intensity profile of a realistic perfect

vortex forms a thin ring of a radius nearly independent of the TC of the vortex [150].

Unfortunately, perfect vortices embedded into coherent optical fields quickly lose their

vortex structure on free space propagation.
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At the same time, random optical fields endowed with OVs have also been ex-

plored theoretically [151, 152, 153] and experimentally [154, 155]. As such par-

tially coherent fields can carry OVs associated with their two-point spatial corre-

lations [151, 152, 153], the term “coherence vortices” has been coined in Ref. [153].

Electromagnetic surface fields, such as random surface plasmon polaritons, can also

be structured to possess correlation vortices [156]. In this context, reducing [157] or

structuring [158] spatial coherence at the source was proposed to mitigate extreme

susceptibility of perfect vortices to diffraction. Such perfect vortices wrapped into

partially coherent fields remain intact over short propagation distances, but quickly

succumb to diffraction afterwards. Thus, realizing prefect vortices that are resilient

against diffraction over any desired propagation distance remains an open challenge.

In this part, we address this challenge by introducing a class of perfect correlation

vortices (PCVs) that maintain their perfect vortex correlation rings on free space

propagation. As a surprising bonus, the discovered PCVs are robust even against very

strong atmospheric turbulence over moderate distances. In addition, the introduced

PCVs are nearly immune to diffraction and are virtually statistically homogeneous

in the low-coherence limit; their degree of coherence (DOC) is independent of the

TC. All these remarkable features testify to the potential of such PCVs for free space

optical communications which we will explore in due course.

3.2 Theory and numerical simulations

We start our search for PCVs by considering random sources endowed with OVs. The

cross-spectral density of any bona-fide structured random source can be represented

in the form [74]

W0(r1, r2) =

∫
dk p(k)Ψ∗(r1,k)Ψ(r2,k). (3.1)

Let us take the nonnegative power spectrum p(k) to be a Gaussian

p(k) = p(k) ∝ e−k
2σ2

c , k ≥ 0, (3.2)

and examine an infinite set of vortex carrying modes of the form

Ψ(r,k) = Ψ(k)
m (r) =

√
kJm(kr)e−r

2/2w2
0eimφ. (3.3)
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Here Jm(x) is a Bessel function of the first kind and order m. It follows from Eqs. (3.1)

through (3.3) by inspection with the aid of the table integral [159]∫ ∞
0

dxxJm(ax)Jm(bx)e−cx
2 ∝ exp

(
−a

2 + b2

4c

)
Im

(
ab

2c

)
, (3.4)

that the source cross-spectral density can be expressed, up to an irrelevant normal-

ization constant, in a closed form as

W0(r1, r2) ∝ eim(φ2−φ1) exp

(
−r

2
1 + r2

2

2w2
0

)
× exp

(
−r

2
1 + r2

2

4σ2
c

)
Im

(
r1r2

2σ2
c

)
.

(3.5)

Here σc is related to the source coherence width as we will see shortly, and w0 is a root

mean square (rms) width of a Gaussian envelope. Further, Im(x) is a modified Bessel

function of order m. We display the spatial intensity distribution I(r) = W (r, r) of

the source for variable m, which manifests intensity nulls on the optical axis for any

m 6= 0, in Fig. 3.1(a). We choose the following parameters: w0 = 10 cm, σc = 1 mm

and the carrier wavelength λ0 = 532 nm.

Figure 3.1: Intensity distribution (a) and its evolution on free space propagation (b)
for PCVs of variable TC m. The parameters of the source are w0 = 10 cm, σc = 1
mm, and λ0 = 532 nm.

However, we are chiefly interested in the behavior of the DOC of the just presented

source; the latter is defined as [60, 63]

µ0(r1, r2) =
W0(r1, r2)√

W0(r1, r1)W0(r2, r2)
. (3.6)

It follows at once from Eqs. (3.5) and 3.6) that

µ0(r1, r2) = eim(φ2−φ1) Im[r1r2/(2σ
2
c )]√

Im[r2
1/(2σ

2
c )]Im[r2

2/(2σ
2
c )]
. (3.7)
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The first glance at Eqs. (3.5) and (3.7) might lead to the conclusion that the intro-

duced sources are closely related to the previously reported [151] modified-Bessel-

correlated ones. Indeed, the cross-spectral densities and hence degrees of coherence

of the two classes of sources have the same function form. Yet, careful inspection

reveals that in the low-coherence regime, σc � w0, the PCVs possess statistically

homogeneous correlations of a perfect vortex type, while the modified-Bessel corre-

lated sources are necessarily statistically inhomogeneous in any parameter regime.

Mathematically, this fact is reflected in very different representations of PCVs and

modified-Bessel-correlated sources in terms of Bessel and Laguerre-Gaussian modes,

respectively.

To demonstrate that the DOC of Eq. (3.7) describes a PCV, we focus on a nearly

incoherent limit, such that

σc � σeff � w0, σeff =
√
σcw0. (3.8)

Here σeff denotes a characteristic transverse spatial scale governing PCV diffraction,

as we will see shortly. Next, introducing a dimensionless radial variable, r = r/σeff ,

we can approximate Im(x) ' ex in the incoherent limit (3.8). It then readily follows

from Eq. (3.7) that relative to any reference point r0 the source correlations are

homogeneous, given by

µ0(r, r0) ' eim(φ−φ0) exp

[
−(r − r0)2

4δ2
0

]
, (3.9)

where r0 = r0/σeff and δ0 =
√
σc/w0 � 1 is a very narrow width of source correlations

in dimensionless variables; in other words, the two-point correlations of the source

field endowed with a helical wavefront are only significant over a very narrow circular

ring, regardless of the topologicals charge of the vortex. Therefore, Eq. (3.9) describes

a perfect correlation vortex. Note that r in the
√
x factor in the asymptotic expansion

of Im(x) can be replaced with r0 because
√
x does not appreciably change over the

ring width compared to ex.

Next, we examine free-space evolution of PCVs. Using the vortex modes of

Eq. (3.3), we can write for the cross-spectral density in any transverse plane, z =

const ≥ 0,

W (r1, r2, z)=

∫ ∞
0

dke−k
2σ2

c Ψ(k)∗
m (r1, z)Ψ(k)

m (r2, z), (3.10)
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where the mode evolution is governed, in paraxial approximation, by the following

Fresnel transform:

Ψ(k)
m (r, z) =

(
k0

2πiz

)∫
dr′Ψ(k)

m (r′, 0) exp

[
ik0(r− r′)2

2z

]
. (3.11)

Here k0 = 2π/λ0. On substituting from Eqs. (3.3) and (3.11) into (3.10), we obtain,

after somewhat lengthy algebra employing the integral (3.4), for the cross-spectral

density the expression (derived in Appendix B)

W (r1, r2, z) ∝ eim(φ2−φ1)

(1 + z2/L2
d)

exp

[
i(r2

2 − r2
1)

2(σ2
cLR/z + w2

0z/LR)

]
× exp

[
− (r2

1 + r2
2)

2w2
0(1 + z2/L2

R)(1 + z2/L2
d)

]
× exp

[
− (r2

1 + r2
2)

4σ2
c (1 + z2/L2

d)

]
Im

[
r1r2

2σ2
c (1 + z2/L2

d)

]
.

(3.12)

Here LR = k0w
2
0 is a Rayleigh range associated with the envelope width w0 and Ld =

k0σcw0 is a characteristic diffraction length of a PCV, which justifies our interpretation

of σeff immediately following Eq. (3.8). Notice that in the chosen parameter regime,

Ld � LR.

A few instructive observations are in order at this point. First, it follows from

Eq. (3.12) that the PCV field structure is invariant on free-space propagation, making

PCVs a subclass of a larger class of vortex preserving partially coherent fields whose

general theory was developed in [160]. Second, the spatial intensity distribution of

the PCV, which we display in Fig. 3.1(b), is nearly diffraction free in the chosen

parameter regime. At first glance, one might find this result surprising as the cross-

spectral density of Eq. (3.12) is not of the form of a bump/dip atop of a statistically

uniform background which would guarantee propagation invariance in general [94].

However, we can show that provided σc � w0, the source cross-spectral density can be

approximated, apart from a helical phase factor, by a product of a very wide Gaussian

envelope and a uniform Gaussian correlation function of width σc. It follows that over

distances of the order of Ld ∼ 1 km, the field generated by such a source outside of

the vortex core region behaves as a partially coherent plane wave, which is essentially

immune to diffraction. We note also that the dependence of the diffraction length

of PCVs on the product of their coherence width and soft aperture size is typical of

enveloped diffraction-free random beams [161].
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Figure 3.2: Evolution of the magnitude and phase (hue) of the DOC of a PCV, given
by Eq. (3.14), with the propagation distance. The source parameters are w0 = 10
cm, σc = 1 mm, r0 = 2 cm, and λ0 = 532 nm.

Next, the DOC of a PCV in any transverse plane is defined as

µ(r1, r2, z) =
W (r1, r2, z)√

W (r1, r1, z)W (r2, r2, z)
. (3.13)

It follows at once from Eqs. (3.12) and (3.13) that

µexact(r, r0, z) =
Im

[
rr0

2σ2
c (1+z2/L2

d)

]
eim(φ−φ0)√

Im

[
r2

2σ2
c (1+z2/L2

d)

]
Im

[
r20

2σ2
c (1+z2/L2

d)

] . (3.14)

We exhibit the DOC evolution, obeying Eq. (3.14), over a kilometer long distance

in free space in Fig. 3.2; we show both the magnitude and phase evolution with z

choosing the same parameters as before and the reference point to be at r0 = 2 cm.

We can infer from the figure that both the DOC magnitude and phase, shown with

hue, remain nearly intact, thereby attesting to PCV robustness to diffraction.

We now derive a simple and elegant approximate expression for the PCV DOC,

which is valid in any transverse plane z ≥ 0, and demonstrate its accuracy. To this

end, we infer from Eq. (3.12) that provided z . Ld, the vortex ring of the DOC

remains narrow enough so that by approximating the modified Bessel function with

an exponential, we obtain in dimensionless variables the expression

µ(r, r0, z) ' eim(φ−φ0) exp

[
−(r − r0)2

4δ2(z)

]
, (3.15)
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Figure 3.3: Comparing the magnitude of DOC evolution obtained from the exact
expression, Eq. (3.14) and the corresponding Gaussian approximation, Eq. (3.15)
with z over a kilometer-long stretch of free space. The source parameters are w0 = 10
cm, σc = 1 mm, r0 = 2 cm, and λ0 = 532 nm.

where

δ(z) = δ0

√
1 + z2/L2

d, (3.16)

is a width of the PCV ring at a distance z; Eq. (3.15) indicates that the PCV re-

mains statistically homogeneous within the paraxial propagation regime. Eqs. (3.15)

and (3.16) are the key result of this work; they provide a universal, as expressed in

dimensionless variables, and application friendly description of field correlations of an

ideal PCV. To verify the accuracy of this approximation, we display the magnitude

of the DOC obtained with the aid of Eq. (3.14) and that given by the approximate

equation, Eq. (3.15) in Fig. 3.3. The top two rows juxtapose the exact and approx-

imate |µ| for a moderate value of the TC m = 3, while the bottom two rows do the

same for large m, m = 180. We can readily infer from the figure that there is excel-

lent agreement between the exact and approximate expressions for |µ| with moderate

TCs. We also observe in the figure that as the magnitude of the TC increases, the

ring radius, but not the circular shape, starts deviating from that of the ideal PCV;

the deviation becomes progressively noticeable as the PCV propagates farther away
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from the source.

Figure 3.4: Comparison of the widths of an ideal PCV ring δ with that determined
from the rms width of the exact DOC profile ∆m. Left: ∆m and δ as functions of m
at z = 500 m. Right: δ and ∆m as functions of the propagation distance z for m = 5.

To assess the discrepancy quantitatively, we evaluate the (dimensionless) rms

width ∆m of the PCV field correlations which we define by the expression

∆2
m(z) =

∫∞
0
dr
∫∞

0
dr0|µexact(r, r0)|2(r − r0)2∫∞

0
dr
∫∞

0
dr0|µexact(r, r0)|2

, (3.17)

where we employed the exact DOC given by Eq. (3.14) and expressed in dimensionless

variables. In Fig. 3.4, we compare thus defined ∆m with δ, evaluated at the source

for variable topological charge m. We also display δ and ∆m for m = 5 as functions

of the propagation distance z. It follows from Fig. 3.4 (a) that the correlation width

does increase with m and the ideal PCV expression, Eq. (3.16) yields an appreciable

error, around 30% for m corresponding to a double digit number. At the same time,

Fig. 3.4 (b) attests to the fact that the magnitudes of ∆m and δ remain quite close

over substantial distances as long as m is not too large.

Finally, we demonstrate that the vortex ring structure of the discovered PCVs can

be robust even against strong atmospheric turbulence, at least, over relatively short

distances. To this end, we display in Fig. 3.5 the results of our numerical simulations

for the evolution of the magnitude of the DOC of PCV field through atmospheric

turbulence with the structure constant such that C2
n = 10−13 m−2/3, which allows us

to classify such turbulence as strong [162]. We employ a random phase screen method;

the details of our numerical procedure can be found in [95]. We infer from the figure

that, remarkably, the main correlation ring of the PCV with m = 1,−2, 3, which

we have considered here, survives the turbulence rather well; similar results hold for
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PCVs with other TCs. At the same time, the contrast between the dark areas inside

and outside the vortex ring on the one hand, and the bright area within the ring on the

other, diminishes due to turbulence. We note, though, that the additional pseudo-

rings, visible in all panels, are an artefact of our using a Matlab random number

generator. We also verified numerically that the orbital angular momentum spectrum

of any PCV in Fig. 3.5 is sharply peaked around the corresponding topological charge

over the entire propagation stretch. Finally, we notice that the axial symmetry of the

magnitude of the source DOC breaks down on PCV propagation through atmospheric

turbulence which becomes evident if we compare panels at z = 0 with those at z = 75

m, or z = 150 m. The resilience of the PCV ring to atmospheric turbulence is most

consequential for the PCV potential for free-space optical communications.

Figure 3.5: Evolution of the magnitude of PCV DOC through a 150 m long stretch of
the turbulence atmosphere with the structure constant Cn, C2

n = 10−13 m−2/3. The
source parameters are w0 = 10 cm, σc = 1 mm, and λ0 = 532 nm. The reference
point corresponds to r0 = 2 cm and φ0 = 0.
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3.3 Conclusion

In conclusion, we have introduced a class of random vortices, perfect correlation vor-

tices, with the DOC at the source manifesting a thin ring of the radius and thickness

independent of the topological charge of the vortex. The discovered PCVs are nearly

statistically homogeneous across the source and remain so on paraxial propagation in

free space. Thus unlike their fully coherent counterparts, PCVs can maintain their

vortex structure in free space essentially indefinitely. In addition, PCVs are resilient

to even strong atmospheric turbulence, albeit over sufficiently short distances. We

have derived an elegant, closed form analytical expression for the degree of coherence

of a perfect correlation vortex in any transverse plane. We anticipate the discov-

ered vortices to facilitate free space optical communications, among other potential

applications.
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Chapter 4

Multi-function vortex array radar

This chapter’s work has been submitted to Applied Physics Letters in the paper

entitled “Multi-function vortex array radar”. The authors are Xiaofei Li, Sajjad

Bashiri, Vasilisa Ponomarenko, Yu Wang, Yangjian Cai and Sergey A. Ponomarenko.

We propose a promising protocol that integrates efficient data processing methods

with robust hardware for real-time detection, positioning, and tracking of moving

targets, while extending its utility to serve as a topographic laser profiling system for

geographic environments, highlighting its adaptability to varied scenarios.

My contribution to this work includes conceiving the idea, performing formal

analysis, analyzing methodology, and writing original draft.

4.1 Introduction

Radar systems, with their ability to detect and track objects by transmitting electro-

magnetic waves and analyzing their reflections, play an important rolein various fields

[163, 164], including weather monitoring [165, 166], autonomous navigation [167], and

remote sensing [168]. However, the emerging applications demand radar system ca-

pable of simultaneously performing several tasks. For example, automation systems

for self-driving vehicles rely heavily on abundant detected information. A reliable au-

tomation system should support real-time decisions and responses, necessitating the

radar systems that can synchronize multiple missions, such as ranging, positioning,

and speed estimation within a single imaging protocol. As a response to this chal-

lenge, the concept of multi-function radar (MFR) has emerged [169], which focuses

on a primary mission while handling secondary tasks, thereby significantly enhancing

the value of the obtained information.

To meet multiple requirements, the effective management of limited radar re-

sources to accomplish multiple tasks of scheduling time, energy, and computational

resources for each task presents the primary challenge in multi-function radar system
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design [170]. Various resource management schemes have been explored to enhance

the performance of MFR for different tasks. Hardware-based schemes can provide

services for both aircraft and weather surveillance [171, 165], and can also perform

single target tracking and classification [172]. Furthermore, protocols involving data

processing algorithms can handle multiple target tracking [173], people counting and

motion recognition [174], as well as the detection and tracking of pedestrians and

vehicles [175]. Although hardware-based resource management demonstrates robust

performance and efficiency, integrating new hardware components with the existing

systems can be complex, time-consuming and costly [176]. On the other hand, signal

processing methods optimize the use of resources and offer flexibility in various scenar-

ios with crucial adaptability, particularly for the gradually integrating miniaturized

radars [177]. Therefore, considering the balance of these aspects for innovative man-

agement, a compromise scheme that incorporates the benefits of both hardware-based

and signal processing methods is required.

During this decade, advancements in radar technology have been primarily driven

by a compromise technology, the signal modulation for subsequent detection. One

remarkable development is the incorporation of Orbital Angular Momentum (OAM)

of light into radar systems, where OAM arises due to a helical wavefront exp(ilθ)

of the optical field [139]. By using electromagnetic wave modulated by OAM, the

radar system can significantly improve image resolution and collect more information

about the target [39, 40], even in low signal-to-noise ratio (SNR) environments [178].

Additionally, research reports indicate that OAM carries great promise for estimating

target velocities [179] and enabling 3D imaging [180]. Simultaneously, investigations

into data processing algorithms for vortex radar are ongoing [181]. These advance-

ments exemplify transformative potential of OAM in MFR systems.

In this work, we introduce a task management protocol for MFR by combining

phase-array vortex modulation and laser radar technologies. We employ an opti-

cal vortex array for signal detection and an appropriate data processing approach

to synchronize imaging, positioning, and velocity estimation. Our study presents a

comprehensive imaging scheme for 2-dimensional (2D) targets, demonstrating how

Poynting vector flow and power calculations of the total image field facilitate the

determination of azimuth and radial position of the target. Furthermore, we extend
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the proposed protocol to include topographic applications by developing an imaging

scenario for 3-dimensional (3D) targets. These findings illustrate the capacity of our

protocol for hardware-based management and data processing that widen the scope

of MFR system applications.

4.2 Imaging and positioning process for 2D target

Figure 4.1: Concept (a) and protocol schematics (b) of vortex MFR.

We sketch the vortex MFR geometry and schematic diagram of our protocol in

Fig. 4.1. The source field E0 (r′) of the radar is emitted into free space and reaches

the target plane after free-space propagation. The electrical field E (r) arriving at the
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target plane can be expressed, in the paraxial approximation, by the Fresnel integral

E (r) ∝
∫
dr′E0 (r′) exp

[
ik(r− r′)2

2z

]
. (4.1)

The source field in our protocol is generated by a vortex beam array. We produce

the array from an input Gaussian laser beam illuminating a phased-modulation el-

ement, such as a spatial light modulator (SLM), say, loaded with a customized set

of holograms. We assume that the coordinates of a point r′ in the SLM plane are

represented by (x′, y′). To generate the source field E0 (x′, y′), we endow the field of

the input Gaussian beam with the phase

N∑
n=1

exp

[
− ik
f

(xnx
′ + yny

′)

]
exp (ilθ′). (4.2)

Here N is a total number of identical optical vortices (OV) with the topological

charge l composing the array. All vortices are located at the vertices of a regular

N-sided polygon inscribed into a circle of radius rn. The center of the circle marks

the array center with Cartesian coordinates (xc, yc). The nth OV within the array

is situated at the point with coordinates xn = rn cos θn + xc and yn = rn sin θn + yc,

where θn = 2πn/N . We sketch the vortex array geometry in Fig. 4.2(a). The gauge

transformation of Eq. (4.2) allows us to shift the overall array or individual vortices

within the array via phase modulation realized with the aid of a thin lens of focal

length f .

Figure 4.2: Geometry of the vortex array (a) and recovered images (b).
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The radar operates as follows. First the source field, having reached the target,

is reflected back to the source/receiver along a straight-line path. The reflected field

Er (ρ) registered by the receiver then reads

Er (ρ) ∝
∫
drE (r)O (r) exp

[
ik(ρ− r)2

2z

]
, (4.3)

where O(r) is an aperture function of the target. Second, we obtain the image field

Eim (ρ′) via a Fourier transformation of the received one using the lens of focal length

f as [182]

Eim (ρ′) ∝
∫
dρEr (ρ) exp

(
−ikρ · ρ′

f

)
. (4.4)

To showcase the performance of our protocol, we present several recovered images

of variable texture, complexity and grayscale range, including the logo of Dalhousie

and two standard test images: Happyfish and Cameraman. We model these grayscale

images (from 0 to 255) as 2D targets O(r) with normalized grey levels used as re-

flection coefficient indicators. Hereafter we consider vortex arrays comprised of nine

OVs with l = 2, placed on the ring of radius rn = 4.5 mm. Further, we first assume

an ideal scenario whereby the radar precisely locks onto the target, so that the center

of the vortex array is perfectly aligned with the target center. The target is located

1500 m away from the source. By utilizing Eqs. 4.1 through 4.4, we display the target

images in Fig. 4.2(b). Good resemblance between the objects and images points to

excellent accuracy of our MFR protocol in this idealized situation.

In general, however, the array and target centers are misaligned, resulting in poor

image quality and scarce resemblance of the image to the target, especially for moving

targets. Hence, precise target position acquisition, which must incorporate accurate

orientation information, is crucial to achieve optimal imaging results. The MFR

is expected to extract additional implicit information from the image plane, which

can effectively guide the system to accurately track a moving target, at least, as far

as providing azimuth or radial references for the subsequent detection procedure is

concerned. To realize this idea within our MFR, we carried out further simulations.

The target position acquisition procedure involves extracting information about a

relative position of the array and target centers. To this end, we start by setting up

our polar coordinate system in the target plane, with the array center serving as the
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Figure 4.3: Target acquisition of the proposed vortex MFR (a) with variable azimuth
(b) and relative radial position of the array and target centers (b).

origin. The target center, marked by a red solid point, is located at a point with the

radius vector r = (r, θ) (see Fig. 4.3(a)). Adjusting (r, θ), we can control the relative

position of the two centers, thereby enabling target movement tracking. The target

acquisition process entails detecting the azimuthal angles (Fig. 4.3(b)) and radial dis-

tances (Fig. 4.3(c)) of the relative position vector. Our primary goal is to determine

θ of the target center relative to x− axis. As depicted in Fig. 4.3(b), we evaluate mis-

alignment for seven different angles separated by the same interval of π/4 at a fixed

relative radius of r = 16 m. Repeating the tracking protocol yields the results shown

in Fig. 4.4(b)-(h). For better comparison, we also display the “perfect” case with the

aligned array and target centers in Fig. 4.4(a). As anticipated, due to the source-

target misalignment, we can observe image distortions, which are related to azimuthal

misalignment. These results further highlight the importance of optimal array posi-

tioning to attain optimal image quality. To obtain the azimuth direction of the relative

position of the target relative to the array center, we evaluate the Poynting vector of

the imaged electromagnetic field. [139] The former yields us the direction of electro-

magnetic energy flow and is defined as ~S⊥=~Sx+~Sy = i
4η0k

(
Eim~∇⊥E∗im − E∗im~∇⊥Eim

)
.

We exhibit the transverse power flow distributions for each case in Fig. 4.4 (b)-(h)

by the arrows. We can infer from the figure that the power flow direction is affected

by the relative azimuth, indicating that the flow distribution determines the azimuth
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direction, which facilitates target tracking. For instance, when the target center is

located at (16 m, π/4), the energy flow direction aligns with the angle the target cen-

ter makes with x−axis (see Fig. 4.4(c)). In the perfect alignment situation, however,

a perfect image can be acquired, which is characterized by a nearly isotropic energy

flow (see Fig. 4.4(a)).

Figure 4.4: Recovered image and the corresponding transverse power flow distribu-
tions for a variable azimuth.

In addition, we aim to determine the radial distance r between the target and

array centers. As is illustrated in Fig. 4.3(c), we consider six cases featuring three

different radii (r = 9.5 m, 12.7 m, 16.2 m) across two azimuthal directions, 0 and

2π/3. We display the corresponding images and the corresponding transverse power

flow distributions (indicated by arrows) in Fig. 4.5. Fig. 4.5(a)-(f) support the earlier

conclusions regarding the role of the source-target azimuth for correct target acqui-

sition. However, the flow distribution in the case of partially recovered images only

specifies the azimuth direction and does not provide any valid information about the

radial position of the target. Therefore, to determine the distance to the target, we

work out the total power carried by the image field as P =
∫
dρ′Iim (ρ′). To study

the dependence of the total power P on relative distance r further, we examine the

total power as a function of the radial distance between the centers for two azimuth

directions, 0 and 2π/3 and display it in panels (g) and (h) of Fig. 4.5. It follows that

as the source-target distance gradually increases, so does the total power, although

the power growth is non-uniform across different radii. Moreover, a comparison of

the two panels indicates that the power growth is affected by the azimuth. In the

short distance range (0 m-15 m), the power flow slightly increases with the distance
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and only marginally depends on the azimuth. As the radial distance between the cen-

ters reaches the range (15 m-20 m), though, the power growth rate difference in the

two directions becomes noticeable. This observation highlights a nuanced interplay

between the azimuth direction and the power evolution as a function of the radial

separation distance. Ultimately, this dependence ascertains the magnitude of the ra-

dial separation between the target and array centers, allowing the radar system to

accurately locate the target during each scan.

Figure 4.5: Recovered images and the corresponding transverse power flow distribu-
tions for a variable array-target separation distance 9.5 m, 12.7 m, 16.2 m in directions
corresponding to the angles 0 (a)-(c) and 2π/3 (d)-(f). Power curves versus the sep-
aration distance r for azimuthal directions 0 (g) and 2π/3 (h), respectively.

To summarize, we can complete the target acquisition process in two consecutive

steps. First, we determine the azimuth of the target by evaluating the Poynting vector

flow. Second, we elucidate the corresponding radial distance from the array to the tar-

get center by analyzing the total power associated with said azimuth. Consequently,

we can extract the crucial target orientation information through the analysis of the
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power distribution of the received field. Moreover, we can also estimate the velocity

of a moving target. By comparing the power curves of two consecutive scans, we can

infer the distance the target has travelled between the scans, thereby estimating its

velocity for subsequent tracking.

4.3 Topography profiling process

Our simulations indicate that the peak intensity of the 2D image field is moderately

influenced by the distance to the target. We can then acquire a 3D image by figuring

out the distance to each point on the target surface and accumulating these distance

measurements to construct a point cloud representation of the target (as depicted

in Fig. 4.6(a)). Notably, laser radar systems have the capability to directly assess

the landscape while circumnavigating geometric distortion issues [183, 184]. In this

connection, one might wonder whether the proposed MFR protocol is capable of 3D

imaging and sensing. Hence, we explore the potential of our protocol for topographic

laser profiling.

To this end, we exhibit a 3D landscape in Fig. 4.6(a), together with the results of

its reconstruction within our protocol. We assume, for simplicity, that the reflectivity

index of the mountain surface is unity, O (x, y) = 1. As is seen in Fig. 4.6(b), we

denote the height at the point in the ith column and jth row of a matrix representation

(xi, yj) of the target surface by hij and place a light source a distance d above the

ground. Further, we denote the detection distance from the source to each point by

zij. We can then write down the electrical field E (xi, yj) at each point on the terrain

surface in terms of the Fresnel integral as

E (xi, yj) ∝
∫
dr′E0(r′) exp

{
ik[(xi − x′)2 + (yj − y′)2]

2zij

}
. (4.5)

The field of the echo signal at the receiver then reads

Er(ξi, ηj) ∝
∫
drE (r)O(r) exp

{
ik [(ξi − x)2]

2zij

}
exp

{
ik [(ηj − y)2]

2zij

}
. (4.6)

By utilizing Eqs.(4.5) and (4.6), we map the terrain features of two modeled target

landscapes as displayed in Fig. 4.6(c). The two examples we provide have different

terrain distributions and altitude maxima. In the left column, the source is located at

a distance d = 3270 m, whereas in the right one, it is placed d = 3570 m away from the
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Figure 4.6: 3D and 2D views of the schematics of the terrain profiling process.

ground. The comparison of the target and image landscapes reveals that the generated

2D contour patterns derived from the point clouds closely match the visual depiction

of the terrains in 2D view. The similarity between the reconstructed patterns and

the actual landscapes highlights the efficacy of our protocol in translating point cloud

data into meaningful 2D landscape representations. On comparing the two columns

of Fig. 4.6(c), we observe that the maximum image intensity is indeed related to

the altitude range of the original target. These results underscore the versatility

and adaptability of our protocol, indicating its potential to address a wider range of

scenarios beyond the current context.
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4.4 Conclusion

In conclusion, we have introduced and illustrated a protocol realizing a multi-function

radar employing an optical vortex array. Our protocol integrates the benefits of both

hardware-based management and signal processing methods to enable potentially

flexible deployment in miniaturized hardware configurations. Further, our protocol

manifests a high level of versatility, enabling multiple functions such as imaging, as

well as moving target tracking and identification. Moreover, the protocol utility ex-

tends to topographic laser profiling for comprehensive evaluation of 3D landscapes,

further highlighting its remarkable adaptability. The versatility and adaptability of

our protocol carry promise for even further extensions to such sophisticated, cutting

edge applications as self-driving vehicles. Currently our protocol is limited by its

inability to obtain highly accurate angle measurements, providing only an approxi-

mate azimuth. We conjecture that optimizing signal sampling enables us overcome

this obstacle in the future, thereby further enhancing the protocol capacity and by

implication its attractiveness for multiple applications.
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Chapter 5

Prime number factorization with light beams carrying

orbital angular momentum

This chapter’s work is published in the paper entitled “Prime number factorization

with light beams carrying orbital angular momentum”, APL Photonics 9(4), 046107

(2024). The authors are Xiaofei Li, Xin Liu, Quanying Wu, Jun Zeng, Yangjian

Cai, Sergey A. Ponomarenko and Chunhao Liang. We propose a simple and ultrafast

protocol for prime number factorization by employing OAM endowed beams that are

modulated by a prime number sieve. This sieving method not only facilitates rapid

processing of large prime numbers but also ensures the confidentiality and integrity

of information during storage and transmission.

My contribution to this work includes performing numerical simulations and for-

mal analysis.

5.1 Introduction

The OAM beams have attracted enormous interest within the optical community

since the pioneering work of Allen [185, 186]. Ever since their inception, the OAM

beams have found diverse applications which take advantage of their phase singulari-

ties and mode orthogonality, among other unique properties. He et al. first observed

the transfer of the optical OAM to a micro-particle, causing particle trapping by

an optical vortex around a phase singularity [187]. Larocque et al. proposed the

concept of optical framed topology, whereby the structures formed by the evolution

of the phase singularity in space are employed as the information carriers to imple-

ment potent, high-security information encoding [188, 189] . Further, optical vortices

can be utilized for mode division multiplexing to realize ultra-high capacity optical

communication protocols [190, 191]. Fang et al. advanced an OAM holography as a

promising technique for high-security, high-capacity optical encryption [45, 192, 193].

On the other hand, the prime number decomposition of an integer, which is a

49
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cornerstone of number theory, has piqued the curiosity of the physics community

due to recently discovered intriguing connections between the number theory and

condensed matter physics [194] and photonics [195], respectively. Factorizing a large

integer into primes is a tricky problem, though. On the flip side, the complexity of

the task can ensure high security of number-decomposition based information encod-

ing, all-optical machine learning and other number factorization related applications

[192, 196, 197, 198]. To date, several approaches have been proposed to realize effi-

cient prime number decomposition [199, 47, 48, 200, 49, 50, 51, 52, 53, 201], including

quantum algorithms, quantum annealing, variational algorithms, and classical pro-

tocols involving Gauss sums. The latter involve coherent superpositions of optical

waves [200, 49], Bose-Einstein condensates[50], nuclear spins [51], cold atoms [52], or

matter waves in atom interferometers [53]. The interferometric approaches typically

employ multiple sources to realize a Gauss sum whereby a single source produces a

term in the sum. Therefore, such techniques place strenuous demands for precise

phase control of multiple wave sources, which is often difficult to implement in ex-

periment, especially if factorizing a large number is required [53]. At the same time,

the factorization procedure relying on the optical Talbot effect is hampered by light

diffraction from the apertures of an optical system, which, ultimately, sets the upper

limit on the factorizable number. Indeed, Pelka et al. were able to factor only a

modest number of 27 using this approach [200]. Recently, we have advanced a num-

ber factorization protocol employing axial correlation revivals of structured random

waves, such that no phase control was necessary at all [49]. The approach of [49]

makes it possible to decompose a number as large as a few million, but it is rather

time-consuming to work with large statistical ensembles to accurately determine the

speckle statistics. In this work, we propose and implement a conceptually simple,

time-efficient classical optical approach to number factorization which involves OAM

carrying optical beams and a carefully engineered prime number sieve. Our approach

relies on the intrinsic periodicity of the phase distribution of an optical OAM beam

propagating in free space.
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5.2 Theory and simulation analysis

Consider the simplest OAM carrying optical beam, a Laguerre-Gaussian (LG) beam

of zero radial mode index. The complex field amplitude of the beam can be expressed

in cylindrical coordinates as [202]

El (r, ϕ) = A0

(√
2r

w0

)|l|
exp

(
− r

2

w2
0

)
exp (−ilϕ) , (5.1)

where l is a topological charge of the beam vortex and w0 is a beam width at its

waist. The phase of the beam field spirals around the beam propagation direction z

as is schematically shown in Fig. 5.1(a). In any transverse plane z = const, the phase

is manifesltly periodic with the period ϕT = 2π/l.

Figure 5.1: Schematic illustration of the principle of prime number factorization
with OAM beams. (a) The phase distribution of an OAM beam twisted as a spiral
staircase during propagation exhibits azimuthal periodicity with the period ϕT =
2π/l. (b) Prime number sieve examples marked with color dots. (c) Implementing
prime number factorization with OAM beams. Hue and brightness of plots in (a) and
(b) refer to the phase and intensity, respectively.

To perform prime number decomposition with such LG beams, we engineer a

prime number sieve composed of M Dirac pinholes lying on a curve spiralling around

the optical axis as shown in Fig. 5.1(b). The transmittance function Tp of the sieve
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is defined as

Tp (r, ϕ) =
1

M

M∑
m=1

δ

(
ϕ− 2πm2

p
+ ϕ0

)
δ (r − rm) , (5.2)

where M is the number of pinholes, δ is Dirac delta function, and ϕ0 denotes the initial

phase. In the experiment, each Dirac pinhole is replaced by a circle of diameter d.

Further, rm = r0 +m2/p ·d is an offset of the mth pinhole from the optical axis; p is a

trail factor, and m2/p determines in between which consecutive rings the mth pinhole

is located. The second delta function on the right-hands side of Eq. (5.2) ensures that

the pinholes falling into the areas between different consecutive rings do not overlap.

We envision an optical system such that the OAM beam, modulated by the prime

number sieve, is focused by a thin lens [see Fig. 5.1(c)]onto an observation screen.

We can express the beam field in the rear focal plane of the lens as

Uf (r) = − i

λf

∫
d2r′El(r

′, ϕ)Tp(r
′, ϕ)e−ikr

′·r/f , (5.3)

where r = (r, θ) and r′ = (r′, ϕ). On substituting from Eqs. (5.1) and (5.2) into Eq.

(5.3), we obtain

Uf (r) ∝ 1

M

M∑
m=1

rm

(√
2rm
w0

)|l|
e−r

2
m/w

2
0e−2πi∆ϕp/ϕT

× exp

[
− ikrrm

f
cos

(
θ − 2πm2

p
+ ϕ0

)]
,

(5.4)

up to an immaterial constant. In the approximation r0 � m2/p, the on-axis intensity

reduces to

Iaxis ∝

∣∣∣∣∣ 1

M

M∑
m=1

exp

(
−2πi

∆ϕp
ϕT

)∣∣∣∣∣
2

= |GM (p, l)|2 , (5.5)

where ∆ϕp = 2πm2/p. The function GM(p, l) is an incomplete Gauss sum, defined

as [201]

GM(p, l) =
1

M

M∑
m=1

exp(−2πim2l/p). (5.6)

In our protocol, the number to be factored and trial factors are given by the topological

charge l of an OAM beam and number p which specifies locations of the pinholes in the

sieve. The Gauss sum equals to unity whenever ∆ϕp are multiples of ϕT , such that

p is a trial factor of the topological charge. Otherwise, GM(p, l) oscillates rapidly,

taking on small values. In Fig. 5.1(b), we exhibit four prime number sieves with
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p = 2, 3, 4, and 5, marked by the dots of different colors. We assume there are 5

pinholes, M = 5 and the number to be factorized is l = 4. Whenever p is a factor

of l, i.e., p = 2 (yellow dots) and 4 (red dots), all pinholes are in phase. We can

infer from Eq. (5.5) that the result is independent of the initial phase ϕ0, implying

that our protocol is insensitive to initial placement angle of the sieve. This is a huge

bonus for the experimental implementation of our protocol. We note that we adopt

a general criterion M > 0.7 4
√
l to suppress all non-factors situated below a threshold

value 1/
√

2 to improve factor identification[201].

We now present our numerical simulations of the proposed number factorization

protocol sketched in Fig. 5.1(c). The incident OAM beam with the topological charge

l and wavelength λ passes through the prime number sieve, and is then focused by a

thin lens of focal length f . We can evaluate the on-axis intensity numerically using

the Matlab. We chose the following numerical parameters: λ=532nm, f=400mm,

d=0.04mm, r0=6mm and M=7. In Fig. 5.2 we display three examples of prime

number factorization with OAM beams of variable l. We express the number l to be

factorized as a product of prime factors, exhibited on top of each panel in Fig. 5.2.

All results demonstrate that as long as p is a factor of l, the (normalized) on-axis

intensity equal to unity to good accuracy; otherwise, it takes on small values below

the threshold value 1/
√

2 labelled by the dash-dotted line. Our theoretical results

[blue squares, attained by the incomplete Gauss sum] and simulation results (red

dots) are in good agreement, validating the feasibility of our protocol.

5.3 Experimental implementation

We proceed to the experimental implementation of the protocol. A linearly polarized

beam of the carrier wavelength 532nm, emitted from a DPSS laser, passes through

a half-wave plate (HP) and a beam expander (BE). We rotate HP to guarantee the

horizontal polarization of an output beam as it must align with the reflection angle of a

phase-only spatial light modulator (SLM) (Holoeye GAEA-2, 3840×2160 Pixels with

a 3.74µm×3.74µm pixel pitch). To generate a high-quality OAM beam [described by

Eq. (5.1)], we employ the complex-amplitude encoding scheme [202] to customize a

computer-generated hologram to be loaded onto the SLM [see an example for l = 30 in

Fig. 5.3(a)]. The input beam illuminates the SLM, and +1st or −1st-order diffracted
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Figure 5.2: Numerical simulation of prime number factorization with the OAM beam
with l=1×53 (a), l=2×3×5×7 (b) and l=17×19 (c). The blue squares (red dots)
mark theoretical results obtained from the incomplete Gauss sum (simulation results
obtained with the aid of Matlab).

beam forms our output OAM beam. Such a beam can be selected out via a modified

4f optical system consisting of two lenses of focal length f1 = f2 = 10cm and an

iris. We employ a generalized Arago spot method [203] to obtain the complex field

distribution of the generated OAM beam, which we illustrate in Fig. 5.3(b). Hue and

brightness refer to the phase and intensity of the beam, respectively. The generated

OAM beam illuminates a Digital Micro-mirror Device (DMD) (Vialux, 1920×1080

pixels with a 10µm×10µm pixel pitch), to which the prime number sieve is loaded.

The sieve is displayed in Fig. 5.3(c), and the relevant parameters are set as M =7,

d = 0.15mm and r0 = 3mm. The modulated beam is focused by a thin lens (Lens 3)

of focal length of f3 = 40cm and a camera, located in the rear focal plane of the lens,

records an intensity pattern.

We exhibit three normalized intensity patterns in Fig. 5.4. We take the topological

charge to be l = 30. Following Eq. (5.2), we design three prime number sieves varying

the magnitude of p. We set the other parameters as M=7, d=0.15mm and r0= 3mm.

We find that the on-axis normalized intensity (marked by the cross symbol) is unity

if p is a factor of l = 30 (see p = 5 and 10 in the central and right panels), or not (see

p = 4 in the left panel). Further, we experimentally factor the numbers l=30 and

l=53. We present our results in Fig. 5.5. It can be seen in the figure that the factors
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Figure 5.3: Experimental setup for prime number factorization with OAM beams.
DPSS, Diode-Pumped Solid-State laser; HP, half-wave plate; BE, beam expander;
SLM, reflective phase-only liquid crystal spatial light modulator; DMD, Digital Mi-
cromirror Device. (a) Computer-generated hologram of a Laguerre-Gauss beam with
topological charge l=30 and w0 = 0.8 mm. (b) Complex amplitude of an experimen-
tally reproduced Laguerre-Gaussian beam at the front surface of the DMD. The image
size is 9.6 mm ×9.6 mm, and hue and brightness refer to the phase and intensity,
respectively. (c) An example mask of prime number sieve Tp with M=7, d = 0.15
mm and r0 = 3 mm.

and non-factors of both numbers are clearly discriminated by the threshold value of

1/
√

2. Slight deviations of the experimental from simulation results are mainly due

to misalignment between the OAM beam and prime number sieve axes, as well as to

imperfect generation of the OAM beam. Overall, our experimental results agree well

with our simulations, as is seen in Figs. 5.4 and 5.5.

In our time-efficient number factorization protocol, l serves as a number to be

factored, so that we first produce the required OAM beam. It is followed by design

of a set of variable trial number sieves. It is worth noting that the transmittance

function of any sieve is binary, such that light passes through the pinholes and re-

flected otherwise. Such a sieve is realized by the DMD, and in the binary regime, the

refreshment rate of the DMD can reach the maximum value of around 17 kHz. It

implies that we can rapidly change the sieve in order to swiftly refresh the trial factor

p. In the receiver plane, we can use the camera with a high frame rate to quickly

record the intensity patterns of the modulated OAM beams saved as 8-bit grayscale
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Figure 5.4: Numerical (a) and experimental (b) results for the normalized intensity
patterns of an OAM beam modulated by prime number sieves. The topological charge
is l = 30 and the trial factor p is given by 4, 5, 10 from left to right. The size of each
pattern is 375µm×375µm, and the optical axis is labelled by the cross symbol.

pictures. The commercial software Matlab reads a picture and converts it into a ma-

trix. We save a gray value of the central pixel (corresponding to the on-axis intensity

value) and plot it as a function of the trial number p. This function is normalized

by its maximum to ensure the on-axis intensity value is unity when p is a factor of

l. We can visually separate factors from non-factors by looking at the threshold line.

According to a short board principle, the speed of our technology mainly depends

on the lower of the refreshment rate of the DMD and the camera frame rate. Here

we choose the camera (IBTEK, STC-MBS43POE) as an example. Its frame rate can

be up to 282 fps, so that the ideal time interval to test a trial factor is around 3.55

ms. If we attempt to factorize a large number l = 106, say, the trial factor p takes

one values from 2 to
√
l. The total time it takes to perform the factorization is then

around 3.55 s, which is significantly faster than the competing number factorization

methods.

Further, the noisy nature of any realistic light source implies that any genuine light

beam is, in practice, only partially coherent. The latter has a random (fluctuating)

phase. Our protocol heavily relies on the tight control of source OAM beam and sieve

pinhole phases, and hence can lose its credibility in presence of phase fluctuations.

To elucidate the role of phase fluctuations, we compare the fluctuating and ensemble

average phases in Fig. 5.6(a). The latter is obtained by averaging over an ensemble

of 5000 realizations of OAM beams with topological charge l = 2. We observe in the
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Figure 5.5: Experimental implementation of prime number factorization with OAM
beams. The number to be factorized is given by l = 30 (a) and l = 53(b). The
vertical lengths of error bars characterize an absolute value of the difference between
the experimental and simulation results.

figure that the average phase is rather stable within the purple dashed circle area. In

Fig. 5.6(b), we plot the phase magnitudes at the same locations, labelled by the purple

dots p1 and p2, within the phase distributions of the random and average phases. We

can infer from the figure that the random phase (blue line) fluctuates dramatically

with time while the average phase (red line) is nearly stationary. Instructively, the

average phase outside the purple dashed circle area fluctuates as well [see the right

panel in Fig. 5.6(a)]. The radius of the circle is given by the coherence width of the

source. Thus, we can employ noisy OAM beams in our number factorization protocol

as long as the pinholes of the sieve are offset from the optical axis by distances shorter

than the coherence width of the beam.

5.4 Conclusion

In summary, we have pointed out the link between number theory and the OAM

beams that makes it possible to formulate a simple and time-efficient protocol for

number factorization. In our protocol, an OAM beam, modulated by a prime-number
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Figure 5.6: (a) Fluctuating and ensemble average phases of the field of a noisy OAM
beam. (b) Time evolution of two phases at the same locations within the phase
distribution marked by the purple dots (p1 and p2) in (a). The radius of the purple
dashed circles in (a) corresponds to the coherence width of the beam.

sieve, is focused by a thin lens. The number to be factorized corresponds to the

topological charge of the beam, and all trial p are encapsulated into the sieve. The

factors and non-factors can be distinguished by measuring the on-axis intensity of the

focused beam. The experimental scheme is simple and the results are independent

of the sieve orientation. We can swiftly refresh a sieve by a DMD to change the

trial factor p. In principle, we can decompose a number as large as even 106 in 3.55s

by our protocol. Our protocol works for noisy OAM beams as long as the sieve

size is smaller than the coherence width of the beam. Our results are independent

of the wavelength of light and only depend on the azimuthal periodicity the phase

distribution of OAM beams. Hence, our protocol is capable of handling any OAM

beams, such as Laguerre-Gaussian, Bessel, etc., as well as vortex carrying waves of

any physical nature (electron, matter-wave vortices, etc).
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Chapter 6

Conclusion

This chapter provides an overview of the thesis, draws conclusions, and outlines plans

for future research.

6.1 Discussion and Conclusion Remarks

In Chapter 2, we propose theoretically and implement experimentally an FSO protocol

for high-fidelity image transfer through a complex environment. The protocol is a

combination of structuring random light at the transmitter with the engagement of

a deep learning network at the receiver end. This fusion offers several advantages.

First, the utilization of random light source grants access to a multitude of novel,

independent, mutually orthogonal degrees of freedom (DoF) associated with two-

point correlations of structured light fields at the source. This creates numerous

avenues for multiplexing among such crosstalk-free DoFs to boost communication

capacity of our FSO link, some of which we explicitly demonstrate. Second, light

beams generated by structured random sources have been previously demonstrated

to be extremely resilient to environmental noise, such as atmospheric turbulence, and

capable of self-reconstructing upon encountering opaque obstacles, such as colloidal

particles, to a far greater extent than their coherent cousins. This feature improves

the received image quality, thereby enhancing the fidelity of information transmission

in our protocol. Finally, the documented capacity of deep learning networks to realize

accurate object classification in a timely manner further ensures the efficiency and

fidelity of our FSO protocol, making it an attractive candidate to transfer images,

or other forms of information messages, through complex environments. This work

provides a fresh impetus to the emerging field of free-space optical communications

with structured random light and it will undoubtedly inform further research in the

topical field of deep learning network applications to photonics.

60
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The structured random light-based FSO communication link of Chapter 2 is lim-

ited to short-distance information transfer. Thus, for outdoor wireless long-distance

information transport, it is essential to design an innovative structured random light

model by modulating the correlation structure. In Chapter 3, we introduce perfect

correlation vortices and show that the degree of coherence of any such vortex at the

source is nearly statistically homogeneous and independent of the topological charge

of the vortex. We demonstrate that while slowly diffracting in free space, perfect

correlation vortices maintain their “perfect” vortex structure; they are capable of

preserving said structure even in strong atmospheric turbulence. Structural resilience

to diffraction and turbulence sets the discovered perfect correlation vortices apart

from their coherent cousins and makes them potential candidates for long-distance

free space optical communications.

In Chapter 4, we theoretically propose and numerically simulate an efficient multi-

function radar system that leverages optical vortex structures to achieve imaging,

real-time positioning, and tracking 2D targets. The principle of this protocol involves

modulating detection signals using optical vortices, and real-time processing within

its imaging field makes it possible to track and estimate the velocity of a moving

target. Furthermore, the protocol’s extension to 3D landscape identification as a

topographic laser profiling system underscores its adaptability to diverse scenarios.

This versatility and adaptability of our radar protocol indicate the potential of this

proposed radar across a wide range of applications, from self-driving vehicles to aerial

systems.

In Chapter 5, we propose a conceptually simple and fast protocol for prime num-

ber factorization using OAM-endowed beams, modulated by a prime number sieve.

Our protocol establishes a surprising link between optics of structured light and num-

ber theory. By measuring the on-axis intensity of light in the rear focal plane of a

thin lens focusing a source beam, we can effectively differentiate prime factors from

non-factors of a given number. The proposed protocol leverages the periodicity of the

OAM phase distribution, making it applicable to fully or partially coherent fields of

any frequency and physical nature ranging from optical and x-ray to matter waves

endowed with OAM. This protocol will inspire new advancements in optical cryptog-

raphy and information storage using OAM beams.
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6.2 Future work

Motivated by these advancements, we will continue exploring the integration of struc-

tured random light with information networks.

Regarding the structured random light-based FSO communications, several in-

triguing topics are awaiting further exploration.

First, Chapter 2 states that any value of coherence radius can be used as an

individual state, thereby providing, in principle, an infinite number of states to boost

information capacity. In practice, however, if the coherence radii of adjacent states

are too close to each other, the states can be difficult to distinguish, leading to a high

crosstalk among adjacent channels. It poses a greater challenge to high-quality data

transfer. One effective solution is to enhance the classification accuracy by optimizing

the signal processing network to leverage machine learning.

Second, as stated in the first three chapters, coherence radii and correlation func-

tions of structured random light are two DoFs that can be multiplexed together.

However, we would like to point out that the integration of several DoFs may give

rise to some issues such as precision and interference. Hence, the combined effect of

two or more DoFs should be discussed in the forthcoming work.

Third, the perfect correlation vortex beams introduced in Chapter 3 are promising

candidates for high-capacity long-haul transmission in noisy free-space environment.

However, the current experimental generation of these beams relies on the superposi-

tion of many holographic modes, leading to a relatively long computation time. This

method does not meet the critical requirement for time efficiency in communication.

Therefore, it is essential to consider effective time-saving methods in experimental

setups.

As for the radar protocol, the MFR scheme introduced in Chapter 4 has versatile

functions and is adaptable to various working scenarios. However, the drawback of

this scheme is its low precision. On the one hand, the azimuthal and radial position-

ing can only be roughly determined, lacking precision. As a result, for high-speed

moving objects, the positioning and tracking capabilities are somewhat inadequate.

On the other hand, when the protocol is employed in practical application, the limited

imaging resolution of devices will exacerbate the precision deficiency.

Our work in Chapter 5, exploring the number theory of OAM beams, plays a
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crucial role in protecting the integrity and security of information. Therefore, another

objective is to establish a joint information network involving information acquisition,

transfer, and storage. This network will effectively synergize with OAM-carrying

structured random light to enhance data transmission efficiency and security.
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Appendix A Deep learning and random light structuring ensure robust

free-space communications

The structure of ResNet 34— ResNet 34 is a specific implementation of a deep

Table 6.1: ResNet 34 architecture
Layer Name Output Size 34-Layer

Conv1 112× 112 7× 7, 64, stride 2

Conv2 56× 56
3× 3 max pool, stride 2[

3× 3, 64
3× 3, 64

]
× 3

Conv3 28× 28

[
3× 3, 128
3× 3, 128

]
× 4

Conv4 14× 14

[
3× 3, 256
3× 3, 256

]
× 6

Conv5 7× 7

[
3× 3, 512
3× 3, 512

]
× 3

1× 1 average pool, fc, softmax

Figure 6.1: Residual building block diagram of ResNet 34 with n representing a
number of convolution kernels.

residual network; we list the ResNet34 parameters in Tab. 6.1. ResNet 34 comprises

33 convolutional layers and one average pool layer, followed by a fully connected layer.

The overall architecture of ResNet 34 can be subdivided into five modules from Conv1

to Conv5. Conv1 is a 7× 7 convolutional layer with a stride of 2, followed by a 3× 3

64
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max pooling layer with a stride of 2. The next four modules, Conv2 to Conv5,

mainly consist of a series of residual building blocks which form the basis of ResNet

34 network. The residual building block is composed of the following convolutional

layers: batch normalization, rectified linear unit activation function (ReLU) and a

shortcut, as shown in Fig. 6.1. The residual block is designed to effectively alleviate

the problem of vanishing and exploding gradients caused by the depth increase of

the neural network. It can improve the classification efficiency, namely, the decoding

fidelity of our FSO system. The number of residual building blocks embedded into

Conv2, Conv3, Conv4 and Conv5 is 3, 4, 6 and 3, respectively. The convolution

kernel size is fixed at 3 × 3. The corresponding numbers of convolution kernels are

then 64, 128, 256 and 512. Additionally, after each stage, downsampling is performed

to reduce the size of feature maps and achieved by a 1 × 1 convolutional layer with

a stride of 2. The final module of ResNet 34 is a global average pooling layer which

transforms the feature map into a vector. A fully connected layer with a softmax

activation function is then used to obtain the final classification results.

Experimental setup for image transfer through random medium— The setup for

image transmission through a realistic random medium is similar to that in Fig. 2.3;

only the optical elements emulating the complex environment are added. In the

image transmission through turbulence experiment—see Fig. 6.2(a)—we apply an

optical diffuser (OD) with a diffuse Gaussian-like distribution to emulate atmo-

spheric turbulence (https://www.lbtek.com/product/92/product_id/1489.html#

DW120-1500). A OD is employed to simulate weaker turbulence, while two ODs are

placed in the beam path to mimic stronger turbulence. We place a sector-shaped

opaque obstacle (SSOO) with an angle of 2/3π in the light path to model obstructing

particles in a separate experiment shown in Fig 6.2(b).

Resilience of LG-correlated beams to obstacles— We can see in Fig. 6.3 that

the structure of fully coherent LG beams at the receiver is heavily affected by the

presence of solid particles in the medium, while the corresponding patterns of LG-

correlated beams are hardly affected by the obstructions at all due to their outstand-

ing self-healing capabilities. Our results are consistent with the previous work on the

subject[96, 204].

LG-correlated beam intensity versus source coherence radius— In our protocol

https://www.lbtek.com/product/92/product_id/1489.html#DW120-1500
https://www.lbtek.com/product/92/product_id/1489.html#DW120-1500
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Figure 6.2: Experimental setup of grey image (a) transmitting in atmospheric tur-
bulence and (b) suffering obstructing particles. OD: optical diffuser; SSOO: sector-
shaped opaque obstacle, others are same with Fig. 2.3.

utilizing the source coherence radius for image encoding, the 4 quaternary states for

image encoding correspond to σc = 0.02mm, 0.025mm, 0.03mm, 0.05mm. These

states are realized with the aid of digital focusing holograms of four focal lengths:

f = 50, 500, 700, and 1200mm.

Transmitted image fidelity evaluation— We assess the performance of our protocol

by evaluating the conditional probability Psr|st of a measuring state st given sr and

the total fidelity of each transmission. Here, we give a simple example to illustrate

the evaluation process. We stress that this is just an illustrative example which has

nothing to do with the actual transmitted data.

Suppose a transmitted data string is composed of 12 quaternary numbers, ”000111222333”,

say. Further, assume that the received string is ”000101223333”. First, we notice that

each transmitted quaternary state is composed of 3 digits, such that each transmit-

ted state st makes the fraction P0 = P1 = P2 = P3 = 3/12 = 0.25 of the total
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Figure 6.3: Recorded intensity profiles of LG-correlated versus fully coherent LG
beams obstructed by a sector-shape obstacle situated in the beam path.

Figure 6.4: Normalized intensity of an LG-correlated beam (LG04) at the receiver
generated by a source of variable coherence radius.

12 digits making up the information string. Further, on comparing the transmit-

ted and received data strings, we can infer that 2 states are incorrectly received

(marked in red ink): the 5th digit in the received string is 0 instead of 1, while 9th

is 3 in lieu of 2. We can then compose a confusion matrix N based on these ob-

servations. The row and column elements of the confusion matrix are separately

determined by the transmitted and received states. Starting with the first row,

all 3 transmitted ”0” are correctly received as ”0”, implying that N00 = 3, and

N01 = N02 = N03 = 0. Next, consider the second row. We notice that 3 trans-

mitted states ”1” are received as 2 states ”1” (correct) and 1 state ”0” (incorrect).

Thus, N10 = 1, N11 = 2, and N12 = N13 = 0. Following the same procedure, we

can fill up the other two rows of the “green” matrix . We have N22 = 2, N23 = 1

and N33 = 3, with the other matrix elements being zeroes. We exhibit the resulting
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Figure 6.5: Confusion matrix and transmission fidelity of an illustrative example.

matrix in Fig. 6.5(a). We can then easily evaluate the conditional probabilities of of

finding transmitted states in given received states as follows: P0|0 = P3|3 = 3/3 = 1,

P1|1 = P2|2 = 2/3 = 0.67, P0|1 = P3|2 = 1/3 = 0.33, with the others being 0. We

display these results in the “brown” matrix of Fig. 6.5(b), as well as show them

with the bar chart in Fig. 6.5 (c). Finally, we can evaluate the total fidelity of data

transmission as
∑
sr=st

P (sr |st )P (st) = 1×0.25+ 2
3
×0.25+ 2

3
×0.25+1×0.25 = 83.3%.

At the same time, the total fidelity of image transmission is determined by the

fraction of correctly received states versus the total number of transmitted states as

10/12 = 83.3%, which is in complete agreement with our calculation based on state

detection probabilities.

Qualitative comparison of transmitted and received images— We juxtapose the

transmitted and received images of Lena and show the quantitative measure of the

state detection fidelity on the side in Fig. 6.6. Specifically, we can infer from Fig. 6.6(a)

and Fig. 6.6(b) that neither medium turbulence nor the presence of opaque particles

significantly degrades the image in our protocol when the source coherence structure
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Figure 6.6: Qualitative (visual) and quantitative (fidelity) comparison between trans-
mitted and received images. (a), & (b) correspond to the protocol utilizing the source
correlation structure, while (c) corresponds to that using the source coherence length
for image encoding. The color bar shows normalized fidelity with unity corresponding
to 100%.

is employed for image encoding. The same conclusion applies to our protocol with

the source coherence radius which is evidenced by Fig. 6.6(c).
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Appendix B Derivation of PCV evolution in free space

First, let us substitute Eq. (3.3) into Eq. (3.11), we can obtain the evolution of each

pseudo-mode in free space.
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It follows with the aid of the integral representation for the Bessel function and the

table integral [205]

Im (x) = i−mJm (ix) , (6.2)
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Thus, we can obtain the vortex modes at points rj (j = 1, 2) in any transverse plane

z,
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Subsequently, Eq. (6.5) can be substituted into Eq. (3.10) yielding
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After rearrangement, we obtain Eq.(3.12) of the mian text,
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