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Abstract

In quantum computing, computational tasks are represented by quantum circuits.
These circuits are composed of gates whose physical realization comes at a cost.
Typically, gates from the so-called Clifford group are considered cheap, while non-
Clifford gates are considered expensive. Consequently, non-Clifford operations are
often seen as a resource whose use should be minimized.

In this thesis, following recent work by Beverland and others, we study lower
bounds for the number of non-Clifford gates in quantum circuits. We focus on lower
bounds that can be derived from monotones, which are real-valued functions of quan-
tum states that are non-increasing under Clifford operations.

We first provide a detailed presentation of two recently introduced monotones: the
stabilizer nullity and the dyadic monotone. We then discuss how these monotones
can be used to give lower bounds for the non-Clifford resources for two important

quantum operations: the multiply-controlled Pauli Z gate and the modular adder.
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Chapter 1

Introduction

In quantum computing, computational tasks are represented by quantum circuits.
Quantum circuits are composed of gates that represent operators and wires that
represent qubits. These gates transform the state of one or many qubits. Applying
these gates comes at a cost, so minimizing this cost is of particular interest. Certain
gates and operations are considered cheap, those typically being the gates in the
Clifford group, while non-Clifford gates are considered expensive. It is well-known
that the Clifford group is not universal for quantum computing, which means that
not all operations in quantum computing can be performed with just Clifford gates.
Adding a single non-Clifford gate, however, gives the desired universality, making such
expensive gates necessary. Common non-Clifford gates used in quantum computing
are the so-called T', C'S, and CCZ gates. Naturally, the goal in designing quantum

circuits is to use the least number of these resources.

Much work has been done to try to reduce the number of non-Clifford gates in
quantum circuits, as seen in [14] [15, 2] 6, 8, [3, [7]. Sometimes these circuit optimiza-
tions are optimal, as in [I4] [0 [7]. But in most cases, these optimizations are heuristic:
a method to reduce the number of non-Clifford gates is defined and then empirically
evaluated on benchmark circuits. This has prompted recent efforts in finding lower
bounds for non-Clifford resources [4, 17, [I1]. Lower bounds can help us understand

how much more effort to put into optimizing circuits and are the focus of this thesis.

Upper bounds are often obtained from explicit circuit constructions. In contrast,
non-trivial lower bounds are notoriously hard to find. In this thesis, we focus on
lower bounds that are obtained from monotones, which are real-valued functions of
quantum states that are non-increasing under Clifford operations. This follows the

work of Beverland and others [4] which provides the main reference for this thesis.

The thesis focuses on two monotones, namely the stabilizer nullity and the dyadic

monotone. The resources considered are the previously mentioned T, C'S, and CCZ
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gates. These monotones are leveraged to provide lower bounds for important quantum
operations: the multiply-controlled Pauli Z gate and the modular adder. Two sets of
lower bounds are provided, one derived from the stabilizer nullity and another derived
from the dyadic monotone. The dyadic monotone gives tighter lower bounds, but with
further restrictions. Some well-known upper bounds are provided for contrast as well.
In some cases, the upper bounds match the lower bounds, showing that the circuit
constructions are optimal.

The thesis is organized as follows: in Chapter [2| we begin with a brief overview of
the necessary background information needed. Then, in Chapter [3| we introduce the
stabilizer formalism, which is the backbone of our methods to realizing lower bounds
for resources. The central concept in this chapter is the stabilizer of a state. In
Chapter [4, monotones are introduced in detail, along with some of their important
properties, leveraging the stabilizer defined in the previous chapter. Chapter |4}is also
where the aforementioned restriction of the dyadic monotone first appears, as it is
needed to prove some of its properties. In Chapter[5 we use both monotones to derive
lower bounds, considering the T', C'S, and the CCZ gates as resources. We calculate
lower bounds for two circuits, namely the C"Z circuit and the modular adder circuit.
Finally, the main takeaways of the thesis are briefly stated in Chapter [0} along with

open problems for further work.



Chapter 2

Foundational Quantum Computing

In this chapter, we provide the necessary prerequisites to this thesis. In particular, we

introduce quantum states, unitary evolutions, measurements, and quantum circuits.

2.1 Preliminaries

2.1.1 Vectors and Matrices

Let C be the set of complex numbers. We write C" to represent the space of n-
dimensional column vectors, and we write C"*™ for the space of matrices with n rows

and m columns. Matrices can be multiplied in the usual way.

The complex conjugate of a scalar ¢ € C is denoted ¢, and the adjoint of a matrix
M = (¢;j) € C™™ is MT = (¢;;) € C™*™. The trace of a matrix M, denoted Tr(M),
is the sum of its diagonal entries. Note that Tr(BA) = Tr(BA).

For a vector v € C", the norm of v is ||v|]| = Vviv. The vector v is called a
unit vector if ||v|| = 1. A matrix U € C™" is unitary if U~! = UT and hermitian if
U=U".

2.1.2 Tensor Products

The tensor product is defined as usual and is denoted by ®. When a basis is fixed,
the tensor product can be computed as the Kronecker product: the tensor product
w=u®uv € C" of two vectors is defined by w(; ;) = u;v;. Similarly, the tensor
product C' = A® B € C"™*"™ of two matrices is defined by c(; jy ;1) = aib;j, with
pairs (7, j) ordered lexicographically. Note that C* @ C"™ = C™™ and C"*" @ C™*™ =

3
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Crm>nmm - For example, the Kronecker product between two 2 x 2 matrices looks like:

a11b11  a11bi2 aiebin aiebio

a1 a2 2 bir b2 o artbar  aibas  aigbar  aizba
Q21 22 ba1 Do a21011  a1bia  agxebin  agnbis
a21ba1  a21b22  agabar  agebao

A basis for a tensor product of vector spaces can be obtained as the tensor product
of the basis elements of the individual vector spaces. For example, if {a;, a2} and
{by, by} are two bases for C?, then {a; @ by, a1 ® by, as ® by, as @ by} is a basis for C*.
Note that not all elements of C* are of the form a ® b with a,b € C2.

2.1.3 The Dirac Notation

In quantum computing, we make use of the Dirac notation to represent vectors and
operations. In Dirac notation, we write a column vector v as a ket, denoted by |v).
The adjoint of a column vector u is written as a bra, denoted by (u|. The inner
product between two vectors |v) and |u) is then written as a braket, denoted by (u|v).
For example, the inner product of (0| and |1) is (0|1). The outer product between
two vectors is written in the opposite manner, i.e. |v) (u|. Note this is simple matrix
multiplication, where the inner product results in a scalar, and the outer product
produces a matrix. In some sense the outer product scales a vector, since for a vector
|w), we have |v) (u| |w) = (u|w) |v) where (u|w) is just a scalar.

Consider the standard basis vectors [1,0]" and [0, 1]T. We denote them |0) and |1)
respectively. In quantum computing, the basis of C? formed by {]0),]1)} is known
as the computational basis. As mentioned before, one can get a basis for higher
dimensional vector spaces by taking tensor products of |0) and |1). For example,
a basis for C* is {|0) ® |0),|0) ® |1),]1) ® |0),]1) ® |1)}. For brevity, the symbol
® is often omitted for elements of the higher dimensional computational bases. For
example, |0) ® |0) is written as |00) and |0) ® |1) is written as |01). In this way, the
j-th basis vector of C*" is denoted |byby - - - b,) where by, by, -+ , b, € Zo and biby - - - b,
is the binary expansion of j. Alternatively, we sometimes also write j as an integer
instead. For example, |3) = [11) = |1) ® |1). These notations are all equivalent and

interchangeable, thus we use whichever one is most convenient.



2.1.4 Quantum Bits

The fundamental unit of information in classical computing is the bit. In quantum
computing the basic unit of information is called a quantum bit or qubit for short.
In classical computing the classical bit can be in the states 0 or 1, but in quantum
computing the state of a qubit is a unit vector in C?. Hence, the state of a qubit can be
any complex linear combination « |0) + (3 |1), where «, 8 € C and satisfy |a|+|5] = 1.
The complex numbers o and 3 are called the amplitudes of the state. Note that |0)
and |1) are valid states, corresponding to « =1 and f =0, and to a =0 and § =1
respectively. We sometimes call these states classical. A state whose amplitudes are

both nonzero is said to be a state in superposition. For example, a qubit in the state

0) + 1)

V2

is in (equal) superposition.
Similarly, the state of a collection of n qubits (sometimes called a register) is
described by a unit vector in C? ® --- ® C? = C?". For example, a 2-qubit system

could be in the state
|00) 4 |01) + |10) + |11)

5 .

Interestingly, the state of a multi-qubit system cannot always be expressed as

the tensor product of the states of the qubits composing the system. Consider for

example the 2-qubit state
|00) + |11)

V2o
It can be verified using the definition of the tensor product given in Section that
there are no single-qubit states |v) and |w) such that
|00) + [11)
v) ® [w) = ——F=—.
V2
If two qubits are such that their state can be expressed as a tensor product |v) ® |w)
then the qubits are said to be separable. Otherwise, the qubits are said to be entangled.
For example if a pair of qubits is in the state
|00) + |11)
V2

then the qubits are entangled.
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In what follows, we will sometimes write S(n) for the set of all n-qubit states and S
for the collection of all states. That is S = U,S(n). In addition to the computational
basis states defined above, other important states include
0) + 1)

V2
V2
Finally, if [¢/) is a state we write [¢)®" for the n-fold tensor product of |+/) with itself
V) @) @ @ [¢).

+) =

and

2.2 Quantum Operations

To compute with qubits, one can act on them using two types of operations: unitary

evolutions and measurements.

2.2.1 Unitary Evolution

In this case, the state of a quantum system is transformed by applying a unitary
transformation to it. For example, say a quantum system is described by the column
vector |¢) and U is some unitary matrix. Then the state, after having evolved under
U, is given by U |¢). Observe that unitary matrices are isometries since ||Uv|| = ||v]|
holds for all v if U is unitary, and vice versa when U is a square matrix. A unitary
transformation on an n qubit system is also called an n-ary quantum gate. The
following are some notable single qubit gates that will be used extensively in this
thesis, and are as follows: the Pauli X, Y, and Z gates, the Hadamard gate H, the
phase gate S, and the T gate. The Pauli matrices are

0 1 0 —i 1 0
X = , Y = s and Z == 3
1 0 7 0 0 —1
and the others are
1 |1 1 10 1 0
H=— , S = , and T = , :
V2 1 -1 0 i 0 eim/4

Note that the X gate is synonymous with the Not gate, which can be though of as a
simple bit flip gate, i.e. X |0) =|1) and X |1) = |0).
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If U is an n-qubit unitary, we write CU for the (n+ 1)-qubit unitary whose action
on basis states is defined as CU |c) |t) = |c) U¢|t), for ¢ € Zy and t € Z}. The gate
CU is called a controlled-U gate. The intuition is that there is a single qubit that acts
as a control qubit so that the U gate is only applied to the other qubits depending
on the state of the control qubit. The qubits that U acts on are called the target
qubits. Gates can be multiply-controlled as well. We write C"U for the multiply-
controlled U gate with n controls. Its action on the computational basis is given by
C"U |er) ... |en) |t) = |e1) - |en) U |t), where ¢4, - - - ¢, is the product of the bits
C1,...,Cy in Zo. Knowing this, there are important controlled gates that will be used
later in great detail. They are the C'S gate, CNOT (or CX) gate, and the Toffoli
gate (or CCX), and they have matrices:

0 0]
00
S — . CONOT =
10
0

o o O =
o O = O
= o O O
o R O O

10
01
0 0
0 0 ?

and

CCX =

o O O O o o o =
o O O o o o =~ o
o O O o o = O O
o O O O = O O O
o O O = O O o o
o O = O O O o O
_ o O O O O O O
S =, O O O O o o

2.2.2 Measurement

Aside from unitary transformations, we can also act on a quantum state by measuring
it. Measurement is a probabilistic process, and we think of it as observing the state.
A quantum state collapses due to a measurement, and if you were to measure it again
this would yield the same result. Measurements can be performed with respect to
different bases of C’. In this thesis, an important basis is the computational basis.

If a qubit is in the state |¢)) = a|0) + §|1), and it is measured in the computational
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basis, then the post-measurement state will be |0) with probability |«|* or |1) with
probability |3]2.

More formally, quantum measurements are described by a collection of measure-
ment operators {M,,} [13, p. 85]. These operators are Hermitian, idempotent, and
satisfy the completion rule: Y M M,, = I. The index m refers to the correspond-
ing measurement outcome. V{fnhen measuring some state |¢) the probability that the

outcome m occurs is p(m) = {(¢|M] M,,|¢) and in this case the post-measurement
M)

(GIMF, Mo |9)

from the completeness equation: 1 =Y p(m) = > (| M} M,,|¢)). Moreover, in the

state is . Naturally, these probabilities sum to 1, which can also be seen

computational basis for C?, we have My = |0) (0| and M; = |1) (1|. Measuring the

state [1)) above with these formal terms will give the same result as before.

Measurement is of course not restricted to just a single qubit. This formal method
can describe measurement on multiple qubits. Consider an n-qubit system described
by the state |¥). Then measuring in the computational basis, the probability of
observing the outcome j is still just (\If\MjM]]\IJ), where M; = |j) (j| and j is taken
to be in binary form. For example, on 3 qubits one possible outcome is |001) as this is
one of the computational basis states in C*. Then My = |001) (001] is used to find
the probability that the measurement outcome will be [001). One can also measure
an m qubit state in an n qubit system for m < n, i.e. one can measure only part of

a quantum system.

A type of measurement that we will be especially interested in is the Pauli mea-
surement. Recall that X, Y, and Z are the Pauli matrices defined above. An n-qubit
Pauli operator is obtained by taking a tensor product of n elements of {I, XY, Z}.
An n-qubit Pauli can be decomposed as a sum of measurement operators. Let P
be a n-qubit Pauli and [¢)) an n-qubit state. Note that for any Pauli P, only two
eigenvalues occur, namely the —1 eigenvalue and the +1 eigenvalue. Recall that
by the spectral decomposition theorem, we have matrices Py, which are projectors
for their corresponding eigenspaces. These matrices satisfy the following equations:
P = (+1)Pyy + (-1)P_y, and I = Py + P_;. Now for a Pauli measurement
on P the probability of a +1 outcome is (¢|Pyq|¢)), with post measurement state
lp) = —Pald) - Fipally, from the above equations we get that P, = Py — P

(W Pr1ly)
and P_; = I — Py, so by subtracting these equations we eliminate P_; and get that



p.,=4E Hence, we now can write the post measurement state as = EPlY)
1= P 9) = o

2.3 Quantum Circuits

A quantum circuit describes a sequence of operations acting on a register of qubits.
Quantum circuits are made of (horizontal) wires and boxes, where each wire represents
a qubit and each box represents a gate. Typically the boxes that represent gates have
a label indicating what gate it is. Explicitly, letting U be any single qubit gate, a

circuit with one qubit and U gate would look like

-

Multi-qubit gates are also boxes but with multiple wires connecting to it. There
is a special representation for controlled gates. Controlled operations are represented
with a open or closed circle on the control qubit with a vertical wire connecting it to
a box on the target qubit. A controlled operation with a closed circle on its control
qubit, means apply the controlled gate to the target qubits only if the control qubit
is in the |1) state. An open circle on the control qubit means apply the gate if the

control qubit is in the state |0). The circuit for a controlled operation CU where U

|

The circuit representation for a multiply controlled gate is written in this fashion also

is a single-qubit unitary is

but with multiple control qubits.

Quantum circuits are read from left to right, and can be applied by tracking what
the operations do to the input state. It is worth noting that if two circuits give the
same output on a general input state then they are equivalent circuits. In fact, the
following example is a circuit from [I0] that acts exactly as a CC'Z gate on qubits ¢q,

¢, and c¢3, and will be used later on in Chapter

:?; o : (2.1)
0) X e HHA—
|cs) D
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The & symbol in the bottom wire denotes the X gate, making this controlled gate
a CNOT or CX gate. The gate with the meter symbol is a measurement gate and
performs a measurement with respect to the computational basis. The final C'Z gate
is a classically controlled gate, represented by the double line attached to it from the
third qubit. Classically controlled gates work by only being applied to its qubits if
the measurement outcome of the other qubit it is attached to is |1). Also, the third
qubit is called an ancilla. It is used as “scratch space” during the computation, and
a circuit with no ancillas is said to be ancilla free. Tracking from left to right starting

with the input state, we get the following steps:

|c1) [e2) [0) [e3)
= Jer) Jea) [(er - ca)) |es)
= er) |e2) [(e1 - ) [es @ (e - ).

Now, write out the general states |c;) and |eo) as ., [0) + B, [1) and a, [0) + S, |1)
respectively. Since the fourth qubit which is in the state |c3 @ (¢; - ¢2)) remains un-

changed from here, we consider only the first three qubits next. We get:

|c1) [e2) [(c1 - c2))
= (01010402 |000> + 601a62 |1OO> + 0401502 ’010> + 561502 |111>)

= \/Li(aqa@ |000> + By ey |100> + e, B, |010> + B Bey |110>) + %(O‘qaw |001> +

Perte, [101) + ae, e, [011) = e, B, [111))

(tey e, [00) 4 By e, [10) + e, Bey [01) + By Be, |11) ) if measurement is |0),
—

(tey e, [00) + By e, [10) + i, Be, [01) — Be, Be, |11))  if measurement is |1)

(e e, [00) + Bey e, [10) + e, Bey [01) + Bey Be, |11) ) if measurement is |0)
—

(vey @ty [00) + Bey ey [10) + v, Be, [01) + Be, Be, [11) ) if measurement is |1)
= [e1) Jea).

Finally, bringing the fourth qubit back into consideration we arrive with

|c1) |e2) |es © (erca))
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as the final state of the system, which is exactly the operation of a CC'Z gate on the
first, second, and fourth qubits, as expected. The first few steps follow naturally by
applying the gates one-by-one, while the rest are less trivial. In particular, the sixth
step follows from the fact that H |0) = |+) and H |1) = |—), which can be verified
by direct computation. The seventh step comes after we measure the third qubit,
where we observe either the |0) or the |1) state, both with probability 1/2. The only
difference here between observing either of these states is that there is a negative sign
attached to the S, 3., |11) component. The final step fixes this issue by applying the
CZ gate to the first two qubits, provided the |1) state was observed. This results in
having the same output state regardless of the measurement outcome, hence the final
result.

Note that a circuit that does not contain any measurements can be straightfor-
wardly interpreted as a matrix by interpreting the horizontal composition of gates as

matrix multiplication and the vertical composition of gates as tensor products.



Chapter 3
The Clifford Group and Its Universal Extensions

In this chapter, we introduce Clifford circuits, discuss their computational power, and

present several universal extensions of the Clifford group.

3.1 The Pauli Operators

Recall the Pauli matrices X, Y, and Z from Chapter 2}

0 1 0 —i 1 0
X = LY = . and Z = .
i 0 0 —1

10
If S'is a set of matrices then S®™ is the set of matrices comprised of tensor products

of elements in S.

Definition 3.1.1. The Pauli group on n qubits P(n) is the matrix group with ele-
ments {£1,+X,+Y, £ 7, +il, £iX, +iY, £iZ}°".

Note that the +1 and 4: factors in the elements of P(n) ensures the closure of

the group.
Proposition 3.1.2. We have |P(n)| = 4"+

Proof. By induction, first let n = 1. Then from definition we see that there are
16 = 4% elements in P(1), so the base case is true. Now assume that the statement is
true for m qubits, i.e. |[P(m)| = 4™, Then P(m + 1) has elements that are tensor
products of elements in P(m) and I, X, Y, and Z. Thus there are 4-4™+! = 4(m+1)+1
elements in P(m + 1). Note that we only count these tensor products since e.g.,

P® —iX = P'® X where P’ = —iP, for P, P’ € P(m). O

12
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3.2 The Clifford Operators

Recall the gates H, S, and CNOT defined in Chapter [2}

g L1 G _[ro
V2 =1t T o

and _ -
1 0 00
01 00
CNOT =
00 01
0010

We use these gates to define the Clifford group.

Definition 3.2.1. The Clifford group on n qubits C(n) consists of the matrices

that can be represented by an ancilla-free circuit on n qubits over the gate set

{H,S,CNOT}.
Clifford operators are sometimes referred to as Stabilizer operators.
Proposition 3.2.2. H, S, and CNOT act on Paulis as follows:
HXH' =7 and HZH' = X, SXS' =Y and SZST = Z.

For CNOT, we write its action on Paulis in circuit notation. For X we have the

following.

—1!—

A A
\J €

D

al

<]

And for Z we have:

4

—ib—
& S S>{71-&

Note that we need not specify the action on Y since Y = iX 7, so the action on

X and Z gives and fixes the action on Y.

Proposition 3.2.3. If P € P(n) and C € C(n) then CPCT € P(n).
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Proof. 1t is sufficient to show that the generators of C(n) map the generators of Pauli
matrices to Pauli matrices. The Clifford generators are H,S in C(1) and CNOT in
C(2), while the generators of P(1) are i/, X and Z. Note that for Pauli matrices in
P(n), we can write them as a tensor product of Pauli matrices in P(1). Moreover,
we can also write a gate in C(n) as a tensor product of any combination of H, S and
CNOT.

We can use this and Proposition to give us that, for a Pauli P € P(n) and
some C' € C(n) CPCT € P(n). This follows by writing P and C as tensor products

as explained above, and then using the distributive law of tensor products. O]

The previous proposition shows that Cliffords map Paulis to Paulis under conju-
gation. We now show that, in fact, any unitary operator that maps Paulis to Paulis
under conjugation is an element of the Clifford group (up to a scalar). Our proof

follows [13].

Lemma 3.2.4. Let P € {+X,+Y,+Z}. Then there exists a C' € (H,S) such that
CXCl=P.

Proof. To prove this we simply list all possible C' circuits required for each P:
o If P= X then C =1.
o If P=—X then C = 52

IfP=Y then C = 5.

o [f P=—-Y then C = HS.

If P=Z then C = H.

e If P=—Z7 then C = HS?.
O]

Lemma 3.2.5. Let Q € {£Y,+Z}. Then there exists a D € (H,S) such that
DQD' =7 and DXD' = X.

Proof. To prove this we simply list all possible D circuits required for each Q:
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If Q=Y then D = STHST.

If Q = —Y then D = (STH)2(S1)2H.

If Q=27 then D=1.

If Q = —Z then D = HS?.
0

Theorem 3.2.6. Let U be a unitary operator that maps Paulis to Paulis under con-
jugation. Then, up to a global phase, U may be composed of H, S, and CNOT

gates.

Proof. We proceed by induction on n, the number of qubits, following the method
outlined in [I3]. For the base case, let U be a single qubit unitary operator that maps
P(1) to itself under conjugation.

Now, let UXU' = Q and UZU' = R. Note that since U is an automorphism it
cannot map X or Z to £1, so neither R nor @) can be =7. Then by Lemma/[3.2.4], there
exists some V € (H, S) such that VXVT = Q. Now let FF = VIU. Thus FXF' = X
and FZF' = VIRV = R' for some R’ € P(1). Note that since F is an automorphism
it is bijective, so it cannot map Z to +X, which implies that R’ € {+Y,+7}. Then,
by Lemma there exists a G such that GR'GT = Z and GXG' = X. So:

GFXF'GI =GXG' =X and GFZF'G'=GRG'= Z.

Since P(1) is generated by X, Z, and the scalar i, we have GFPF'G' = P for
all Pauli operators P. Now, following the arguments from [I6], observe that every
complex 2 X 2-matrix can be written in the form al +bX +cY +dZ, for a,b,c,d € C.
It follows that GFM FTGT = M for all operators M. This implies that GF' is a scalar,
which means that U = VGT up to a global phase. From this, up to a global phase, U
is comprised of only H and S gates as desired.

Now, suppose U is an n + 1 qubit unitary that maps Paulis to Paulis under
conjugation and first suppose that U(Z ® Ipn)UT = X @ g and U(X @ Ipn)UT = Z®@ ¢’

for some g, ¢ € P,,. Now, define a circuit C as:

9] g
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where the “strike” on the bottom wire indicates that ¢ and ¢’ possibly act on multiple

qubits. Now observe that C(Z ® I5.)CT = X ® g as follows:

C(Z ® Ia)C" =

Note that ¢ and ¢’ commute, as can be seen below:

XZ®gd=(X@9)(Z®J)
= U(Z @ Ln)UU(X ® Ipn)UT
= U(X ® In)(Z @ Ion)UT
= U(X ®I)UU(Z ® In)UT
=—(Z@g)(X®g)
= —(ZX®dg)
=XZ®dyg

Then we have that I ® g¢' = I ® ¢’g, which implies that g¢’ = ¢’g. Now we make use
of this commutation to show that C(X ® I5.)CT = Z ® ¢
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C(X ® I,)CT =

Note here that g and ¢’ are multiqubit gates, and the wire it is on is representing n

wires or n qubits. Now, consider U’ := CTU. Then

U(X ® L) UT=CTU(X @ Inn)UTC=CHZ®¢)C = (X® )
and

U(Z @ 1)U = C'U(Z @ Ipn)UTC = CT(X ® g)C = (Z @ Ipn).

Now note that for any n-qubit Pauli operator P, we have U'(I @ P)U'T = I ® Q
for some @ € P(n). This is because I ® P commutes with both X ® I and Z® I, and
therefore so must U’(I ® P)U'T. Tt follows that there is some U” such that for all R in
P(n+1), URU" = (I, @ U")R(I, ® U")T. We can apply similar arguments as above
to get that U’ = IL,&U” up to a global phase, say U’ = ¢(Io®U"). Now note that C'is
a Clifford circuit since the controlled g and ¢’ gates are controlled Pauli gates, which
can be realized by conjugating the CNOT gate with some combinations of H and S
gates. By the induction hypothesis, there is a Clifford circuit D that is equal to U” up
to some global phase, say U” = ¢ D. Hence U = CU' = ¢C(la @ U") = ¢p1pC(Ils ® D)

as desired.
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Now, suppose U is instead an arbitrary unitary matrix, that is not the identity,
without the condition that U(Z®I:)UT = X ®g and U(X ® I2)UT = Z®g'. We can
still acquire these restrictions by conjugating U with other Clifford circuits as follows.
Let P=U(Z ® I3.)UT and Q = U(X ® I32)UT. Then P and Q must be self-inverse
Pauli operators, thus P =+P, ® --- ® P,y; and ) = Q1 ® - - - ® (),,+1. Moreover,
since Z ® Ion and X ® Ion anti-commute, so do P and (). It follows that there is some
J such that P; and ); anti-commute. Assume without loss of generality that j =1
(because otherwise we could apply a Clifford operator to swap the 15¢ and j'* qubits).
Then by Lemma there exists some Clifford circuit E such that X = ETPE,
so that (BT @ I50)U(Z @ Ipn)UNWE @ Iyn) = X ® g, where g = P, ® -+ @ P,y.
Now let K = (ET ® Iy)U and note that it also maps Paulis to Paulis. Hence,
K(X®@ILn)K' =r®g for somer = ETQ,F € {+Y,+£Z} and ¢’ € P(n). This allows
us to use Lemma [3.2.7] to obtain some Clifford circuit F such that FrFf = Z and
FXF'=X. Now let L = (F ® Iyn)K so that L(X ® I;n)LT = Z ® ¢’. Thus, we can
use the same arguments above to get that L is made up of H, S, and CNOT gates,

and since K, F, and F are also, it follows that U is as well. O

The above theorem, together with Corollary [3.2.3 shows that up to a scalar the

Clifford group is the normalizer of the Pauli group.

3.3 Universal Extensions of the Clifford Gates

We can do many interesting things with Clifford circuits. In particular, we can create

superpositions and entanglement of states. A superposition is a linear combination

of single ket vectors, so simply applying H to |0) would give [+) = (|0) + |1))/v/2.

To achieve entanglement means to find some circuit that when applied to some un-

entangled qubits the output state is an entangled state. As an example, consider the
00)+[11

entangled state T>’ then the following circuit with input [00) will output the

entangled state.

0) —{H}—o— 100)+]00)

0) ———— | V2
Note that the Clifford group is finite. This comes from the fact that it maps

Paulis to Paulis under conjugation, effectively meaning that Clifford circuits act as
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permutations of the Pauli group. Hence, since there are 4! Paulis, there are at
most 40" Cliffords. That is IC(n)| < A+ T fact, the exact cardinality of
the Clifford group is well known and is 8 - ﬁ 2(4" — 1)4° [16].

Moreover, the Gottesman-Knill theore;rzllshows a relation in power between the

quantum computer and classical computer.

Theorem 3.3.1 (Gottesman-Knill Theorem [13]). Suppose a quantum computation is
performed which involves only the following elements: state preparations in the com-
putational basis, Hadamard gates, phase gates, controlled-NOT gates, Pauli gates, and
measurements of observables in the Pauli group, together with the possibility of clas-
sical control conditioned on the outcome of such measurements. Such a computation

may be efficiently simulated on a classical computer.

In short, the Gottesman-Knill theorem states that stabilizer operations can be
classically simulated efficiently (in polynomial time). There is an algorithm to do this
on a classical computer with O(n?*m) operations, called the Tableau algorithm.

The Gottesman-Knill theorem (and the finiteness of the Clifford group) means that
stabilizer operations are not universal. That is, there are quantum computations that
cannot be simulated effectively with just the Clifford group and measurements. The

next theorem, which is proved in [12], provides a fix for this.

Theorem 3.3.2. If G is a non-Clifford gate then {H,S,CNOT,G} is universal for

quantum computing.

A typical gate used to extend the Clifford group to be universal is the T gate,
though the C'S and CCZ gates are two other notable gates that will be used. Recall
the matrices for the T', C'S, and CCZ gates:

(1 00 0
1 0 0100
0 eim/4 0010
000 4

and
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ccz =

o O O o o o O

o o o = O o o o
o O = O O o o o
o = O O O o o o

o O O O O o O =
o O O O O o ~ O
o O O o o = o o
o O O o = o o O

-1

Note the C'C'Z gate is used interchangeably with the C'C X gate as they are equal upon
simple conjugation by a H gate on the target qubit. To see why these gates are not
in the Clifford group, simply observe the following example conjugation calculations

from [4]:

TXTH = X4
CS(X ® )OSt = CNOT(S ® SHONOT(X @ I)
CCX(X®I®I)COXT = (X ®I) @ H2tla-tts

where X5 means X applied to the 3™ qubit, i.e. X5 =1 ® I ® X, and similarly for
Zs.

This naturally gives the sense that non-Clifford gates are a resource that en-
ables full quantum computing, meaning that each non-Clifford gate is an expensive
commodity that ideally is used as little as possible. This is also corroborated by
the fact that in fault-tolerant quantum computing Clifford gates are typically cheap
whereas non-Clifford gates are typically expensive. Thus this is the motivation be-
hind attempting to limit the number of non-Clifford gates used. Finding lower bounds
and upper bounds also gives an idea as to whether or not more or less of a certain
non-Clifford gate can be used. If there is a circuit that uses the same number of
non-Clifford gates as the calculated lower bound, then we know we cannot do any

better.
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3.4 Computing With States

Instead of using non-Clifford gates to perform universal quantum computing, one can
use a special kind of state to inject the desired gate into a circuit. The useful states

for this purpose are defined below.
Definition 3.4.1. We define the following resource states:
IT) =T |4), |CS)=CS|+)¥*, and |CCZ) = CCZ|+)**.

The above states can be used to apply the corresponding gates using the injection

circuits from [4]. We provide them here for reference.

Figure 3.1: Injection circuits

( o—A

[CCZ)q &— A
( A
¢ x| Mx |

) 5a }czz )
LA
cz cz cz

( (X H

(a) Injection circuit for the CCZ gate

oA
\CS>{
DA
[y | A\
X
|Oé> { = Fil'CS Fil‘cs }CS |O!>
I_X_I
[t /

(b) Injection circuit for the CS gate

(c) Injection circuit for the T gate
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The Fizcg gate in the circuit for the |C'S) state is

and

represents a SWAP gate, which simply exchanges the two inputs for each other.

In contrast to resource states, we also define a stabilizer state.

Definition 3.4.2. A stabilizer state is a state of the form |¢) = C'|0)*" for some
Clifford unitary C'.

Definition 3.4.3. Let |[¢)) be an n-qubit state and U be an operator. Then we say
that |¢) is stabilized by U if U |¢) = |¢). The stabilizer of |1) is the subgroup P(n)
consisting of the Paulis that stabilize [¢). It is denoted by Stab|i).

This means that Stably) = {P € P(n) | Ply) = [¢)}. States for which the
stabilizer contains only the identity matrix are said to have a trivial stabilizer.

The reason behind using this stabilizer formalism is that we can easily describe
many quantum states by working with operators that stabilize them, rather than by
explicitly working with the states themselves. Next are a few propositions regarding

the stabilizer.

Proposition 3.4.4. Let |¢)) be an n-qubit state. Then we have the following facts
about Stab ) :

1. Stab [¢) does not contain —1I.

2. All Pauli group elements contained in Stab |1)) commute with each other and

are Hermitian matrices.
3. The cardinality of the stabilizer is equal to some power of two.

4. Gwen any Clifford Unitary C, the cardinality of Stab |i) is always equal to the
cardinality of Stab(C' |1)).
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5. Finally, the cardinality of the stabilizer is multiplicative for the tensor products

of states, that is |Stab(|¥) |¢))| = [Stab |¢) | - [Stab|¢) |.
Proof.

1. If =1 € Stab|y), then — |[¢)) = —I |[¢b) = |¢), which of course is not true for

states (since unit vectors have at least one non-zero entry).

2. First note that for any two Paulis P, @), they either commute or anti-commute.
Now suppose P, @ € Stab |¢) anti-commute. Then [¢)) = PQ |¢) = —QP |[¢) =
— |¢). This implies that —I € Stab [¢), which from above can’t be true, so P

and () must commute.

3. By Proposition the cardinality of the Pauli group is a power of two, and
since Stab [¢) is a subgroup of the Pauli group, [Stab |¢) | must divide a power

of two, thus it must also be a power of two.

4. Recall that Clifford unitaries normalize Pauli matrices. Now let P € Stab |)
and let C' be some Clifford unitary. Then CPCTC |¢)) = CP ) = C|y), so
CPC' € Stab(C |[¢)). Now consider the map ¢ : Stab [¢)) — Stab(C'|¢))
which acts as P — CPCT. This map has an inverse, o1 : Stab(C [v)) —
Stab(CTC |¢)), which acts as P’ + CTP'C (where we note that Stab(CTC [1))) =
Stab |¢))). Thus ¢ is a bijection, and so we have that |[Stab |¢) | = |Stab(C'[¢))].

5. Let [¢) and |¢) be states on n and m qubits, respectively. First note that if P
is in Stab |¢) and @ is in Stab|¢), then P ® @ is in Stab |¢) |¢). This defines
a map 6 : Stab|y) x Stab|¢) — Stab|Y) |¢), namely (P, Q) = P ® Q. We
will show that 6 is one-to-one and onto, thus establishing a bijection between

Stab [1) |¢) and a set of size |Stab [1)) | - [Stab |¢) |.

To show that 6 is one-to-one, consider P, P’ in Stab |¢)) and @, Q’ in Stab |¢)
and assume that 0(P, Q) = 0(P',Q’),i.e. P®Q = P'®Q)'. By properties of the
tensor product, this implies that there exists some scalar A such that P = AP’
and Q = A"'Q’. But since both P and P’ are stabilizers of |¢)), we must have
A =1. Thus P = P' and @ = @/, showing the 0 is one-to-one.

To show that 6 is onto, consider any R in Stab|y) |¢). Since R is an nm-qubit

Pauli operator, we can write R = Ry ® Ry where R; and an n-qubit Pauli and



24

Ry is an m-qubit Pauli. We have R;[¢¥) ® Ry |¢) = (R @ Ro)(|¢)) ® |¢)) =
|1) ® |¢). By properties of the tensor product, there exists some scalar A such
that Ri ) = A|¢) and Rs|¢) = A~'|¢). Let P = AR, and Q = AR..
Then P |¢) = 1) and Q|¢) = |¢), and hence P € Stab |¢) and @ € Stab|¢).
Moreover, §(P,Q) = PR Q = N"'R; ® ARy = Ry ® Ry = R. Therefore 6 is

onto.

O

Theorem 3.4.5. Let 1)) be an n-qubit state. Then |1) is a stabilizer state if and
only if |Stab [¢) | = 2™.

Proof. For the left-to-right direction, recall that 1)) = C[0)®" for some Clifford circuit
C'. Then, by fact 4 from Proposition , |Stab [¢) | = [Stab |0)®"|. Since the |0)*"
vector is the basis vector [1 0 --- 0]T, it can be seen that the only Pauli matrices that
are in Stab |0)*" are tensor products of the Pauli matrices Z and I. There are 2"
different Pauli matrices of this form, giving us that 2" = |Stab [0)*" | = |Stab [¢) |.
For the other direction assume [Stab |¢) | = 2". In [I], Theorem 8 states that |1))
can be represented by a tableau, which can then be converted into a tableau that
represents the |00...0) state using only Clifford operations. Applying these Clifford
operators is equivalent to applying Clifford operators to the appropriate qubits of |¢),
thus resulting in a Clifford circuit C' such that C'|¢)) = |00...0). O

An example of a non-stabilizer state is |¢)) = (\/lg 100) + ﬁ |11)), where through
computation one can find that it has the following stabilizers: I ® [ and Z ® Z. Since

there are only 2 stabilizers, and 2 # 22, |¢)) cannot be a stabilizer state.
Lemma 3.4.6. Let |[¢) be an n-qubit state. Then |Stab |¢) | < 2™

Proof. Tt is known from [I] that any subgroup of the n-qubit Pauli group that is
commutative and does not contain —/ can have at most 2" elements. Since [Stab [¢)) |
is such a subgroup, the claim follows.

]

Theorem 3.4.7. If |¢)) is an n-qubit stabilizer state, then Stab |¢) uniquely deter-

mines 1) up to a phase.
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Proof. First consider the case [¢)) = |0). In this case, the stabilizer is generated by
ZR1--- L I1ZI®---®I,...,1® ---®1® Z. Suppose |¢) :ZJQZEIQJ- 17) is
another state with the same stabilizer, where |j) denotes the basic state corresponding
to the binary expansion of j. If j # 0, then the binary expansion of j has some non-
zero bit, say in position k. Then (/I ® -+ - @ [ Z QI ®---®1)|j) = —|j), where
Z appears on the k™ qubit. Therefore, a; = 0. This proves that |¢) = g |0), so |¢)
differs from |0) only by a phase.

Next, suppose that |¢)) and |¢)') are stabilizer states that have the same stabilizer.
Let C' be some Clifford operator such that C'|¢)) = |0). Note C'|¢) and C'|¢)') have
the same stabilizer, and therefore by the above, C'|¢’) differs from |0) by a phase.
Hence |¢) = |[¢') up to a phase.

O]



Chapter 4

Monotones

In this chapter, we introduce monotones, which are real-valued functions of states.
In the next chapter, we will use these monotones to derive lower bounds for quantum

circuits.

4.1 Abstract Monotones

Recall that S is the collection of all states. We say that a collection of states Z C S
is closed under tensor products if |¢), |¢)) € T implies |¢) ® |¢) € Z. Similarly, we
say that Z is closed under the action of stabilizers if |¢p) € T and C' € C(n) implies
Clo) eT.

Definition 4.1.1. Let J C § and suppose that J is closed under tensor products
and the action of stabilizers. A monotone for J is a function M : J — R2? such

that:
e M(|¢)) =0 if and only if |¢) is a stabilizer state
e if C' is a stabilizer operator then M(C'|¢)) < M(|¢)) for all |¢p) € J.

Proposition 4.1.2. We may consider the following properties for monotones:

o M(l¢)® [¢) = M(16)) + M (1)) (additive)
o M(|6) © [) = M(16)) - M(|v) (multiplicative)

o M(C|p)) < M(|p)) where C is a Pauli measurement (non-increasing under

Pauli measurements)

o M(|p)) = M(|¢) [v)) for all stabilizer states |1)) (stable under stabilizer ancillas)

26
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4.2 The Stabilizer Nullity

Definition 4.2.1 (stabilizer nullity). Let |¢)) be an n-qubit state. The stabilizer
nullity of 1) is denoted by v(|1)) and is defined as v(|1))) = n — log, [Stab [¢) |.

Proposition 4.2.2. The stabilizer nullity is a monotone.

Proof. First, by Proposition and Lemma , for any n-qubit state |¢)) we
have |Stab[¢) | < 2™ and is a power of 2. Hence, v(|1)) is always a positive inte-

ger and so v is a (non-negative) real valued function. Again, by Proposition m
recall that for a Clifford unitary C' and a state [¢)) we have that |[Stab(C |[¢))| =
[Stab [¢) |. Thus v(C'[¢)) = n — logy [Stab(C'[¢)))| = n — log, [Stab [¢) | = v([¢)).
Next, if [¢) is a stabilizer state, then |Stab|¢)| = 2" by Proposition [3.4.4] so
v(|Y)) = n —logy(|Stab i) |) = n — logy(2") = 0. Conversely, if v(|¢))) = 0, then
n = log,(|Stab |¢)|) which implies that |Stab|¢)| = 2". By Proposition it
follows that |¢) is a stabilizer state. O

Proposition 4.2.3. The stabilizer nullity is additive.

Proof. Let |¢) and |¢) be an n-qubit state and an m-qubit state respectively. By
Proposition we have [Stab(|¢)) [¢))| = |Stab [¢) | - |Stab|¢)|. Hence:

v([1h) |¢)) = n+m — log, [Stab([) |¢))|
= n+m — log, [Stab [¢)) | — log, [Stabl [¢) |

= v(|¥) + v(l9)-

]

Now we want to show that v is non-increasing under Pauli measurements, but

before we do this we need the following Proposition.

Proposition 4.2.4. If P and Q) are Hermitian Pauli operators and PQ) = —QP then

the operator

1s a Clifford operator.
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Proof. Let U be a Pauli. Then

U—U(PQ)' — (PQ)U + (PQU(PQ)T
: .

We have two cases now, the first being PQU = UPQ (i.e., PQ and U commute).
Then

CUCT =

2U — (U(PQ)' + UPQ)

cuct = 5
2U — (UQP + UPQ)
n 2
2U — (-UPQ + UPQ)
- 2

=U.

Naturally the second case is when PQU = —UPQ (i.e., PQ anti-commutes with U).
Then

U—-UPQ) —UPQ-U
2
~UQP +UPQ
2
—UQP -UQP

2
—2UQP

2
— —UQP.

CUCT =

In either case, CUC" is a Pauli, so C is a Clifford by Proposition [3.2.3| O

Lemma 4.2.5. Let |¢)) be an n-qubit state and let P be an n-qubit Pauli matriz.
Assume that the probability of a +1 outcome when measuring P on |¢) is non-zero

and let |@) be the state after measurement. Then |Stab|p)| > |Stab|v) |.

Proof. Let P be an n-qubit Pauli and [¢)) an n-qubit state. Recall that for a Pauli
measurement on P the probability of a +1 outcome is ()| P11]1), with post measure-
ment state |¢) = —— . — W) yyith this, we have three different cases to

VIPae) 2y @IPaly)
consider. First is the simple case when P is in Stab |¢)). Here we have:

oo AP )
2 WPy ~ WPy

Since [¢) and |¢) differ by a phase, |Stab |¢) | = |Stab [¢) |.
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Next consider when P is not in Stab|y). Then we have two alternative possibilities.
The first alternative is when P commutes with all elements of Stab [¢). Let @ €
Stably) so that PQ = QP. Then

CQUEP)) (T PQW (P
QIO = S WiPale) = 20Enle) — 2@y 7

Thus @ € Stab|¢) and so [Stab|¢)| D [Stab|¢)| which implies that |Stab|¢)| >
Stabli) |

Finally the second alternative is when there exists at least one @) € Stab [¢)) such
that () and P anti-commute. Note this means that @ |[¢0) = [¢)) and QPQ = —P,
so the probability of the +1 outcome is (¢| (I + P) |¢) /2 = (¢| Q(I + P)Q|¢Y) /2 =
(W| (I — P)|¢) /2, which is the probability of the —1 outcome. Since these two

probabilities must add up to be 1, the probability of both the +1 and —1 outcome is

1/2. Then the post measurement state becomes:

o UEP) U+ PI) (4 P))
20[Pald) 212 V2

where we fixed the normalization condition such that (¢|¢) = (¥|¢). Also, observe
that we can write |¢) = (I + PQ)/v/2|v) since Q stabilizes |¢). Since (I + PQ)/v/2
is a Clifford unitary by Proposition [4.2.4] we see that |¢) and |¢) differ by a Clifford
and therefore |Stab |¢) | = [Stab|¢) |. O

Corollary 4.2.6. The stabilizer nullity is non-increasing under Pauli measurements.

Proof. Let |1) be a nonzero n-qubit state, let P be an n-qubit Pauli operator, and
let |¢) be the state after measuring P on |¢). By Lemma[1.2.5] we have [Stab |¢) | =
|Stab |¢) | or |Stab |¢)| > |Stab|¢)|. Either way, [Stab|¢)| > [Stab|¢)]| so that
log, [Stab |¢) | > log, |Stab [¢) |. Hence

¥(|¢)) = n — log, [Stab|g)
<n —log, |Stab ’¢> |
= v(|¥)).

]

We finish this section with a notion that will be helpful in computing the stabilizer

nullity of states. We write multisets using {| and |}. Moreover, we sometimes indicate
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the multiplicity of an element in brackets. For example the multiset {|a,a,b|} will

sometimes be written as {|a(2),b(1)|}.

Definition 4.2.7 (Pauli Spectrum). Let |¢)) be an n-qubit state. The Pauli spectrum
of |¢) is denoted by Spec|t) and is defined as:

[@IP) |
The Pauli spectrum is a multiset with 4" elements. These elements are real num-

Spec |¢) = { JPe{l, XY, Z}®"

@Ry

bers between 0 and 1. Note that the number of 1’s in the Pauli spectrum of |¢)
is |Stab i) |. Hence the Pauli spectrum can be useful in computing the stabilizer

nullity.

Example 4.2.8. Let § € R and consider the state |6) = (|0) + € [1))/v2. To
calculate the Pauli spectrum, first note that |#) is normalized so (6| |#) = 1, then by

direct computation we have:
o (0[1]0) =(0]0) =1
o (01X 10) = (L[ +(O])(|1) +€]0))/2 = (7 + ") /2 = cos§

e (0|Y|0) = ((1] e+ (0)(i |1) — i€ ]0))/2 = i(e™® — €¥) /2 = i(—2isinf) /2 =

sin 6
o (01Z10) = (1] e~ +(0D(|0) —€”[1))/2=1~1=0

Thus, the Pauli spectrum of |6) is {1, cos#,sin,0}. Moreover, if § = 2k /2 for some
integer k, then X € Stab |0), and if § = (2k +1)7/2, then Y € Stab |#). Observe that
for all 8, I € Stab|f) and Z ¢ Stab |#), thus [Stab|f)| = 2 if and only if either X
or Y € Stab |#), or more generally if § = mn/2, for some integer m. The state |0) is

therefore a stabilizer state only for § = mn /2 for some integer m.

4.3 The Dyadic Monotone

Consider quantum states that have entries in Z[i, 1/2] = {“Hb ca, bk, € Z} when
written in the computational basis. Indeed, |[C"Z) can be written as vectors with

entries in the above set. We have a few noteworthy facts to observe here:
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e The set Z[i,1/2] is a ring since it is closed under addition, subtraction, multi-

plication and contains 0 and 1.

e If a state |¢)) has entries in Z[i, 1/2], then for any Hermitian multi-qubit Pauli
operator P, the expectation (| P|y) is in Z[i, 1/2]. This is because the entries
of any Pauli matrix, and |¢), are in Z[i, 1/2], so when applying P to [¢) you
get that P |¢) € Z[i,1/2]. Similarly, it follows that (| P|y) € Z[i, 1/2].

o (Y| P|y) can be written in the form a/2* for integers a and k. This follows

from the fact that Pauli expectation values are self-adjoint and thus (| P|y)) €
Z[1/2].

e For stabilizer states Pauli expectations can only be £1 and 0.

Before defining the next monotone, we must first introduce a few functions that
will be used in its definition. Let us define vy : Q — Z U {oc}. Let 0 # q¢ € Q so
we can write ¢ = n/d with n,d € Z and ged(n,d) = 1 (so it is in reduced form).

By the fundamental theorem of arithmetic we can write n = 272 - p}”
d = 2& -plf’l copim for ki l; € Z for all i € [m]. So q¢ = 2* -plfpl -+ pirm where

"pm

1pm and

k =1y —1Iyand k; = ry, —1I,. This map is unique so we define v5(¢q) = k and
@2(0) = OQ.
Remark: Let ¢ € Q be in reduced form as above. Then we have three different

cases:
1. nyd=21=15(q) =0
2. n =5 0,d =y 1 = 0y(q) is the largest power, k, of 2 such that 2*|n.
3. n =5 1,d =5 0= —7y(q) is the largest power, k, of 2 such that 2¥|d.
Proposition 4.3.1.

[ ] T}Q(:tl) = 0
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Now, we wish to extend v, to the real subsets of Ry = Z[(ya11,1/2], where (yat1
is the 24%! primitive root of unity. To do this, first recall that the Galois group of
a field extension is a set of automorphisms that fixes the base field, and forms a
group under the operation of function composition. We denote the Galois group of a
field extension F' over its base field E by Gal(F/E), and elements in this group are
commonly denoted by o. Note we are only concerned with field extensions over the
field Q, which are called algebraic number fields. Next we need the field norm for an

algebraic number field F'. This is denoted as N : FF — Q where

Nay= [] e
c€Gal(F/Q)

In fact, for a field extension F' and base field E, there is an alternative definition
of the Galois group that comes from a polynomial f € E[z], which is typically called
the minimal polynomial. Here f factors as a product of linear polynomials in F[x],
and more importantly, all automorphisms o € Gal(F/E) are defined by mapping a
root to other roots. The roots in such a polynomial are called conjugates.

Recall a cyclotomic field extension of Q is the field Q adjoined with a primitive
root of unity, which we denote as (,. Note in this thesis we are only concerned with

¢, when ¢ = 2%%1. Now, for a cyclotomic field the minimal polynomial is
9d+1
Qa1 = H (z — C§d+1)~ (4.1)
gcd(kg:d‘lH):l
Each o € Gal(Q((y4+1)/Q) sends (ya+1 to one of its conjugates, and by Equation
above these are just the numbers Céfdﬂ where ged(k,29%1). This means that the o’s
are defined in the following way: oy ((ya+1) = C§d+1. The next few propositions provide

some basic properties of oy.
Proposition 4.3.2. For all x € Q[(a+1], 0;(0k(z)) = op.j(2).

Proof. This follows immediately from the definition of o4, and how it simply raises

(9a+1 to the power of k. O

Proposition 4.3.3. For all x € Q[(ya+1] and all odd k, 0} 9a+1(x) = 0} mod 24+1(x) =

o).
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Proof. This follows from the periodicity of . O]
Proposition 4.3.4. x© € Q|[(ya+1] is rational if and only if for all odd k op(z) = z.

Proof. We prove the backwards direction as the forward direction follows immediately
2¢—1 ,

from the definition of oj. Consider x = > a;(J,1, € Q[Ce+1] and suppose that
=0

09i1(x) = x. Observe that for all odd j, 09a,1((oat1) = —Coatr. Applying this to
each term in the summand of x we get that a; = —a; which implies a; = 0. Then
every non-zero term left in the summand of « has an even j, thus having a factor of 2
which implies that = € Q[(¢]. Thus repeatedly applying this argument gives us that
r € Q. O

From the Fundamental Theorem of Galois Theory one obtains the isomorphism
Gal(Q(Coar1)/Q) = (Z/nZ),
which means that elements in Gal(Q((ye+1)/Q) are precisely the o,’s where
ged(k, 2 = 1.
Thus £ takes only odd values, so that:

241

Na(@) = ] onte) = T oanss(@) (42)

k—odd

Remark: If d < d’ then Q(e™/2") C @(ei'”/Qd/). Note the following propositions
about Ny.

Proposition 4.3.5. Ny is trivial, meaning No(z) = x.

Proof. No(x) = o1(x), and since oy(x) is trivial, so is Ny(x). O
Proposition 4.3.6. Let d be a positive integer. Then Ny is multiplicative.

Proof. This follows from o being multiplicative. O]

Proposition 4.3.7. The value of Ny is always rational.
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Proof. Observe the following;:

oi(Na@) = J]  olon(@))

ke{1,3,...,2¢-1}

= H O0j.k mod 2d+1 ([E)

ke{1,3,...,2d—1}

= JI o

ke{1,3,...,2d—1}

The final equality comes from the fact that despite the different index variables we

are computing the product for the same odd valued indices. Thus by Proposition

Ny(zx) is rational. O

Proposition 4.3.8. Consider Ny, : Q(e"™/2""") — Q. Then when restricting Ny,
to Q(e"™/%") we have Ngy = N3.

Proof. For v € Q(e™/2"), we have:

24411
Niyi(a) = H Topt1()
k=0
241 20+1 1
= [[ ooera(@) T oowsi(@)
k=0 k=24
201 291
= H Ookt1() H ookt ()
k=0 k=0
= Nj().
This follows from the fact that oy (9iisy41 = 0142 for i € {0,...,2¢ — 1}, since
od_ s .
G = L O

Recall that Ry = Z[(ga+1,1/2].

Definition 4.3.9. The valuation function vy : [ JRg — Q is defined as
d

_ 02(Ny(z))

ve(z) = 5 (4.3)

where d = min{y; x € Q(e"™/?")}.
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Remark: In the above definition we could instead choose any d for which = €

Q(e"™/2") since if d < d’ and z € Q(e"™/2") then x € Q(ei'”/le). Then we have that

T2(Ng(z)) _ v2(Ng ()
2d - 2d"

Proposition 4.3.10. If x € Q then vy(z) = vUa(x).

Proof. If x € Q then d = 0 and N4(x) = Ny(x) = z,

va(Na(x)) _ oo(x) _
vo(z) = 5 =20 = va(x).

Proposition 4.3.11. If x,2' € Ry then ve(z - 2') = va(x) + vo(2').

Proof. First we prove this for v,. If in their prime decomposition x and z’ have factors
2F and 2¥, respectively, then z - 2’ has a factor 2¥**'. Thus v5(z - 2/) = k + k’. Now,

since Ny is multiplicative, we have:

sz(Nd(zf )
ﬂa(Nd%w)C; Na(z'))
ﬂz(Nd(f;) ;ﬁz(Nd(x’))
— uy(@) + v ).

vo(x - ') =

]

The following propositions are required building blocks to be able to prove another

important property of vy in Proposition 4.3.17]

Proposition 4.3.12. Ny(1 — (pi+1) =2

Proof. We proceed by induction on d. For d = 0 we have Ny(x) = oy(x) = x, so
it is trivial, and thus Ny(1 — (0+1) = 1 — ¢ = 1 — (—1) = 2. Now suppose the
statement is true for d, that is Ng(1 — (a+1) = 2. Recall that o4(Coarr) = (5ipy sO
that o9j.1(1 — Gas1) = (1 — (211). Also observe that CQQZH = —1 and Gy = Gou.

Now by making the appropriate pairings we finish by showing that Ngyq(1 — (oa2) =
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Ng(1 — (ya+1) in the following way:

2d+1 1
Nar1(1 = Goarz) = H (1- C;ijzl)
§j=0
241 . ' .
= [Ja-¢itha - g™
=0

d

[N
—

2j+1 2j+1420+1 454242441
(1 - C2d+2 T Sod+2 + C2d+2 )

=0
d

<

[N
—

(1= GI = (Gl — GiR))
=0

d

<

[N
—

( 1— nggjll )
=0

(1= Coarr).

I
5m

O

Proposition 4.3.13. Let x € Z[(ya+1], then Ny(x) is an integer. If &' is an element
of Rq then Ny(2') = a/2% for integers a and K.

Proof. The first statement of this proposition can be realized by applying the same

arguments as in Propositions [4.3.4| and [4.3.7| but for x € Z[(y4+1] instead.

Now for 2/ € Ry, write it as 2/ = x/2* for some x € Z[(54+1] and some integer
k. Since Ny(x) is multiplicative and Ny(1/2%) = (1/2%)%°, we have that Ny(z') =
Ny(x)/2K for K =24 . k. Since Ny(r) is an integer, we can write Ny(2') = a/2% for

some integer a. O

To complete the proof of the next proposition, recall the geometric sum formula:

[y

1—a" &
SR (4.4)

0

Proposition 4.3.14. u; = (1 — C;j;l)/(l — <2d+1) is a unit in Z[Cyar1].

11—z

e
Il

Proof. Recall that if u; is a unit then both u; and uj_l are in Z[(ya+1]. Note that
1 — 2%~ is divisible by (1 —x), so the geometric formula in Equation (4.4) then gives

us that:
2j—2

251
LZE ¥
1—2
k=0
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2j—2
Substituting = with (oa+1 gives us that u; = Z ¢k, and thus u; € Z[(ya+1]. To show

that u; € Z[(ya+1], observe that (25 — 1) and 29+1 are coprime, so by the extended
Euclidean algorithm there exists a j’ such that j/(2j — 1) = 1 mod 2%*!. Using the

geometric formula again, but for j’ instead, we have:

. i’—1
Y L
1—=x
k=0

This time by substituting x with C;j:ll we get (1 — (é?;l)j/)/(l - (225;11) € Zl(aa+1].
Indeed, by direct calculation we have that w; - ( Céiill ) / (1 — C;ﬁ:ll) =1 so that
= -Gl G, =

Proposition 4.3.15. ag = 1 — (a1 is a prime element of Z[Coa+1].

Proof. Recall from number theory that elements of the ring of integers of a number
field with a prime norm is a prime element of that ring of integers. In this case the
number field is Q[(ya+1] with ring of integers Z[(yat1]. Since Ng(ay) = 2 which is a

prime number, we get that ay is a prime element. O

Proposition 4.3.16. Let =’ be an element of Z[(sa+1]. Then ve(z’) > 0 and for

k = 2%y ('), o' can be written as 2" (1 —Coar1)¥ for z" in Z[Coar1] such that vy(z") = 0.

Proof. Let ag =1 — (yar1 and choose k to be the biggest power of «ay that divides 2.

Then we can write 2/ = akz” such that 2" is from Z[(y+1] and oy does not divide

2", Since Ny(z") is an integer by Proposition [4.3.13] if 2 does not divide Ny(z”) then
this will imply that vy(2”) = 0.

Let us now suppose that 2 does indeed divide Ny(z”), in an effort to find a
contradiction. Then by Proposition [.3.12] together with the definition of N, ag4
divides 2 which implies that ay divides Ny(z”). Also, since oy is prime by Proposi-
tion , ag must also divide ogy41(2”) for some k. Note there exists j such that
(2j+1)(2k+1) =1 mod 29" and 0941 (02k41(2')) = 2. Then, applying 09,1 to ag
and oory1(2”) we get that og;41(ay) divides 2”. However, by Proposition oy
divides 09j41(aq) =1 — C;ﬁfll and therefore it divides z”. This contradicts our initial

description of x’, so vy(z”) = 0.
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Finally, we have that

=k - vy(ayg)
= k/2%

Naturally we now have that k = 2%,(2’), as desired. O

Proposition 4.3.17. For x and y € Q|[(ya+1] the following inequality holds:

va(a + y) > min(vs(x), valy)).

Proof. Note that for x and y € Q[(4+1] there always exists an integer ¢ such that
7' = cx and y' = cy are both in Z[exp(im/2%)]. Then

va(z +y) = va((1/0) (2" +9/)) = va(a’ +¢) + v2(1/c).

Now by Proposition [4.3.16, we can write 2’ as 2 (1 — (yat1)® and ' as y” (1 — Cpar1)*s
for k, = 2%y(2') and k, = 2%s(y'). Note this also means that z” and y” are in
Z[Coa+1] and ve(z”) = ve(y”) = 0. Moreover, let k& = min(k,, k,). This way we can

write:

x + y' = x”(l — C2d+1)k” + y”(l — C2d+1)ky

=(1- <2d+1)k(x”(1 — C2d+1)k””7k + y”(l — ngﬂ)ky*k)_
Now by Proposition 4.3.11}
2)2(1’, + y/) = U2<1 - C2d+1)k) + U2($”(1 - C2d+1)kx_k + y”(l — ngﬂ)ky_k)_

Since " and y” are in Z[(pa1], 2" (1 — Carr)¥=F + ¢/"(1 — Carr)f™ € Z[(yan1] and
thus it is also > 0 by Proposition 4.3.16| Hence va(2’ +1%') > v9(1 — (aas1)*. Note that
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Ng(1 — (ga+1) = 2 and recall that Ny is multiplicative. Then we get the following:
U (Na((1 — Gear1)*))
9d

U2((Na(1 = Goarn))F)
2d

va(1 = Gyort ) =

g (2)
2d

2d
B 24 - min(vy(z'), v2(y'))
od

= min(va(2'), v2(y")).

Finally, putting it all together we arrive at

vz +y) = v’ +¢') + v2(1/c)
> vy(1 — Goar)* + va(1/c)
= min(vy(2'), va(y')) + v2(1/c)
= min(vy(2'/c), va(y'/c))
= min(vy(x), v2(y)).

O

The power of 2 in the denominator of the Pauli expectation gives us a sense of
how “non-stabilizer” the state is. The definition of the dyadic monotone below gives

us an intuition for this sort of measure.

Definition 4.3.18. Let |¢)) be an n-qubit state with entries in R,. Then the dyadic

monotone 1s

pa ) = max{ —va((V|PI)) : P € {I,X,Y,2}%"}.

The dyadic monotone basically is the maximum power of 2 in the denominator
over the Pauli spectrum. Now note that it is invariant under Clifford unitaries because
they map the set of all multi-qubit Pauli matrices to the set of all of all Pauli matrices
up to a sign and v, is insensitive to the sign of its argument. The next proposition
shows a similarity between v and pus, namely the additive property under tensor

products.
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Proposition 4.3.19. Let |¢) and |¢) be states with entries in Rg; then

pa(|0) @ [9)) = pa |¢) + p2 |¢)

Proof. Note that for Pauli matrices P and @) the expectations (¢|P|¢) and (¥|Q|¢)
are non-zero. Thus, using distributive properties of the tensor product and v, we

get:

va((0] @ (W (P © Q) [d) @ [¢))

v ({0 P+ (¥| Q) @ (|¢) @ [¢)))
v2((0[P[9) - (Y|Q[))
v2((0 Pl9)) + v2 (Y| Q).

O

Next, we want to show that that the dyadic monotone is minimal for stabilizer

states. To do this we will need the following proposition.

Proposition 4.3.20. Let x be a real element of Ry such that for all odd k, |op(x)| <
1. Then vy(x) < 0 and the equality is achieved if and only if v = £1.

Proof. The condition that |og(z)| < 1 for all odd k implies that Ny(z) < 1, since
Ny(z) is just the product of all these o’s. Because x € Ry we can write it as z/2"
for z € Z[(ya+1]. Then, since N, is multiplicative by Proposition [£.3.6] Ny(z) =
Ny(z) - Ny(2%) = n/22"% | where Ny(z) = n is an integer by Proposition . This
together with | Ny(z)| < 1 implies 05(n/2%) is non-positive, which further implies that
vo(x) is also.

Now, since n is an integer and |Ny(z)| < 1, va(z) = 0 if and only if Ny(x) =
n/22% = +1. Because |og(z)] < 1 for all k, Ny(z) = +1 only when oy (z) = +1 for
all k. Then by Proposition 4.3.4) z = £1. O

Proposition 4.3.21. Let |¢) be a state in Rq; then ps [1) > 0, with equality achieved
if and only if |1) is a stabilizer state.

Proof. Consider a Pauli P expectation a = (¢|PJy)). Because P has eigenval-
ues +1, by the spectral decomposition theorem it follows that P = P,; — P_y,
where P, and P_; are projectors that correspond to the eigenspaces +1 and —1

respectively. Since (¢|Pyq|1) and (¢|P_1|1)) are the probabilities of observing the
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+1 or —1 outcomes respectively, which by definition are at most 1, we have that
| (Y| P|Y) | = | (¥|Psa|y) — (| P-1]¢p) | < 1. For odd k consider oy (a) and recall that
o preserves addition, multiplication, and conjugation. Thus we can write oy as the
expectation (| Py|tr) where |1);) and Py are obtained by applying oy to |¢) and P
element-wise. It follows that oy, = (Vg|Pe|tr) = o1 ({(¥|Pl1)) = or(a) and so |ag| < 1
since o, takes rational numbers to rational numbers. Then by Proposition [4.3.20]
v9(a) < 0 which implies that ps is always non-negative.

We now show that s [¢)) = 0 if and only if |¢) is a stabilizer state. If |¢) is a
stabilizer state, then |¢) = C'[0)*" for some Clifford circuit C. But us is invariant
under Clifford operations, so we actually have us(|v))) = p2(|0)*"). Hence, since
12(]0Y®™) = 0, we have ps(|1))) = 0. We now show the converse implication: if

p2(])) = 0, then [1)) is a stabilizer state.

Suppose that ps(|1))) = 0. Then all non-zero Pauli expectations of 1)) are 1. The
set {I,X,Y,Z}*" denoted by T'(n), is an orthogonal basis of the space of matrices
with respect to the inner product (A, B) = TrABT. This means that we can write

1) (] as a linear combination of the basis elements, that is, as > Q. It follows
QET(n)
that Tr(|¢) (Y| P) = > agTr(QP) = ap-2" since the trace of a Pauli operator is
QeT(n)
zero aside from I, in which case it is 2". Noting also that 1 = (¥ |v)) = Tr(|¢) (¥]),

observe the following:

Tr([y) (¥1) = Tr([y) (@[ [9) (1)

:Tr( Z apP( Z aQQ)>

PeT(n) QEeT(n)
- ( Z ap( Z aQTr(PQ)))
PeT(n) QEeT(n)
PeT(n)
= > (ap-2)7)2
PeT(n)
1 2
=5 3 (m(0) Wl P))
PeT(n)
Since (| P|y) is either 0 or +1 we can write [Stab|¢) | = . | (¥|P]Y) |>. Now,

PeT(n)
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since the trace is cyclic, Tr(|¢)) (| P) = Tr(<¢|P|1/)>) = (| P|v) and therefore

1 1
=T W) = 5 3 (Tr() (Wl P)) = o S0 [(IPIE) P = LfStab v |
PeT(n) PGT (n)
Hence, [Stab |1) | = 2™ and 1) is a stabilizer state. O

Proposition 4.3.22. Let [¢)) be a state with entries in Ry, let P be a Pauli observable
such that measuring its +1 eigenvalue has probability 1/2 and let |1¢4) be the normal-
ized result of that measurement. Then g [t) > ps [101), so g is non-increasing under

Pauli measurements.

Proof. We proceed by bounding the value of vy for some Pauli operator ) evaluated on
the expectation (1o, |Q|¢4). Since the normalized state is just the post measurement

state, and we know the probability of the +1 eigenvalue is 1/2, we have that
I+P) ) (I+P)w) I+P

e e v
The expectation of () is therefore equal to
el = SATEPIQUE DI,
If P and () anti-commute then
(6, QL) = (W](IQ+ PCé?)(f + P)¢)
_ WlQ+ —QP)I + P)lw)
2
_(@IQU + —P)(I + P)|)
2
=0.

Thus the expectation does not contribute to the calculation of 5. Similarly, when P

and () commute,

(1QU + P)(I + P)|u)
2
_ WIQU +2P + P2ly)
2
_ @lQEI +2P)ly)
2

= (YIQY) + (Y|PQ[Y) .

(Vil@lyy) =

Now we use the inequality from Proposition to see that
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v ((YIQ[Y) + (LI PQ[Y)) = min({¢|Q[Y) , (YIPQIY)) = —p2 |¢).

Now recall that v ((¥|Q|Y) + (V| PQY)) = va((¢1|Q |0+ )) which is equal to -ps [1)1)
given our choice of (). So finally by multiplying by —1, we have the result: ps [1)) >

2 W+> O



Chapter 5

Applications

5.1 The C"Z gate

The C™Z gate is a gate worth considering in detail since it is used in many important
algorithms, like Grover’s search algorithm. We start by computing the Pauli spectrum
of |C"Z). Lower bounds on the resources required for this gate follow after this

proposition.

Proposition 5.1.1. For alln > 3, the Pauli spectrum of the state |C™Z) is: {|1 (1),
0 (=1 4204 220+1) 1 —2l=n (gn+l _ ) l=n (1 —3.9n 4 92n+1)|}.
Proof. We have

CrZ) = CrZ |+)*" = ﬁbe{%}m(—l)bl'bQ"'bm b)),
where |C"Z) is an m = n+ 1 qubit gate. We want to compute the Pauli expectation
(C"Z|X*Z*#|C™Z) where x and z are bit strings. Note that we need not consider the
Pauli matrix Y since Y =X Z, and the phase will vanish once we take the absolute
value as in the definition of the Pauli spectrum. For one-bit bit strings ¢ and 7,
observe that Z'|j) = [j) if i =j=0o0ri # j, and Z'|j) = —|j) if i = j = 1. So
in general Z*|b) = (—1)*?|b). Furthermore, X*|j) = |i ® j), where @ is addition
modulo 2, so for arbitrary bit strings it follows that X*[b) = |b @ ), where b & x is
extended component-wise. We can now directly calculate as follows:

PUCTZIXTZNCZ) =Y (< ()R (] X7 2 )
bb'e{0,1}m

= DT (e ) (1) X

b,b’e{0,1}™

= S0 (et B (1) (] @ )
b,b'e{0,1}m

— Z (_1)b1'b2"'bm(_1)(bl@xl)'(b2®x2)'”(bm@wm)(_1)Z'b.

be{0,1}™

44
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Note that we have the last line since ('|b@® z) = 0 when &' # b @ z, and so we can
substitute b, = b; & x;.

When z is the zero vector 0, we get

2O ZIXTZHCZ) = Y ()R (=1 = S (1)
be{0,1}™ be{0,1}™

This is 2™ for z = 0. For any other 2z half of the terms in the summation will be —1
and the other half 1, giving 0.

Now consider the case when x # 0. Denoting 1 as the all one vector, if b = 1 then
by-by-- by, =1and (by+z1)- (ba+x2) -+ (b, + ) = 0. Similarly, if b = 1+, then
by -by---by =0and (by +21) - (ba+ x2) -+ (by, + ) = 1, and in either case we get:

(_1)b1~b2~~-bm(_1)(b1+x1)-(b2+r2)-~(bm+xm)(_1>z-b — (_1)(_1)26
For any other b we have by - by---b,, = 0 and (by + 1) - (by + x2) - - (b, + X)) = 0,
giving us
(_1)b1b2brrL(_l)(b1+$1)(b2+x2)(b7n+fc1n)<_1)73b — (_1)Zb

Thus the terms in the sum over b differ from Zbe{&l}m(_l)zb only for b = 1 and
b =1+ x. Therefore,

gm <OnZ|X:cZz|CmZ> _ Z (_1)b1-b2--~bm(_1)(b1+:c1)~(b2+x2)~~~(bm+xm)(_1)z~b
be{0,1}™

— _(_1)z-1 _ (_1)z-(1+w) + Z (_1)z~b

be{0,1}m\ {1,142}

= —2(=1)"" —2(=1)"" 4+ N (—1)*

be{0,1}m

When z = 0, this is simply 2™ — 4. When z # 0, it is —2(—1)*1 — 2(—1)*@*%) and

we have two more final cases. The first is when x - 2 is odd, where we get:

_2(_1)z~1 . 2(_1)z~(1+m) _ _2(_1)z~1 _ 2(_1)z~1(_1)z~a¢

and if z - z is even, then we have —2(—1)*1 — 2(—=1)*! = —4(—1)*1 instead, which

simply becomes 4 since the Pauli spectrum requires we take the absolute value. We



46

can now summarize:

1 if 2=0 and z =0,
1-22™ 4if 2 =0 and z # 0,
[(C"Z|X*Z7|C"Z) | = € 0 if 2# 0 and either x =0 or z # 0

and -2z is odd

22—m

{ if 2# 0 and £ #0 and z-z is even

We can count the number of each subset of binary vectors x and z to find multiplicities.
When, x = 0 and z = 0, there is clearly only one possible choice for each x and z,
thus we have a multiplicity of 1. When 2z = 0 and x # 0, we now have only 1
possibility for z and 2™ — 1 possibilities for z, giving a multiplicity of 2™ — 1 for this
case. Similarly, when = = 0 and z # 0 we have 2™ — 1 possibilities again. Also,
observe that z - z takes an odd value for (22™ — 2™)/2 different possible combinations
of z and z pairings. Adding these and simplifying gives the multiplicity of the third

22m=1 _ 9m=1 _ 1 Finally, there are overall 2™ different combinations of z

case:
and z pairings, so we can simply subtract all the multiplicities above from this to
get the multiplicity of the fourth case, which comes out to be 22"t —3.2m=1 4 1,

Substituting n + 1 for m then gives the stated result. m

Corollary 5.1.2. We have the following stabilizer nullity values:
v(IT)) =1, v(CS))=2, v(CCZ))=3, and v(|C"Z))=n+1.

Proof. The first three follow by direct calculation. For v(|C"Z)) = n + 1, recall that
if [4) is an m-qubit state then v(|y))) = m —log, |Stab(|¢))|. By Proposition [5.1.1] we
have |Stab(|C™Z))| = 1 since the size of the stabilizer of a state is the multiplicity of
1 in its Pauli spectrum. Hence v(|C"Z)) =n+1—logy(l)=n+1-0=n+1. O

Proposition 5.1.3. Forn > 2, the C"Z gate cannot be implemented with Clifford
gates and measurements using fewer than n+ 1 T gates, or (n+1)/2 CS gates, or
(n+1)/3 CCZ gates.

Proof. First note that proving that a bound holds for the state |C"™Z) implies that it
holds for the gate C"Z. Indeed, if we can perform a task with £ C"Z gates then we
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can also perform it with k |C"Z) states using the circuits from Section [3.4, Hence,
any lower bound on the number of required states is a lower bound on the number of
required gates. Now, v(|T)) = 1 and v(|C"Z)) = n+ 1 by Corollary [5.1.2] Since v is
a monotone, it is non-increasing under Clifford operations and measurements. This
implies that at least n + 1 |T') states are required to implement the |C"Z) state and
hence the C"Z gate. Similarly, since v(|CS)) = 2 and v(|CCZ)) = 3, we get that to
implement the C"Z gate, we need at least (n+1)/2 |C'S) states or (n+1)/3 |CCZ)
states. [l

The above lower bound can be improved when measurements are restricted.

Corollary 5.1.4. We have the following dyadic monotone values: ps(|T)) = 1/2,
p2(|CS)) =1, pao(|CCZ)) =1, and ps(|C7(2))) = n — 1.

Proof. The first three follow from direct calculation. For the |C"Z) state, Proposition
gives us all of its possible values for the Pauli spectrum. Thus to get the dyadic
monotone we simply input them into the valuation function to get a set of values,

which we then negate, to finally take the maximum to get n — 1 as desired. O]

Lemma 5.1.5. For n > 2, the C"Z gate cannot be implemented with Clifford gates
and measurements with probability 1/2 using fewer than 2n —2 T gates, orn—1 CS

gates, orn — 1 CCZ gates.

Proof. We reason as in the proof of Proposition but using the dyadic monotone
which is also non-increasing under Clifford operations, but with measurements of
probability 1/2, as seen in[4.3.22] This time the values in Corollary are used. [

We now move on to upper bounds for the C"Z gate. The next proposition provides
reasoning as to why we do not need more than n—1 C'C'Z gates by showing a specific

circuit construction.

Proposition 5.1.6. Let n € Z>y. The C"Z gate can be implemented using n — 1
CCZ gates along with Clifford gates and measurements with probability 1/2.

Proof. In the proof, we use the CCZ and the CCX gates interchangeably because

they are equivalent under a simple conjugation by a Hadamard gate. We reason by
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induction on n. Consider the base case of n = 2. Then C"Z is just the CCZ gate,
so the result holds in this case.
Now for n > 3 assume we have a circuit D for C""'Z which can be performed

using n — 2 CCZ gates. Then consider the following circuit:

c1) —
cz
|ca) —
0) —D H 5
|c3)
D

)

Starting with the input state and tracking the state of this system step by step,

we get the following:
1) le2) [0) [es) - - [en—1) [£)
= ) [e2) [(er - e2)) les) -+ |ena) [E)
= ) [e2) [(er - e2)) [es) -+ lena) [E@ ((e1 - c2) - 3+ enet))
= le1) le2) |(er - e2)) les) -+ fen1) [t @ (c1 -+ ena))-

Now, before applying the Hadamard gate, write out the general states |c;) and |cs)
as ag, [0) + B¢, |1) and ag, [0) + B, |1) respectively. Since we have already applied
the D circuit, the only qubits left to consider are the first three, so we now ignore

les) -+ |en_1) |t ® (c1 - - ¢—1)) since it will remain unchanged. Thus, we now have:
le1) le2) [ (e - c2))
= (¢, O, [000) + Be, e, [100) + e, + e, Be, [010) + Be, Be, [111)

= \%(O‘qaq |000) + Be, e, [100) + v, Be, [010) + B, Be, [110)) + \/Lﬁ(aqa@ 1001) +
Bclac2 |101> + acl/BCQ ’011> - ﬁ01502 ’111»

(e ey [00) 4 Bey e, [10) + e, Be, [01) + B, Be, |11) ) if measurement is |0),
—

(vey ey [00) + Bey ey [10) + vy Bey [01) — Be, Bey |11) ) if measurement is |1)



49

— |Cl> |CQ>.
Considering the rest of the qubits again, this gives us the output state of the system:
lc1) [ea) [e) -+ |en—1) [t & (c1 -+ ) -

Hence, this circuit acts as the C"Z gate. Note that the uncomputation of the added
Toffoli gate follows from the circuit in Equation (2.1)). O

We can also give upper-bounds similar to the ones in Proposition for the C'S
and T' gates.

Proposition 5.1.7. The C"Z gate can be implemented using exactly 2n—2 C'S gates
along with Clifford gates and measurements with probability 1/2.

Proof. Simply put, we can implement the C'C'Z gate with a circuit using only two
C'S gates and then use this circuit to replace all the CCZ gates used in the circuit in
proposition [5.1.6] The circuit for the CCZ gate using two C'S gates is given below.

[e1) S st ,—L -
|c2) ? —
0) —{H}—

|c3)

Thus, since we used n — 1 C'C'Z gates in proposition [5.1.6] we can implement the
C"'Z gate with 2 (n — 1) C'S gates.
O

Proposition 5.1.8. The C"Z gate can be implemented using exactly 4n — 4 T gates
along with Clifford gates and measurements with probability 1/2.

Proof. Simply put, we can write the C'C'Z gate with an equivalent circuit using four
T gates and then use this circuit to replace all the CCZ gates used in the circuit in

proposition [5.1.6] The circuit for the C'C'Z gate using four 71" gates is given below.
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ler) o1t} -
12y o1t} -
10) THb——e— T}

|c3)
Again, since we used n — 1 C'CZ gates in proposition [5.1.6] we can implement the

C"Z gate with 4 - (n — 1) T gates.
U

5.2 The Modular Adder

In this final section, we provide lower bounds on circuits for the modular adder. The

modular adder is an important part of many quantum algorithms.

Definition 5.2.1. A circuit A on 2" qubits implements the modular adder if it acts

on basis states as
Ali) |7) = 1i) i + )

where ¢ + j is evaluated modulo 2".

Note that the adder defined in Definition [5.2.1]is an “in-place” adder: the result
of the addition of the integers contained in the two input registers is stored in the
second register. In order to establish bounds for the modular adder, we will rely
on the so-called Fourier states. First, recall the definition of the Quantum Fourier

Transform.

Definition 5.2.2. The quantum Fourier transform is an operator that maps the

2n—1 2n—1 2n—1
state |a) = > ag|z) to |d/) = 3 d,|y) where a/, = = 3 a,wy and won =
=0 y=0 Y Y var =0

exp(2mi/2").

Note that in Definition [5.2.2] we used wgn for (sn, as is common in the quantum

computing literature.
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Definition 5.2.3. The quantum Fourier state is the quantum Fourier transform
applied to a basis vector |a). This means that there is only one non-zero a,, which

we call a,. Hence, a; = 1 necessarily, so that |a) = |¢). Thus we have the following:

121 ly

QFT}) = fz exp|[ 5 1) (5.1)

In fact, as explained in [I3] we can rewrite this as:

|O> + 61271'6/2’“ |1>

’QFT;;) = ®Z=1 \/i )

which will be useful for the next Lemma.
Lemma 5.2.4. v(|QFT, ")) =n —2.

Proof. We make use of the stabilizer nullity’s additive property. Utilizing the above
equality, we have that:

—2mi/2k
QP = o e, T

n —o7i k
_ V(ro>+e2 & |1>)
2n
k=1

_ V(\O) +2en‘” ]1>) +V(\O) e~2mi/4 1) ) +zn:V( e~ 2mi/2" m)

(450 () ()

Observe that both I and X stabilize 2%” and both I and —Y stabilize %,

so the stabilizer nullity of both of these two terms is 0. Now consider £ > 3. In

this case, e 2"/2" ¢ Q[i]. Because all entries of the Pauli matrices are in Q[i], it

—2ri/2k
follows that w has a trivial stabilizer, giving a stabilizer nullity value of 1.
—27i k n
Thus V(W) = 1. Putting this all together we have v(|QFT, ') = > 1=
k=3
n—2. [l

Proposition 5.2.5. The modular adder cannot be implemented with Clifford gates
and measurements using fewer than (n — 2)|T) gates, (n —2)/2|CS) gates, or (n —
2)/3|CCZ) gates.
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Proof. As in the previous section, we reason with states rather than with gates. Note
that letting ¢ = 0 in Definition , we get that |QFTY) = |4+)®". Now consider
applying the Adder circuit A to |QFTY) |QFT™):

2m—1 2m—1

A(IQFT)IQPTY)) = A( 3 exp 2T ) o [2rim)] 1))
- }szp LD 1y 1z 44
_ 2% jilgexp :27ri(€y +27:(a: - y))] o) (5.2)
= %ZZXP =D 1y

=|QFT, ™) |QFT}")

By letting £ = 0 we now have A(|-+-)*" |QFT™)) = |QFT;™) |QFT™). Now, suppose
A is implemented with just Clifford gates, Pauli measurements, and some resource
state |1). Then we can write v(A(|4+)*" |QFT™))) = v(|¢) |QFT™)), which implies
that v(|¢) |QFT)) > v(|QFT, ™) |QFT.)), and since the stabilizer nullity is addi-
tive over tensor products, we have that v(|y)) > v(|QFT,™)). Now letting m = 1
we can use Lemma and Corollary to get the lower bounds, reasoning as in
Proposition |5.1.3] O

Finally, we give lower bounds using the dyadic monotone. To do this, we will need

the dyadic monotone value of the Fourier state, given in the next Lemma.
Lemma 5.2.6. Let a be an odd integer. Then ps |QFT®) =n — 3+ (1/2)" 2.

Proof. Recall that from Example the Pauli expectations of (|0)+¢?27%/2" 1)) /y/2

are
{0, cos(2ma/2%), sin(2ra/2%), 1}.
Observe that —v9(0) = —oo and —wvy(1) = 0, so for k > 2 we have:
pa((10) + €272/2* (1) /v/3) = —u (sin(ra/2" 1)

or
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113((]0) + €274/2* 1) //2) = —v(cos(wa/2"1))

Now, using the additive property of vo, for odd a we can write

va(sin(ma/2571)) = vp(2sin(ma/2"71)) + v2(1/2)
(exp(ima/2*7") — exp(—ima/2"7")) — 1
(1 — exp(ima/2"72)) — 1

2(N (1 — exp(ira/2~~ 2)))
ok—2

(%)

(%)

-1

02(2)
9k—2
=1/2"?% - 1.

—1

Note we used the fact that Nj_(1 —exp(ima/2¥~2)) = 2 which comes from Propo-
sition [4.3.12] Furthermore, a similar calculation gives the same result for cosine, thus,
using the multiplicative property of py we get:

n

p(|QFT) = (1—1/22) =n—3+1/2">

k=2

]

Proposition 5.2.7. Let n > 3. The modular adder cannot be implemented with
Clifford gates and measurements with probability 1/2 using fewer than (n—2)|CCZ)

gates.

Proof. This proof follows similarly to the proof of Proposition [5.2.5, but with the
dyadic monotone instead of the stabilizer nullity. Recall that if the adder circuit
is implemented with Clifford gates, Pauli measurements, and some resource state
|1)), then we can write po(|90) |QFT™Y) > uo(|QFT, ™) |QFT!™)). Letting m = 1
and using the additive property of the dyadic monotone, we get that us(|y))) >
p2(|QFT, 1)), Then by Lemma [5.2.6] p2(|¢)) > n — 3+ (1/2)""2 > n — 2. Finally,
reasoning as in Proposition [5.1.3] _, the result follows by using the dyadic monotone
value in Corollary [5.1.4]

O
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Conclusion

In this thesis, following the work of [4], we studied lower bounds on the number of
non-Clifford gates in quantum circuits. The non-Clifford gates we focused on were
the T gate, the C'S gate, and the CC'Z gate. After giving the fundamental tools
required to define lower bounds, we explicitly demonstrated how to find lower bounds
for certain protocols of interest. Moreover, upper bounds were also given to compare
and contrast these lower bounds. The lower bounds discussed in this thesis required
the use of monotonic functions: the stabilizer nullity and the dyadic monotone. The
difference between these two approaches is apparent in the resulting lower bounds.
Indeed, the stabilizer nullity yields looser bounds than the dyadic monotone. However,
the stabilizer nullity is also subject to fewer restrictions in not needing measurement

probabilities to be 1/2 and is therefore more widely applicable.

There are many avenues for future work on this topic. Ideally for any circuit or
gate, we would want the same lower bounds and upper bounds for the resource of
interest, along with a circuit to represent such a bound. This would mean that we
have the best circuit in terms of using the least amount of the expensive resources
of interest. This is the case for the C"Z gate, where the resource was the CC'Z
gate (and measurements are restricted to have probability 1/2). It would be of great
interest to have a construction matching the lower bound for other resources. It
was recently shown in [5] that a CCCZ gate can be implemented with less T' gates
than presented here, though this new construction does not yet match the lower
bound. Another noteworthy question is deciding whether we can achieve the tighter
lower bounds afforded by the dyadic monotone without the requirement of only using

measurements with probability 1/2.

Instead of lowering the upper bounds by providing improved circuit construc-
tions, one could also try to improve the lower bounds. A possibility for doing this

is considering another monotone. Since not all circuits or gates considered here had

o4
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the same lower and upper bounds, perhaps another monotone could result in tighter
lower bounds so that we would know what the optimal number of required resources
is. Of course, this is no trivial task, but one possible way to achieve this might be
to make a slight modification to the definition of one of the monotones presented
here. An example of this can be seen in [9], where the authors defined the stabilizer
nullity on unitaries rather than states, calling it the unitary stabilizer nullity. Other
monotones that are already known could also be explored, for example the stabilizer

extent, introduced in [4].
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