
HYDRAULIC FRACTURING AND INDUCED SEISMICITY: A

SEMI-ANALYTICAL APPROACH

by

Mohammad Azad

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy

at

Dalhousie University
Halifax, Nova Scotia

August 2017

c© Copyright by Mohammad Azad, 2017



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

LIST OF ABBREVIATIONS AND SYMBOLS USED . . . . . . . . . xv

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . .xviii

CHAPTER 1: INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Seismicity due to deep fluids injection . . . . . . . . . . . . . . 1

1.2 Background and literature review . . . . . . . . . . . . . . . . . 2

1.2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.2 Hydraulic fracture modeling . . . . . . . . . . . . . . . . . . . 3

1.2.3 Fault slip reactivation due to hydraulic fracturing . . . . . . . 8

1.2.4 Induced microseismicity by hydraulic fracturing . . . . . . . . 10

1.2.5 Poroelastic effect . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.6 Dilatancy effect . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3 Objectives and organization of the research . . . . . . . . . . . 14

CHAPTER 2: MATHEMATICAL FORMULATION . . . . . . . . . . 16

2.1 Problem settings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Hydraulic fracture . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

ii



2.2.1 Finite (KGD) hydraulic fracture . . . . . . . . . . . . . . . . . 17

2.2.2 Semi infinite hydraulic fracture with a lag . . . . . . . . . . . 19

2.3 Shear fracture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Undrained pore pressure field . . . . . . . . . . . . . . . . . . . . 22

CHAPTER 3: NUCLEATION OF DYNAMIC SLIP ON A HY-
DRAULICALLY FRACTURED FAULT . . . . . . . . . . . . . . . . . . 24

3.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 Fault Opening Development (Hydraulic Fracture) . . . . . . . 28

3.3 Fault Slip Development . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . 31

3.3.2 Solution for the fault’s slip . . . . . . . . . . . . . . . . . . . 32

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4.1 Slip on a fault with unlimited weakening . . . . . . . . . . . . 34

3.4.2 Condition for nucleation of dynamic slip . . . . . . . . . . . . 36

3.4.3 Effect of residual friction on nucleation . . . . . . . . . . . . . 40

3.4.4 Small scale yielding analysis . . . . . . . . . . . . . . . . . . . 42

3.5 Field Implications . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5.1 Estimates of slip weakening distance δw and nucleation length-
scale aw . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5.2 Estimates of hydraulic fracture loading factor λ . . . . . . . . 46

3.5.3 Slipping patch, hydraulic fracture, and injected fluid volume at
the nucleation . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

iii



CHAPTER 4: NUCLEATION OF SLIP ON A NATURAL FRAC-
TURE DUE TO INTERACTIONS WITH A PROPAGATING HY-
DRAULIC FRACTURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Propagating semi-infinite hydraulic fracture . . . . . . . . . . . 53

4.3.1 Viscosity dominated, negligible leak-off hydraulic fracture so-
lution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3.2 Stress distribution around propagating hydraulic fracture . . 55

4.4 Slip activation region . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4.1 Transformation of coordinates . . . . . . . . . . . . . . . . . . 57

4.5 Slip along the natural fracture . . . . . . . . . . . . . . . . . . . 57

4.5.1 Scaling and numerical approach . . . . . . . . . . . . . . . . . 57

4.5.2 Some field parameters estimates . . . . . . . . . . . . . . . . . 58

4.6 Flow in a mechanically closed natural fracture . . . . . . . . . 61

4.6.1 Undrained pore pressure along the natural fracture . . . . . . 63

4.7 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

CHAPTER 5: NUCLEATION OF DYNAMIC SLIP ALONG A
NATURAL FRACTURE CROSSED BY A PROPAGATING HY-
DRAULIC FRACTURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.3 Pore pressure along the edge crack . . . . . . . . . . . . . . . . 78

5.4 Slip along the edge crack . . . . . . . . . . . . . . . . . . . . . . . 78

iv



5.4.1 Scaling and numerical approach . . . . . . . . . . . . . . . . . 79

5.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.5.1 The model with unlimited weakening friction . . . . . . . . . . 80

5.5.2 Effect of residual friction . . . . . . . . . . . . . . . . . . . . . 81

CHAPTER 6: DISCUSSION . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.1 Relation to existing cases of HF induced seismicity . . . . . . 84

CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS . . . 88

7.1 Recommendations for future research . . . . . . . . . . . . . . . 90

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

APPENDIX A: DERIVATION OF GOVERNING EQUATIONS . . 102

A.1 Equilibrium equations . . . . . . . . . . . . . . . . . . . . . . . . . 102

A.1.1 Stress function formulation . . . . . . . . . . . . . . . . . . . . 105

A.1.2 Dislocation solution . . . . . . . . . . . . . . . . . . . . . . . . 107

A.1.3 Stress field due to a planar crack . . . . . . . . . . . . . . . . 109

A.2 Mass conservation and continuity equation . . . . . . . . . . . 111

A.3 Navier-Stokes equations of fluid flow . . . . . . . . . . . . . . . 112

A.3.1 Laminar unidirectional flow in a gap space . . . . . . . . . . . 114

APPENDIX B: SOME DETAILS OF THE ZERO-TOUGHNESS
HYDRAULIC FRACTURE SOLUTION . . . . . . . . . . . . . . . . . 116

APPENDIX C: NORMALIZED FORM OF SLIP FORMULATION
ALONG THE HYDRAULICALLY FRACTURED FAULT . . . . . . 119

APPENDIX D: STRESS FIELD AROUND PROPAGATING HY-
DRAULIC FRACTURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

C.1 Traction along the edge crack with an arbitrary orientation . 120

v



APPENDIX E: NORMALIZED FORM OF SLIP FORMULATION
FOR THE NATURAL FRACTURE BEFORE CROSSING . . . . . . 123

APPENDIX F: NORMALIZED FORM OF SLIP FORMULATION
FOR THE EDGE CRACK . . . . . . . . . . . . . . . . . . . . . . . . . . 126

vi



LIST OF TABLES

Table 4.1 Stress measurements for the strike slip state tectonic regimes at
a lithostatic depth of 3 km. . . . . . . . . . . . . . . . . . . . . . . . 59

Table 4.2 The assumed parameter values for the numerical analyses. The
values represent as an examples of stress and pore pressure mea-
surements at 3 km lithostatic depth. Conventional and slick water
hydraulic fracturing are distinguished with the viscosity dominated
length scale L(Gel)

µ and L(Slick water)
µ , respectively. . . . . . . . . . . . . 61

vii



LIST OF FIGURES

Figure 1.1 Simple fracture geometry models . . . . . . . . . . . . . . . . 4

Figure 2.1 Finite plane strain hydraulic fracture with length 2` . . . . . 17

Figure 2.2 Semi-infinite plain strain hydraulic fracture with lag of length λ 20

Figure 2.3 Pre-existing plain strain shear fracture with length 2a . . . . 21

Figure 2.4 Slip weakening friction. . . . . . . . . . . . . . . . . . . . . . . 23

Figure 3.1 Hydraulic fracture (HF) with an open half-length `(t) is driven
along a fault by a constant rate of fluid injection Q0 at the inlet. The
fault slipping patch is characterized by the half-length a(t), and the
“frictionless” half-length b(t) (a > b > `). The latter encompasses the
open crack with half-length ` and the small regions of extent b − `

just outside of the HF tips where the effective normal stress is tensile
as the result of the singular stress perturbation induced by the open
crack. The fault lies parallel to the x axis and is oblique to the far-field
principal stresses, which result in background values of the normal, σ0,
and shear, τ0, stresses resolved on the fault plane. . . . . . . . . . . . 25

Figure 3.2 Self-similar solution for the hydraulic fracture normalized open-
ing Ω̄ = w/ε` and stress change Π = (σ − σ0)/εE

′−1 as a function of
normalized distance x/` (Carbonell et al., [42];Adachi and Detournay
[43]). Time dependent length L (` ' 0.615L) and stress εE ′−1 scales
are defined in (3.7). The dashed lines show the HF tip asymptotics
(3.8). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

viii



Figure 3.3 (a) Example of the effective normal stress distribution for two
values of the HF loading factor λ = 0, 0.2 and the HF half-length
` = 0.1aw. (b) Development of the tensile effective stress region ahead
of the hydraulic fracture tip, b − `, with the growth of the hydraulic
fracture length ` for the case with λ = 0.2. The asymptotic form of
tensile effective stress region extension is shown by dashed line (3.13).
The frictionless tips, |x| = b(t), indicated by stars in (a), are nearly
coincident with the hydraulic fracture tips |x| = `(t), i.e. b/` ' 1. . . 34

Figure 3.4 Development of (a) the slipping patch ahead of the hydraulic
fracture tip, (a− `)/aw, and (b) peak slip in the frictional patch δx=b

with the growth of the hydraulic fracture half-length ` for the hydraulic
fracture loading factor λ = 0.2 and different values of the background
shear stress, as indicated for each curve. Termination points of the
curves correspond to the vertical slope and signify the instability of
the quasi-static crack growth. . . . . . . . . . . . . . . . . . . . . . . 35

Figure 3.5 Development of the normalized slip distribution, (a), the nor-
malized shear stress distribution, (b), the normalized hydraulic frac-
ture opening distribution, (c), and the normalized effective normal
stress distribution, (d), along the fault during the hydraulic fracture
propagation for loading factor value λ = 0.2 and background shear
stress τ0/τp = 0.7. Blue arrows and stars correspond to the nearly co-
incident hydraulic fracture, |x| = `(t), and the frictionless, |x| = b(t),
tips, respectively. It can be seen that the extent of the segments where
the effective normal stress is tensile, b−`, is practically negligible. The
instability of the quasi-static crack growth is highlighted by heavier
lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Figure 3.6 Shear fracture half-length vs. hydraulically open fracture half-
length at the instability for various values of the loading factor λ = 0,
0.2 and 1, as determined from Eigenvalue analysis. Eigenvalue analysis
allows to establish relationship between nucleation crack size ac and
its open part `c, but not their relation to the background stress τ0. . . 38

ix



Figure 3.7 (a) Normalized shear crack half-length ac/aw and (b) the nor-
malized slip at the frictionless tips (δx=b)c /δw at the instability as
functions of the fault understress (τp − τ0)/τp for three values of the
dimensionless loading factor λ = 0, λ = 0.2 and λ = 1. Normalized
critical hydraulic fracture half-length at the instability `c/aw is shown
by dotted lines in (a). The reference solution for the instability under
the incipient hydraulic fracture condition (i.e., injection fluid pressure
is just below the normal stress) of Garagash and Germanovich [64] is
shown by dashed line. . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Figure 3.8 Growth of (a) the slipping segments ahead of the hydraulic
fracture tips and (b) the normalized slip at the frictionless tips with
the the hydraulic fracture advance in the model with residual fric-
tion fr/fp = 0.6, loading factor λ = 0.2 and for different values of
background shear stress. The results are compared to the small scale
yielding (s.s.y.) approximation (dotted lines) in (a). No dynamic
instability is observed for values of the background stress below the
ambient value of residual strength, τ0/τr < fr/fp = 0.6. . . . . . . . . 41

Figure 3.9 The normalized shear crack half-length ac/aw, (a), and the nor-
malized slip at the frictionless tips (δx=b)c/δw, (b), at the instability
as functions of the fault understress (τp − τ0)/τp in the model with
the residual friction fr/fp = 0.6 for two values of the loading factor
λ = 0, 0.2. Corresponding half-length of the hydraulic fracture at in-
stability `c/aw is shown by dashed line in (a). (The dotted line shows
the reference solution for the model with unlimited weakening (fr = 0)
for λ = 0). The solution is only weakly dependent on the loading factor
. The hydraulic fracture induced slip on faults with τ0 ≤ τr is uncon-
ditionally stable. The heavy dashed line shows the reference solution
for the instability under the incipient hydraulic fracture condition of
Garagash and Germanovich [64]. . . . . . . . . . . . . . . . . . . . . . 42

Figure 4.1 A semi-infinite hydraulic fracture approaches a pre-existing
shear fracture. Stress perturbation ahead of the hydraulic fracture
activates slip along the shear fracture. . . . . . . . . . . . . . . . . . 53

x



Figure 4.2 The limiting failure values of the effective principal stress ra-
tio for the planes that are oriented at an angle θ to the direction of
maximum horizontal stress assuming a typical peak friction coefficient
fp = 0.8. The blue dashed lines correspond to the assumed effective
principal stress ratios in the numerical analyses. . . . . . . . . . . . . 61

Figure 4.3 The problem set up to approximate pore pressure along the
natural fracture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Figure 4.4 Medium pore fluid diffusion into the fracture at the arbitrary
location chosen by the normalized distance Lmax/Lµ = 10. Pore fluid
flows to equilibrate the pressure difference between the normalized
medium pressure (p0+∆pund)/(σmin−pt) = 0.98 and the inside fracture
pressure (p0 + ∆σn)/(σmin − pt) = 0.82 for conventional hydraulic
fracturing scenario. . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

Figure 4.5 Stress perturbations (positive in compression) (a) ∆σY Y , (b)
∆σXX , (c) ∆σXY and (d) pressure perturbation ∆pund around prop-
agating hydraulic fracture. Note that the negative X values along
the moving coordinates (X, Y ) shows the area ahead of the hydraulic
fracture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

Figure 4.6 Degree of stress rotation by the hydraulic fracture stress per-
turbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

Figure 4.7 A, A
′ : Slip activation on conjugate pair of favorably oriented

natural fractures during conventional hydraulic fracturing, case study
I. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Figure 4.8 (a) Normalized peak background shear strength fp(σn − (p0 +

∆pund))/(σmin−ptip) and background shear stress distribution τ b/(σmin−
ptip) along fracture oriented at β = 20

◦ , at two values of normalized
time V t/Lµ = 15.8 and V t/Lµ = 19.8. (b) Shear stress distribution
along the crack at normalized time V t/Lµ = 19.8 when nucleation of
dynamic slip takes place. . . . . . . . . . . . . . . . . . . . . . . . . 70

xi



Figure 4.9 Growth of crack half length a/aw (a) and normalized slip at
the center of slipping patch δb/δw (b) vs. time V t/Lµ for the fracture
with different orientations during conventional HF (case study I). Slip
either turns into dynamic rupture (indicated by vertical slops) or the
slipping patch expansion stops (shown by blue circles). . . . . . . . . 71

Figure 4.10 (a) Normalized slip δ/δw and (b) stress distribution τ/(σmin −
ptip) along the fracture oriented at β = 20◦ for different values of time
V t/Lµ (first numerical analysis). The heavy line corresponds to the
instability. Center of slipped portion of the crack is shown by star in
(a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Figure 4.11 (a) Crack expansion stops along the fracture oriented at β =

14◦ where examples of normalized slip δ/δw and (b) stress distribution
τ/(σmin − ptip) are plotted for different values of time V t/Lµ (Case
study I). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

Figure 4.12 Critical crack half-length ac/aw (a, d), critical (or a ceased
expansion) time V tc/Lµ (b, e) and (c, f) slip at the center of slipping
patch at instability (δb/δw)c as a function of fracture orientation for
conventional (gel) compared to slick water hydraulic fracturing (case
study I). The values of maximum crack expansion (i.e., no instability)
in the slick water stimulation are presented by dashed line for the
comparison. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Figure 4.13 Comparison of the two performed numerical analyses on insta-
bility of slip along the natural fracture (under different in-situ stress
conditions) for conventional HF. Slip grows stably along the fracture
which is subjected to the less critical effective principal stress ratio
(case study 2 shown by red dashed line). . . . . . . . . . . . . . . . . 74

Figure 5.1 The semi-infinite hydraulic fracture crosses the pre-existing
shear fracture. Pore pressure diffusion into the edge cracks activates
slip along them. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Figure 5.2 Normalized pore pressure evolution with time inside the edge
crack inclined at β = 10

◦ during conventional HF, case study I. . . . 79

xii



Figure 5.3 Growth of edge crack length a/aw (a) and normalized slip at the
crack mouth δmax/δw (b) vs. time V t/Lµ for the crack with different
orientations during conventional HF. . . . . . . . . . . . . . . . . . . 80

Figure 5.4 (a) Normalized slip δ/δw and (b) stress distribution τ/(σmin −
ptip) along the edge crack oriented at β = 40◦ at different values of
normalized time V t/Lµ. The heavy line corresponds to the instability. 81

Figure 5.5 Normalized critical edge crack length ac/aw (a), critical time
V tc/Lµ (b) and (c) critical slip at the crack mouth (δmax)c/δw for the
fracture with different orientations. The results are compared to the
slick water HF (shown by gray line) and to the case study 2 with lower
effective principal stress ratio (shown by dashed line). . . . . . . . . 82

Figure 5.6 Growth of the edge crack length a/aw (a) and (b) slip at the
crack mouth δmax/δw with time for the fracture with different orienta-
tion in the model with residual friction fr/fp = 0.6 during slick water
HF (case study I). The results are compared to the model with no
residual friction (shown by dotted line). . . . . . . . . . . . . . . . . 83

Figure A.1 An infinitely small differential element in equilibrium . . . . . 102

Figure A.2 Unidirectional flow between parallel plates . . . . . . . . . . . 114

xiii



ABSTRACT

The injection of fluids into the ground is undertaken in a number of engineering
practices including hydraulic fracturing, liquid waste disposal, CO2 sequestration and
extraction of geothermal heat (EGS). Study of mechanisms for slip on faults/natural
fractures due to hydraulic fracturing is of great interest for the energy resource in-
dustry in view of efficiency of hydraulic fracturing, seismic monitoring and seismicity
related safety hazards. In this thesis, semi-analytical approaches are applied to in-
vestigate physical processes associated with hydraulic fracturing induced seismicity
and to develop a deeper understanding of the problem. The primary focus is on
the modeling of initiation and growth of slip on a pre-existing fault/fracture due to
interaction with a single propagating hydraulic (tensile mode) fracture.

The first part of the thesis is concerned with the relationship between hydraulic
fracturing injection into a fault and the possibility of a seismic slip. The results
show that the nucleation of dynamic slip on a fault with slip-weakening friction is
only weakly dependent on the magnitude of the stress perturbation ahead of the
propagating hydraulic fracture (HF), or the HF propagation regime, and is mainly
controlled by the hydraulic fracture length (i.e., the size of the fully unloaded fault
segment at a given time). The growth of the fault slipping patch remains stable when
the background shear stress τ0 is smaller than the residual fault strength τr under
ambient conditions. Otherwise (τ0 > τr), nucleation of dynamic slip takes place
when the hydraulic fracture grows to the critical size `c, which is vanishingly small
∝ τp − τ0 for critically-stressed faults (i.e., when the background stress approaches
the fault peak strength, τ0 → τp) and is diverging as ∝ 1/(τ0− τr) when the stability
boundary is approached (τ0 → τr). In addition, no dynamic slip transients are
predicted when background shear stress is less than the residual fault strength.

In the second part of the thesis we examine the possibility of a microseismic slip
on a natural fracture as a result of poromechanical interactions with an advancing
hydraulic fracture. Nucleation of slip on the frictional fracture approached by the
hydraulic fracture depends on the state of in-situ stresses, hydraulic fracture pres-
sure, angle of approach and friction of the fracture. Slip instability, consistent with
field observations, occurs on the critically stressed and favorably oriented strike-slip
fracture. Nucleation takes place as the slipping patch reaches the critical length
∼ E/(σmin − ptip) × δw, where E

′ is the elastic modulus of the rock, σmin the mini-
mum in-situ principal stress, ptip tip pressure (proportional to ambient pore pressure
p0), and δw is the characteristic slip weakening distance. Finally, we have studied
nucleation of slip on a natural fracture crossed by a propagating hydraulic fracture.
Slip initiates along the edge crack as the frictional strength drops due to increase in
pore pressure by diffusion of fluid from the hydraulic fracture.
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CHAPTER 1: INTRODUCTION

1.1 Seismicity due to deep fluids injection

The injection of fluids into the ground is undertaken in a number of engineering prac-

tices including hydraulic fracturing [1, 2], CO2 sequestration [3, 4] and extraction of

geothermal heat [5, 6, 7]. Injection induced or triggered earthquakes have been cited

in relation to liquid waste disposal [8, 9, 10, 11]; geothermal operations [12], and hy-

draulic fracturing stimulation of hydrocarbon reservoirs [13, 14]. Although hydraulic

fracturing operation has less perturbing characteristics compared to other anthro-

pogenic triggers (probably due to lower volumes of fluid and shorter pumping time),

there are several documented cases of felt earthquakes associated with hydraulic frac-

turing [13, 15]. While microseismicity induced by hydraulic fracturing is ubiquitous

in brittle, naturally fractured formations [16, 17].

Seismic events occur as a result of the stress changes and pore pressure perturba-

tion created by the injection. Slip initiates owing to increase of shear stress and/or

reduction of effective normal stress acting across preexisting fracture/fault surfaces.

Poroelastic changes of the shear stress may also lead to slip activation provided that

the injection source is located away from the fault plane [18, 19]. As the public’s

concern about the increase of induced seismic activity has grown, more studies are

investigating the different physical processes occurring during an injection. The goal

of these studies is to make extraction of hydrocarbons through hydraulic fracturing

more efficient and, at the same time, to lower the environmental impacts.
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1.2 Background and literature review

1.2.1 Background

The industrial process of hydraulic fracturing (HF) is utilized widely in the exploita-

tion of hydrocarbon resources. In the classical sense, a hydraulic fracture is a wing-

shaped tensile fracture propagating away from the wellbore. Rock is fractured by

high-pressure hydraulic fracturing fluid (gel or slick water) as the pressure exceeds

the sum of the minimum principal stress σmin, and the tensile strength of the rock,

creating an opening-mode fracture that propagates in the plane normal to σmin. The

fracture continues to grow as long as the pumping rate is higher than the rate of fluid

leaking off into the formation. Once the pumps are shut down, closure of the fracture

may significantly lower its conductivity. In order to keep the fracture open, a prop-

ping agent like sand grains or ceramic is usually added to the hydraulic fracturing

fluid [20].

The hydraulic fracture stimulation technique has been used for more than half a cen-

tury to enhance production from hydrocarbon reservoirs. The recent advances in the

hydraulic fracture technique in conjunction with horizontal drilling technology have

enabled economical production of very low permeability shale formations. Horizontal

drilling allows connectivity of more distant volumes of rock by creating or stimulating

fractures that act as conduits to flow where the well may extend laterally to several

kilometers within the shale formation [11, 14].

Numerous studies have shown occurrence of seismicity as a result of hydraulic fracture

stimulation in oil and gas settings [21, 15]. Significant seismic slip (earthquake) occurs

as the state of stress and/or fluid pore pressure are perturbed along a fault. Even

with many fewer induced seismic hazards compared to longterm wastewater injection

operations [22], the U.S., U.K., and Canada each have well documented earthquakes

directly linked to HF operations of low-permeability shale formations, such as in
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Blackpool, United Kingdom [23]; the Eola field, Oklahoma [24]; the Horn River

and Montney basins, British Columbia [25, 26]; Harrison County, Ohio [27]; Poland

township, Ohio [28]; and Crooked Lake, Alberta [29, 30] with reported moment

magnitudes (MW ) ranging from 2.0 to 4.6.

During hydraulic fracture stimulation, small magnitude induced microseismicity−3 <

MW < 2 routinely occur as a result of creation of new fractures and interaction with

pre-existing fractures. These microseismic events often have small magnitudes to

be felt or even recorded unless sensitive downhole recorders at close proximity are

used [31]. However, the events’ magnitudes can increase in some naturally fractured

reservoirs particularly those at a high stress level. Microseismic monitoring may be

performed to map gross structure and fluid-flow paths stimulated by the hydraulic

fracturing operation.

1.2.2 Hydraulic fracture modeling

The study of mechanics of hydraulic fracturing have attracted numerous contribu-

tions over the past few decades. The mathematical modeling of physical interaction

between fluid and rock during hydraulic fracture propagation can be very challeng-

ing. The analytical and numerical analysis of the hydraulic fracture process have

attracted numerous contributions [32]. Due to complexity of the problem and chal-

lenging computational effort, the models are often simplified to idealized fracture

geometries. However, these more simple idealized models can be very useful study

tools for analyzing various problem parameters as well as identifying different prop-

agation regimes.

The most widely used fracture geometry models are (Figure 1.1):

• The plain strain or KGD (after Khristianovic Geertsma and de Klerk) model:

assumes a crack with infinite height where every horizontal cross section has

the state of plane strain deformation.
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Figure 1.1: Simple fracture geometry models [33].

• The PKN (Perkin and Kern and Nordgren) model: assumes that the crack

length is much larger than its height (confined between two impermeable rock

layers). Plane strain is considered in the vertical elliptical shape cross sections

perpendicular to the direction of fracture propagation.

• The Penny-shaped or radial crack model: assumes an axisymmetric crack prop-

agation with respect to the wellbore.

In these models, the rock is assumed to be a continuous, homogeneous, isotropic linear

elastic solid. The fracture propagates as the injection continues and the fracturing

fluid flows along the length of the fracture. The exchange of fluid between the fracture

and the rock may also play an important role in the HF propagation.

Since the early contribution of Khristianovic and Zeltov [34], Perkin and Kern [35],

Geertsma and de Klerk [36] and Nordgren [37], many studies investigated analytical

and numerical solutions of these fracture models. The main objective is to evaluate
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the fracture growth rate, the fluid pressure and the fracture opening for various

propagation regimes. In the viscosity-dominated propagation regime, the energy

dissipation needed to break the rock is negligible compared to the energy losses in

the flow of viscous fluid, while in the toughness-dominated regime, viscous losses are

negligible compared to the energy required to break the rock. In addition to these

dissipation processes, lagging of the fluid’s front behind the fracture front and fluid

leak-off (into the permeable solid) are the other important physical process governing

propagation of the hydraulic fracture [38]. The corresponding models simultaneously

consider

1) The lubrication equation, which describes the flow of fluid in the fracture. In the

case of a permeable rock, the exchange of fluid with surrounding rock is governed by

the fluid leak-off equation.

2) The elasticity equation that relates the deformation of the fracture to the net

pressure.

3) The fracture propagation criterion.

Analytical solution of these models are mathematically challenging due to (i) the

non-linear coupling of the lubrication equation and elasticity equation and (ii) the

non-local mechanical response of the fracture governed by the elasticity equation (i.e.,

the crack opening at a position along the fracture is subject to the fluid pressure at

another position). Below, we mention some of the most relevant studies carried

out on the plane strain crack model (either finite KGD fracture, or steadily moving

semi-infinite fracture). Although the main focus of this study is on the hydraulic

fracturing injection, the similar model and arguments hold for analogous buoyancy-

driven magmatic intrusions.

Spence and Sharp [39] presented a self-similar solution for a KGD crack where the

non-dimensional form of the solution depends on the normalized stress intensity factor

at the tip. They assumed the square root tip asymptote of the Linear Elastic Fracture

5



Mechanics (LEFM) for the crack tip opening: w ∼ X1/2, where X is the distance

from the tip. Lister [40] considered the problem of a steady propagating, buoyancy-

driven hydraulic fracture for relatively small fracture toughness and presence of a

fluid lag zone.

For the case of zero toughness and under the assumption that the fluid flows up

to the tip of the fracture, the fluid-solid coupling in the near tip region has an

exact matching singularity between the lubrication and elasticity equations [40, 41].

Desroches et al. [41] established the exact zero-toughness solution for a semi-infinite

fluid-driven fracture propagating steadily in an impermeable rock. The solution is

characterized by the matching singularity of the crack opening w varying as X2/3

(compared to the X3/2 of linear elastic fracture mechanics) and fluid pressure p as

−X−1/3. The corresponding weak singularity of the pressure is associated with a

negative infinite fluid pressure at the tip of the fracture.

Carbonell et al. [42], using the exact tip singularity, constructed the self similar

solution for a finite KGD crack propagating in an impermeable, zero toughness elastic

solid due to a constant rate of injection. Adachi and Detournay [43] generalized this

solution to the case of power law fracturing fluid rheology.

Negative infinite fluid pressure at the tip of plane strain crack propagating in zero

toughness solid suggests the existence of a lag between the fluid front and the tip

of the moving fracture (since the fluid cannot sustain an infinite suction or negative

pressure) [44]. The latter has a similar role as the process or plastic zone to ensure

finiteness of stresses at the fracture tip. Furthermore, the presence of a lag is nec-

essary for a hydraulic fracture propagating in a solid with finite toughness (KIc > 0

where KIc is the critical rock toughness). Under assumption of no lag, solving the

lubrication equation combined with the opening asymptote of linear elastic fracture

mechanic w ∼ X1/2 imposes a logarithmic singularity for the pressure p ∼ lnX [45].

Studies show that the lag is several orders of magnitude smaller than a characteristic
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length of the fracture and hence can be often neglected, but not always (see Gara-

gash and Detournay [46] and Garagash [44] for the conditions when the lag can be

neglected). The lag plays a significant role in the near tip processes, like interaction

with faults/ fractures in the hydraulic fracture tip vicinity, where the lag and asso-

ciated stress perturbation may be important vs. the larger scale (of the hydraulic

fracture), where it may not be important (i.e., in determining the propagation of the

hydraulic fracture itself).

The tip cavity is assumed to be filled by the vapors of the fracturing fluid for the case

of the fracture propagating in an impermeable medium or by pore-fluid infiltrating

from the permeable host solid [47, 48]. Garagash and Detournay [46] constructed

a solution for a semi-infinite plane strain crack with a priori unknown length fluid

lag propagating in an impermeable rock with an arbitrary toughness. The solution

is consistent with the square root singularity of the linear elastic fracture mechanics

in the tip region and asymptotically approaches the zero toughness solution [41]

away from the fracture tip. The asymptotic form of the solution away from the tip

which is characterized by large fluid pressure gradient and viscous energy dissipation

corresponds to the part of the solution insensitive to the tip region behavior.

Garagash [44] studied the propagation of a finite plane strain hydraulic fracture with

a fluid lag in an impermeable elastic solid with various toughness in the early stage of

the propagation. The solution evolves between the two limiting cases corresponding

to the zero under-pressure1 (or maximum value of the lag as a fraction of fracture

length) and infinite value of the tip under-pressure (or zero value of the lag of Spence

and Sharp [49]).

For more contributions to the modeling of the other hydraulic fracture geometries

refer to recent review paper on the subject [50].
1under-pressure corresponds to the difference between the tip pressure and the far field confining

stress
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1.2.3 Fault slip reactivation due to hydraulic fracturing

A hydraulic fracture in general should propagate perpendicular to the minimum

principal stress or in the direction of the maximum principal stress. If a hydraulic

fracture encounters a preexisting fault that is oblique to the principal directions, it

could propagate inclined to the direction of the least compressive stress as a conse-

quence of the fault mechanical weakness. Several authors have described frozen dikes

occupying faults or other preexisting fractures [51].

Healy et al. [8] pioneered considerations of the seismic slip of a fault due to elevated

pore pressure caused by the deep waste fluid injection into the crust. Their work was

followed by field experiments in earthquake control [52]. Theoretical [6, 53, 54] and

numerical [55, 56, 57, 58] studies have explored the injection-induced activity asso-

ciated with injection into faults. Hayashi and Abe [6] concluded that the hydraulic

fracture propagates stably along the fault of variable in-situ normal stress and con-

stant friction coefficient. Ziv and Rubin [53] investigated the possibility of instability

of dike intrusion along the fault due to the initiation of a tensile crack at the dike tips.

Zhang et al. [54] considered a fluid injection and the associated slip development on

a slip-weakening natural fault/fracture, where the injected fluid was assumed to be

accommodated entirely by the inelastic dilation driven by the slip (i.e. intrinsic fault

storage was neglected). Garagash et al. [59] and Germanovich et al. [60, 61] have

considered the possibility of fluid injection into a fault in conjunction with the use

of thermal techniques to locally modify the in situ stress and fault strength such as

to trigger an earthquake in more controllable conditions than would happen other-

wise. Viesca and Rice [62] studied the effects of pore pressure perturbations on the

nucleation of dynamic slip in the context of submarine and subareal landslides. In

a recent field study, Guglielmi et al. [63] studied aseismic slip on a fault directly

stimulated by water injection.

Garagash and Germanovich [64] theoretically studied the nucleation of dynamic rup-
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ture resulting from a pore pressure perturbation ∆p due to injection into a fault.

The fault remains closed during the injection as long as the fluid pressure is less than

the in-situ normal stress, i.e., the normalized fluid overpressure 4p/σ̄0 < 1, where

σ̄0 = σ0− p0 is ambient effective normal stress. They showed that seismic slip occurs

when the background stress τ0 is larger than the residual strength τr along the fault,

irrespective of fluid overpressure (as long as sufficient to activate slip). They also

showed that unstable slip can be nucleated for τ0 < τr at low enough overpressure,

however slip remains stable for all values of background stress τ0 < τr when near

the incipient hydraulic fracture condition, i.e. 4p/σ̄0 → 1. Injection into a fault

with fluid pressure higher than the normal stress initiates a hydraulic fracture that

propagates along the fault.

In this study, it has been considered that the friction along the fault/fracture has a slip

weakening character [65, 66, 67]. Contrary to a simple constant friction law, a slip-

dependent friction model is comparable with a more complicated, laboratory derived,

rate-and state-dependent friction model [68, 69, 70]. The latter considers that friction

depends on slip velocity and state variables where the entire friction evolution has a

more complex time dependency. Rubin and Ampuero [71] and Ampuero and Rubin

[70] identified two end-member length scales for the nucleation patch in the context

of rate-and state-dependent friction law. The minimum nucleation patch length

scale is identical to that attained by [72, 73] for the linear slip-weakening friction

law. Further, Garagash and Germanovich [64] linked the second end-member to the

maximum extent of a slip weakening crack obtained by Andrews [74].

Nucleation of dynamic slip along a fracture with a slip-weakening friction has been

studied before [73, 55]. Slip accumulates quasi-statically along the fracture when

shear stress grows locally larger than the shear strength. With the weakening nature

of slip, this quasi-static growth may transition to dynamic slip (micro-seismicity or

earthquake).
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1.2.4 Induced microseismicity by hydraulic fracturing

Pre-existing fracture networks often provide pathways for the flow of fluid through

unconventional reservoir rocks where the matrix permeability is several order of mag-

nitude smaller than that of the conventional reservoir rocks. The hydraulic fracturing

operation can effectively increase the reservoir productivity by connecting the net-

works of the fractures to the well-bore. During the hydraulic fracture process, micro-

seismic events occur due to slippage on pre-exiting fractures in response to changes

of the in-situ stresses.

While micro seismic monitoring provides valuable information on how a hydraulic

fracture interacts with natural shear fractures, a complete understanding of the

physics of the problem can be the key for maximizing efficiency of the hydraulic

fracturing and also lowering associated seismic hazards. The propagating hydraulic

fracture induces shear failure along the surrounding preexisting fracture(s) by alter-

ing the ambient stress/ pore pressure state. The slipped patch along a favorably

oriented natural fracture grows quasi-statically (asesmcically) until it ruptures seis-

mically. The less favorably oriented fractures can still accumulate significant aseismic

slip, and thus contribute to the reservoir permeability enhancement. The shear di-

lation (or normal deformation) occurs as a result of uplift in sliding over asperities

of two rough fracture surfaces, which results in a permanent increase in the fracture

permeability.

Hydraulic fracture propagation in a naturally fractured formation has been subject of

various theoretical [75, 76, 77], experimental [78, 79] and numerical [80, 81] studies.

The interaction of a hydraulic fracture with a natural fracture depends on various

parameters including the in-situ stresses [79], friction and permeability along the

shear fracture [82, 83]. The numerical models investigate various settings of multiple

fracture propagation, slippage along one or a few preexisting fractures, or induced

slip along a network of preexisting fractures. Interaction between each hydraulic frac-
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ture and natural fracture determine ultimate geometry for the networks of stimulated

fractures. There are three interaction types: (i) the hydraulic fracture crosses the

natural fracture without changing direction; (ii) the hydraulic fracture crosses the

natural fracture with an offset, where it deflects into the natural fracture, and then

kinks out at some weak point along the natural fracture; (iii) the hydraulic fracture

will be arrested at the intersecting point, diverted into the natural fracture, and then

initiates a new fracture path at the tip of the natural fracture. The more realistic,

three dimensional modeling of fractures interaction could be challenging to handle

due to the spatial and temporal complexity of fracture propagation. An example

of possible interaction scenarios in three dimensions could be that of hydraulic frac-

ture splitting, with part of it along the intersection line crossing and another part

diverting, essentially breaking the geometrical (initially planar) form of the fracture.

Several analytical criterions have been proposed in the past to predict outcome of

the interaction when a hydraulic fracture intersects a pre-existing natural fracture.

The theoretical solution proposed by Blanton [75] and Warpinski and Teufel [76] are

based on the differential stress and angle of intersection. Renshaw and Pollard’s [77]

criterion considers an orthogonal crossing interaction which was later modified by

Gu and Weng [84] to be applicable for non-orthogonal intersections.

1.2.5 Poroelastic effect

The mechanical response of a fluid infiltrated porous rock can be altered by the

presence of pore fluid and its mobility [85]. The time dependent, poro-mechanical

interaction between fluid diffusion and deformation is composed of (i) changes in pore

pressure due to changes in mean normal stress and (ii) changes in stresses due to

pore pressure changes [86, 87]. In the quasi-static theory of poroelasticity, the inertia

terms (i.e., mass times acceleration terms) are neglected, such that for the static or

slow moving processes the inertia terms are much smaller than other terms in the
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balance equation for linear and angular momentum. Occurrence of seismic events

have been previously attributed to the delayed coupled poro-mechanical diffusion

response whereby pore pressure changes have altered conditions on the fault [88].

Furthermore, Segall and Lu [18] and Deng et al. [19] among other numerical works,

correlated the induced earthquakes to the poroelastic stress perturbations of the solid

matrix rather than the fluid diffusion as the dominant factor.

The poroelastic solutions in the limiting cases of undrained and drained response

correspond to an elastic solution but with different set of effective elastic moduli

(undrained and slightly smaller drained modulus, respectively). In an undrained

condition of rock-fluid interaction, the mass of the fluid inside the rock stays the

same, which is attained when deformations occur rapidly relative to the time scale of

fluid mass diffusion (i.e., no fluid flow). While an drained response denotes conditions

when the pore fluid is allowed to leave or enter the rock, which is attained when

deformations take place slowly compared to the time scale of fluid mass diffusion

(i.e., no alteration in pore fluid pressure).

For a propagating hydraulic fracture front, deformation occurs so rapidly that there

is no time for pore fluid to flow and hence the response is undrained around the hy-

draulic fracture tip. This condition particularly holds if the preexisting fractures are

partially mineralized (so that their hydraulic conductivity prior to the slip is negligi-

ble). In practice, the response can be considered as undrained for very impermeable

rocks where the pores are very small so that the pore fluid cannot flow through, or

for the high rates of hydraulic fracture propagation. One way to quantify this is by

comparing the timescale for pore pressure diffusion over a relevant problem length-

scale to the timescale of hydraulic fracture propagation over the same distance. In

Chapter 4, we calculate the timescale pertaining to diffusion in the rock mass over

the characteristic size of the tip region where the stress is perturbed (i.e., Lmax).

This timescale is large compared to the hydraulic fracture propagation time over the
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same distance, thus, assumed undrained response of the bulk rock. The undrained

response eventually gives way to partially-drained response as the pressure diffuses

into the rock.

1.2.6 Dilatancy effect

Shear dilatancy is associated with inelastic volume deformation of a fault/ natu-

ral fracture as a result of slip. The shear induced dilation causes pore pressure to

drop and hence could restrengthen the fault by increasing the effective normal stress

[89]. Many investigators have studied the effect of dilatancy altering the evolution

of slip on faults [90, 91]. The shear dilation as a result of slippage along the fracture

rough surfaces can also be a significant source of the fracture permeability change

[92]. Zhang et al. [54] presented the model of a toughness dominated KGD crack

propagating under a slip-weakening friction law. They assumed that the dilatation

from slippage is related to the slip by a linear relationship proposed by Barton et

al. [93]. In chapter 4, we show that the fluid pressure changes in a natural fracture

can be approximated by that in the surrounding matrix. The analysis can be used

to quantify whether dilatancy driven fluid pressure changes in the natural fracture

persist on the timescale of the slip development or effectively obliterated by fluid ex-

change with the matrix. We show that the timescale relating to the diffusion about

the natural fracture in order to accommodate the perturbation to the pore pressure

due to dilation of the natural fracture (as a result of slip) is short compared to the

propagation timescale, thus the perturbation to the pore pressure along the natural

fractures caused by their dilation is effectively dissipated and pore pressure is given

by the bulk undrained value.
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1.3 Objectives and organization of the research

The goal of this research is to perform rigorous semi-analytical studies on physical

interaction between hydraulic fracture injection and induced slip on faults/ natural

fractures. We mainly focus on the modeling of quasi-static slip growth and induced

seismicity on a pre-existing fault/fracture due to interaction with a single propagating

hydraulic (tensile mode) fracture. The two dimensional KGD crack model which

assumes a plane strain deformation, was used to define the crack geometry. Although

in the physical world cracks are three dimensional, the two dimensional idealizations

provide the basic solution of the crack tip fields and may serve as a reasonable

approximation in applicable cases.

The thesis is organized as follows:

In Chapter 2, the mathematical formulation of the KGD crack driven by hydraulic

fracture injection is presented. With the two dimensional idealization, stress field

around the crack can be broken down into its components of pure tension and shear

modes. Different model settings and assumptions are discussed.

In Chapter 3, we consider a hydraulic fracturing injection into a fault. Such a sce-

nario is likely rarely realized, but serves as a simplified view of a more realistic case

where a hydraulic fracture has been initiated some distance away and propagated

to a fault, and then diverted into (propagate along) the fault zone due to its me-

chanical weakness. This is a viable mechanism for more significant seismic events

(earthquakes) because of a larger surface area available for rupture along an exten-

sive fault compared to less extensive natural fractures supporting microseismicity.

The criterion for ultimate stability of the fault is established.

In Chapter 4, we consider seismicity along a pre-existing natural (shear) fracture

which is approached by a hydraulic fracture. We made the assumption that inter-

action between fractures are one-way coupled. It is assumed that the stress pertur-
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bation due to slip along the natural fracture does not affect the hydraulic fracture

propagation regime. Our goal is to study microseismicity along natural fractures due

to hydraulic fracturing using semi-analytical techniques. The results show the slip

development on the natural fracture is controlled by the various problem parameters

such as the hydraulic fracture pressure, the fractures orientation and in-situ stresses.

In Chapter 5, we extend the model presented in the previous chapter to investigate

nucleation of dynamic slip along a pre-existing fracture crossed by a propagating

hydraulic fracture. The assumptions underlying the model are discussed. We review

different mechanisms contributing to the slip growth on the natural fracture.

This thesis contributes to the general understanding of the induced seismicity along

faults/natural fractures due to the hydraulic fracture injection.
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CHAPTER 2: MATHEMATICAL FORMULATION

2.1 Problem settings

In this chapter, the mathematical formulation for a two dimensional plane strain

fracture is presented. We formulate the relationship between stress and displacement

considering the stress field is broken up into its component of Mode I and Mode II.

Mode I causes the crack to open and results in changes of normal stress along the

fracture plane. Whereas Mode II causes the crack surfaces to slip relative to each

other and results in shear stress redistribution along the fracture plane. Throughout

this study, we adopt the sign convention that compressive stresses and right-lateral

shear stresses are positive.

In this thesis we consider a one-way interaction of a hydraulic fracture and a shear

fracture. Stress/ pore pressure perturbation by the hydraulic fracture is considered

as an agent of slip on the shear fracture. But the stress perturbation induced by

slip on the shear fracture is assumed to be inconsequential for the hydraulic fracture

propagation. Specifically, this approach is expected to be approximately applicable

when the length of the hydraulic fracture is much larger than the slipping patch or

if the hydraulic and shear fracture are on the same plane (e.g., hydraulic fracturing

along the fault plane).

We first define the model of a KGD crack without a lag followed by the model of a

semi-infinite HF with the lag where the latter is looked at as a “refinement” of the

former near the tip. Indeed, the latter provides the details of how the tip behavior

evolves to the "no-lag" behavior (i.e., w ∼ X2/3) with increasing distance from the

tip. The lag is likely to play a small role in both models (see Chapter 3 and Chapters

4-5). We have chosen to account for it in the latter and not in the former, but

essentially did not have to. (A practical reason to have a more accurate, i.e. non-
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Figure 2.1: Finite plane strain hydraulic fracture with length 2`

zero lag, solution in the case of Chapter 4-5 is to avoid dealing with stress singularities

at the hydraulic fracture tip when it intersects the natural fracture).

2.2 Hydraulic fracture

2.2.1 Finite (KGD) hydraulic fracture

Consider a hydraulic fracture of length 2` propagating in a linearly elastic, homoge-

nous impermeable rock. The hydraulic fracture loaded with the fluid pressure p is

driven by fluid injection with the constant flow rate Q0 at the crack center and is

aligned with the x axis taken perpendicular to the minimum in-situ stress σ0 (Figure

2.1). The governing equations describing propagation of the fracture are summarized

below1.
1The detailed derivation can be found in Appendix A.
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Fracture opening

The elasticity equation relates the crack opening w to the net fluid pressure p − σ0

along the fracture plane [94]:

p(x, t)− σ0 = −E
′

4π

ˆ `

−`

∂w

∂s

ds

x− s
, (2.1)

where the plane strain modulus E ′ = E/(1 − ν2) relates to the Young’s modulus E

and the Poisson’s ratio ν.

Fluid continuity

The governing equations for the flow of a Newtonian fluid within the fracture are

given by the Poiseuille’s law for the fluid flow velocity averaged across the gap

v = − w2

12µ

∂p

∂x
, (2.2)

where µ is the dynamic viscosity of the fluid, and the fluid continuity equation in the

absence of leak-off

∂w

∂t
+
∂ vw

∂x
= 0. (2.3)

The assumption of negligible lag between the fluid front and the hydraulic fracture

tip implies that there are no boundary conditions on the fluid pressure there. This is

known to lead to an infinite suction (p→ −∞) at very small distances from the tip

[40, 41], which are assumed inconsequential for slip development on a larger spatial

scale. (see references: Garagash [44] for lag estimate, and Uenishi and Rice [73],

Garagash and Germanovich [64] for slip patch scaling)
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Fracture propagation

Note that this thesis will be dealing with the opening mode HF under assumption of

negligible toughness, which will be further justified in Chapters 3, 4.

Based on linear elastic fracture mechanics, the tip asymptote for the fracture opening

is given by [95]:

w/(`− |x|)1/2 → 0, |x| → `− (2.4)

The boundary condition are given by

wv = ±Q0

2
, at x = 0± (2.5)

at the fluid inlet, and

w = 0, v = ± ˙̀, at x = ±` (2.6)

at the fracture front, where ˙̀ = d`/dt is the fracture front velocity. The initial

conditions are given by:

` = 0, w = 0, at t = 0. (2.7)

2.2.2 Semi infinite hydraulic fracture with a lag

The governing equations for a semi-infinite hydraulic fracture with a lag of constant

length `tip and propagating at constant velocity V are summarized below (Figure

2.2).

The elasticity equation (2.1) along the plane of fracture takes the form of

p(x, t)− σ0 =
E
′

4π

ˆ xtip

−∞

∂w

∂s

ds

x− s
(2.8)

where xtip is the tip position. With transforming of the fixed coordinate system (x, y)
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Figure 2.2: Semi-infinite plain strain hydraulic fracture with lag of length λ

to “moving with crack tip” coordinate system (X, Y ) by X = xtip − x = V t− x, the

above equation becomes

p(X)− σ0 =
E
′

4π

ˆ ∞
0

∂w

∂s

ds

X − s
. (2.9)

Upon integrating the continuity equation (2.3) and for the case of steady propagation,

the lubrication equations transforms to

w2 dp

dX
= 12µV `tip < X <∞ (2.10)

In the lag region, pressure is constant:

p = ptip 0 ≤ X ≤ `tip (2.11)

The fracture opening close to the tip is given by the classical elastic square root
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asymptote

w/X1/2 → 0, X → 0 (2.12)

2.3 Shear fracture

Consider a preexisting shear fracture of length 2a in a linearly elastic, homogenous

rock under spatially non-uniform, HF-perturbed, background normal σb(x, y) and

shear stress τb(x, y) (Figure 2.3).

𝜎"
𝜏"

𝜏(x,t)

𝑎

𝜏"
𝜎"

Figure 2.3: Pre-existing plain strain shear fracture with length 2a

The equation of quasi-static elastic equilibrium relates the change of the shear stress

on the crack plane to the slip δ by:

τ(x, t)− τb(x, t) = −E
′

4π

+a(t)ˆ

−a(t)

∂δ(s, t)

∂s

ds

x− s
. (2.13)
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The finite stress (i.e., vanishing stress intensity factors), or a vanishing slip gradient

at the tips of a crack requires [95]:

ˆ +a(t)

−a(t)

τ(x, t)− τb(x, t)√
a(t)2 − x2

dx = 0,

ˆ +a(t)

−a(t)

τ(x, t)− τb(x, t)√
a(t)2 − x2

xdx = 0 (2.14)

Note that for a symmetric crack the second equation is automatically satisfied.

The shear stress is equal to the shear strength along the crack

τ = f(δ)(σb − p) (2.15)

where (σb − p) is the effective stress.

Friction f is assumed to weaken with slip δ. Specifically, we make use of a linear

slip-weakening model in which f decreases linearly with slip from its peak fp to the

residual fr value attained at δr = (fp − fr)/W [66]:

f(δ) =


fp −Wδ,

fr,

δ 6 δr

δ > δr,

(2.16)

where W [1/L] is the slip-weakening slope (Figure 2.4). A slip-weakening distance,

which is independent of the particular residual level of friction, can be defined as the

value of slip

δw = fp/W (2.17)

at which the friction would vanish if allowed an unlimited weakening (Figure 2.4).

2.4 Undrained pore pressure field

Undrained pore pressure regime or response denotes the condition where the time

scale characteristic of the loading is too short for the diffusivity process and for fluid

movement to occur within the rock matrix. This is in contrast with the drained pore
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Figure 2.4: Slip weakening friction.

pressure response which characterizes the conditions when the excess pore pressure

has time to dissipate and the pore pressure has returned to its ambient value.

The ratio of the induced pore fluid pressure, 4p, to the change in the applied stress

(i.e., confined pressure), (4σxx + 4σyy + 4σzz)/3, under undrained condition (or

in impermeable rock) is denoted by the Skempton’s coefficient B, ∆p = B(4σxx +

4σyy +4σzz)/3. The Skempton’s coefficient B ranges between 0.4 and 1 for water-

saturated rocks [87]. For the case of plane strain with 4σzz = νu(4σxx +4σyy), the

relation takes the form of:

∆pund = B(1 + υu)(∆σxx + ∆σyy)/3. (2.18)

where νu is the undrained Poisson’s ratio.
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CHAPTER 3: NUCLEATION OF DYNAMIC SLIP ON A

HYDRAULICALLY FRACTURED FAULT

In this chapter, we investigate slip development and potential instability along a

hydraulically fractured fault. The physical model for a HF propagating along a fault

is presented in Section 3.1, followed by the mathematical treatments of the hydraulic

fracture and related elastic stress perturbation along the fault (Section 3.2), and of

the fault slip induced by the HF (Section 3.3), respectively. Section 3.4 presents the

main results for the nucleation of the dynamic slip, followed by the discussion in

Section 3.5 of the physical scales of the HF-induced slip instability on natural faults

1.

3.1 Model

We consider a hydraulic fracturing injection at a constant volumetric rate Q0 [L2/T]

into a two dimensional fault in an unbounded homogenous elastic medium with am-

bient pore pressure of p0 and the remote normal σ0 and shear τ0 stresses resolved on

the fault plane (Figure 3.1).

The hydraulic fracture propagates due to the injection of the pressurized fluid into

the fault, which in return activates the shear mode (slip) propagation. As the fluid

is injected, slip (relative shear displacement) will take place along the fracture plane

due to zero frictional strength in the open portion of the crack, and fault strength

ahead of the hydraulic fracture tips will be diminished due to the compressive normal

stress reduction there. We neglect the fluid leak-off from the hydraulic fracture

into surrounding rock, and similarly neglect the pore pressure diffusion and pore
1The model and the results in this chapter have been published by AGU. Copyright (2017)

American Geophysical Union.
"Azad, M., D. I. Garagash, and M. Satish (2017), Nucleation of dynamic slip on a hydraulically

fractured fault, J. Geophys. Res. Solid Earth, 122, doi:10.1002/2016JB013835”

24



𝑝"

𝜎"
𝜏"

𝜏(𝑥, 𝑡)
𝑥

𝑤(𝑥, 𝑡)

𝑄"

𝑎(𝑡)
𝑏(𝑡)
ℓ(𝑡)

𝑝(𝑥, 𝑡)

𝜎(𝑥, 𝑡)

Figure 3.1: Hydraulic fracture (HF) with an open half-length `(t) is driven along
a fault by a constant rate of fluid injection Q0 at the inlet. The fault slipping
patch is characterized by the half-length a(t), and the “frictionless” half-length b(t)
(a > b > `). The latter encompasses the open crack with half-length ` and the small
regions of extent b − ` just outside of the HF tips where the effective normal stress
is tensile as the result of the singular stress perturbation induced by the open crack.
The fault lies parallel to the x axis and is oblique to the far-field principal stresses,
which result in background values of the normal, σ0, and shear, τ0, stresses resolved
on the fault plane.
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fluid flow in the rock. Consequently, the pore pressure perturbation ahead of the

hydraulic fracture tips is undrained. This assumption approximately holds if the rate

of hydraulic fracture propagation is higher than the rate of pore pressure diffusion in

the rock ahead of the hydraulic fracture front.

As the result of fluid injection, the fault undergoes opening w(x, t) and slip δ(x, t).

The open part (hydraulic fracture), characterized by half-length `(t), is embedded

into the slipping part (shear fracture) with half-length a(t), (a > `).

Denote the normal and shear stresses as σ = σyy, τ = σxy. Along the open-part of

the fault (hydraulic fracture), the normal stress is given by the fluid pressure p,

|x| < `(t) : w(x, t) > 0, σ(x, t) = p(x, t). (3.1)

Along the slipping part of the fault, the shear stress is given by the fault frictional

strength

|x| < a(t) : τ = τfault = f(δ)[σ − p] (3.2)

where [σ−p] = σ−p when σ−p > 0 (compressive) and [σ−p] = 0 otherwise. Shear

stress borne in the viscous fluid occupying the open part of the slipping fault (HF)

is normally very small compared to the frictional strength of the closed part of the

slipping patch, and is, therefore, neglected in (3.2). In other words, the hydraulically

fractured part of the fault offers no resistance to slip in our model. We also recognize

existence of a tensile region (σ− p) ≤ 0 immediately ahead of the hydraulic fracture

front ` < |x| < b, which extends the frictionless region beyond the HF tips. As we

will show further, the extent b− ` of this segment of the frictionless region is however

very small compared to the fracture dimensions.

The pore pressure p ahead of the hydraulic fracture is reduced from its ambient level

p0 due to poroelastic rock/fault gouge dilation. The undrained (instantaneous) value

of the pore pressure perturbation is linked to the mean stress change, and can be
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expressed along the fault plane outside of the plane strain hydraulic fracture as

(p− p0)und = B′(σ − σ0), |x| > ` (3.3)

The plane strain Skempton’s coefficient B′ = 2
3
B(1 + νu) relates to the Skempton’s

coefficient B, ranging between 0.4 and 1 for water-saturated rocks [87], and to the

undrained Poisson’s ratio νu ∼ 0.3. Fault slip will also generally lead to a change of

the pore pressure about the fault plane, but this change is perfectly antisymmetric

(identical magnitudes of the increase/decrease of the pore pressure on the compres-

sional/extensional sides of the fault) if the mechanical and hydraulic properties of

the host rock and gouge are either homogeneous or more generally symmetrically-

distributed across the fault [96]. Given the asymmetry of the pore pressure change

due to slip under stated conditions, it remains exactly zero at the slip surface (or at

the center of a finite sheared gouge zone accommodating slip) and does not appear

in (3.3).

When the rock properties are the same on both sides of the fault, the opening and

shear fracture modes are only one-way coupled. Slip does not affect the normal

stress distribution along the fracture plane and hence does not affect the hydraulic

fracture (opening mode) propagation. However, the opening mode affects the slip on

a frictional fault by altering the normal stress, leading to (i) zero frictional strength

along the open part of the rupture; and (ii) reduced frictional strength ahead of

the open crack tips. As a result, the hydraulic fracture problem can be addressed

independently of the fault slip problem.

In the following, the mathematical formulation of both modes of fault displacement,

as well as the dimensionless forms of their corresponding equations, will be intro-

duced. It will then be discussed how the solution of the hydraulic fracture problem

may be used to solve the fault slip problem.
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3.2 Fault Opening Development (Hydraulic Fracture)

The governing equations for a propagating plane strain hydraulic fracture were sum-

marized in section (2.2.1).

Elasticity equation relates the crack opening w to the normal stress change σ − σ0

along the fracture plane (equation 2.1). Along the hydraulic fracture | x |≤ `, σ = p,

and the above equation yields the net fluid pressure distribution p− σ0.

The slip ahead of the hydraulic fracture front is assumed to break the rock resistance

and nullify the opening-mode fracture toughness, KIc = 0.

This fully defines the zero-toughness solution for the hydraulic fracture half-length

`(t), opening w(x, t) and the net fluid pressure p(x, t)−σ0 along the fracture, |x| ≤ `,

and normal stress change σ(x, t)− σ0 outside of it , |x| > `, as functions of injection

rate Q0, fluid viscosity parameter µ′ (= 12µ) and the elastic modulus E ′ [49, 42, 43].

Assuming the zero-toughness condition, the tip asymptote of the solution assumes

the form distinct from the classical fracture mechanics w ∼ X1/2 [41] characterized

by crack tip opening

w = 21/335/6(µ
′ ˙̀/E ′)1/3(`− |x|)2/3, |x| → `− (3.4)

and weak tensile fluid pressure/stress singularities

σ − σ0 = −6−2/3(µ
′ ˙̀E ′2)1/3

 (`− |x|)−1/3, |x| → `−

2× (|x| − `)−1/3, |x| → `+
(3.5)

as the crack tip is approached from the inside/outside. We note that the change of

the value of the stress singularity prefactor in (3.5) when the HF tip is approached

from the inside/outside have not been exposed previously. Yet it does follow directly

from the stress representation in terms of the monomial form of the complex-valued
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elastic potential function of Desroches et al. [41].

Zero-toughness, zero leak-off hydraulic fracture solution

Scaling considerations for the case of negligible toughness and fluid leak-off show that

the solution is self-similar [97]:

`(t) = L(t)γ, w(x, t) = ε(t)`(t)Ω̄(ξ), σ(x, t)− σ0 = ε(t)E
′
Π(ξ) (3.6)

where ξ = x/`(t) is the similarity variable and

L(t) =
E
′1/6
Q

1/2
0 t2/3

µ′1/6
, ε(t) =

(
µ
′

E ′t

)1/3

(3.7)

are the crack length scale and small non-dimensional parameter, respectively.

The solution for dimensionless hydraulic fracture half-length γ ' 0.615, crack opening

Ω̄(ξ), and stress change Π(ξ) along the fracture, |ξ| < 1, in scaling (3.6) were obtained

by Adachi and Detournay [43], with some of the relevant solution details recounted

in Appendix B. The Appendix also extends their stress change solution to the entire

fault plane. Figure 3.2 illustrates the normalized self-similar opening and stress

change profiles contrasted near the tip to their asymptotic forms, as follows from

(3.4) and enriched form of (3.5):

Ω = 22/331/2(1−|ξ|)2/3, |ξ| → 1−, Π =

 −2−1/33−1(1− |ξ|)−1/3 + Πconst, |ξ| → 1−

−2× 2−1/33−1(|ξ| − 1)−1/3 + Πconst, |ξ| → 1+

(3.8)

Here Πconst ≈ 0.7508 is the next order (constant) term in the near tip stress expansion

of the Adachi and Detournay’s solution (Appendix B).
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Figure 3.2: Self-similar solution for the hydraulic fracture normalized opening Ω̄ =
w/ε` and stress change Π = (σ − σ0)/εE

′−1 as a function of normalized distance
x/` (Carbonell et al., [42];Adachi and Detournay [43]). Time dependent length L
(` ' 0.615L) and stress εE ′−1 scales are defined in (3.7). The dashed lines show the
HF tip asymptotics (3.8).
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3.3 Fault Slip Development

3.3.1 Governing equations

The equations governing slip on the fault plane are summarized in section (2.3).

The shear stress along the crack, |x| < a, is given by the fault frictional strength

(3.2), τ = f(δ)[σ − p]. Thus, the coupling of the slip to the opening-mode fracture

(hydraulic fracture) is through the effective stress σ − p, which can be expressed

in view of equation (3.6) for total stress change σ − σ0 and equation (3.3) for the

undrained pore pressure change ahead of the hydraulic fracture tip p− p0, as:

σ − p = σ0 − p0 + (1−B′)ε(t)E ′Π
(

x

`(t)

)
, |x| > `(t) (3.9)

A characteristic slipping patch length can be defined in relation to the characteristic

slip value δw = fp/W , (2.17), as

aw =
E ′

2τp
δw (3.10)

where τp = fp(σ0 − p0) is the peak ambient value of the shear strength.

In the following, it will prove convenient to use a normalized form of the effec-

tive stress perturbation introduced by the hydraulic fracture, (3.9), cognizant of the

lengthscale of interest aw:

σ − p
σ0 − p0

− 1 = λ

(
`(t)

aw

)−1/2

Π

(
x

`(t)

)
, |x| > `(t) (3.11)

Here λ is a dimensionless hydraulic fracture loading factor

λ =
(1−B′) ε(tw)E

′

σ0 − p0

= (2γ)1/2 (1−B′) E
′1/4µ

′1/4Q
1/4
0

(σ0 − p0)1/2

f
1/2
p

δ
1/2
w

, (2γ)1/2 ≈ 1.109

(3.12)
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which characterizes the magnitude of the effective stress perturbation ahead of the

HF tip relative to the ambient effective stress value at the time tw when the HF has

grown to the characteristic size aw, i.e., `(tw) = aw.

3.3.2 Solution for the fault’s slip

To facilitate the numerical solution for the slip, we make use of characteristic crack

length aw, (3.10), and slip weakening distance δw, (2.17), to nondimensionalize the

shear crack length a and slip δ, respectively. Normalized solution for δ/δw and

a/aw as a function of normalized position along the crack X = x/a (slip only) and

the normalized HF length `(t)/aw, which embodies the problem dependence on the

injection time, is governed by the normalized form of the governing equation (2.13)-

(3.9) given in Appendix C. The normalized solution depends on the following three

parameters: the normalized background shear stress τ0/τp, residual to peak friction

ratio fr/fp and the hydraulic fracture loading factor λ, (3.12).

The numerical solution is computed using a piecewise constant slip distribution

method. Selected results are further validated by an alternative solution method

corresponding to an expansion of the slip distribution into a series of Chebyshev’s

polynomials. Details of numerical implementations can be found in Appendix A of

Garagash and Germanovich [64]. The numerical calculations explore the full range

of the background shear stress, 0 < τ0/τp < 1, for two choices of the residual friction

values, namely, fr/fp = 0 (unlimited weakening) and fr/fp = 0.6, and the various

values of the HF loading factor λ ≤ 1. Values of physical parameters pertaining to

the field are discussed in Section 3.5.

3.4 Results

At the start of the injection, t = 0, the extent of the open portion (hydraulic fracture)

is zero and the entire fault is at its ambient peak strength τp, τp > τ0, which indicates
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a non-slip condition. The injection opens the fault over length 2`(t) at t > 0 which

causes reduction of the fault strength to zero along the hydraulic fracture and to a

diminished value ahead of the hydraulic fracture tips. This activates the slip on the

fault and causes the slipping patch 2a(t) extension with the continuing injection. Note

that the time dependence of the solution follows directly from that of the hydraulic

fracture half-length `(t), (3.6)-(3.7).

The effective normal stress distribution σ − p is given by the hydraulic fracture

solution, (3.9). Figure 3.3a shows an example of the normalized effective normal

stress for a particular value of the hydraulic fracture loading parameter, λ = 0.2,

and normalized hydraulic fracture length `/aw = 0.1. The effective stress is null

along the hydraulic fracture, |x| < `(t), and singular just outside of the hydraulic

fracture tips, (3.5), resulting in a tensile region ahead of the hydraulic fracture tips

`(t) < |x| < b(t). The effective normal stress ahead of the hydraulic fracture increases

from a negative (tensile) singularity towards the ambient (compressive) value σ0−p0,

as the distance from the tip increases.

The extent of the region with tensile effective stress ahead of the hydraulic fracture

tip, b − `, is obtained from (3.11) by setting σ − p = 0 at x = b, in the implicit

form Π(b/`) = −(1/λ)(`/aw)1/2. The evolution of tensile region length b − ` with

hydraulic fracture advance is exemplified on Figure 3.3b for the case with λ = 0.2. It

is apparent that the tensile region is typically very small compared to the hydraulic

fracture half-length, b − ` � `. The first order estimate of b can, therefore, be

obtained from the near tip stress asymptote (by requiring σ − p = 0 at x = b),

dimensionless form of which is given in (3.5), as

b

`
= 1 +

4

27

(
Πconst +

1

λ

√
`

aw

)−3

(3.13)

The latter approximation is shown on Figure 3.3b by the dashed line.
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Figure 3.3: (a) Example of the effective normal stress distribution for two values of
the HF loading factor λ = 0, 0.2 and the HF half-length ` = 0.1aw. (b) Development
of the tensile effective stress region ahead of the hydraulic fracture tip, b−`, with the
growth of the hydraulic fracture length ` for the case with λ = 0.2. The asymptotic
form of tensile effective stress region extension is shown by dashed line (3.13). The
frictionless tips, |x| = b(t), indicated by stars in (a), are nearly coincident with the
hydraulic fracture tips |x| = `(t), i.e. b/` ' 1.

The fault frictional strength, (3.2), is zero along the hydraulic fracture and the tensile

region ahead of the hydraulic fracture tip |x| ≤ b(t); and it increases from zero at

|x| = b(t) to the peak value τp = fp(σ − p) at the shear crack tips, |x| → a(t).

In the following, the numerical solution of the proposed problem will be discussed.

First, the results of a model in which friction is allowed to decrease unlimitedly with

slip (i.e., f → 0 as δ → δw) will be presented, and then, the results of a more realistic

model in which the friction saturates at a non-zero residual value fr at large enough

slip will be shown.

3.4.1 Slip on a fault with unlimited weakening

Extent a − ` of the slipping patch ahead of the hydraulic fracture tip is shown on

Figure 3.4a as a function of the hydraulic fracture half-length ` for the loading factor

λ = 0.2 and different values of the background shear stress. Nucleation of dynamic

slip on the fault occurs when a small increase in the hydraulic fracture length results
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Figure 3.4: Development of (a) the slipping patch ahead of the hydraulic fracture
tip, (a − `)/aw, and (b) peak slip in the frictional patch δx=b with the growth of
the hydraulic fracture half-length ` for the hydraulic fracture loading factor λ = 0.2
and different values of the background shear stress, as indicated for each curve.
Termination points of the curves correspond to the vertical slope and signify the
instability of the quasi-static crack growth.

in a large increase of the shear crack length (i.e., da/d` → ∞ in the quasi static

model) and corresponds to the points with the vertical slope on Figure 3.4a. Once

the nucleation takes place, the quasi-static solution is not valid and the dynamic slip

formulation should be implemented to model dynamic rupture. The extent of the

closed part of the crack at the instability ac − `c, scales with aw while length of the

hydraulic fracture at the slip instability, `c, increases with decreasing background

stress.

Figure 3.4b shows the development of slip at the frictionless tips δx=b(t)/δw with the

hydraulic fracture growths. Critical slip (δx=b)c /δw increases with reduction of the

background stress. Unlimited weakening model fails before nucleation when δ > δw

(or f < 0), which takes place for small values of the shear loading (τ0/τp < 0.207,

Figure 3.4b).

Figure 3.5 shows the development of the slip and the shear stress along the fault at

different stages of the hydraulic fracture growth for the background stress τ0/τp = 0.7.

The shear stress drops from its peak at the shear crack tips towards the center of the

crack and becomes zero for the hydraulically fractured part of the fault. Outside of
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the slipped portion of the fault, the shear stress diminishes with distance from the

tips and approaches the background shear stress at infinity. Profiles of the normalized

normal stress and opening distributions for the same stages of the hydraulic fracture

propagation are shown in Figure 3.5c and 3.5d.

3.4.2 Condition for nucleation of dynamic slip

Some of the fault characteristics at the instability can be obtained from the eigenvalue

analysis [98, 73, 64], which allows to forgo the full fault slip solution. Differentiation

of equation (2.13) with time and taking the nucleation limit, t→ tc, results in:

ac
aw
υ(X)

[σ − p](acX, tc)
σ0 − p0

=
1

2π

ˆ 1

−1

∂υ(s)

∂s

ds

X − s
(3.14)

where X = x/a is the normalized coordinate along the slipping patch and the di-

verging slip rate δ̇ = ∂δ/∂t has been normalized using its root mean square:

υ(X) = lim
t→tc

δ̇(aX, t)√
1
2

´ 1

−1
δ̇2(aX, t)dX

. (3.15)

Equation (3.14) is a linear homogenous equation for the normalized slip velocity dis-

tribution v(X) when the effective normal stress σ− p is known along the crack. The

critical normalized half-length ac/aw, which corresponds to the smallest eigenvalue

solution of equation (3.14), depends on the two parameters which describe the nor-

malized effective normal stress field (3.11) in equation (3.14): the normalized critical

hydraulic fracture half-length `c/aw and the loading factor λ. In the limit of the

uniform distribution of effective normal stress along the crack σ0 − p0 (negligible

hydraulic fracture extent), the problem reduces to the eigenvalue problem solved

by Uenishi and Rice [73] where the critical crack length approaches ac/aw ' 0.579.

Figure 3.6 shows the crack half-length versus the hydraulic fracture half-length at
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Figure 3.5: Development of the normalized slip distribution, (a), the normalized shear
stress distribution, (b), the normalized hydraulic fracture opening distribution, (c),
and the normalized effective normal stress distribution, (d), along the fault during
the hydraulic fracture propagation for loading factor value λ = 0.2 and background
shear stress τ0/τp = 0.7. Blue arrows and stars correspond to the nearly coincident
hydraulic fracture, |x| = `(t), and the frictionless, |x| = b(t), tips, respectively. It can
be seen that the extent of the segments where the effective normal stress is tensile,
b − `, is practically negligible. The instability of the quasi-static crack growth is
highlighted by heavier lines.
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Figure 3.6: Shear fracture half-length vs. hydraulically open fracture half-length at
the instability for various values of the loading factor λ = 0, 0.2 and 1, as determined
from Eigenvalue analysis. Eigenvalue analysis allows to establish relationship between
nucleation crack size ac and its open part `c, but not their relation to the background
stress τ0.

the instability for various values of the loading factor λ = 0, 0.2 and 1. As is the

case of the full solution for the fault slip development (e.g., Fig 3.7), the eigenvalue

solution for the critical crack half-length is weakly dependent on the loading factor λ.

It should be noted that the magnitude of the corresponding background shear stress

at nucleation can not be obtained from the eigenvalue analysis alone and requires

the full solution of equations (2.13)-(3.9) for the time development of fault slip, as

discussed next.

In order to investigate the effect of the loading parameter λ and the background stress

τ0 on the fault instability, the normalized critical crack half-length ac/aw and critical

slip at the frictionless tips (δx=b) c/δw have been plotted versus the fault understress

(τp − τ0)/τp for different values of the loading parameter in Figure 3.7. The case

with λ = 0 corresponds to an idealization where hydraulic fracturing related stress-

perturbation is confined to the open part of the crack, and is negligible outside of

it. As shown, the critical crack half-length ac/aw and the critical hydraulic fracture

half-length `c/aw increase with the fault understress (or, conversely, decrease with

the background shear stress) and only weakly dependent on λ. Smaller values of
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the loading factor λ correspond to slightly larger ac and `c. This means that when

the perturbation of the normal stress ahead of the hydraulic fracture is smaller, the

nucleation length is marginally larger. Similarly, the critical slip at the frictionless

tips (δx=b) c/δw is mostly controlled by the value of the background shear stress, and

only weakly dependent on λ.

Nucleation in the limit of a critically-stressed fault (τ0 → τp), when only a small

perturbation is required to activate fault slip and bring it to the instability, can

be treated analytically following the approach of Garagash and Germanovich [64].

Specifically, in this limit the spatial extent of the perturbation (HF length `) is

vanishingly small compared to the slipping patch size a, and the effect of the former

on fault slip can be modeled by an equivalent point force ∆P . The latter corresponds

to the net (integrated along the fault) perturbation of the effective normal stress

∆(σ − p), which is equal to −(σ0 − p0) for |x| < ` (consistent with the complete

unloading of the fault along the HF length) and is approximated as zero elsewhere,

∆P (`) = −
ˆ ∞
−∞

∆(σ − p)dx ≈ 2(σ0 − p0)` (3.16)

Using the value of the point force at the instability, ∆Pc ≈ 0.837 (τp − τ0) aw/fp

[64], in expression (3.16) allows to evaluate the corresponding critical HF length `c,

reported below together with the corresponding nucleation patch size ac,

`c
aw
≈ 0.418

τp − τ0

τp
,

ac
aw
≈ 0.579 (τ0 → τp) (3.17)

This critically-stressed fault nucleation asymptote is consistent with the numerical

solution on Fig. 3.7b in the corresponding range of small understress.

The model with unlimited weakening may be used to predict the nucleation of insta-

bility over a range of loading conditions when (δx=b) c ≤ δw. The corresponding range

of background stress where the model with unlimited friction weakening is adequate
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Figure 3.7: (a) Normalized shear crack half-length ac/aw and (b) the normalized
slip at the frictionless tips (δx=b)c /δw at the instability as functions of the fault
understress (τp−τ0)/τp for three values of the dimensionless loading factor λ = 0, λ =
0.2 and λ = 1. Normalized critical hydraulic fracture half-length at the instability
`c/aw is shown by dotted lines in (a). The reference solution for the instability under
the incipient hydraulic fracture condition (i.e., injection fluid pressure is just below
the normal stress) of Garagash and Germanovich [64] is shown by dashed line.

(i.e., results in f ≥ 0) is wider for smaller values of the loading factor. For example,

for loading factors λ = 1, this model leads to (δx=b)c > δw and f < 0 and, thus,

physically meaningful for the background stress τ0/τp ≥ 0.35, or, conversely, for the

understress 1− τ0/τp ≤ 0.65 (Figure 3.7b).

3.4.3 Effect of residual friction on nucleation

Previous section has discussed the slip instability in the framework of the fault friction

characterized by unlimited weakening. The latter model ceases to be an adequate

description of fault strength for slips in excess of δw, when the model predicts negative

friction. In a more realistic model, friction saturates at some non-zero residual value

fr for slips in excess of δr = (1 − fr/fp)δw (Fig. 2.4). Thus, the fault responses

with slips in excess of this threshold prompt reexamination. Taking, for example,

fr/fp = 0.6, we can forecast based on Fig. 3.7b that the nucleation of dynamic slip

will be affected by the residual fault strength for the understress values 1−τ0/τp & 0.2

(corresponding to (δx=b) c/δw ≥ 1−fr/fp). As shown by Garagash and Germanovich
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Figure 3.8: Growth of (a) the slipping segments ahead of the hydraulic fracture tips
and (b) the normalized slip at the frictionless tips with the the hydraulic fracture
advance in the model with residual friction fr/fp = 0.6, loading factor λ = 0.2 and for
different values of background shear stress. The results are compared to the small
scale yielding (s.s.y.) approximation (dotted lines) in (a). No dynamic instability
is observed for values of the background stress below the ambient value of residual
strength, τ0/τr < fr/fp = 0.6.

[64] in the case of non-hydrofracture injection at a constant fluid overpressure, the

existence of residual friction may lead to the stabilization of slip for large enough

fault understress by either suppression of the instability or arrest of the nucleated

dynamic slip.

Figure 3.8 illustrates the development of the slipping segments ahead of the hydraulic

fracture tips a− `, (a), and of the normalized slip at the frictionless tips δx=b/δw, (b),

as the hydraulic fracture propagates along a fault with residual friction fr/fp = 0.6,

hydraulic fracture loading factor λ = 0.2, and different values of the background

stress.

Figure 3.9 shows crack half-length ac/aw (a) and the slip at the frictionless tips

(δx=b)c/δw (b) at the instability as a functions of the fault understress (τp− τ0)/τp in

the model with the residual friction fr/fp = 0.6 and various values of the hydraulic

fracture loading factor λ. The critical crack length and slip increase with diminishing

τ0, and become unbounded when stress stability boundary (τ0 = τr) is approached.

The fault slip development remains stable when τ0 < τr. Remarkably, the instability
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Figure 3.9: The normalized shear crack half-length ac/aw, (a), and the normalized
slip at the frictionless tips (δx=b)c/δw, (b), at the instability as functions of the fault
understress (τp − τ0)/τp in the model with the residual friction fr/fp = 0.6 for two
values of the loading factor λ = 0, 0.2. Corresponding half-length of the hydraulic
fracture at instability `c/aw is shown by dashed line in (a). (The dotted line shows
the reference solution for the model with unlimited weakening (fr = 0) for λ = 0).
The solution is only weakly dependent on the loading factor . The hydraulic fracture
induced slip on faults with τ0 ≤ τr is unconditionally stable. The heavy dashed line
shows the reference solution for the instability under the incipient hydraulic fracture
condition of Garagash and Germanovich [64].

is very weakly dependent on the details of the fault loading by hydraulic fracturing

or propagation regime thereof, as exemplified by the similarity of the solutions for

various values of the HF loading factor λ to the solution in the incipient hydraulic

fracture case (the injection pressure equal to the value of the normal stress resolved

on the fault), studied previously by Garagash and Germanovich [64] and shown in

Fig. 3.9 by the dashed line.

3.4.4 Small scale yielding analysis

When the crack length is large compared to the characteristic crack length aw, the

weakening of the shear strength with slip is localized to a small zone close to the

crack tips and the small scale yielding condition (s.s.y.) [95] applies. Some useful

examples of the s.s.y. analysis of geological shear fractures include Palmer and Rice
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[67], Ampuero and Ben-Zion [99], Garagash and Germanovich [64], Viesca and Rice

[62]. The simplified solution for the slip in our problem can be developed following

Garagash and Germanovich [64, section 5.2]. Numerical solutions are compared to

the s.s.y. approximation in Figure 3.8a. At high values of the background shear stress,

the nucleation patch size ∼ aw and the s.s.y. approximation is not applicable (i.e.,

the entire slipping patch is still undergoing weakening as the instability takes place).

At moderate to low values of the background shear stress exceeding τr, the nucleation

patch exceeds aw and the s.s.y. solution provides an adequate approximation to the

full solution.

Heeding the numerical observation that the fault slip is weakly influenced by the HF

loading factor λ, we further simplify s.s.y. analysis by taking λ = 0, which then

allows for an analytical expression for the energy release rate to propagate the shear

crack

G =
K2

E ′
, K = (τ0 − τr)

√
πa+

2

π
τr
√
πa arcsin

`

a
(3.18)

where K is the stress intensity factor (SIF), which general expression is given by Eq.

(28) of Garagash and Germanovich [64]. The two terms in (3.18)b correspond to the

SIF value at the ambient fault conditions (σ−p = σ0−p0 everywhere along the fault)

and the correction along the HF (∆(σ− p) = −(σ0− p0) when |x| < `), respectively.

Applying the shear crack propagation criteria, which specifies that the energy release

rate G at the crack tip is to match the fracture energy G∗ = (τp− τr)δr/2, yields the

simplified s.s.y. solution for the shear crack length a as a function of the HF length

`. The corresponding critical lengths at the nucleation (ac and `c) are then obtained

by requiring da/d`→∞.

The s.s.y. approximation is particularly useful in addressing the fault slip behavior

when the stress stability boundary (τ0 = τr) is approached and where the critical

shear crack length has been shown numerically to diverge. In this case a � ` and
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arcsin(`/a) ≈ `/a in (3.18), which allows to evaluate at nucleation

`c
aw
≈ 1

8

(τp − τr)2

τr(τ0 − τr)
,

ac
aw
≈ 1

4π

(τp − τr)2

(τ0 − τr)2
(τ0 → τr) (3.19)

The critical shear crack (slipping patch) length ac asymptote is identical to the ex-

pression reported previously [64, 62] and is also relatable to the Andrews’ [74] critical

crack length for a slip weakening fault under uniform loading. Both the shear and

the open (HF) crack lengths diverge as τ0 → τr, (3.19), but the HF length does so

slower, as also evidenced in Fig. 3.9a.

3.5 Field Implications

3.5.1 Estimates of slip weakening distance δw and nucleation lengthscale

aw

Using the interpretation of the laboratory rate and state friction law, Uenishi and

Rice [73] estimate the slip-weakening rate W to range from 0.15 to 3 (1/mm). They

also show that this range is consistent with the interpretation of Rice [100] of the

post-failure stage of triaxial experiments on intact granite specimens of Rummel et

al. [101]. Considering a typical value of the peak friction coefficient of a sedimentary

rock fp = 0.6, the characteristic slip weakening distance δw = fp/W ∼ 1 mm (taking

average value 0.6/mm of the above W range). Similar values of the slip weakening

distance are inferred by Brantut and Viesca [102] for initially healed/cemented fault

gouge friction experiments of Karner et al. [103].

The above estimates stem from laboratory scale observations of either (i) sliding

between rock blocks separated by very thin (millimeter or less) fault gouge, or (ii)

fresh fracture of initially intact rock. In either case, δw scale may be relatable to the

sliding surfaces’ roughness, and is denoted here as a “thin fault scaling”.

On the other hand, the observations made on more mature faults in nature suggest
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that the slip can be accommodated in a finite fault core (principal slip zone), which

is cms to dms in thickness and is comprised of a (weak) ultracataclastic gouge [104].

Direct observations on an apparently stable section of the San Andreas Fault at

Parkfield, CA at ∼ 3 km depth show pervasive slip within a ∼ meter thick ultracat-

aclastic gouge layer at a slow (tectonic) rate [105]. Observations from drilling into

fault zones that recently hosted large earthquakes show a ∼ cm thick bands within

a wider ultracataclastic gouge layer which have been inferred to have accommodated

large earthquake slip [106]. In contrast, observations of an exhumed section of a

major ancient fault (Punchbowl fault, CA) have been used to infer ∼ sub mm thick

relict principal slip zones [107].

Since a severe localization is predicted to take place in the course of seismic slip [108],

these different field observations of the principal slip zone thickness may be reconciled

to correspond to various degrees of slip localization during different slip events. If so,

it is plausible to assume that the slip is initially pervasive, i.e. is accommodated over

the entire (or significant fraction of) thickness of the ultracataclastic gouge layer,

and is then progressively localized with the accumulated slip/strain. Marone and

Kilgore [109] have concluded based on laboratory gouge friction experiments, that

the corresponding quasi-static slip weakening distance δw of the nucleation process

is proportional to the evolving thickness h of the slipping zone. (Note that a similar

conclusion, δw ∝ h0, has been drawn theoretically for the dynamic fault weakening

with slip due to the frictional heating [108], where h0 is the initial thickness of the

slipping gouge).

Based on the above reasoning, and assuming anthropogenic slip nucleation on an

ancient (inactive), healed mature fault, we consider a possibility that the slip weak-

ening distance can scale with the thickness of the ultracataclastic gouge layer, i.e.

δw ∼ h0 ∼ cms to dms. This estimate, further denoted as a “thick fault scaling”, may

therefore exceed the “thin fault scaling” of δw by two orders of magnitude.
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Taking the plane-strain modulus E ′ = 50 GPa and the ambient effective stress σ0 −

p0 = 50 MPa for a typical depth range from 2 to 4 km of hydraulic fracturing

industrial applications, the characteristic slipping patch lengthscale (3.10) is aw ∼

103 × δw. This translates to aw ∼ 1 m in the “thin fault” and aw ∼ 10 to 100 m in

the “thick fault” scalings, respectively.

3.5.2 Estimates of hydraulic fracture loading factor λ

The hydraulic fracture dimensionless loading factor λ, (3.12), which quantifies the

HF-induced perturbation of the fault effective stress when the HF has grown to the

size ∼ aw, is estimated below for two representative HF scenarios. Namely, the

hydraulic fracturing injection of a slick water with viscosity of µ = 5 cp at the rate

Q = 0.01 m2/s, and injection of a gelled fluid with viscosity µ = 100 cp at the rate

Q = 0.001 m2/s, respectively. (The assumed flow rate values represent typical field

volumetric injection rates into a fracture with the out-of-the-plane extent, e.g., the

height of a laterally propagating HF, of 10 m). For both injection scenarios, the

loading factor evaluates to about λ ∼ 0.1 in the “thin fault” scaling (δw ∼ 1 mm)

and to the tenth of that, i.e., λ ∼ 0.01, for the “thick fault” scaling (δw ∼ 1 cm). As

the numerical solutions attest, these values of λ have a little influence over the slip

nucleation (see, for example, Figure 3.9 for the nucleation patch size dependence on

λ and on the fault understress).

3.5.3 Slipping patch, hydraulic fracture, and injected fluid volume at the

nucleation

Our study has established the solution for the slipping patch size ac at the nucleation

of dynamic slip and the corresponding critical hydraulic fracture size `c as a function

of the background shear loading on the fault. These two critical lengths are bounded

from below by the critically-stressed fault scaling (3.17) when τ0 → τp and from
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above by the metastable-fault scaling (3.19) when τ0 → τr.

The nucleation slipping patch size ac serves as a proxy for the minimum extent

of a fault capable of hosting seismic slip. For faults more favorably oriented with

respect to the background stress, i.e. τ0 sufficiently exceeds τr, ac scales with the

characteristic lengthscale aw, which is estimated to vary between ∼ 1 to ∼ 100

meters depending on the fault maturity (“thin” vs. “thick” faults). It is of note, that

for less favorably-oriented, metastable faults, τ0 → τr, the minimum fault extent to

support seismic slip “blows up” as 1/(τ0 − τr)2.

Assuming an extensive enough fault capable of hosting seismic slip, τ0 > τr, the

nucleation would then be solely determined by the size of the stimulated hydraulic

fracture in comparison to the critical size `c. The latter scales with the characteristic

lengthscale aw for the background stress values intermediate to the peak and residual

strength, however, it is seen to vanish as (τp − τ0) for the critically-stressed faults

(τ0 → τp) and “blow-up” as 1/(τ0 − τr) for the metastable faults (τ0 → τr). Given

that a typical HF length ` in oil/gas reservoir stimulation ranges from 10s to 100s

meters, the dynamic slip will most likely be always nucleated by hydraulic fracturing

on favorably-oriented (critically-stressed) faults, while the fault maturity (the length-

scale aw) is expected to play a deciding role for nucleation on less favorably-oriented

and metastable faults. For example, considering a metastable fault with τ0 = 1.05 τr

and τr/τp = 0.6, we estimate from (3.19) `c ≈ 1.1 aw, which would then suggest

dynamic slip nucleation by a typical HF treatment on a “thin” fault with aw ∼ 1 m,

but not necessarily on a “thick” fault with aw ∼ 10 to 100 meters.

The above discussion of the seismic slip nucleation by a HF of a given length `(t)

can be rephrased in terms of the injected fluid volume (per unit fracture height)

Vinj = Q0t, by means of relating the two via (3.6-3.7) as follows

Vinj = γ−3/2

(
µ′Q0

E ′

)1/4

`3/2, γ−3/2 ≈ 2.073 (3.20)
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For the two HF treatments’ scenarios considered in Section 6.2, we can estimate

Vinj ∼ (10−3 m1/2) × `3/2. Then for a metastable fault with `c ≈ 1.1 aw, the critical

injected fluid volume required to nucleate seismic slip is Vinj,c ∼ 10−3 m3/m (i.e., per

meter of the HF height) on a “thin” fault and Vinj,c ∼ 1 m3/m on a “thick” fault.

When applying these results to natural faults, one has to reconcile the model’s as-

sumption of a homogeneous stress and strength on a planar fault with generally

heterogeneous fields inferred from inversions of seismological data, which show spatio-

temporal complexity of slip in large earthquakes [110, 111], and from wellbore logging

of the orientation of breakouts and drilling-induced fractures[112, 113]. We can draw

some inferences as to how the results of a homogeneous stress/strength model may

translate to the heterogeneous fault conditions from existing numerical studies of dy-

namic rupture and seismicity on faults with fractal stress [114, 115, 58]. Specifically,

Ripperger et al. [115] rupture solutions show that the heterogeneous fault stress tends

to broaden the rupture nucleation patch size ac compared to that in the baseline case,

a
(uni)
c ≈ 0.579 aw, corresponding to the uniform fault stress. This patch broadening,

however, still retains a relation to the uniform stress scaling, as an equivalent radius

ac of the irregular-shaped (2D) nucleation patch (taken here as geometric mean of the

inscribed and circumscribed circles’ radii reported by Ripperger et al. [115] in their

Figure 5) is roughly between 1.5 a
(uni)
c to 2 a

(uni)
c depending on the value of the Hurst

exponent of the stress distribution. Consistent with the baseline, uniform stress case,

the dynamic rupture nucleation in their study requires the ultimately unstable fault

conditions, τ0 > τr, with τ0 now bearing the meaning of the mean background stress,

while the post-nucleation rupture fate (the run-away, fault-spanning rupture mode

vs. the arrested rupture) is less trivial and depends on the degree of the stochastic

fault stress variability.
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3.6 Conclusions

The goal of this chapter was to study initiation of a dynamic rupture on a fault

due to a hydraulic fracturing injection into it. This can also serve as a simplified

model for a case where the hydraulic fracture has intersected a fault and diverted

into it. The slip patch grows as a result of the reduction of the fault strength to zero

along the hydraulic fracture, the open part of the fault, as well as the decrease of the

fault frictional strength due to the normal stress perturbation ahead of the hydraulic

fracture tip. Slip-weakening nature of the fault friction may cause the slipping patch

to propagate dynamically leading to seismic slip.

Ultimate stability of the fault depends on its background shear loading τ0 and its

ambient residual strength τr. Injection into a fault with τ0 > τr will result in a

dynamic shear rupture (earthquake). Nucleation takes place when the extent of

the slipping patch reaches the critical length ∼ aw. This scaling changes when τ0

approaches τr (a metastable fault), in which case both critical hydraulic fracture

and slipping patch lengths increase strongly with diminishing τ0 as foreshadowed in

the earlier study of non-hydrofracture fluid injection into a fault [64]. Nucleation

of dynamic slip is only weakly dependent on the magnitude of the normal stress

perturbation ahead of the propagating hydraulic fracture (quantified by the loading

factor λ, Eq. (3.12)), and is mainly controlled by the hydraulic fracture length

(i.e., the size of the fully unloaded fault segment at a given time). The developed

solution for the critical HF length at the nucleation, allows to relate the parameters

of industrial hydraulic fracture treatments (e.g., fluid injection volumes) and fault

properties (e.g., the slip weakening distance) to the likelihood of induced seismic slip.

For the faults which are stressed below their ambient value of the residual strength,

i.e. τ0 ≤ τr, the hydrofracture induced slip develops aseismically. This is in contrast

to a non-hydrofracture injection, where, under the same background stress loading
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conditions (τ0 ≤ τr), the fault slip can undergo a seismic transient.
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CHAPTER 4: NUCLEATION OF SLIP ON A NATURAL

FRACTURE DUE TO INTERACTIONS WITH A PROPA-

GATING HYDRAULIC FRACTURE

4.1 Introduction

In this chapter, we investigate possibility of a microseismic slip on a natural fracture

as a result of poromechanical interactions with an advancing hydraulic fracture. As

the hydraulic fracture approaches slip initiates along the favorably oriented natural

fracture.

Presence of natural fractures is the key to enhance conductivity of unconventional

reservoirs by the process of hydraulic fracturing. These pre-existing fractures often

provide pathways for the flow of fluids in the low permeability reservoirs. Micro-

seismic events caused by shear failure occur along these planes of weakness in the

rock surrounding the main hydraulic fracture. The fractures vary in length (on a

scale of ∼ 1− 10 meters) and are often confined in the targeted reservoir layers (be-

tween impermeable layers of rock) in which the hydraulic fracture treatment is being

conducted.

Stress perturbations in the vicinity of a propagating hydraulic fracture activate slip

events along the critical fractures. The stress fields in the surrounding rock is domi-

nated by the related large pressure gradient at the tip of hydraulic fracture where the

effects of rock toughness, fracturing fluid’s viscosity and etc. are localized. Rubin

[47] considered the stress perturbations around the tip of a propagating dike to be

of the order of the suction in the (several meter) dike’s tip cavity. In this chapter we

formulate the propagating hydraulic fracture with a near tip solution that also ac-

counts for the presence of a lag between the fracturing fluid’s front and the hydraulic

fracture’s tip.
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One of simplifying assumption of this work is one-way interaction between the hy-

draulic fracture and the shear fracture. In other words, we have assumed that the

stress perturbation due to slip on the natural fracture has no effect on the hydraulic

fracture propagation. This assumption is particularly applicable when the length of

the hydraulic fracture (∼ 100 meters) is much larger than the slipped patch.

Nucleation of slip on a frictional fracture approached by a hydraulic fracture depends

on the state of in-situ stresses, the hydraulic fracture pressure, angle of approach

and friction of the fracture among others. The dynamic propagation of a favor-

ably oriented fracture will arrest at the end points of the fracture and the induced

“microseismic” event corresponds to the limited-area of the fracture surface.

4.2 Model

Consider a two dimensional shear fracture inclined at an angle β to the hydraulic

fracture plane. The semi-infinite hydraulic fracture, loaded internally by fluid pres-

sure p, is propagating at a constant velocity V in an impermeable linear elastic

medium characterized by plane-strain modulus E ′ . The hydraulic fracture has a lag

of constant length `tip, tip pressure ptip and is propagating in the plane aligned with

far-field maximum stress σmax (x axis) and perpendicular to the minimum stress

σmin. We define Lmax as the distance from the intersection point between the planes

of the natural and hydraulic fractures, respectively, to the hydraulic fracture tip at

the moment when the natural fracture slips for the first time. The pre-existing shear

fracture has a limited extent (i.e., ±Ĉ), an initially zero shear displacement and it

coincides with the transformed coordinate system (x̂, 0) (Figure 4.1).

Slip initiates along the favorably oriented shear fracture when the peak shear strength

τp = fp (σn−p) declines below the shear stress τ . The slip patch of length 2a = a+−a−

grows quasi-statically with the hydraulic fracture approaching closer to the shear

fracture. Slip either turns into the dynamic slip due to the slip weakening nature of
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Figure 4.1: A semi-infinite hydraulic fracture approaches a pre-existing shear frac-
ture. Stress perturbation ahead of the hydraulic fracture activates slip along the
shear fracture.

friction, or expansion of the slipping patch stops before the intersection. The dynamic

rupture will arrest at the end points of the fracture where the induced microseismicity

relates to the finite length of the natural fracture.

4.3 Propagating semi-infinite hydraulic fracture

When the fracturing fluid flows to the hydraulic fracture tip, the non linear hydrome-

chanical coupling between fluid and solid in the vicinity of the advancing fracture

tip results in a negative singular fluid pressure there: pf ∼ lnX in the finite frac-

ture toughness case and pf ∼ −X−1/3 in the zero toughness case [41, 40]. Since the

fracturing fluid could not sustain negative infinite pressure (suction), presence of a

lag is necessary to remove this singularity. The lag can have a similar role to the

“process zone” in the classical fracture mechanics and allows for the finiteness of the

fluid pressure behind the fracture tip and stresses ahead of it.
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As the fluid flow is lagging behind the advancing fracture tip, the tip cavity is assumed

to be filled with vapors of the fracturing fluid for a nearly impermeable host solid

in an undrained propagation (or a fast growing hydraulic fracture). In the general

cases of a permeable host rock and/or a drain propagation (slow propagation), the

lag can be filled with infiltrating pore fluids from the host rock [47, 48].

Continuity of undrained pore pressure profile requires the pore pressure along the

cavity wall to be equal to the pressure within the tip cavity [47]. Along the hydraulic

fracture plane 4σxx = 4σyy (i.e., note the equation (A.32) on y = 0) and (2.18) can

be rewritten as ∆Pund = B(1 + υu)(2∆σyy)/3. On the other hand, the uniform pore

pressure along the cavity wall p0 +4pund must to be equal to cavity pressure ptip .

Along the cavity 4σyy = ptip − σmin and the continuity between the cavity pressure

and the adjacent pore pressure results in:

ptip
σmin

=
(p0/σmin)−B′

1−B′
(4.1)

where B′ = 2
3
B (1 + νu). At given ambient pore pressure p0, and the known Skemp-

ton’s and undrained Poisson’s ratios, the above equation gives the tip cavity pressure

ptip. Note that this equation yields negative cavity pressure ptip < 0 for low enough

ambient pore pressure. In this case fluid cavitation is expected in the tip cavity,

rendering ptip ' 0.

4.3.1 Viscosity dominated, negligible leak-off hydraulic fracture solution

The set of governing equations (2.9-2.12) defines the solution for the opening w(x, t),

net fluid pressure p− σmin and constant length of the lag `tip as functions of the tip

velocity V , the fluid viscosity µ, the plane strain modulus E ′ , the minimum in situ

stress σmin and the tip pressure ptip.

The self-similar solution of viscosity dominated regime (i.e., negligible toughness)

along the normalized moving coordinate ξ = X/Lµ is obtained by Garagash and
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Detournay [46] using following scaling:

`tip = LµΛ, w(X) = εLµΩ(ξ), p(X)− σmin = (σmin − ptip)Π(ξ) (4.2)

where Λ denotes the dimensionless fluid lag and

Lµ =
12µV E

′2

(σmin − ptip)3
, ε =

σmin − ptip
E ′

. (4.3)

are the viscosity dominated length scale and small non-dimensional parameter, re-

spectively.

The solution asymptotically approaches the zero toughness singular solution of the

semi-infinite hydraulic fracture at infinity [41]. At the near tip region, the solution

is consistent with the linear elastic fracture mechanics solution (2.12). However, the

linear elastic fracture mechanics region lies entirely in the lag (with the scaled length

Λ = 0.357) for the negligible rock toughness, KIc = 0. The hydraulic fracture growth

in real field operations is expected to obey the viscosity-dominated regime, but at the

early stages of propagation in which the fracture extension is toughness dominated

[116].

4.3.2 Stress distribution around propagating hydraulic fracture

Having determined the normalized opening Ω as a function of the moving coordinate

ξ, the stress distribution around the propagating hydraulic fracture can be expressed

by (2.9):

σXX(ξ, η) = σmax + ∆σXX(ξ, η) = σmax +
σmin − ptip

4π

ˆ ∞
0

dΩ

ds
Gηξξ(ξ, η, s)ds
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σY Y (ξ, η) = σmin + ∆σY Y (ξ, η) = σmin +
σmin − ptip

4π

ˆ ∞
0

dΩ

ds
Gηηη(ξ, η, s)ds (4.4)

σXY (ξ, η) =
σmin − ptip

4π

ˆ ∞
0

dΩ

ds
Gηξη(ξ, η, s)ds

where the influence functions Gijk are provided in Appendix D for dimensionless coor-

dinates ξ = X/Lµ, η = Y/Lµ. Note that stress fields are determined by superposition

of background stresses (i.e., σmin, σmax) and the induced stresses due to opening.

4.4 Slip activation region

Slip (or failure) along the pre-existing natural fracture (with no cohesive strength) is

governed by the Coulomb failure criterion: τ = tan[φp] (σn− p), where τ is the shear

stress, σn is the normal stress and φp is the peak friction angle. Background normal

σbn(x̂, t) and shear τ b(x̂, t) stresses along the shear fracture (i.e., predetermined plane,

which may or may not be most-favorably oriented) inclined at an angle β from the

X direction can be expressed using Mohr transformation:

σbn = σXX sin2 β + σY Y cos2 β − σXY sin 2β

τ b = (σY Y − σXX) sin β cos β + σXY cos 2β
. (4.5)

The necessary condition for the slip within the perturbed volume of rock is that for

slip on the most favorably oriented fracture(s) oriented at 45 + φp/2 and 45 − φp/2

from the maximum principal stress direction. This condition is referred to as the

Mohr-Coloumb failure criterion, and can be formulated as:

τmax > τCoulomb√
(σXX − σY Y )2 /4 + σ2

XY > ((σXX − p) + (σY Y − p)) sin[φp]/2
(4.6)

The latter condition is helpful in evaluating the region adjacent to the hydraulic
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fracture tip where slip may be activated [117].

4.4.1 Transformation of coordinates

Introducing the change of variables (X = x̂ cos β−Lmax+V t, Y = x̂ sin β) transforms

the moving coordinate system (X, Y ) into the fixed coordinate system (x̂, 0) which

coincides with the pre-existing natural fracture located at the distance Lmax ahead

of the hydraulic fracture tip.

4.5 Slip along the natural fracture

Shear stress along the natural fracture is given by the elasticity equation (2.13)

τ(x̂, t) = τ b(x̂, t)− E
′

4π

ˆ a+

a−

dδ(s, t)

ds

ds

x̂− s
(4.7)

where τ b is the stress induced in the material by the hydraulic fracture in absence of

the shear crack and the second term is the stress change due to slip. Shear strength

along the slipped portion of the fracture is given by τ = f (σn−p). The local normal

stress is equal to background normal stress σn = σbn (as slip does not change the local

normal stress along the natural fracture in an infinite medium).

4.5.1 Scaling and numerical approach

To simplify the numerical solution, the system of equations (4.5-4.7) are expressed

in terms of the normalized coordinate ξ̂ = (x̂ − b)/a, where a(t) = (a+ − a−)/2 is

the crack half-length and b(t) = (a+ + a−)/2 is the midpoint of the slipping patch.

After doing so, the normalized shear crack half-length a/aw, normalized slipping

patch midpoint b/aw and normalized slip δ/δw (i.e., the problem unknowns) can be

expressed as functions of normalized time V t/Lµ, normalized residual friction fr/fp,

non-dimensional peak friction fp and the length parameter ς = Lµ/aw (i.e., the
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problem knowns) for an inclination β, normalized pore pressure p0/σmin and in-situ

stress ratio of σmax/σmin. The characteristic (shear) crack length is given by:

aw =
E
′

σmin − ptip
δw (4.8)

where the characteristic slip weakening distance has been defined in (2.17). The

normalized slip formulation and the method of solution are provided in Appendix E.

4.5.2 Some field parameters estimates

Consider the following example of plausible values (ranges) for rock and fracturing

fluid material used in the fracturing application. Assume the treatment is performed

in an elastic rock medium with the elastic modulus E = 30 GPa, Skempton cofficient

B = 0.5 [85] and Poisson ratios υ = 0.25, υu = 0.3 [ 85, 118].

Range of stress magnitudes for a strike slip vertical fracture σmin < σv < σmax vary

in different tectonic environments.

Table 4.1 summarizes some examples of in-situ principal stress measurements at a

lithostatic depth of 3 km for the strike slip state tectonic regime. The lithostatic

stress refers to the weight of the rock above a specified depth (while the confining

stress is combination of the lithostatic stress and the hydrostatic stress, i.e. total

weight of the rock and the water). In the off-shore reservoir examples, the stress

measurements are provided at the depth of 3 km of the rock below the sea floor.

The water depth (above the sea floor) for the off-shore reservoirs of Timor Sea (1)

and Timor sea (2) are ∼ 600 m and ∼ 400 m, and ∼ 500 m for the Visund field,

respectively.
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Table 4.1: Stress measurements for the strike slip state tectonic regimes at a litho-
static depth of 3 km.
Well Location σmin σmax p0 σv

(σmax−p0)
(σmin−p0)

p0
σmin

Ref.
(MPa) (MPa) (MPa) (MPa)

KTB pilot borehole 49 96 30 87 3.47 0.61 [119]
Timor Sea (1) 52 84 36 77 3 0.69 [120]
Timor Sea (2) 52 81 34 72 2.61 0.65 [120]
A field in South East Asia 43 68 30 68 2.92 0.7 [121]
Visund field in North Sea 65 89 50 72 2.6 0.77 [122]
Central Australia 69 156 30 69 3.23 0.43 [123]

Stress measurements in the KTB pilot borehole and also in some portions of the

Timor Sea (both examples) indicate strike slip fracture/faulting stress state (in which

the vertical stress is the intermediate stress). In the example of the southeast Asia

field, σmin is less than the vertical stress but σmax ≈ σv which characterizes a normal/

strike slip stress state. In the Visund field in the northern North Sea (and the

example of the well in central Australia) represent(s) a more compressional strike

slip stress state where the magnitude of minimum horizontal stress σmin is slightly

below (or equal to) the magnitude of σv which is almost a strike-slip/reverse stress

state [123]. The pressure profile for all the examples in Table 4.1 are hydrostatic

except the Visund field in which overpressure (i.e., abnormally high pressure) has

been developed.

Considering a typical peak friction coefficient fp = tan[φp] = 0.8 [124] sets an upper

bound on the effective principal stress ratio (σmax − p0)/(σmin − p0) = 4.33 for

the stable rock under principal in-situ stresses (when the hydraulic fracture is not

present). The directions of critical potential failure planes are at the angles ±(45−

φp/2) = ±24
◦ to the maximum compressive principal stress. The magnitude of the

effective principle stress ratio cannot be larger than this value because a well oriented

fracture would slip. The lower bound value of the effective maximum horizontal
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stress is the effective vertical stress. Figure 4.2 illustrates the limiting failure values

for the effective horizontal stress ratio (σmax−p0)/(σmin−p0) as the Coulomb failure

criterion is expressed on the planes that are oriented at an angle β to the direction of

maximum horizontal stress: fp
(
(σmax − p0) sin2[β] + (σmin − p0) cos2[β]

)
< (σmax −

σmin) sin[β] cos[β].

For similar applications at lithostatic depth of 3 km, we perform the first numerical

analysis assuming the minimum horizontal stress σmin = 45 MPa and the maximum

horizontal stress σmax = 81 MPa when the pore pressure is hydrostatic p0 = 30

MPa. The lithothastaic overburden stress for the rock with average density ρ = 2600

m3/kg is σv = ρgh = 78 MPa. This corresponds to the effective horizontal stress ratio

(σmax− p0)/(σmax− p0) = 3.4 in Figure 4.2, which in terms of numerical parameters

expresses the absolute stress ratio σmax/σmin = 1.8 and normalized pore pressure

p0/σmin = 0.66. The second analysis is performed for the in-situ stress measurements

in the Visund field example which corresponds to the effective horizontal stress ratio

(σmax − p0)/(σmax − p0) = 2.6, σmax/σmin = 1.37 and p0/σmin = 0.77 (Table 4.1).

The hydraulic fracture is assumed to propagate with average velocity V = 1 m/s dur-

ing the two assumed scenarios of conventional hydraulic fracturing with the gelled

fluid viscosity µ = 0.1 Pa.s and slick water fracturing with µ = 0.005 Pa.s, respec-

tively.

A typical value of slip-weakening slope W = 0.8/mm yields the slip-weakening dis-

placement δw = 1 mm (3.10).

Taking into account all the assumptions, Table 4.2 summarizes the values of the

assumed parameters for the numerical analyses.

Given the minimum horizontal stress and pore pressure, equation (4.1) is used to

calculate the lag pressure ptip. The non dimensional length parameter ς and ςs.w.

represent the conventional and slick water operations, respectively. The result are

presented for the conventional hydraulic fracturing, unless stated otherwise.
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Figure 4.2: The limiting failure values of the effective principal stress ratio for the
planes that are oriented at an angle θ to the direction of maximum horizontal stress
assuming a typical peak friction coefficient fp = 0.8. The blue dashed lines correspond
to the assumed effective principal stress ratios in the numerical analyses.

Table 4.2: The assumed parameter values for the numerical analyses. The values
represent as an examples of stress and pore pressure measurements at 3 km lithostatic
depth. Conventional and slick water hydraulic fracturing are distinguished with the
viscosity dominated length scale L(Gel)

µ and L(Slick water)
µ , respectively.

σmin σmax p0 σmax/σmin p0/σmin pt/σmin L
(Gel)
µ L

(Slick water)
µ aw

(MPa) (MPa) (MPa) m m m
Case I 45 81 30 1.8 0.66 0.41 0.066 0.003 0.96
Case II 65 89 50 1.37 0.77 0.59 0.068 0.003 0.96

4.6 Flow in a mechanically closed natural fracture

Rough surfaces of a mechanically closed natural fracture (subjected to a negative

net effective stress) prevent complete closure of the fracture and create hydraulic

conductivity in excess of that of the rock matrix. The hydraulic conductivity (before

any slip) is often negligible for natural fractures that are partially mineralized.

The flow of fluid inside a mechanically closed natural fracture can be described by
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the lubrication equation via substituting the flow equation (2.2) into the continuity

equation (2.3):

∂w̄

∂t
=

∂

∂x̂

(
w̄3

12µf

∂p

∂x̂

)
. (4.9)

where w̄ is the hydraulic opening and µf is the formation fluid viscosity.

Several authors have investigated the relation between the deformation of mechani-

cally closed fracture with the change in the fracture net loading [125, 126, 127]. In

this study, we have adapted a relation by Bandis et al. [127] in which the change of

the hydraulic opening in w̄ = w̄0 + ∆w̄ is given by

∆w̄ =
w̄0(p− σn)

p∗ − (p− σn)
(4.10)

where w̄0 is the fracture neutral opening and the fracture characteristic pressure

p∗ relates to the initial normal stiffness kni by p∗ = kniw̄0. If we insert the above

equation into (4.9) will result in

∂p

∂t
− ∂σn

∂t
=

p∗

12µf w̄0

 w̄3
0

1− p−σn
p∗

∂2p

∂x̂2
− 3w̄3

0

p∗
(

1− p−σn
p∗

)2

∂p

∂x̂

(
∂p

∂x̂
− ∂σn

∂x̂

) (4.11)

To simplify the numerical analysis, the normalized pressure Π, normal stress Σn, time

Θ are defined along the normalized coordinate ξ̂ = x̂/aw where

Π =
p

σmin − ptip
, Σn =

σn
σmin − ptip

, Θ =
V t

Lµ
. (4.12)

The normalized form of (4.11) thus takes the form of

∂Π

∂Θ
− ∂Σn

∂Θ
= α

(
1

1− Π−Σn

Γ

∂2Π

∂ξ̂2
− 3

Γ
(
1− Π−Σn

Γ

)2

∂Π

∂ξ̂
(
∂Π

∂ξ̂
− ∂Σn

∂ξ̂
)

)
(4.13)
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where fracture dimensionless diffusivity coefficient and stiffness ratio are defined as

α =
p∗w̄2

0Lµ
12µfV a2

w

, Γ =
p∗

σmin − ptip
. (4.14)

4.6.1 Undrained pore pressure along the natural fracture

Equation (4.11) considers the flow of fluid along the natural fracture. However,

undrained pore pressure difference within the natural fracture p0 + ∆σn and outside

porous medium p0 +4pund causes a transverse flow. Simple analogy is implemented

to compare the rate of pore pressure exchange with the semi-impermeable medium

with regard to the diffusion along the fracture (Figure 4.3).

𝜎"
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𝑥$

Medium

NF

Figure 4.3: The problem set up to approximate pore pressure along the natural
fracture

Consider flow of the fluid into the medium in the ŷ direction. For the partially

mineralized natural fracture and within the time frame of an undrained response,

pore pressure distribution in the medium is calculated by solving diffusivity equation:
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∂p

∂t
=

k

µfS

(
∂2p

∂ŷ2

)
(4.15)

where k is the medium permeability, and the medium storage S = φct is expressed in

terms of porosity φ and bulk compressibility ct, respectively. The storage coefficient S

is defined as the volume of fluid stored into or extracted (per unit volume of rock) as

a result of a unit increase or decrease of pore pressure, measured under the condition

of constant volumetric strain.

The rate of fracture opening (corresponds to volume change) at the wall (i.e., at the

boundary ŷ = 0) is balanced by fluid exchange with medium:

ŷ = 0± :
1

2

∂w̄

∂t
= ± k

µf

∂p

∂ŷ
(4.16)

The analogy considers the time scale when pressure inside the fracture is equilibrated

with the medium pressure.

When stress changes from propagating hydraulic fracture are imposed on the natural

fracture possessing different properties than the medium, the initial pressure is p0 +

∆σn at the fracture wall and the medium undrained pressure p0 +4pund everywhere

else, ŷ > 0. Using scaling for pressure and time defined in (4.12) along the non

dimensional coordinate η̂ = ŷ/aw gives

∂Π

∂Θ
= αm

∂2Π

∂η̂2
(4.17)

where αm = kLµ/(µfSV a
2
w) is the medium dimensionless diffusivity coefficient. Non

dimensional form of (4.16) and the initial condition are given by

∂Π

∂Θ
= %

∂Π

∂η̂

(
1− Π− Σn

Γ

)2

|η̂=0± , Π(Θ = 0) =
p0 + ∆σn
σmin − ptip

, Π(η̂ > 0) =
p0 + ∆pund
σmin − ptip

(4.18)
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Figure 4.4: Medium pore fluid diffusion into the fracture at the arbitrary location cho-
sen by the normalized distance Lmax/Lµ = 10. Pore fluid flows to equilibrate the pres-
sure difference between the normalized medium pressure (p0 + ∆pund)/(σmin − pt) =
0.98 and the inside fracture pressure (p0 + ∆σn)/(σmin − pt) = 0.82 for conventional
hydraulic fracturing scenario.

where % = 2p∗Lµk/(w̄0µfV aw).

Typical representative values of neutral opening and initial stiffness for a fresh to

slightly weathered fracture undergoing unloading process (with similar behavior in

loading process with high values of confining stress) in sandstone are w̄0 = 0.17

mm and kni = 12.8 MPa/mm, respectively [127]. Using typical values of formation

permeability k = 10 md, storage coefficient S = 10−10 Pa−1 (characterized for a

typical sand stone with porosity φ = 0.1 and and bulk compressibility ct = 10−9 Pa−1)

and formation fluid viscosity µf = 0.001 Pa.s yields the non-dimensional medium

diffusivity coefficient αm = 0.007 and % = 0.017 for the conventional fracturing

scenario. The fracture non-dimensional diffusivity coefficient and stiffness ratio are

calculated as α = 0.37 and Γ = 0.08, respectively. Figure 4.4 shows pressure build

up with time inside the fracture at the arbitrary distance from the HF tip chosen

by the normalized distance Lmax/Lµ = 10. Formation fluid flows to equilibrate the

pressure difference between the larger medium pressure p0 + ∆pund and the inside

fracture pressure p0 + ∆σn.
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Pore pressure within the fracture is equilibrated with the medium pore pressure

p0 + ∆pund (with relative error e ≤ 0.01) in the time scales two order of magnitudes

smaller than the crossing time V t/Lµ = 10. Thus, the fluid pressure inside the

fracture is approximately given by the medium pressure (as a result of the fluid

exchange between the natural fracture and the medium).

Assuming that pressure along the fracture is given by the medium undrained pore

pressure p0 + ∆pund allows us to determine Lmax (as a function of the effective

stress measurements) for the most favorable-to-slip fracture (β = 24
◦) that results

in Lmax/Lµ = 119.5 for the first and Lmax/Lµ = 25 for the second case studies,

respectively. Note that the dimensional size Lmax ∼ 1 − 10 m validates the use of

the tip asymptote solution for the hydraulic fracture with length ` ∼ 100 m.

In addition, we can approximate the timescale for pore pressure diffusion in the

medium over the characteristic distance Lmax by solving the diffusivity equation

(4.17). The 1-D solution under the assumptions of constant over pressure ∆p intro-

duced at a given location ŷ = 0, initial condition p = p0 and also the ambient pore

pressure at infinity, is given by the normalized form of p−p0 = ∆pErfc(ŷ/
√

(k/µfS)t).

The result shows that this timescale is five orders of magnitude (with relative error

e ≤ 0.1) larger than the HF crossing time V t/Lµ = 119.5 (i.e., the time for the HF to

propagate the same distance Lmax). This justifies the assumption of the undrained

pore pressure around the HF front.

4.7 Results

Slip occurs on pre-existing shear fracture as the fracture peak shear strength τp =

fp(σ
b
n− (p0 + ∆pund)) declines below the background shear stress τ b acting along the

fracture. It also may activate while τ b increases above τp as the background stresses

along the pre-existing fracture evolve when the HF approaches the latter.

Figure 4.5 illustrates the stress perturbation ∆σY Y (a), ∆σXX (b), ∆σXY (c) around
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the hydraulic fracture. The negative values for the stress perturbations indicate

the tensile stress perturbation. As it can be seen the tensile stress perturbations

are nowhere greater than the along (“or around”) the tip cavity and deteriorate as

the distance from the hydraulic fracture increases. Note that the stress distribution

σXX = σmax + ∆σXX , σY Y = σmin + ∆σY Y , σXY = ∆σXY around the hydraulic

fracture is determined by superimposing far-field stresses σmax and σmin to stress

perturbations ∆σij induced by the hydraulic fracture opening. Figure 4.5d shows

the undrained pressure perturbation around the hydraulic fracture (2.18) for given

Skempton cofficient B = 0.5 and undrained Poisson ratio νu = 0.3. Pore pressure

perturbation is highest at the cavity wall and decreases with distance from the hy-

draulic fracture. The tensile undrained pressure perturbation reduces pressure along

the fracture and hence the fracture shear strength increases. It is evident that the

maximum principal shear stress σXY is much smaller (an order of magnitude) than

the deviatoric stress (σmax − σmin)/2, (as well as other stress components perturba-

tions). This means that the principal stress directions are approximately the same

(modified very little by the hydraulic fracture), and the orientation of the fracture

plane favorable to slip is practically unchanged by the hydraulic fracture stress per-

turbation. Figure 4.7 shows degree of stress rotation by the hydraulic fracture where

the change in principal stress directions is minimal.

Slip-activation region τmax/τcolumb > 1 around the propagating hydraulic fracture

(4.6) is illustrated in Figure 4.7. Lmax is defined when slip is activated on the

favorably oriented fracture(s) for the first time. It is also apparent that the slip

development on the conjugate fractures (with orientation of 180− β) is identical.

Effective peak shear strength τp = fp(σn − (p0 + ∆pund)) and background shear

stress τ b distribution along pre-existing shear fracture are determined using stress

distribution around the hydraulic fracture (4.4) and Mohr relationship (4.5). The

normalized peak shear strength fp(σn − (p0 + ∆pund))/(σmin − ptip) and normalized
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Figure 4.5: Stress perturbations (positive in compression) (a) ∆σY Y , (b) ∆σXX , (c)
∆σXY and (d) pressure perturbation ∆pund around propagating hydraulic fracture.
Note that the negative X values along the moving coordinates (X, Y ) shows the area
ahead of the hydraulic fracture.
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Figure 4.7: A, A′ : Slip activation on conjugate pair of favorably oriented natural
fractures during conventional hydraulic fracturing, case study I.

background shear stress τ b/(σmin−ptip) distribution along the shear fracture oriented

at β = 20
◦ are illustrated in Figure 4.8a at two values of normalized time V t/Lµ =

15.8 when slip is activated (i.e., τp = τ b) and V t/Lµ = 19.8 when nucleation of

dynamic slip occurs (Case study I, conventional HF). Figure 4.8b shows shear stress

distribution along the crack at the nucleation time V t/Lµ = 19.8 when length of the

slipped portion of the fracture reaches the critical size ac.

Figure 4.9 shows growth of normalized crack half length a/aw (a) and slip at the center

of slipping patch δb/δw (b) as a function of normalized time V t/Lµ for fracture with

different orientations located at the maximum distance Lmax/Lµ = 119.5 during

conventional HF (case study I). As the hydraulic fracture advances, the length of

slipped portion of the fracture grows quasi-statically. The quasi-static slip turns

into dynamic rupture for favorably oriented fractures whereas the expansion of the

slipping patch stops for the less favorable oriented fractures (shown by the blue

circles). Note that slip develops identically along the fracture which is similarly

oriented with regard to the far field stresses, i.e, 180 − β (Figure 4.7). Slip will
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Figure 4.8: (a) Normalized peak background shear strength fp(σn − (p0 +
∆pund))/(σmin− ptip) and background shear stress distribution τ b/(σmin− ptip) along
fracture oriented at β = 20

◦ , at two values of normalized time V t/Lµ = 15.8 and
V t/Lµ = 19.8. (b) Shear stress distribution along the crack at normalized time
V t/Lµ = 19.8 when nucleation of dynamic slip takes place.

not be activated along the fracture which is oriented subparallel to the direction of

maximum horizontal stress due to the higher value of the normal stress acting on it,

for example: a fracture oriented at an angle of 55 < β < 125 during conventional HF

(case study I).

Examples of normalized slip δ/δw and stress distribution τ/(σmin − ptip) along the

fracture oriented at β = 20◦ are plotted in Figure 4.10 at different times. Slip

accumulates as the hydraulic fracture approaches closer to the shear fracture. Quasi-

static slip turns into dynamic rupture as friction weakens along the slipped portion

of the fracture.

For a less critically oriented fracture, slipping patch expansion stops as it can be seen

in Figure 4.11 where the normalized slip δ/δw and stress distribution τ/(σmin − ptip)

along the fracture oriented at β = 14◦ are shown for different values of time.

Figure 4.12 shows the values of normalize critical crack half length ac/aw, critical

time V tc/Lµ and slip at the center of slipping patch at instability (δb)c/δw versus

the fracture orientation during conventional hydraulic fracturing for the case study

I (refer to Table 4.2). The effect of fluid’s viscosity on the instability of slip is

investigated with comparison to the slick water HF. Expansion of the crack remains
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Figure 4.9: Growth of crack half length a/aw (a) and normalized slip at the center
of slipping patch δb/δw (b) vs. time V t/Lµ for the fracture with different orienta-
tions during conventional HF (case study I). Slip either turns into dynamic rupture
(indicated by vertical slops) or the slipping patch expansion stops (shown by blue
circles).
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Figure 4.10: (a) Normalized slip δ/δw and (b) stress distribution τ/(σmin−ptip) along
the fracture oriented at β = 20◦ for different values of time V t/Lµ (first numerical
analysis). The heavy line corresponds to the instability. Center of slipped portion of
the crack is shown by star in (a).
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Figure 4.11: (a) Crack expansion stops along the fracture oriented at β = 14◦ where
examples of normalized slip δ/δw and (b) stress distribution τ/(σmin−ptip) are plotted
for different values of time V t/Lµ (Case study I).

quasi-statically for slick water stimulation with smaller length of the tip cavity (shown

by dashed line in Figure 4.12).

Effect of in-situ stresses on slip instability is shown on Figure 4.13 by comparing the

solutions for the Case I and Case II (Table 4.2) for a conventional HF. It is shown

that the expansion of quasi-statically growing slipping patch will be stopped along

the fracture with different angles for the case II in which the state of in-situ stresses

is further away to the failure.

4.8 Conclusions

Slip (or shearing) of natural fractures plays an important role in the permeability

enhancement of tight reservoirs during the hydraulic fracturing process. In this

chapter we studied nucleation of dynamic rupture along a natural fracture due to

poromechanical interactions with an advancing hydraulic fracture. The length scale

of a natural fracture ∼ 1 − 10 m (constrained by the targeted reservoir layer) is

often much smaller than the main hydraulic fracture size ∼ 100 m. On the other

hand stress perturbations are highest around the tip of a propagating hydraulic

fracture. Accordingly, the hydraulic fracture near tip solution that also accounts

for the presence of a lag was implemented to investigate instability of slip on the
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Figure 4.12: Critical crack half-length ac/aw (a, d), critical (or a ceased expansion)
time V tc/Lµ (b, e) and (c, f) slip at the center of slipping patch at instability (δb/δw)c
as a function of fracture orientation for conventional (gel) compared to slick water
hydraulic fracturing (case study I). The values of maximum crack expansion (i.e.,
no instability) in the slick water stimulation are presented by dashed line for the
comparison.
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Figure 4.13: Comparison of the two performed numerical analyses on instability of
slip along the natural fracture (under different in-situ stress conditions) for conven-
tional HF. Slip grows stably along the fracture which is subjected to the less critical
effective principal stress ratio (case study 2 shown by red dashed line).

natural fracture.

Nucleation of dynamic slip on a frictional fracture approached by a hydraulic fracture

depends on state of in-situ stresses (e.g., stress anisotropy and magnitude), hydraulic

fracture pressure, fluid viscosity, friction and angle of approach. In the limit of short

time scales, the pore pressure inside the (partially mineralized) natural fracture is

equilibrated with the medium undrained pore pressure. The results show that slip

grows dynamically along the critically oriented fracture in the conventional hydraulic

fracture treatment if the state of ambient stress is close enough to the failure condition

(case study I vs. case study II), which is consistent with the microseismic field

observations [17]. Slip instability takes place when the extent of the slipping patch

reaches the critical length ∼ aw. Only a subset of possible fracture orientations result
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in seismic slip, while fractures that are less favorably oriented can still accumulate

significant aseismic slip, and thus contribute to permeability enhancement. (This is

one of the reasons why it is important to quantify both seismic and aseismic induced

slip).

Effect of fluid viscosity on instability of slip was numerically analyzed for the con-

ventional (gel) compared to the slick water treatments. It is shown that the higher

values of the fluid viscosity results in the higher stress perturbation around the tip

which drives the critically oriented natural fractures to the instability.
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CHAPTER 5: NUCLEATION OF DYNAMIC SLIP ALONG

A NATURAL FRACTURE CROSSED BY A PROPAGAT-

ING HYDRAULIC FRACTURE

5.1 Introduction

The aim of this chapter is to investigate dynamic slip nucleation on a natural fracture

which intersects a propagating hydraulic fracture. In the previous chapter we stud-

ied dynamic slip activation on a natural fracture as a result of interaction with an

advancing hydraulic fracture. Here the model is extended to examine occurrence of

seismic slip on the natural fracture that did not slip dynamically before the hydraulic

fracture crosses it. We consider interaction of the limited size natural fracture with

the propagating hydraulic fracture under assumptions of (i) one-way interaction in

which slip along the natural fracture does not perturb the hydraulic fracture propa-

gation and (ii) that the natural fracture is assumed to lie at the edge of the loaded

hydraulic fracture. The latter considers the hydraulic fracture’s surface effect on the

instability of slip along the edge fracture. Furthermore, Daneshy [78] experimentally

showed that the natural fractures with sizes smaller than the hydraulic fracture will

not be able to change the orientation of the propagating hydraulic fracture.

The edge crack quasi-static slip growth depends on the stress perturbation by the

hydraulic fracture as well as pressure diffusion into the fracture. As time progresses,

fluid diffusion process becomes the dominant mechanism for instability than the

tip stress perturbation (which is decreasing as the hydraulic fracture propagating

further from the fracture). Slip initiates at the crack mouth due to increase in the

pore pressure that lowers the fracture strength.
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Figure 5.1: The semi-infinite hydraulic fracture crosses the pre-existing shear frac-
ture. Pore pressure diffusion into the edge cracks activates slip along them.

5.2 Model

Consider the pre-existing natural fracture crossed at an angle β by the hydraulic

fracture propagating in the direction of maximum principal stress (Figure 5.1). The

hydraulic fracture is growing in an impermeable, infinite linear elastic medium with

constant velocity V and is loaded internally by fluid pressure p (see 4.2).

Slip initiates along the edge crack(s) as the frictional strength fp(σn−p) drops due to

increase in pore pressure by diffusion of fluid from the hydraulic fracture. While the

pore pressure evolves inside the edge crack(s) the extent of slipped zone a(t) grows

quasi-statically before the nucleation of dynamic slip.

We will examine nucleation of dynamic rupture along the fracture (with different

orientations), which only has slipped quasi-statically before the crossing. It has been

assumed that friction along the edge crack has not weakened from the peak friction

(f/fp = 1 − δ/δw > 0.85 everywhere along the fracture with the ceased expansion
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in conventional HF and f/fp = 1 − δ/δw > 0.99 in slick water HF, Figure 4.12c).

The results in the following sections are discussed only for the crack at the edge of

hydraulic fracture in the positive local coordinate system.

5.3 Pore pressure along the edge crack

Pore pressure inside the edge crack 0 ≤ x̂ < ∞ is govern by equations (4.11-4.13).

The numerical solution is defined using two boundary conditions: the hydraulic frac-

ture pressure at the crack mouth and p0 at the far boundary respectively, and an

initial condition p0 + ∆pund (at the crossing time V t/Lµ = 0). The pore pressure

is function of in-situ stresses, hydraulic fracture pressure, diffusivity coefficient and

stiffness ratio (4.14) with the fracturing fluid replacing the formation fluid. Although

the pore fluid initially flows from the natural fracture into the hydraulic fracture (due

to the lower pressure of the tip), the pore pressure inside the edge crack increases as

a result of pressure diffusion form the hydraulic fracture. The pore pressure growth

is the mechanism that causes crack strength to decline and slip to propagate.

Figure 5.2 shows an example of development of normalized pore pressure vs. time

along the edge crack with orientation β = 10
◦ , non-dimensional diffusivity coefficient

α = 0.004 and stiffness ratio Γ = 0.08, respectively (during conventional HF, case

study I).

5.4 Slip along the edge crack

The change in shear stress due to slip along the edge crack has a different kernel in

the elasticity equation

τ(x̂, t) = τ b(x̂, t)− E
′

4π

ˆ a

0

dδ(ŝ, t)

dŝ
Gx̂x̂ŷ(x̂,ŝ)dŝ (5.1)
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Figure 5.2: Normalized pore pressure evolution with time inside the edge crack in-
clined at β = 10

◦ during conventional HF, case study I.

where the influence functions Gijk are given in Appendix D. The normal stress dis-

tribution along the fracture plane in the expression for the natural fracture strength

τ = f (σn − p) is given by:

σn(x̂, t) = σbn(x̂, t)− E
′

4π

ˆ a

0

dδ(ŝ, t)

dŝ
Gx̂ŷŷ(x̂,ŝ)dŝ (5.2)

where the resultant normal stress distribution is the addition of stress induced in

material by the hydraulic fracture in absence of the crack σbn and the normal stress

change due to slip. The contribution of slip on the local normal stress distribution

(which is due to the surface effect) is zero Gx̂ŷŷ = 0 for a fracture in an infinite

medium while the contribution changes the local normal stress distribution σn(x̂, t)

for the edge crack.

5.4.1 Scaling and numerical approach

The system of equations (5.1-5.2) are normalized along the coordinate ξ̂ = 2x̂/a− 1

using the scaling defined in (4.8). The normalized crack length a/aw and normalized

slip δ/δw (i.e., the problem unknowns) can be expressed as functions of normalized

time V t/Lµ, non-dimensional peak friction fp, normalized residual friction fr/fp, the

length parameter ς, diffusivity coefficient α and stiffness ratio Γ (i.e., the problem
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Figure 5.3: Growth of edge crack length a/aw (a) and normalized slip at the crack
mouth δmax/δw (b) vs. time V t/Lµ for the crack with different orientations during
conventional HF.

knowns) for an inclination β, pore pressure ratio p0/σmin and in-situ stress ratio

σmax/σmin. The normalized form of slip formulation and the method of solution are

provided in Appendix F.

5.5 Results

5.5.1 The model with unlimited weakening friction

Slip accumulates quasi-statically along the edge crack as the pressure front advances

inside the fracture. Figure 5.3 shows growth of edge crack length a/aw (a) and slip at

the crack mouth δmax/δw (b) as a function of normalized time V t/Lµ for the fracture

with different orientations during conventional HF. As time progresses, and with

continuous reduction of the friction, the length of the slipped portion of the fracture

will eventually grow dynamically.

An example of normalized slip δ/δw and stress distribution τ/(σmin− ptip) along the

edge crack with the orientation β = 40◦ are plotted on Figure 5.4. Instability will

occur as the pore pressure evolves inside the edge crack (shown by heavy line).

Normalized critical edge crack length ac/aw, time V tc/Lµ and slip at the crack mouth

(δmax)c/δw at instability are plotted in Figure (5.5) for different orientations of the

edge crack. The critical edge crack length ac ∼ aw is mainly a function of the frac-
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Figure 5.4: (a) Normalized slip δ/δw and (b) stress distribution τ/(σmin−ptip) along
the edge crack oriented at β = 40◦ at different values of normalized time V t/Lµ. The
heavy line corresponds to the instability.

ture orientation comparison with the slick water HF shown by gray line) and grows

significantly larger for the low angle fractures (with the lowest values of the back-

ground shear stress). While the nucleation time depends on the fracture ordination

and fluid viscosity and becomes unbounded for the less critically oriented fractures.

The edge crack extends larger and at a longer time before nucleation for the lower

values of the effective principal stress ratio (Case study 2, shown by dashed line).

The normalized critical slip at the crack mouth (δmax)c/δw is also only a function of

the fracture orientation where it increases for the less critically stressed fractures.

5.5.2 Effect of residual friction

As friction attains its residual value in the slip weakening model, crack grows more

stably (compared to the unlimited weakening model) due to the change in the fric-

tional strength of the fracture. The effect of normalized residual friction fr/fp = 0.6

on the extension of edge crack a/aw and slip at the crack mouth δmax/δw with time

V t/Lµ has been plotted in Figure (5.6) for different orientations of the edge crack

during the slick water HF. The extent of the crack at nucleation ac/aw grows larger

(compared to the unlimited weakening model) for the fractures for which friction has

reached the residual value before nucleation (i.e., δ/δw ≥ 0.4, Figure 5.5) extending
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Figure 5.5: Normalized critical edge crack length ac/aw (a), critical time V tc/Lµ
(b) and (c) critical slip at the crack mouth (δmax)c/δw for the fracture with different
orientations. The results are compared to the slick water HF (shown by gray line)
and to the case study 2 with lower effective principal stress ratio (shown by dashed
line).
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Figure 5.6: Growth of the edge crack length a/aw (a) and (b) slip at the crack
mouth δmax/δw with time for the fracture with different orientation in the model
with residual friction fr/fp = 0.6 during slick water HF (case study I). The results
are compared to the model with no residual friction (shown by dotted line).

to a stable crack propagation for the fractures with least background shear stress.

For fractures which nucleated before the friction reaches the residual value, dynamic

formulation should be considered to study the crack propagation, however, as it is

forecasted by Garagash and Germanovich [64] the dynamic slip is predicted to arrest

due to the effect of residual friction (i.e., a dynamic transient) when the residual

shear strength τp = fr (σn − p) is larger than the shear stress τ .
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CHAPTER 6: DISCUSSION

6.1 Relation to existing cases of HF induced seismicity

Interaction of a hydraulic fracturing fluid injection with natural fractures [77, 128,

129] and faults [Davies et al., 13, and references therein] may include the following

scenarios.

1. Direct hydraulic stimulation of a fault (when an injection interval of the well

intersects the fault) resulting in the fault hydraulic fracture.

2. A dominant opening mode hydraulic fracture propagating in the maximum hor-

izontal stress direction intersecting a fault followed by either (i) diverting into

and opening of the fault, or (ii) crossing, if the fault is mechanically and hy-

draulically healed, or (iii) arresting, if the injected fluid can be accommodated

by the leak-off into the intersected permeable fault zone and/or by storage in

the compliant “parent” fracture, effectively preventing the fluid pressure build

up in the arrested HF from reaching the level of the fault normal stress and,

therefore, preventing the fault opening (case 2i).

3. A distributed network of hydraulically stimulated, mixed-mode pre-existing

and induced fractures, which allow for enhanced communication of the fluid

pressure from the well to a proximal fault, without opening the latter.

The in situ stress anisotropy (magnitude of the horizontal deviatoric stress), the per-

vasiveness and strength of fractures in the pre-existing fracture network(s), as well as,

the orientation, structure and properties of the fault zone (e.g., the mechanical weak-

ness of the fault core and the permeability of the fractured and foliated rocks/gouge

in the fault damage zone) are expected to shape the hydraulic fracture propagation

and the HF-fault interaction, as outlined in the above scenarios.
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For example, a certain degree of in situ stress anisotropy and/or lack of mechanically

weak pre-existing fractures would favor the scenario (2) of a “localized” HF propa-

gation in the direction of the maximum in situ stress prior to the fault intersection,

while a low permeability, but mechanically weak intersected fault would favor the

HF diversion into the fault as in the case (2i). The model developed in Chapter 3 is

deemed applicable to the case (1) of the direct HF injection into a fault, and, as a

first order approximation, to the case (2i), if, firstly, the effects of the stress pertur-

bations due to the “parent” HF and due to the non-trivial intersection geometry can

be reasonably neglected, and, secondly, that the partition of the newly injected fluid

between the parent fracture and the fault-diverted branch can be ascertained.

Stimulation of pre-exiting natural fractures by hydraulic fracturing process is nec-

essary in the productivity enhancement of the unconventional reservoirs with very

low matrix permeability. Stress/ pore pressure perturbation caused by the main hy-

draulic fracture (of the order of 100 meters) induces unstable slip along the adjacent

natural fractures that often have limited extent (on the order of 1 meter). As it

is discussed in chapter 4, instability of slip is induced only on a subset of possible

fracture orientations (i.e., critically oriented), which is consistent with microseismic

field observations [17]. While less favorably oriented fractures also contribute to the

reservoir permeability enhancement as they may accumulate significant aseismic slip.

Yet, the slip-stimulated rock volume of the fracture sets with nucleated dynamic slip

would be larger than the less critically oriented fracture sets as the entire surfaces of

the pre-existing fractures will undergo slip-induced stimulation.

The HF-inducedmicroseismicity is ubiquitous and, for the most part, it is interpreted

to occur in the stimulated reservoir rock. As such, it is used as a diagnostic tool for

hydraulic fracturing treatments to infer the approximate extent and the orientation

of the final fracture(s) [17, 16]. Few documented cases of the HF intersecting and

potentially propagating along a well-developed fault (scenario (1) and (2i) in the
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above) within the hydraulically fractured reservoir [130, 131] showed a tendency for

increased count and magnitude of events associated with the reservoir fault, yet still

remaining within the microseismic realm (negative seismic moment magnitude).

Few known cases of larger seismicity (moment magnitude 2 and larger) that were

correlated spatially and temporarily to hydraulic fracturing operations in deep shale

plays, e.g. in Blackpool, England [23], Ohio [28], Alberta [21, 15], have been in-

ferred to nucleate in or at the contact with the basement rock , some 100s of meters

to a km deeper than the depth of hydraulic fracturing stages. The fracturing fluid

buoyancy (compared to the host rock) limits the extent of the downward fracture

growth, making it unlikely that the open-mode hydraulic fracture could propagate

these distances towards the inferred nucleation site in the basement. Instead, it is

more likely in these field cases that the HF have intersected a developed fault zone

(see scenarios (2iii) or (3) in the above) extending from the reservoir to the basement,

which, due to either intrinsically high or slip-refreshed permeability, has then com-

municated the HF-induced pore pressure perturbation downdip to the nucleation site

in the basement. The absence of large seismic events nucleated within the reservoir,

and more generally, along the path of the fault within the sedimentary strata above

the basement, may be attributed to the interbedded nature of clastic rock, where the

frictionally stable shale beds with higher organic content [132] can effectively arrest

the dynamic slip if nucleated within the brittle, low-organic content (e.g. sandstone)

beds.

In summary, existing field observations of the HF-induced seismicity suggest that the

opening mode hydraulic fracturing of a fault, as considered in Chapter 3, may be one

of prevalent mechanisms for nucleating microseismicity within the reservoir . How-

ever, for the known cases of more significant HF-related seismicity, it has likely been

nucleated at (or near) the basement extension of the reservoir faults, i.e. downdip

from the hydraulically fractured reservoir, by means of a “long-distance” communi-
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cation of the pore pressure changes by diffusion and/or poroelastic stress changes.

Whether or not significant seismicity can be nucleated on the reservoir faults in-

reservoir , as the result of the direct interaction with the hydraulic fracturing, remains

an open question.
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CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS

This dissertation addresses different scenarios of interactions between a hydraulic

fracturing fluid injection with a fault/fracture. Particularly, semi-analytical ap-

proaches are carried out to study the involved physical processes in the following

scenarios for which the main results are summarized here.

1. Direct hydraulic injection into a fault which results in a mixed-mode fault

hydraulic fracture

• The slip patch grows as a result of the reduction of the fault strength

to zero along the hydraulic fracture, the open part of the fault, as well

as the decrease of the fault frictional strength due to the normal stress

perturbation ahead of the hydraulic fracture tip.

• Slip instability on the fault is mainly controlled by the hydraulic fracture

length (i.e., the size of the fully unloaded fault segment at a given time)

and is only weakly dependent on the magnitude of the stress perturba-

tion ahead of the propagating hydraulic fracture, or the HF propagation

regime.

• The growth of the fault slipping patch remains stable when the background

shear stress τ0 is lower than the residual fault strength τr under ambient

conditions.

• Injection into a fault with τ0 > τr will result in a dynamic shear rupture.

• Nucleation of dynamic slip takes place when the hydraulic fracture grows

to the critical size `c, which is vanishingly small ∝ τp − τ0 for critically-

stressed faults (i.e., when the background stress approaches the fault peak

strength, τ0 → τp) and is diverging as ∝ 1/(τ0 − τr) when the stability
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boundary is approached (τ0 → τr).

• No dynamic slip transients are predicted when background shear stress is

less than the residual fault strength.

• The solution for the critical size of hydraulic fracture (HF) leading to

nucleation of dynamic slip was established. It allows to infer the corre-

sponding fluid injection volume that may lead to slip instability on a fault

with given frictional properties and background stress.

2. A hydraulic fracture propagating in the direction of maximum horizontal stress

induces dynamic slip on a natural fracture due to the stress perturbation.

• Nucleation of slip on the frictional fracture approached by the hydraulic

fracture depends on the state of in-situ stresses, hydraulic fracture pres-

sure, angle of approach and friction of the fracture.

• The undrained stress perturbations around the propagating hydraulic frac-

ture is proportional to the length of the tip of the hydraulic fracture `tip.

• Slip instability occurs on the critically stressed and favorably oriented

strike-slip fracture as the slipping patch reaches the critical length ∼

E
′
/(σmin − ptip)× δw.

3. Pore pressure increase by diffusion induces slip instability on a natural fracture

crossed by a propagating hydraulic fracture.

• The size of slipped region at nucleation follows the similar scaling ∼

E
′
/(σmin − ptip) × δw that is also proportional to the effective principal

stress ratio (σmax − p0)/(σmin − p0)

• The scaling changes when the residual friction is attained before nucle-

ation. The fracture may grow stably under low enough background shear

stress.
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7.1 Recommendations for future research

Our recommendations for the course of future studies on the topic are as follows:

• We considered a one-way mechanical coupling between the hydraulic fracture

and the natural fracture. The future work may consider fully coupled interac-

tions of the hydraulic fracture and the natural fracture.

• The results of this study may be extended to the more complex configurations

of multiple fracture interactions in the hydraulic fracture stimulation.

• The full effect of poroelastic coupling has not been considered in this work.

Further developments could then investigate complete interactions between the

pore fluid and the rock.

• The role of dilatancy, and stabilizing effect of pore fluid pressure reduction on

slip development, might be considered in future studies by the use of a model

that couples the normal deformation (i.e., change of fracture aperture) to the

shear displacement and fluid flow along the fracture.

• A better understanding of the process may be achieved applying a more detailed

friction model.

• Further investigations may consider different HF geometries and propagation

regimes.
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APPENDIX A: DERIVATION OF GOVERNING EQUATIONS

In this Appendix, we present the derivation of the partial governing equations for the

solid and fluid. We then proceed with providing the basic solutions for the equations

that were used in our study, considering simplifying assumptions.

A.1 Equilibrium equations

An elastic body is in equilibrium if each point in the solid is stationary. In order to

derive the condition for stresses σij when the elastic body is at equilibrium, consider

an infinitely small differential element with dimensions dx, dy, dz as shown in Figure

A.1.
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Figure A.1: An infinitely small differential element in equilibrium

Consider the element is loaded along its sides by stresses that vary in x, y, and z,

where the variation in each stress term is considered using a first order Taylor series
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expansion, and suppose that there are body forces Px , Py and Pz per unit volume.

Summing forces in the x direction gives:

[
σxx +

(
∂σxx
∂x

)
dx

]
dydz − σxxdydz +

[
σxy +

(
∂σxy
∂y

)
dy

]
dxdz − σxydxdz+ (A.1)

[
σxz +

(
∂σxz
∂z

)
dz

]
dxdy − σxzdxdy + Pxdxdydz = 0

which in terms of force per unit volume (dx× dy × dz) simplifies to the following:

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

+ Px = 0. (A.2)

Similarly, writing the equations of equilibrium for the stresses in the y and z directions

gives

∂σyy
∂y

+
∂σxy
∂x

+
∂σyz
∂z

+ Py = 0 (A.3)

∂σzz
∂z

+
∂σyz
∂y

+
∂σxz
∂x

+ Pz = 0.

And in index notation (for a three-dimensional element) we have:

∂σij
∂xi

+ Pi = 0 (A.4)

These differential equations of equilibrium hold everywhere in a body that is in

static equilibrium. It should be noted that the equilibrium of moments acting on the

element requires a symmetric stress tensor: σij = σji.
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Strain compatibility

The equations of compatibility, or the relations between the strains, can be obtained

directly from the definition of the strain tensor

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(A.5)

where ux, uy, uz are the components of displacement field in the strain-displacement

relations. The above definition relates six components of the strain tensor (in the

three dimensional case) to the three components of the displacement field that implies

that the strains are not independent. The first equation of compatibility can be

obtained by calculating

∂2εxx
∂y2

=
∂3ux
∂x∂y2

,
∂2εyy
∂x2

=
∂3uy
∂x2∂y

,
∂2εxy
∂xy

=
1

2

(
∂3ux
∂x∂y2

+
∂3uy
∂x2∂y

)
and hence it follows that

∂2εxx
∂y2

− 2
∂2εxy
∂xy

+
∂2εyy
∂x2

= 0. (A.6)

Stress-strain constitutive laws

According to the linear elasticity the material obeys Hooke’s law which implies a

linear relation between stress and strain. Stress-strain relations are expressed in

two-dimensional problems as:

εxx =

(
k + 1

8G

)
σxx−

(
3− k
8G

)
σyy; εyy =

(
k + 1

8G

)
σyy−

(
3− k
8G

)
σxx, εxy =

σxy
2G

(A.7)

104



where the modulus of rigidity G = E/2(1 + ν), E is elasticity modulus and k is

Kolosov’s constant, defined as k = (3−ν
1+ν

) for the plane stress state that assumes

the traction on the plane is zero and k = (3 − 4ν) for the plane strain state that

assumes the strain normal to the plane is zero εzz = εxz = εyz = 0 and ux = ux(x, y),

uy = uy(x, y).

A.1.1 Stress function formulation

“Airy Stress Function” method is a technique for solving two-dimensional static linear

elasticity problems. The technique is based on the idea of representing the stress fields

by a scalar potential that satisfy the equilibrium equations. In the absence of body

forces, the two-dimensional equilibrium equations reduce to

∂σxx
∂x

+
∂σxy
∂y

= 0,
∂σyy
∂y

+
∂σxy
∂x

= 0. (A.8)

Propose that a scalar function, φ, exists that is related to the stress components by

the following relationships

σxx =
∂2φ

∂y2
, σxy = − ∂2φ

∂x∂y
, σyy =

∂2φ

∂x2
(A.9)

so that it will satisfy the equilibrium equations automatically. The Airy stress func-

tion must also satisfy the compatibility equation. Expressing the two dimensional

compatibility equation (A.6) by using the stress-strain relations (A.7) and substitut-

ing for the stress components from the above gives

∂4φ

∂x4
+ 2

∂4φ

∂x2∂y2
+
∂4φ

∂y4
= ∇4φ = 0. (A.10)

This relation is called the biharmonic partial differential equation that is the govern-

ing equation for the Airy stress function in two-dimensional elasticity problems.
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In polar coordinates, the biharmonic equation is given by

∇4φ =

(
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2

∂2

∂θ2

)2

φ = 0 (A.11)

where the relationships for the stress components (A.9) are

σrr =
1

r

∂φ

∂r
+

1

r2

∂2φ

∂θ2
, σθθ =

∂2φ

∂r2
, σrθ = − ∂

∂r

(
1

r

∂φ

∂θ

)
. (A.12)

Michell [133] obtained a general solution to equation (A.11) in the form

φ = A01r
2 + A02r

2 ln r + A03 ln r + A04θ

+ (A11r
3 + A12r ln r + A14r

−1) cos θ + A13rθ sin θ

+ (B11r
3 +B12r ln r +B14r

−1) sin θ +B13rθ cos θ

+
∑∞

n=2 (An1r
n+2 + An2r

−n+2 + An3r
n + An4r

−n) cosnθ

+
∑∞

n=2 (Bn1r
n+2 +Bn2r

−n+2 +Bn3r
n +Br−n) sinnθ

(A.13)

where the coefficients Aij , Bij are arbitrary constants for the Airy stress components

in the Fourier series. Each term in the series must also satisfy the biharmonic equa-

tion. For example, it can be easily verified for the term φ = r ln r cos θ by expanding

the biharmonic equation (A.11) into

∇4φ = φrrrr+
2

r2
φrrθθ+

1

r4
φθθθθ+

2

r
φrrr−

2

r3
φrθθ−

1

r2
φrr+

4

r4
φθθ+

1

r3
φr = 0. (A.14)

The corresponding stress components are obtained by substituting the expression

(A.13) into formulas (A.12). Moreover, If the stress components are known for a spe-

cific problem, Hook’s law is used to find the strains and the displacement components

will be obtained by the integration of the latter.
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A.1.2 Dislocation solution

Stress function technique may be employed to evaluate the stress and displacement

fields emerging in the dislocated bodies. If we make a cut along positive x axis

in an infinite continuous body and pull the material apart to open up a gap of

constant thickness by, this will leave the continuous body in a state of residual stress.

The resulting climb dislocation solution is found by choosing the appropriate stress

function (for the stress field that is proportional to r−1, symmetric about θ = 0 and

has no net force at the origin) [134]:

φ = A12 r ln r cos θ (A.15)

for which the stress components are obtained using formulas (A.12) as

σrr = A12 cos θ
r

σrθ = A12 sin θ
r

σθθ = A12 cos θ
r

(A.16)

The strain components are given by the two-dimensional stress-strain relations

εrr =

(
k + 1

8G

)
σrr −

(
3− k
8G

)
σθθ =

(k − 1)A12

4G

cos θ

r

εθθ =

(
k + 1

8G

)
σθθ −

(
3− k
8G

)
σrr =

(k − 1)A12

4G

cos θ

r
(A.17)

εrθ =
σrθ
2G

=
A12

2G

sin θ

r

The displacement field can be found by integration of the strain components. The

strain-displacement relationships in polar coordinates are
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εrr =
∂ur
∂r

, εθθ =
1

r

∂uθ
∂θ

+
ur
r
, εrθ =

1

2

(
1

r

∂ur
∂θ

+
∂uθ
∂r
− uθ

r

)
(A.18)

We now integrate the first strain component with respect to r to give

ur =
(k − 1)A12

4G
cos θ ln r + f(θ) (A.19)

where f(θ) is an arbitrary function. We then obtain ∂uθ/∂θ = rεθθ − ur by substi-

tuting (A.17) for εθθ and substituting (A.19) for ur as

∂uθ
∂θ

=
(k − 1)A12

4G
cos θ (1− ln r)− f(θ) (A.20)

which can be integrated with respect to θ to give

uθ =
(k − 1)A12

4G
sin θ (1− ln r)− F (θ) + g(r) (A.21)

where F (θ) =
´
f(θ)dθ, and g(r) is an arbitrary function of r. The two functions f(θ)

and g(r) can be found with using the definition of shear strain in (A.18). Substituting

for ur and uθ from (A.19, A.21), performing differentiations and rearranging the

terms, we obtain

(
F (θ) + f

′
(θ)− g(r) + rg

′
(r)
)

=
(k + 1)A12

2G
sin θ. (A.22)

The right-hand side of (A.22) is a function of θ only and hence g(r) = 0. Solving the

resulting ordinary differential equation for f(θ), we find f(θ) = A12

4G
((k + 1)θ sin θ − cos θ).

The displacement field components are then given by

ur = A12

4G
[(k + 1)θ sin θ − cos θ + (k − 1) ln r cos θ]

uθ = A12

4G
[(k + 1)θ cos θ − sin θ − (k − 1) ln r sin θ]

. (A.23)
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The strength of the climb dislocation, or thickness of the gap, is equal to the discon-

tinuity in the displacement uθ on θ = 0, 2π along the cut line

by = uθ(0)− uθ(2π) = −π(k + 1)

2G
A12 (A.24)

that gives the unknown A12. The corresponding Cartesian stress fields along y = 0,

(i.e., θ = 0, π ), are

σyy = σxx = − 2Gby
π(k+1)x

σyx = 0
(A.25)

A glide dislocation solution is obtained by the choice of stress function

φ =
2Gbx r ln r sin θ

π(k + 1)
(A.26)

for a discontinuity in the displacement component ur, where two surfaces of the cut

experience a relative tangential displacement, bx = ur(0) − ur(2π). The resulting

stress fields due to the glide dislocation are

σrr = σθθ = 2Gbx sin θ
π(k+1)r

σrθ = −2Gbx cos θ
π(k+1)r

(A.27)

and Cartesian stress fields along y = 0 are given by

σyy = σxx = 0

σyx = − 2Gbx
π(k+1)x

. (A.28)

A.1.3 Stress field due to a planar crack

Stress fields due to a single “edge” dislocation with resolved Burger vector components

shear bx and opening by may be found from corresponding Airy stress functions and
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are given by:

σxx(x, y) = E
′

4π
[bxGxxx + byGyxx]

σyy(x, y) = E
′

4π
[bxGxyy + byGyyy]

σxy(x, y) = E
′

4π
[bxGxxy + byGyxy]

(A.29)

where for plane strain E ′ = E/(1− ν2), k = 3− 4ν and noting that G = E/2(1 + ν).

The influence functions Gijk related to specific stress components and dislocation

orientations differ for various geometries. Stress σij is second rank tensor while

dislocation vector is first rank tensor, therefore the influence functions Gijk must

also be a tensor (of 3rd rank). The influence functions for an infinite medium are

expressed by [135]:

Gxxx(x, y; ξ, η) = y1(−3x2
1 − y2

1)/r4
1

Gxyy(x, y; ξ, η) = y1(x2
1 − y2

1)/r4
1

Gxxy(x, y; ξ, η) = x1(x2
1 − y2

1)/r4
1

Gyxx(x, y; ξ, η) = x1(x2
1 − y2

1)/r4
1

Gyyy(x, y; ξ, η) = x1(x2
1 + 3y2

1)/r4
1

Gyxy(x, y; ξ, η) = y1(x2
1 − y2

1)/r4
1

(A.30)

where

x1 = x− ξ, y1 = y − η, r2
1 = x2

1 + y2
1 (A.31)

and for dislocations along global coordinate x axis (ξ, 0), y1 = y.

Stresses induced in the material due to an open crack (Figure 2.1) are obtained by

accumulations of opening Burger vectors (as dislocation densities δby = (dw/ds)δs)

using (A.29-A.30)
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σxx(x, y) = E
′

4π

´ `
−`

dw
dξ

x1(x21−y21)

r41
dξ

σyy(x, y) = E
′

4π

´ `
−`

dw
dξ

x1(x21+3y21)

r41
dξ

σxy(x, y) = E
′

4π

´ `
−`

dw
dξ

y1(x21−y21)

r41
dξ

(A.32)

Note that, for example, along the crack plane (y = 0) these relations simplify to

σxx(x, 0) = σyy(x, 0) =
(
E
′
/4π
) ´ `
−`

dw
dξ

dξ
x−ξ and σxy(x, 0) = 0.

A.2 Mass conservation and continuity equation

The law of mass conservation requires that the time rate of change of mass in an

element must be balanced by the flow of fluid out of the element

∂

∂t

ˆ
CV

ρdV +

ˆ
CS

ρv.n dS = 0 (A.33)

where CV is control volume, CS is control surface, ρ is density, v = (vx,, vy, vz)

is the fluid velocity vector and n is outward normal unit vector (perpendicular to

surface). In addition, the integral of outward component of a vector f over the

control surface CS is related to the divergence of the vector over the control volume

CV by Divergence theorem:
´
CS
f.n dS =

´
CV
∇.f dV . Thus, equation (A.33) can

be expressed as

∂

∂t

ˆ
CV

ρdV +

ˆ
CV

∇.ρv dV = 0 (A.34)

For control volume with fixed boundaries (i.e., no change in time) and applying

Leibniz’s rule we find that

ˆ
CV

∂

∂t
ρdV +

ˆ
CV

∇.ρv dV =

ˆ
CV

(
∂ρ

∂t
−∇.ρv

)
dV = 0 (A.35)

This relation applies to any control volume; this can only be true if the integrand
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itself is zero, so that:

∂ρ

∂t
+∇.ρv = 0 (A.36)

Expanding equation (A.36), we obtain

∂ρ

∂t
+ v.∇ρ+ ρ∇.v = 0 (A.37)

where divergence of the velocity is ∇.v = (∂vx/∂x) + (∂vy/∂y) + (∂vz/∂z). Making

use of the definition for the material derivative of the density, we obtain the continuity

equation

Dρ

Dt
+ ρ∇.v = 0 (A.38)

Note that for an incompressible fluid, ρ is a constant, Dρ/Dt = 0 and the continuity

equation reduces to ∇.v = 0.

A.3 Navier-Stokes equations of fluid flow

The Navier-Stokes equations are the fundamental partial differentials equations that

describe the flow of fluids. These equations arise from applying Newton’s second law

to fluid motion. The principle of conservation of momentum states that mass times

acceleration is equal to the sum of forces that act on a volume unit

ρ
Dv

Dt
=
∑

F (A.39)

where density ρ is mass per unit volume (in a fixed control volume or infinitesimal

fluid parcels), the material derivative of velocity is Dv/Dt = dv/dt+ v.∇v, and F is

the total force per unit volume.
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By examining the forces acting on a differential fluid element (Figure A.1), it may be

shown that the force on each fluid particles is due to two components, fluid stresses

and other external forces

ρ
Dv

Dt
= ∇σ + P (A.40)

where σ is the stress tensor and P represents external forces. The x-component of

equation (A.40), for example, in the absence of any external body forces, is given by

ρ

(
∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

)
=
∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

(A.41)

For incompressible Newtonian fluid, the stress is proportional to the rate of defor-

mation, and the stress tensor is assumed to take the form:

σij = −pδij + µ

(
∂vi
∂xj

+
∂vj
∂xi

)
(A.42)

where p is the pressure, δij is the Kronecker delta and µ is viscosity of the fluid.

The Navier-Stokes equations for a Newtonian fluid with no body force is obtained

by substituting expression (A.42) for σij into equation (A.40), and noting that for

incompressible fluids ∇.v = 0,

ρ
Dv

Dt
= −∇p+ µ∇2v (A.43)

Flows of very small velocity are considered under Stokes flow condition when advec-

tive inertial forces are small compared with viscous forces. The laminar (smooth)

flow occurs at very small Reynolds number (defined as the ratio of inertial forces to

viscous forces of the fluid within a crack Re = (ρvw)/µ < 1 where w is the crack

opening), especially for very small fluid velocities or very large viscosities when the

viscous forces are dominant.
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Dropping the time dependence and the advective terms from the Navier-Stokes equa-

tion (A.43) gives the the following equation for steady incompressible creeping flow

∇p = µ∇2v (A.44)

A.3.1 Laminar unidirectional flow in a gap space

Consider the Stokes equation (A.44) describes the flow of the fracturing fluid inside

the crack. If the fracture opening w is very much smaller than the fracture half-length

`, then the flow can be approximated unidirectional to the crack axis x, Figure A.2.

Figure A.2: Unidirectional flow between parallel plates

Generally, for an unidirectional flow of an incompressible fluid, if there is no velocity

component in either the y or z direction (i.e., vy = 0 and vz = 0 ), the steady-state

continuity equation becomes ∇v = ∂vx/∂x = 0, and it can be concluded that the

velocity vx is only a function of y for an infinitely wide plain strain crack vx = vx(y).

The x component of the Stokes equation reads

∂p

∂x
= µ

∂2vx
∂y2

(A.45)

and the y component reduces to
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∂p/∂y = 0 (A.46)

that shows the fluid pressure is only a function of the x component and time. If

we integrate equation (A.45) twice with respect to y and apply the no-slip boundary

conditions at the crack walls (vx = 0 at y = ±w/2), it yields the parabolic distribution

of the velocity profile for the two-dimensional Poiseuille flow

vx = − 1

2µ

∂p

∂x

(
w2

4
− y2

)
. (A.47)

The net volume flux (per unit width in the z-direction) of fluid is obtained by inte-

gration of equation (A.47) to yield so called Poiseuille equation

q = − w3

12µ

∂p

∂x
(A.48)

where the average fluid velocity v̄ = 1
w

´ w/2
−w/2 vxdy relates to the flow rate by q = v̄w.

Fluid mass conservation equation (A.34) for an element with dimensions dx, time

dependent crack opening w, and dz of a plane crack propagating in an imperme-

able medium, and also accounting for the unidirectional flow, yields the continuity

equation as

∂

∂t
(ρ.dx.w.dz) +

∂

∂x
(ρ.v̄x.dx.w.dz) = 0 (A.49)

which for incompressible fluids simplifies to

∂w

∂t
+
∂v̄xw

∂x
= 0 (A.50)

where v̄x is the average velocity across the gap w.
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APPENDIX B: SOME DETAILS OF THE ZERO-TOUGHNESS

HYDRAULIC FRACTURE SOLUTION

Numerical solution of Adachi and Detournay [43] is in the form of expansions

Ω̄ =
m∑
j=1

AjΩ̄
∗
j + B Ω̄∗∗ (|ξ| < 1), Π =

m∑
j=1

AjΠ
∗
j + B Π∗∗ (ξ ∈ R) (A.1)

over a set of base

Ω̄∗j = (1− ξ2)2/3C
(1/6)
2j−2 (ξ), Π∗j = − 1

4π

ˆ 1

−1

dΩ̄∗j/dη

η − ξ
dη j = 1, 2, ..., (A.2)

and particular

Ω̄∗∗ = 4(1− ξ2) + 2ξ2 ln

∣∣∣∣∣1−
√

1− ξ2

1 +
√

1− ξ2

∣∣∣∣∣ , Π∗∗ = − 1

4π

ˆ 1

−1

dΩ̄∗∗/dη

η − ξ
dη. (A.3)

functions. In the above, C(κ)
i (ξ) is the Gegenbauer polynomial of degree i and index

κ [136]. Numerical values of coefficients Aj and B for the m = 7 terms solution are

given in Table 1 of Adachi and Detournay [43] (for the case of a Newtonian fluid with

n = 1).

Adachi and Detournay[43] evaluated the explicit form of the integrals for the pressure

base and particular functions inside the crack, |ξ| < 1: see their equations (44)-(45)

and (52) with their α set to 2/3. Here, we complement their solution by evaluating

explicit expressions for Π∗j and Π∗∗ outside of the crack, |ξ| > 1.

To evaluate Π∗j we follow the approach outlined by Adachi and Detournay [43] (their

Appendix A.2), in which the integrals (A.2)b can be generally expressed in a complex-

valued form in terms of the Legendre function of the second kind (their equation

(A29) with α = 2/3). The latter assume distinct real value forms for |ξ| < 1, as cited
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by Adachi and Detournay [43], and for |ξ| > 1, as given by Abramowitz and Stegun

[136, p. 332, sec. 8.1.3]. Using the latter, we can obtain explicit expressions for the

pressure base functions for |ξ| > 1:

Π∗1 = − 3

20
√
π

Γ(8
3
)

Γ(13
6

)

1F2

(
2
3
, 7

6
; 13

6
; 1
ξ2

)
|ξ|4/3(ξ2 − 1)1/3

Π∗j>1 =
Γ(2j − 5

3
)

3 Γ(1
6
)Γ(2j − 5

6
)
×

(6j − 5) (ξ2 − 1) 1F2

(
j − 1

3
, j + 1

6
; 2j − 5

6
; 1
ξ2

)
− 4ξ2

1F2

(
j − 5

6
, j − 1

3
; 2j − 5

6
; 1
ξ2

)
|2ξ|2j−2/3 (ξ2 − 1)1/3

(A.4)

where Γ is the Euler gamma function and 2F1 is the Gauss hypergeometric function.

The particular opening solution Ω̄∗∗, (A.3), corresponds to linear net pressure distri-

bution along the crack Π∗∗ = 2−π|ξ|, |ξ| < 1. The corresponding stress perturbation

outside the crack, |ξ| > 1, can be obtained from Tada et al. [137], page: 145] as

Π∗∗ = 2− 2|ξ| arccot
√
ξ2 − 1.

The leading-order tip asymptotics of the opening and the stress change of the zero-

toughness hydraulic fracture can be formulated by either rescaling the near tip solu-

tion (3.4)-(3.5), or by expanding the Adachi and Detournay’s solution (A.1) (based

on the corresponding base opening and pressure functions’ expansions) near the tip,

|ξ| → 1. The result is recorded in (3.8), with one important extension for the stress

(net pressure) asymptote. Namely, the latter has been enriched by including the

next-order (constant) term Πconst ≈ 0.7508 in the expansion, as obtained from the

full solution (A.1)b by subtracting the leading-order (singular) asymptote and then

passing to the limit |ξ| → 1. This enrichment allows to greatly improve the extent
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of the near tip region where the stress asymptote is applicable.
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APPENDIX C: NORMALIZED FORM OF SLIP FORMULA-

TION ALONG THE HYDRAULICALLY FRACTURED FAULT)

The dimensionless form of the elasticity equation (2.13) for a symmetric crack is

given by:

f(δ(aX))

fp

[σ − p] (aX)

σ0 − p0

=
τ0

τp
− 1

π

aw
a

ˆ 1

0

dδ/δw
dX ′

dX ′

X −X ′
. (B.1)

The non-singular tip condition (2.14) yields:

2

π

1ˆ

b/a

f(δ)

fp

σ − p
σ0 − p0

dX√
1−X2

=
τ0

τp
. (B.2)

where we explicitly accounted for zero value of the shear stress along the frictionless

part of the crack (|X| < b/a). The normalized effective normal stress distribution

(σ − p)/(σ0 − p0) is given by (3.11) in the main text.
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APPENDIX D: STRESS FIELD AROUND PROPAGATING

HYDRAULIC FRACTURE

Stress fields around the propagating semi-infinite hydraulic fracture (Figure 2.2) due

to continuous distribution of opening Burger vector δby = (dw/ds)δs along the hy-

draulic fracture line with no shear dislocation component (bx = 0) are given by

following using (A.29- A.30)

σxx(x, y) = E
′

4π

´ xtip
−∞

dw
dξ

x1(x21−y21)

r41
dξ

σyy(x, y) = E
′

4π

´ xtip
−∞

dw
dξ

x1(x21+3y21)

r41
dξ

σxy(x, y) = E
′

4π

´ xtip
−∞

dw
dξ

y1(x21−y21)

r41
dξ

(C.1)

Note that the stress fields are determined by superposition of background stresses

(i.e., σmin, σmax) and induced stresses due to the opening dislocations.

C.1 Traction along the edge crack with an arbitrary orientation

The elastic medium for a short natural fracture at the edge of a propagating semi-

infinite hydraulic fracture can be assumed as an elastic half-plane. The solution for

the influence functions in an half-plane is obtained by using the solution for two

bonded half-space and letting the rigidity of one of the half-space goes to zero. In

this case, the solution for a dislocation at a distance (ξ, η) in cartesian coordinate

(x, y) is given by [135]

Gxxx = y1

(
− 1

r2
1

− 2x2
1

r4
1

+
1

r2
2

+
2x2

2

r4
2

− 4ξx2

r4
2

+
4ξ2

r4
2

+
16ξx3

2

r6
2

− 16ξ2x2
2

r6
2

)
(C.2)
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Gxyy = y1

(
− 1

r2
1

+
2x2

1

r4
1

+
1

r2
2

− 2x2
2

r4
2

+
12ξx2

r4
2

− 4ξ2

r4
2

− 16ξx3
2

r6
2

+
16ξ2x2

2

r6
2

)

Gxxy = −x1

r2
1

+
2x3

1

r4
1

+
x2

r2
2

− 2ξ

r2
2

− 2x3
2

r4
2

+
16ξx2

2

r4
2

− 12ξ2x2

r4
2

− 16ξx4
2

r6
2

+
16ξx3

2

r6
2

Gyxx = −x1

r2
1

+
2x3

1

r4
1

+
x2

r2
2

− 2ξ

r2
2

− 2x3
2

r4
2

− 8ξx2
2

r4
2

+
12ξ2x2

r4
2

+
16ξx4

2

r6
2

− 16ξ2x3
2

r6
2

Gyyy = +
3x1

r2
1

− 2x3
1

r4
1

− 3x2

r2
2

− 2ξ

r2
2

+
2x3

2

r4
2

+
16ξx2

2

r4
2

− 12ξ2x2

r4
2

− 16ξx4
2

r6
2

+
16ξ2x3

2

r6
2

Gyxy = y1

(
− 1

r2
1

+
2x2

1

r4
1

+
1

r2
2

− 2x2
2

r4
2

− 4ξx2

r4
2

+
4ξ2

r4
2

+
16ξx3

2

r6
2

− 16ξ2x2
2

r6
2

)
using (A.31) and

x2 = x+ ξ, r2
2 = x2

2 + y2
1 (C.3)

These influence functions are defined for a cartesian coordinate system in which the

free surface is located along the y axis. In order to find influence functions for an

elastic half-plane in which the free surface coincides with the global x axis coordinate

(i.e., global coordinate axis for our problem), one should rotate the axis by θ = 270

degrees. If we are counterclockwise rotating the two dimensional coordinate axes with

basis vectors x and y into a new basis with basis vectors x′ and y′, the new basis can

be written in terms of the old basis by resolving the vectors x′ = x cos θ+ y sin θ and

y′ = −x sin θ + y cos θ, which can be written using 2× 2 transformation matrix with

components aij as:
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[
x
′

y
′

] = [
cos θ sin θ

− sin θ cos θ
][
x

y
] (C.4)

For a third rank tensor, the general transformation law is expressed as T ′ijk =

ailajmaknTlmn where aijs are components of the above rotational matrix.

Traction along an edge crack with an arbitrary orientation due to continuous distri-

bution of shear Burger vector δbx̂ = (dδ/dŝ)δŝ are given by

σŷŷ(x̂, 0) = E
′

4π

´ a+
a−

dδ(ŝ,t)
dx̂

Gx̂ŷŷ(x̂,ŝ)dŝ

σx̂ŷ(x̂, 0) = E
′

4π

´ a+
a−

dδ(ŝ,t)
dx̂

Gx̂x̂ŷ(x̂,ŝ)dŝ
(C.5)

where the local influence functions Gîĵk̂(x̂, 0; ŝ) are found by multiplying the global

influence functions C.2 by the third order rotational transformation matrix which

has been provided in Appendix A7 Hills et al. [135].
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APPENDIX E: NORMALIZED FORM OF SLIP FORMULA-

TION FOR THE NATURAL FRACTURE BEFORE CROSS-

ING

The normalized form of elasticity equation along the coordinate ξ̂ = (x̂ − b)/a is

given by

fp

(
1− δ

δw

)
σn(aξ̂ + b)− (p0 + ∆pund(aξ̂ + b))

σmin − ptip
=
τ b(aξ̂ + b)

σmin − ptip
− 1

4π

aw
a

ˆ 1

−1

dδ

dŝ

dŝ

ξ̂ − ŝ
(D.1)

where a(t) = (a+ − a−)/2 is the crack half-length and b(t) = (a+ + a−)/2 is the

asymmetry measure.

Here, we implement the Gauss- Chebyshev quadrature approximation Erdogan and

Gupta [138] to evaluate the integral appearing in the elasticity equation.

For a crack in an infinite medium, the method approximates the singular integral to

a set of N − 1 algebraic equations by

ˆ 1

−1

F (ŝ)√
1− ŝ2

≈ π

N

N∑
j=1

F (ŝj) (D.2)

where sj ≡ cos[π(2j − 1)/(2N)]. When F (ŝ) has the form of kernel 1/(ξ̂ − ŝ) the

quadrature approximation holds at collocation points ξ̂ = ξ̂i ≡ cos[(πi)/N ] where

i = 1, 2, .., N − 1. We may define a new function

dδ(ŝ)

dŝ
=

1√
1− ŝ2

φ(ŝ) (D.3)

which let us to approximate the integral in the above as
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ˆ 1

−1

dδ

dŝ

ds

ξ̂ − s
≈ π

N

N∑
j=1

φ(ŝj)

ξ̂i − ŝj
. (D.4)

The Gauss-Chebyshev quadrature implies that φ(ŝ) can be approximated with

φ(ŝ) ≈
p∑

m=0

BmTm(ŝ) (D.5)

where p < N and Tm(ŝ) is the m-th Chebyshev polynomial of the first kind. This

can be expressed as (with summation for the repeated indices) φj = CjmBm where

φ(ŝ) is abbreviated as φj and Cjm = Tm(ŝj). Thus the expression for slip at ξ̂i reads

δi ≈
ˆ ξ̂i

−1

BmTm(ŝ)√
1− ŝ2

dŝ ≈ B0

(
arcsin[ξ̂i] +

π

2

)
+Bk

sin[k arcsin[ξ̂i]]

k
≈ DimBm (D.6)

Slip therefore can be written in terms of φ(ŝ) using (D.5 and D.6)

δi = Sijφj (D.7)

where Sij = DimC
−1
jm.

The index i provides a set of N − 1 equations for N + 2 unknowns: a/aw, b/aw, φj.

The additional constraint of no dislocation beyond the crack will impose

ˆ 1

−1

φ(ŝ)√
1− ŝ2

≈ π

N

N∑
j=1

φj = 0. (D.8)

Furthermore, the values of the function φj at the end point are directly related to

the stress intensity factor φ(±1) = 0 (non singular stress). These values are obtained

from Krenk’s interpolation formulae [139]:
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φ(−1) = 0 =
1

N

N∑
i=1

sin[π(2N − 1)(2j − 1)/4n]

sin[π(2j − 1)/4n]
φn−j+1 (D.9)

φ(1) = 0 =
1

N

N∑
i=1

sin[π(2N − 1)(2j − 1)/4n]

sin[π(2j − 1)/4n]
φj (D.10)

125



APPENDIX F: NORMALIZED FORM OF SLIP FORMULA-

TION FOR THE EDGE CRACK

With the change of variable ξ̂ = 2x̂/a−1 we may simplify the elasticity integral (5.1)

fp

(
1− δ

δw

)
σn − p

σmin − ptip
=

τ b

σmin − ptip
− 1

4π

aw
a

ˆ 1

−1

dδ

dŝ
Gξ̂ξ̂ζ̂dŝ (E.1)

where the normal stress distribution along the fracture plane is given by:

σn
σmin − ptip

=
σbn

(
a(ξ̂ + 1)/2

)
σmin − ptip

− 1

4π

aw
a

ˆ 1

−1

dδ

dŝ
Gξ̂ζ̂ζ̂dŝ (E.2)

The Gauss- Chebyshev quadrature approximation [138] for the surface crack has the

form of

ˆ 1

−1

√
1 + ŝ√
1− ŝ

F (ŝ) ≈ 2(1 + ŝj)

2N + 1

N∑
j=1

F (ŝj) (E.3)

where ŝj ≡ cos[π(2j − 1)/(2N + 1)]. The quadrature approximation holds at collo-

cation points ξ̂ = ξ̂i ≡ cos[π(2i)/(2N + 1)] where i = 1, 2, .., N .

This type of Gauss-Chebyshev with the fundamental function
√

1 + ξ̂′/

√
1− ξ̂′ per-

tains to a singular displacement density at ŝ = +1 and bounded at ŝ = −1. Zero

displacement discontinuity at the mouth dδ(ŝ)/dŝ(−1) = 0 implies that the crack

faces at the mouth are parallel which is not physically reasonable. In order to over-

come over prescription of deformation of the medium in the neighborhood of the

mouth of the crack, a modification to the dislocation density behavior can be made

[135]

dδ(ŝ)

dŝ
=

√
1 + ŝ√
1− ŝ

φ(ŝ) + A
1− ŝ

2
(E.4)
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where A is an unknown constant and a linear bounded function of f(ŝ) = (1− ŝ)/2

ensures the dislocation density at the crack mouth is bounded.

An approximate expression for slip at ξ̂i can be written using (E.4 and D.5) as

δi =

ˆ ξ̂i

−1

(√
1 + ŝ√
1− ŝ

BmTm(ŝ) + A
1− ŝ

2

)
dŝ (E.5)

where it can be written in the following form

δi = DimBm + A

ˆ ξ̂i
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1− ŝ
2

dŝ = Sijφj + A

ˆ ξ̂i

−1

1− ŝ
2

dŝ− δ0 (E.6)

where Sij = DimC
−1
jm. Slip at the crack mouth δ0 (ξ̂ = 0) can be calculated by

δ0 = δξ̂=1−
ˆ 1
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dŝ =
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N∑
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φ(ŝj)−A

(E.7)

The index i provides a set of N equations for N + 2 unknowns: a/aw, φj, A. The

additional constraints of bounded stress intensity factor φ(±1) = 0 are imposed

applying Krenk’s interpolation approximation for the end-points [139]:

φ(−1) = 0 =
N∑
i=1

sin[iπ(2N − 1)/(2j + 1)]

sin[iπ/(2j − 1)]
φn−j+1 (E.8)

φ(1) = 0 =
2

2N + 1

N∑
i=1

cot[
2i− 1

2N + 1

π

2
] sin[

2i− 1

2N + 1
Nπ]φj (E.9)
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