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Abstract

Groundwater temperature is an important water quality parameter that affects species
distributions in subsurface and surface environments. To investigate the response of
subsurface temperature to atmospheric climate change, an analytical solution is derived for a
one-dimensional, transient conduction-advection equation and verified with numerical
methods using the finite element code SUTRA. The solution can be applied to forward model
the impact of climate change on subsurface temperature profiles, or applied in an inverse
manner to produce a surface temperature history from measured borehole profiles. The
initial conditions are represented using superimposed linear and exponential functions, and
the boundary condition is given as an exponential function. This solution expands on a
classic solution in which the initial and boundary conditions were restricted to linear
functions. The exponential functions allow more flexibility in matching climate model
projections (boundary conditions) and measured temperature-depth profiles (initial
conditions). For example, measured borehole temperature data from the Sendai Plain and
Tokyo, Japan were used to demonstrate the improved accuracy of the exponential function
for replicating temperature-depth profiles. Also, the improved accuracy of the exponential
boundary condition was demonstrated using air temperature anomaly data from the
Intergovernmental Panel on Climate Change. These air temperature anomalies were then
used to forward model the subsurface effect of surficial thermal perturbations. The
simulation results indicate that recharge can accelerate shallow subsurface warming, while
upward groundwater discharge can enhance deeper subsurface warming. Additionally, the
simulation results demonstrate that future groundwater temperatures obtained from the
proposed analytical solution can deviate significantly from those produced with the classic
solution.
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1. Introduction

1.1. Importance of groundwater temperature

Groundwater temperature is less variable than surface water temperature, thus
groundwater discharge can stabilize river temperatures during winter and summer months
(Hayashi and Rosenberry, 2002; Caissie, 2006; Webb et al., 2008). Discrete cold-water
plumes formed by groundwater-surface water interactions have also been shown to provide
critical thermal relief for cold-water fish during high-temperature events (Cunjak et al., 2005;
Breau et al., 2011; Torgersen et al., 2012). In a warming climate, the ecology of riverine
systems may become increasingly dependent on groundwater discharge. Groundwater
temperature can also affect subsurface biogeochemical processes and influence the
distribution of unicellular and multicellular microorganisms in the subsurface and in surface
water at points of groundwater discharge (Rike et al., 2008; Andrushchyshyn et al., 2009;
Green et al., 2011; Roy et al., 2011; Sharma et al., 2012). Thus groundwater temperature can
affect species richness in subsurface and riverine ecosystems and thereby impact
groundwater and surface water quality. Because aquifer and river thermal regimes are
interrelated, there is a need for further studies examining the effect of climate change on
groundwater temperature. For example, Mayer (2012) has recently noted: ‘The future
warming of shallow groundwater temperature...could affect stream temperatures...One
challenge to assessing this is that most studies of climate change impacts to groundwater
have focused on changes to recharge and sub-surface flow rather than effects to groundwater
temperature.’

Recent climate change effects on surface and shallow subsurface temperature have
already been observed (e.g., Qian et al., 2011), and climate model projections for the coming
decades indicate that significant warming will occur on a regional and global scale (Solomon
et al., 2007). Groundwater temperature will respond to a warming climate as rising ground
surface temperature trends will be propagated through the subsurface (Taylor and Stefan,
2009); however, very little research has been conducted on the impact of future climate
change on groundwater temperature.

1.2. History and limitations of conduction heat transport mathematics

The subsurface thermal regime is driven by energy and water exchanges at the ground
surface and the geothermal heat flux from the Earth’s interior. Ground surface temperature
signals are transported and retained in the subsurface, but the amplitude of the temperature
variation (e.g., daily or seasonal temperature fluctuations) exponentially attenuates with
depth due to the process of heat diffusion and the ability of the soil and water to retain heat
(Carslaw and Jaeger, 1959; Lunardini, 1981; Williams and Smith, 1989). High frequency
ground surface temperature signals (e.g., monthly) are only retained at shallow depths, but
lower frequency signals (e.g., decadal climate change) may be retained at great depths
(Lesperance et al., 2010).



Early subsurface heat transport analyses were predicated on the assumption that
conduction was the dominant form of heat transport. Birch (1948) proposed that the
distribution of subsurface temperature could be used to infer past climatic conditions by
analyzing a transient form of the conduction equation. His theory has since been expanded to
reproduce paleoclimates by inverting temperature-depth profiles (e.g., Lachenbruch and
Marshall, 1986; Mareschal and Beltrami, 1992; Beltrami et al., 1995; Harris and Chapman,
1997; Pollack et al., 1998; Lesperance et al., 2010). These results have been used to assess
the validity of global climate model (GCM) simulations of past climates. Conduction-based
analytical solutions have also been used to forward model the effects of past climate change
by using measured or GCM-simulated air temperature history to perturb an assumed initial
geothermal profile (Beltrami et al., 2005; Gonzalez-Rouco et al., 2006). Other solutions to
the transient heat conduction equation under a variety of initial and boundary conditions have
been compiled by Carslaw and Jaeger (1959), Ozisik (1968), and Crank (1980).

Conduction-based techniques for paleoclimate inversion may be invalid in regions of
significant groundwater flow because the subsurface thermal signature used to infer surficial
climate change may have resulted from advective heat transport (Lewis and Wang, 1992;
Kukkonen et al., 1994; Bodri and Cermak, 2005; Ferguson et al., 2006). For example, both
ground surface temperature increases and downward groundwater flow can induce a concave
upward temperature distribution (Figure 1). Bodri and Cermak (2005) observed that the
effects of advection were discernible in their simulated one-dimensional temperature profiles
when Darcy flux exceeded 1x10° m-s* (0.032 m-yr). Thus, the assumption that conduction
is the only significant form of heat transport may be invalid for regions where water or vapor
transport are significant (Woodbury and Smith, 1985; van der Kamp and Bachu, 1989;
Hinkel and Outcalt, 1993; Kane et al., 2001; McKenzie and Voss, 2013).

1.3. Groundwater temperature as a tracer for groundwater velocity

Suzuki (1960) first proposed that temperature-depth profiles could be used to estimate
rates of vertical groundwater flow by solving the following one-dimensional conduction-
advection equation for semi-infinite media:
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where 1 is the thermal conductivity of the medium (M-L-t3T?), T is temperature, z is depth
below ground surface (L), q is the vertical Darcy flux (positive downwards, L-t1), cwpw is the
volumetric heat capacity of water (M-L1t2T1), ¢p is the volumetric heat capacity of the
medium (M-L2t2-TY), and t is time. Suzuki (1960) solved this equation by applying a
periodic first-type boundary condition to represent the annual cycle of ground surface
temperature. Stallman (1963; 1965) later provided a more detailed derivation of the
governing equation (1) and the solution for determining groundwater velocity based on the



subsurface temperature distribution. The methods for using groundwater temperature to
estimate groundwater velocity have been comprehensively reviewed by Anderson (2005) and
Saar (2011).

1.4. Combined effects of groundwater flow and ground surface temperature rise

A temperature-depth profile that is assumed to have been induced by vertical
groundwater flow may have actually arisen from long-term climate change (Ferguson and
Woodbury, 2005; Reiter, 2005); this is the converse of the problem facing
paleoclimatologists. To address this issue, Taniguchi et al. (1999) modified an analytical
solution by Carslaw and Jaeger (1959, p. 388) to account for both surface temperature
changes and vertical groundwater flow. The governing equation is of the same form as
equation (1); the initial conditions, boundary condition and solution are given below:

Initial Conditions: T (z,t =0) =T, +az

Boundary Condition: T(z=0,t) =T, + ¢t

Solution:T (z,t)=T, +a(z —Vt)+%((o+va)x
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where T is the initial surface temperature, a is the geothermal gradient (T-L™), erfc is the
complementary error function, ¢ is the slope of the linear ground surface temperature rise
(T-t1), D is the thermal diffusivity of the medium = A@cp)? (L2-t1), and v = qewpw(cp)™
(L-th).

Taniguchi et al. (1999) proposed that this analytical solution could be used to
determine groundwater fluxes in regions of measured surface temperature rise due to
urbanization or climate change; conversely, if the groundwater flux was known, the solution
could be inverted to reproduce a linear ground surface temperature history from borehole
temperature data (Miyakoshi et al., 2003; Taniguchi et al., 2003; Uchida et al., 2003;
Taniguchi and Uemura, 2005; Uchida and Hayashi, 2005; Taniguchi, 2006; Taniguchi et al.,
2009). This solution has also been recently applied to forward model future groundwater
temperature based on downscaled climate change projections for the Sendai Plain, Japan
(Gunawardhana et al., 2011; Gunawardhana and Kazama, 2011).

1.5. Improved boundary and initial conditions using exponential functions

GCMs simulate atmospheric, surficial, and oceanic processes to project future climate
regimes due to increased atmospheric greenhouse gas concentrations (Solomon et al., 2007).
The Intergovernmental Panel on Climate Change (IPCC, 2007) compiled multi-model



averages for global air temperature anomalies for 2000-2099 from 24 GCM’s driven by
emission scenarios B1, A1B and A2. The multi-model A2 emission scenario results are
characterized by significant concavity that may be better represented by boundary conditions
containing an exponential function, rather than the linear boundary conditions available in
existing conduction-advection solutions. Some previous solutions to the transient conduction
equation have employed a series of superimposed step functions as the surface boundary
condition (e.g., Beltrami et al., 2005). This boundary condition can mimic surface
temperature history or projections better than a linear function, but these solutions have
limited applicability for simulating subsurface temperature evolution when advection is
significant.

Although we utilized air temperature anomalies to form our boundary condition, we
acknowledge that the ground surface temperature, not the air temperature, drives the
subsurface thermal regime (Lunardini, 1981). It is well-established that high frequency (e.qg.,
daily or seasonal) air temperatures and ground surface temperature variations are decoupled
due to snow cover insulating effects, latent heat arising from freeze/thaw phase changes,
shading from vegetation, and other factors (e.g., Beltrami and Kellman, 2003; Beltrami et al.,
2005; Zhang, 2005; Smerdon et al., 2006). This short term decoupling does not necessitate a
decoupling between low frequency (e.g., decadal) variations in air temperature and ground
surface temperature, and there remains an ongoing debate regarding the coupling of air
temperature and ground surface temperature anomalies in past or projected long-term climate
change (e.g., Mann and Schmidt, 2003; Smerdon et al., 2004; Beltrami et al., 2005; Pollack
et al., 2005; Gonzalez-Rouco et al., 2006; Smerdon et al., 2006; Stieglitz and Smerdon,
2007). It is possible that the significant rate of climate change projected for the coming
decades may reduce the average length of the snow-covered period and the mean annual
snowpack depth at some latitudes. This would reduce the mean annual thermal conductivity
between the lower atmosphere and the ground surface and could result in differences
between projected changes in decadal air temperature and ground surface temperature trends
(Mellander et al., 2007; Kurylyk et al., 2013). However, following the approach of others
listed above, we assume that long-term ground surface temperature changes will closely
follow air temperature changes.

Measured temperature-depth profiles are also typically nonlinear. This is particularly
noticeable in the shallow subsurface because of the effects of vertical groundwater fluxes or
recent warming due to climate change or urbanization (Mareschal and Beltrami, 1992;
Kukkonen et al., 1994; Ferguson and Woodbury, 2004; 2005; 2007). The present borehole
temperature profile represents the initial conditions for forward modeling the subsurface
thermal response to climate change, thus initial conditions functions should be capable of
matching non-linear temperature profiles.



1.6. Research objectives

The intent of this contribution is to address the limitations associated with the initial
and boundary conditions employed in the analytical solution developed by Carslaw and
Jaeger (1959) and modified by Taniguchi et al. (1999). Our first objective is to demonstrate
that exponential functions, which are still amenable to analytical solutions, are better
representations for surface boundary conditions and initial temperature-depth profiles. Our
second objective is to do develop an analytical solution for which exponential terms are
included in both the boundary and initial conditions and to apply this solution in several
illustrative examples.

Although numerical solution methods can be employed to simulate subsurface
temperature evolution, in some cases analytical solutions offer important advantages.
Javandel et al. (1984) noted four advantages that are relevant to the current topic: (1)
analytical methods are more efficient than numerical methods when the system is poorly
defined or uncertain, (2) analytical methods are more economical (computationally) than
numerical methods, (3) analytical methods are useful for initial estimations, and (4)
analytical methods remove the need for experienced modelers or complex numerical codes.
In addition to these advantages, analytical methods can allow the user to quickly simulate the
effect of varying the governing equation parameters (e.g., soil thermal properties or
groundwater velocity) and the initial and boundary conditions. Additionally, analytical
solutions are more stable than numerical methods and are not subject to the spatiotemporal
discretization problems that may arise when employing numerical methods.

2. Methods

2.1. Development of exponential initial and boundary conditions

As previously discussed, the surface temperature projections produced by GCMs for
some emission scenarios may be more appropriately simulated with an exponential Dirichlet
boundary condition (3) rather than a linear surface boundary condition (2):

T(z=0,t) =T, +bexp(ct) (3)

where T1 (T), b (T), and ¢ (t?) are fitting parameters. The boundary conditions in equation (2)
and equation (3) indicate that T, should equal T;+b for both boundary conditions to have the
same value at t =0. The ability of equation (3) to reproduce the surface temperature trends
will be demonstrated in the results.

Also, existing temperature-depth profiles may be better represented with the
superposition of exponential and linear functions (4), rather than with a simple geothermal
gradient (2):



T(z,t=0)=T,+az+oexp(dz) 4

where T; is a fitting parameter for the initial conditions (T), a is the general geothermal
gradient (T-L™), and 6 (T) and d (L) are fitting parameters to account for recent surface
temperature changes or vertical groundwater flow. The superposition of linear and
exponential functions to form the initial conditions shall hereafter be referred to as the
‘exponential initial conditions’. Equation (4) is flexible and capable of producing initial
conditions that mimic a variety of measured temperature-depth profiles. If the d term is
negative, the third term in equation (4) exponentially decays with depth and reproduces the
shallow thermal signature seen in the profiles given in Figure 1 arising from surficial
warming/recharge (+o0 for concave upwards) or surficial cooling/discharge (-0 for convex
upwards). The ability of equation (4) to reproduce existing temperature-depth profiles will
also be demonstrated in the results.
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Figure 1: Temperature depth profiles for a stable climate as a function of the groundwater flow direction.
Below the seasonal penetration depth, temperature-depth profiles are concave upward in groundwater
recharge areas (vertical downward flow), linear in lateral flow regions (with no horizontal thermal
gradient), and convex upward in discharge areas (vertical upward flow) (after, Taniguchi et al., 1999;
Anderson, 2005; Saar, 2011)



2.2. Development of the modified analytical solution

Equation (1) was manipulated and expressed in the standard form employed by
Carslaw and Jaeger (1959):

2
pIT_ T o ®
oz oz ot

where D is the thermal diffusivity of the medium A(cp)? (L2-t), and v = qowpw(cp)? (L-tD).
The initial and boundary conditions were taken as equations (4) and (3), respectively. Our
formulation for thermal conductivity/diffusivity ignores the effects of hydrodynamic
dispersion, although several researchers have suggested alternative formulations that account
for these effects (Molina-Giraldo et al., 2011; Sauty et al., 1982; Ferguson, 2007).

Typically, a partial differential equation (PDE) of this form would be first reduced to
a pure diffusion equation by means of a transform of the independent variables z and t
(Farlow, 1982) or the dependent variable T (Ogata and Banks, 1961). However, these
techniques tend to cause the boundary condition (3) to become overly complex or spatially
transferred so that it is no longer a true boundary condition. In this case, a more appropriate
technique is to first reduce the PDE to an ordinary differential equation by means of the
Laplace integral transform (Farlow, 1982; Trim, 1990). The subsidiary equation for this
governing equation and the associated initial conditions is then:

2_ T —
Dg—vg—pT:—Ti—az—éexp(dz) (6)
oz 0z
The boundary condition (3) was used to find the solution to the subsidiary equation according
to the method of undetermined coefficients (Zill, 2005):

T= E+L—E+#exp(dz) +exp(£jx
p p p° -Dd*+vd+p 2D
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where f(z, p) is the Laplace transform of the temperature T(z, t), and p is the Laplace

transform of t or the time expressed in the frequency domain. By first employing the shift
theorem (Trim, 1990), then applying appropriate tabulated inverse Laplace transforms
(Carslaw and Jaeger, 1959; Roberts and Kaufman, 1966), and finally making the appropriate
simplifications, the following solution was obtained (see supplementary material for full
derivation):
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If desired, equation (8) can be solved for an initial linear temperature-depth profile by setting
the 0 term in equations (4) and (8) to zero.

T=az+T, —vat+5exp(Dd2t+dz—vdt)+

This solution can be evaluated in a spreadsheet; however, the product term involving
the exponential function and the complementary error function can be problematic. Warrick
(2003) gives the following approximation that was used to evaluate equation (8):

exp(x)xerfc(y) =if | y < 3,exp(x) xerfc(y), M [1—E 0. 75]} )
72'
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2.3. Verification of the analytical solutions with numerical methods

Equation (8) was verified by comparisons to simulations performed within the
groundwater flow and heat transport model SUTRA (Voss and Provost, 2010). SUTRA is a
robust finite element model that accommodates variably saturated, multi-dimensional
groundwater flow and heat transport. For the present study, the initial and boundary
conditions and other parameters in the model were set so that the simulations were performed
for one-dimensional flow and heat transport, fully saturated conditions, and spatiotemporally-
constant groundwater velocity. In this case, the SUTRA governing equations reduce to
equation (1). Figure 2 shows the simplified physical scenario and numerical modeling setup.
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Figure 2: The assumed physical scenario and the numerical model domain used for Sutra. Appropriate
initial and boundary conditions were imposed in Sutra to constrain the heat and fluid flow to the vertical
dimension.

3. Results

3.1. Assessment of the exponential boundary condition

Two synthetic curves were generated to represent the IPCC (2007) projected
temperature anomalies for each emission scenario for 2000-2099. The first was generated
using equation (3) with the fitting parameters optimized to minimize the root-mean-square-
error (RMSE) between the synthetic data and the projected data from the GCM ensemble.
The second function connected the IPCC initial and final temperature anomalies for 2000-
2099 wusing a linear boundary condition (boundary condition, equation 2) (e.g.,
Gunawardhana et al., 2011; Gunawardhana and Kazama, 2011). These curves are shown in
Figure 3. It is evident that, particularly for the higher emission scenario A2, the exponential
and linear curves deviate significantly from each other at mid-century (maximum difference
~0.5°C). The RMSE between each curve and the associated IPCC GCM ensemble indicated
that the exponential function (RMSE = 0.032, 0.053, and 0.039 for the B1, A1B, and A2
IPCC data, respectively) provided a better fit to the climate projections than did the linear
function (RMSE = 0.115, 0.081, and 0.346 for the B1, A1B, and A2 data, respectively).
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Figure 3: IPCC multi-model, globally averaged air temperature anomaly for 2000-2099 relative to 1980-
1999 for emission scenarios Bl, A1B, and A2 (data from, IPCC, 2007) and the linear (boundary
condition, equation 2) and exponential (equation 3) functions generated to match the projections. The
equation parameters are indicated.

Table 1: Fitting parameters for each curve shown in Figure 4 and the associated RMSE and R values for
(a) the Sendai Plain and (b) Tokyo
Curves Fitting Parameters Fit to Data

Description To(°C) a(°Cm?') Ti(°C) a(°’Cm?l) &(¢°C) d(ml) RMSE R

(A). Sendai Plain Data

Well 1-Linear 13.261  0.0309 0.0965 0.9790
Well 4-Linear 13.501  0.0128 0.0817 0.9080
Well 5-Linear 14.095  0.0259 0.1921 0.9237
Well 1-Expo 7.804 -0.0596 5.889 0.01054 0.0141 0.9996
Well 4-Expo 7.0197 -0.0802 6.856  0.00977 0.0121 0.9981
Well 5-Expo 7.5245 0.0949 7.5656 -0.0185  0.0607 0.9926
(B). Tokyo Data
Well 1-Linear 15.382  0.0137 0.3270 0.9117
Well 74-Linear  16.328  0.0214 0.2595 0.9542
Well 1-Expo -2.886 0.0701 19.513 -0.0046  0.0257 0.9994

Well 74-Expo 15.603 0.0283 3.352  -0.0670 0.0440 0.9987




3.2. Assessment of the exponential initial conditions

To demonstrate the ability of equation (4) to match temperature-depth profiles,
measured subsurface temperature data were obtained for the Sendai Plain, Japan
(Gunawardhana, pers. communication, 2012) and for Tokyo, Japan (Taniguchi, pers.
communication, 2012). Figure 4 shows the temperature data for depths below the seasonal
penetration depth (> 10 m). A linear function (initial conditions, equation 2) and an
exponential function (equation 4) were used to match the measured profiles by minimizing
the RMSE between the measured and calculated temperature-depth profiles (Figure 4). The
fitting parameters are indicated in Table 1 along with the associated RMSE and correlation
coefficient (R values). It is evident that the exponential function does a far superior job of
replicating the measured profile in all five instances.
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Figure 4: Measured borehole (BH) temperature data from (a) the Sendai Plain, Japan (data from
Gunawardhana et al., 2011) and (b) Tokyo, Japan (data from Taniguchi et al., 1999). The associated linear
(initial and boundary conditions, equation 2) and exponential (expo, equation 4) best fits for each BH are
indicated by the dashed and continuous lines, respectively.



3.3. Results for illustrative examples with future surface warming

Temperature-depth profiles were generated from equation (8) for hypothetical surface
warming and groundwater flow scenarios having the thermal properties, initial conditions,
and boundary conditions described below. These simulations were also simulated with the
SUTRA numerical code and thus served as verification problems. The thermal properties
were obtained from Bonan (2008) and Oke (1978). The values assumed for the thermal
conductivity of the medium A, volumetric heat capacity of the medium cp, and heat capacity
of water cwow were 2.20 W-m?t.°C?t, 2.96x10° J-m3.°C?, and 4.18x10° J-m3.°C?,
respectively. These yield an effective heat diffusivity D for the medium of 7.43x107" m?.s2.
An initial surface temperature of 14°C was assumed for the simulations; this is approximately
the current average global surface air temperature (Jones et al., 1999). In all cases, the initial
conditions (black series) were assumed to be concave upwards due to recent warming. A
typical geothermal gradient a of 0.025 °C-m™ was imposed below the near surface concavity
(equation 4). The exponential boundary condition used to match the A2 projections (Figure
3) was applied for the surficial boundary condition, as the A2 projections are often
considered to be the most realistic of the IPCC emission scenarios. In its upcoming Fifth
Assessment Report, the IPCC is adopting ‘representative concentration pathways’ (RCP, van
Vuuren et al., 2011); the most extreme of these RCPs generally predicts more extreme
warming than the A2 emission scenario. The exponential curve fitted to the A2 projections
was shifted upwards by 14°C to represent the actual surface temperature rather than the
temperature anomalies. The intent of using globally averaged current and projected surface
temperatures for the boundary condition is to simulate the subsurface response to climate
change at a representative location.

The temperature-depth results given in Figure 5 show that the analytical results
(equation 8) are in excellent agreement with the SUTRA simulations. It is quite clear that at
this groundwater flux (0.5 m-yr, Figure 5a and 5b), advection is a significant heat transport
mechanism. Figure 5a indicates that groundwater recharge could accelerate the transport of
warming surface temperatures into the shallow subsurface. Additionally, Figure 5b
demonstrates that groundwater flow in discharge regions could exacerbate the increase in
subsurface temperature, because the subsurface is being warmed from above (climate
change) and from below (advective heat transport from deeper geothermal regions). Thus, it
appears that the direction of the groundwater velocity will play an important role in
determining the subsurface thermal response to climate change. Simulations for other
groundwater fluxes were performed, and our results generally concurred with those of Bodri
and Cermak (2005) in that groundwater fluxes exceeding 0.03 m-yr? discernibly perturbed
the temperature profiles from a purely conductive regime. The temperature-depth profiles in
Figure 5c exhibit a typical conductive response to a surficial thermal perturbation (Carslaw
and Jaeger, 1959; Taniguchi et al., 1999).
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Figure 5: Temperature-depth profiles generated with Sutra and the analytical solution (equation 8) for
the case of (a) recharge (downward flow), (b) discharge (upward flow), and (c) negligible flow. The
equation parameters used to generate the initial conditions (IC) and boundary conditions (BC) are given in the
inset. The thermal properties are provided in the text.

3.4. Comparison of equation (8) and the Taniguchi et al. (1999) solution

Previously compiled borehole data from the Sendai Plain were used to demonstrate
the potential differences that may arise from the selection of the initial and boundary
conditions (equation 8 vs. equation 2). These data were chosen as recent research has
demonstrated that groundwater flow and heat transport in the Sendai Plain is primarily one-
dimensional (Gunawardhana et al., 2011). The linear and exponential functions fitted to the
temperature-depth profile in borehole 5 (Figure 4 and Table 1) were used as initial conditions
for the simulations. Borehole 5 was chosen because it contained the deepest temperature
profile. For both sets of initial conditions (i.e., linear and exponential), the initial surface



temperatures were found by extrapolating the curves up to the ground surface. The boundary
conditions were then developed by adding the initial surface temperature to the exponential
and linear A2 global surface temperature anomaly functions (Figure 3).

A vertical groundwater recharge flux of 0.130 m-yr! was imposed to match the value
suggested by Gunawardhana et al. (Table 3, 2011). The thermal properties listed above were
also utilized for these simulations. The analytical solution presented by Taniguchi et al.
(1999) was applied to determine temperature-depth profiles for the case of linear initial
conditions (from Borehole 5, Figure 4a, and Table 1) and a linear boundary condition.
Equation (8) was used to determine temperature-depth profiles for the case of exponential
initial and boundary conditions.

Figure 6 demonstrates the significant effect of the different initial conditions (black
series) and boundary conditions. The initial condition has an inevitable impact on the
boundary condition, because the two conditions (initial and boundary) are required to
coincide att = 0, z = 0. In this case, the solution of Taniguchi et al. (1999) underestimates
shallow (upper 20 m) subsurface temperature on the order of 1°C and deeper (e.g., 100 m)
subsurface temperature on the order of 2°C for 2100.

— 0. 8 (0 yr) - e= Eq.2(0yr)
Eq. 8 (40 yr) = = Eq.2(40yr)
Eq. 8 (80 yr) Eq.2 (80 yr)
Eq. 8 (100 yr) Eq.2 (100 yr)
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Figure 6: Temperature-depth profiles generated from equation (8) and the solution by Taniguchi et al.
(1999) (equation 2) when the exponential and linear temperature profiles matched to Borehole 5 data
(Figure 4a and Table 1) are used for initial conditions, and the surface is perturbed by the linear and
exponential functions matched to the A2 global temperature anomaly projections (Figure 3).



4. Discussion

The preceding examples illustrated the application of the analytical solution to
forward model the subsurface thermal impacts of climate change; however, the analytical
solution can also be inverted to estimate past climate change trends from a borehole
temperature profile. Other researchers have demonstrated the application of inverted forms of
other analytical solutions to the conduction or conduction-advection equation to infer ground
surface temperature history (e.g., Lachenbruch and Marshall, 1986; Beltrami et al., 1995;
Taniguchi 2006). In this process, initial conditions are assumed for the temperature profile at
some time before the present, and the boundary condition is adjusted until the simulated
present-day temperature profile concurs with the measured profile. Various formal inversion
techniques have been utilized to obtain the best fit between the simulated and measured
borehole data (e.g., Mareschal and Beltrami, 1992, and references therein). These
approaches have limitations because (1) the conduction-based solutions cannot be inverted to
infer ground surface temperature in subsurface environments where advection is significant,
and (2) the conduction-advection solution (i.e., equation 2) that has been inverted restricts the
surface temperature history to a linear function.

The analytical solution proposed in equation (8) can be inverted without the two
limitations noted above because it can accommodate groundwater flow and non-linear
ground surface temperature changes. One question to be addressed in future research is how
to establish the initial conditions for this inversion problem. Generally for inversion
purposes, geothermal (i.e., linear) temperature profiles are assumed for initial conditions.
Following the approach of others, the 6 term in equation (4) can be set to zero to yield
geothermal initial conditions for equation (8). However, even in the absence of climate
change, the initial conditions may deviate from the geothermal profile if groundwater flow is
significant. A potential solution to this problem is to generate appropriate initial conditions
by first running the solution for a longer period (e.g., 10,000 years) with a constant boundary
condition (b = 0 in equation 3) and the presumed groundwater flux. Equation (4) could then
be fit to the results of such a simulation and used as the initial conditions for the inversion of
a present-day borehole temperature profile. The formal inversion of this solution would not
be onerous as the new boundary condition (equation 3) only contains one additional fitting
parameter compared to the linear boundary condition of Taniguchi et al. (1999).

It should be noted that care must be employed when selecting an appropriate initial
condition for the proposed solution for the purpose of forward modeling. If equation (4) is
used to generate an initial condition by simply minimizing the RMSE between the function
and measured borehole temperature data, very high temperatures may result at great depth,
and these temperatures will eventually be conducted upwards. This effect will be exacerbated
in regions of discharge, as advective heat flux will propagate the unreasonably high
temperatures from below. It is recommended that the generated initial conditions be plotted



at depths much deeper than the region of interest to ensure that unreasonable results are not
obtained. For this reason, results that extend far below measured borehole profiles should be
considered with caution.

Finally, it should be recognized that the proposed analytical solution has inherent
simplifications associated with the governing equation (e.g., one-dimensional water and heat
flow, spatiotemporally constant groundwater velocity, no phase change in pore water, fully
saturated conditions, and constant soil grain and soil water thermal properties). Additionally,
the boundary condition cannot account for seasonal variations in temperature, and thus the
shallow temperature-depth profiles produced by the solution represent annual average values.

5. Conclusions

An analytical solution for the one-dimensional conduction-advection equation was
developed that can better accommodate measured temperature-depth profiles for initial
conditions and air temperature projections for boundary conditions. For example, field data
from the Sendai Plain and Tokyo, Japan were used to demonstrate the flexibility and
improved accuracy of the initial conditions, and multi-model GCM air temperature
projections from the IPCC were used to demonstrate the improved accuracy of the boundary
condition. The solution was verified with numerical methods and applied to investigate the
effect of surface warming and groundwater flow on hypothetical temperature-depth profiles.
Results from these simulations indicated that groundwater recharge can exacerbate the rate of
shallow subsurface warming, whereas groundwater discharge can transport heat from deeper
geothermal zones.

To compare the differences between the analytical solution and the solution by
Taniguchi et al. (1999), simulations were performed using the temperature profiles from the
Sendai Plain, Japan as initial conditions and globally-averaged air temperature anomalies
from the IPCC as the boundary condition. The results indicated that the differences between
the two solutions can be significant (e.g., 1-2°C) in both the shallow and deeper subsurface
thermal regimes. The potential of this solution to be applied to infer past ground surface
temperate changes has also been discussed.
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