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Abstract

Competitive Diffusion is a recently introduced game-theoretic model for the spread of
information through social networks. The model is a game on a graph with external
players trying to reach the most vertices. In this thesis, we consider the safe game
of Competitive Diffusion. This is the game where one player tries to optimize his
gain as before, while his opponents’ objectives are to minimize the first player’s gain.
This leads to a safety value for the player, i.e. an optimal minimal expected gain no
matter the strategies of the opponents.

We discuss safe strategies and present some bounds on the safety value in the
two-player version of the game on various graphs. The results are almost entirely on
the safe game on trees, including the special cases of paths, spiders and complete trees
but also consist of some preliminary studies of the safe game on three other simple
graphs. Our main result consists of a Centroidal Safe Strategy (CSS) Algorithm
which suggests a safe strategy for a player on any centroidal tree, a tree which has

one vertex as centroid, and gives its associated guaranteed gain.

X
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Chapter 1

Introduction

Whether we think of Facebook, Twitter or Google+, amongst many other examples of
on-line social networks, it does not take too much observation of our surroundings to
realize that they are gaining significance in the life of people around us. Within these
on-line networks, information, ideas and influence spread from users to users. The
spreading of influence is not surprising. The tendency of individuals to resemble one
another is a phenomenon that has long been discussed in psychology and sociology.
Thus, just as certain toys can become popular amongst kids at school, as political
views can become similar within communities or as technologies can become common
amongst co-workers, influence occurs in on-line social networks. That is, users of
networks can adopt ideas or products based on the choices of their neighbours in
the network. Furthermore, influences in on-line social networks can be significant
since they do not have regional limitations. On-line social networks provide direct
connections to other people no matter the distance of separation or the frequency of

encounters in real life.

This can have implications in various contexts. For instance, companies or agen-
cies see this interconnection between people as a useful tool in the launch of new
technologies. They can advertise newly developed products by targeting a small
number of users of a network and relying on the spread of rumours for their infor-
mation to reach the other users. This is also known as ”viral-marketing”. The goal
of the companies is to find the initial set of users that will result in the largest span.
However, since companies have rivals, the diffusion of products or technologies in
social networks is not as simple as one idea spreading from user to user. It rather
consists of many conflicting ideas spreading simultaneously. These ideas are compet-
ing against each other to take over the largest part of the network. An interesting
way to study this type of diffusion is to consider it in a game-theoretic setting. The

Competitive Diffusion model introduced recently in [1] has such a setting. In this
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model, the companies are considered to be players outside a network that play a
game in which winning consists of reaching the most users. The model reduces to
a game on a graph where the players, with distinct colours, choose a starting ver-
tex. Then, the diffusion of colours occurs step-wise in a first-come, first-served basis.
That is, vertices, once coloured, will colour each of their adjacent vertices in the next
step and vertices adopt the first colour that reaches them. According to the authors,
their game-theoretic model is the first having players outside the network. Other
game-theoretic models have considered players as the users of the network with the
choice of adopting different products, but this is a completely different game. The
decentralized game-theoretic setting of the model lends a new point of focus to the

study of diffusion in social networks.

This thesis will focus on the concept of safe game for the Competitive Diffusion
on particular graphs. When a player chooses a strategy in the safe game, he asks
himself what would be the worst payoff he could receive. In other words, he always
assumes that his opponents are out to get him. Thus, the safe game has one player
with a goal of maximizing his personal gain while the other players’ goals are to limit
the gain to the first player instead of maximizing their own. This setting provides
safe strategies which have a minimal expected gain no matter the strategies of the
opponents. This is interesting in many cases. For example, consider, once again, the
diffusion of products from rival companies on a social network. It is likely that a
company does not know the marketing strategies of the other companies. In presence
of uncertainty, many companies can see a safe strategy as a good choice because it
provides knowledge on the worst that could happen. Knowledge of the worst case
reduces the risk associated to a decision since the outcome can only be better than
assumed. In particular, safe strategies are to be considered by companies which are
not risk takers, small companies which cannot afford to take the risk of not getting
information about their product to at least a few buyers and companies which feel
that their opponents are out to get them. All in all, there is no doubt that the presence
of uncertainty about other players is likely to be the case in real life situations and

so the safe strategies suggested in this thesis are great available options.

The goal of this chapter is to define the concept of safe game along with some other

notions in game theory, linear programming and graph theory essential for the next
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chapters. A reader already familiar with some of these areas of mathematics could
skip the corresponding sections and proceed to Chapter 2 where the Competitive
Diffusion will be defined more precisely and some examples of the notions will be

given in the point of view of the game considered.

1.1 Related Work

Social networks are a research topic in various fields including mathematics and com-
puter science but also sociology and economics. One can find numerous articles in
each of these fields as well as books which combine the views of the different fields
(see [12] and [9]). In sociology and economics, we study the characteristic interac-
tions and behaviors of individuals and groups of a social network. From mathematics
and computer science comes models that attempt to represent processes in the social
networks taking into account these interactions and behaviors. One process being
modelled is the diffusion of information or technologies throughout the social net-
work. This process is usually referred to as a "mouth-to-mouth” process, meaning
that users learn about the information through their connected peers.

In models for the spread of information, social networks are represented by graphs
with vertices corresponding to the users of the network and edges corresponding to
links between the users in the network. The vertices, which are initially inactive,
become activated once they adopt an idea. There are two general rules for this
process. One is that the tendency of a vertex to adopt an idea should increase
as more of his neighbours become activated and the other one forces a vertex that
becomes activated to stay that way throughout the rest of the process. There are
mainly two types of diffusion models i.e. threshold models and cascade models.

In threshold models, vertices become activated once they surpass a certain thresh-
old. The core of these models is the Linear Threshold Model. In this model, a vertex
v is influenced by each of its neighbours, w, by a weight b, ,,, where the weights b, ,,

are such that
Z buw < 1. (1.1)
w a neighbour of v

That is, the extend to which a vertex is influenced by a neighbour is represented by

the weight of the edge that connects the vertex to its neighbour. Weights are rescaled
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so that the total weight of all edges incident with a vertex never exceeds 1. Thus, the
weights can be interpreted as probabilities. Moreover, each vertex v has a threshold
0, uniformly and randomly chosen from the interval [0,1]. The different possible
values for the weights and the thresholds of the vertices translate the fact that some
people are more easily influenced than others. Given an initial set of active vertices,
the diffusion progresses in steps; any vertex v for which the total weight of its active

neighbours is at least #, becomes activated. In other words, after each step,

> Do (1.2)

w an active neighbour of v

is computed for every inactive vertex v. The vertices for which this value reaches its
designated threshold become activated in the current step.

In cascade models, as a vertex becomes activated, it activates each of its neigh-
bours with a given probability. The core of these models is the Independent Cascade
Model. In this model, we also start with an initial set of activated vertices. Then,
the diffusion progresses in steps where a vertex v that becomes activated, in turns,
tries to activate each of its neighbours, w and succeeds with a probability p,.,. The
probabilities p, ,, are parameters of the model. An important aspect of the process is
that, once a vertex succeeds or fails in activating its neighbours, it does not attempt
again for the rest of the process. In particular, the Competitive Diffusion from [1] on
which this thesis is focused is a cascade model where the probability of activating a
neighbour is 1.

Moreover, the study of diffusion models is divided into several settings. One of
them is an optimization problem. In this setting, the diffusion process can be thought
of as a fire that spreads through the network. The course of the fire can follow either
a threshold or cascade model of diffusion. The problem consists of determining where
to set the fire so that a maximum number of vertices get burned. In other words,
we are looking for the set of initial influenced users which will bring a greater overall
influence throughout the network. Omne can find results on this problem in [14], [4]
and [25]. In these articles, we also find variations of this problem. For instance, we
can have more than one product being diffused on the same network. In this case,
the optimization is in the point of view of the last person choosing where to light

his fire, once he knows where the others have been lit. This setting resembles the
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Competitive Diffusion of [1] by having a point of focus outside the social network.
However, it is not regarded as a game-theoretic setting where players simultaneously
choose strategies and live the outcome.

Another approach to study diffusion models is a game-theoretic one. First, we
have what are called network coordination games. In these games, the players are
the users of the network. They receive payoffs in relation to the similitude with their
neighbours in the adoption of products or ideas. For example, consider the network
coordination game in which each vertex has a choice between two possible products,
A and B. If the vertices v and w are adjacent in the network, we can have payoffs as

follows

e If both the vertex v and the vertex w adopt the product A, they each get a
payoff of a > 0;

e If both the vertex v and the vertex w adopt the product B, they each receive a
payoff of 5 > 0;

e If the vertex v and the vertex w adopt distinct products, they receive a payoft

of 0.

Choosing technologies is an example of a real life situation where this could occur.
It is advantageous for a person to have technological devices which are compatible
with the ones of his friends. Moreover, the larger number of friends with whom
he’s compatible, the larger the reward. Thus, the resulting payoff of a vertex, v will
be the sum of payoff over all its edges. Knowing the values of o and [, we can
calculate the fraction of neighbours of v needed to cause him to change products.
That is, the fraction of neighbours which would result in a higher resulting payoff if
he switches. Thus, the diffusion in this model has vertices switching products once
it is to their advantage. Many questions on this model have been looked at such as
finding the set of initial vertices which should be chosen by a new product B trying
to influence its way through a network which is initially influenced by the product A,
describing the Nash equilibria of coexistence between products A and B and studying
the characteristics of clusters which break the spread of influence. Much literature
concerning these games can be found in [11], [6] and [27]. In these articles, one can also

observe variations in the number of products to be chosen from, the added possibility
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of the users to adopt two products with additional cost and distinct values of payoffs,
a and [, for each user. The difference between these models and the Competitive

Diffusion of [1] is clearly the position of the players in the game.

Alternatively, there are the game-theoretic settings in which the players are con-
sidered to be outside the social networks. They choose initial users to influence and
their goal is to reach the most users. The Competitive Diffusion of [1] (see also
erratum [31]) is known to be the first model of this sort. In their article, the au-
thors discuss the relationship between the diameter of the graph and the existence
of pure Nash equilibria. In [30], the existence of a Nash equilibrium for this game
on trees is shown. Moreover, [29] considers the model of Competitive Diffusion on
a recently proposed model for on-line social networks and discusses the existence of

Nash equilibria.

Since the appearance of the Competitive Diffusion, a couple of generalizations
have been looked at. [10] and [34] both generalize the Competitive Diffusion model
by having the players in the game-theoretic setting outside the network, but with
different diffusion processes. In [10], the agents choose an allocation of budgeted
seeds over the vertices and the diffusion process is stochastic. The influence of a user
is divided into two parts. First, a switching function, in terms of the number of his
neighbours which have adopted either one of the products, gives the probability of a
user of adopting a product. Then, there is a selection function, which is conditional
upon switching and which gives the probability of the user adopting a product given
the proportion of his neighbours with it. The diffusion is divided in discrete time
frames where all inactivated vertices either update simultanously or are randomly
chosen to update. The authors consider mixed strategies for the players. That is, the
players assign probabilities to each possible distribution of seeds on the vertices of
the graph, given the total number of seeds in their budget. The authors explore the
existence of mixed Nash equilibria with different switching and selection functions.
In [34], the agents choose an initial set of k vertices and the diffusion is a threshold
model. The model includes two tie-breaking criterions, one for when a vertex is
initially chosen by two players and one for when a vertex is eligible to adopt more
than one product in the diffusion process. The tie-breaking criterions used are a

common reputation ordering of the products, i.e. a product with a higher reputation



7

being adopted over one with a lower reputation. Here, the authors study the existence
of pure Nash equilibria for different variations of the threshold model.

The focus in all these articles is finding and describing Nash equilibria. A Nash
equilibrium is a state in which all the players know the strategies of the other play-
ers and no player can increase his personal gain by changing his strategy while his
opponents keep theirs unchanged. Thus, we assume that each player has the full
information on what his opponents are doing. In real life situations, this is improb-
able. In contrast, the safe game has players with no knowledge of their opponent’s
strategies. In fact, when adopting a strategy, a player assumes the worst possible out-
come. This gives safe strategies with guaranteed gains no matter the strategies of the
opponents. Hence, the game is more representative of real life situations. The study
of the Competitive Diffusion in a safe game setting shows relevance and constitutes
the point of focus of this thesis.

Parallel to the game-theoretic setting, we also have Voronoi games (see for example
(7], [21]). In these games, the players or facilities choose locations in the space and
points or customers that are closest to the facilities are the players’ payoffs. The
version of this game which seems the most analogous to the Competitive Diffusion is
the Voronoi game on graphs (see [32] and [2]). Here, the players take turns choosing
vacant vertices on a graph to occupy. This is repeated for n rounds. The distance
between two vertices is the number of edges in the shortest path between them. As
the game progresses, the vertices are being dominated by the nearest occupied vertex.
In the end, the payoffs of the players is the total number of vertices they dominate.
Although being similar, the Competitive Diffusion brings a more complex diffusion
process than assigning the vertices to the players only based on distances in the graph.

The game-theoretic setting of the Competitive Diffusion of [1] where the players
are considered to be outside the network is still a new concept that lends a new point

of focus for the study of diffusion models through social networks.

1.2 Notions in Game Theory

Game theory is a branch of mathematics that analyzes strategies for individuals in
competitive situations where their outcome depends on the actions of their opponents.

One can find many books introducing the basic notions of game theory (e.g., [3]), but



all the necessary concepts for this thesis will be presented in the following sections.

1.2.1 Games and Strategies
We should start by defining a game in the sense of classical game theory.

Definition 1.1. A game involves a number of players, a set of strategies for each
player and a payoff that quantitatively describes the outcome of each play of the game

in terms of the amount that each player wins or loses.

Definition 1.2. A pure strategy of a player is a strategy that completely defines
how a player will play in a game. The set of pure strategies available to a player is

called a player’s strategy set.
Let us consider as an example, a simple two-player game: Matching Pennies.

Example 1.3. In the game Matching Pennies, both players have a penny that they
must secretly turn heads or tails. The players then reveal their choice at the same
time. If the pennies match (both being heads or both being tails), Player 1 wins a
point and Player 2 loses a point. If the pennies do not match (one penny is head and
the other is tail) Player 2 wins a point and Player 1 loses a point.

In this game, there are two pure strategies available to both players: turning the
penny heads or turning the penny tails. Thus, the strategy set of both players is:
{HEADS, TAILS}.

Suppose we have a two-player game and the players are called Player 1 (She) and
Player 2 (He). Say Player 1 has a choice amongst n possible strategies and Player 2
has a choice amongst m possible strategies. Let a;; and b;; be the payoffs of Player
1 and Player 2 respectively if Player 1 chooses the pure strategy i, 1 < i < n and
Player 2 chooses the pure strategy j, 1 < j <m. Then {a;; | 1 <i<n,1<j<m}
and {b;; | 1 <7 <n,1 <j <m} are two collections of numbers that can be arranged

in matrices to form the payoff or game matrices of each player.

Definition 1.4. The game matrix of a player is a matrix A = (a;;), 1 < i < n,
1 < j < m of real numbers such that the entry a;; represents his payoff if he chooses
to play the strategy associated to row ¢ and his opponent chooses to play the strategy

associated to column j.
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Example 1.5. In the game Matching Pennies described in Example 1.3, the game

matrices of Player 1 and Player 2 are
HEADS TAILS HEADS TAILS
A= HEeADS 1 -1 , B = HEADS -1 1
TAILS < -1 1 > TAILS ( 1 -1 )
Definition 1.6. A zero-sum game is a game with two or more players, in which
the gain of one player balances the loss of the other players and vice-versa. That is,

in a play of a zero-sum game with k players, if the payoff to a player is g; and the

payoffs to his opponents are ¢o, gs,...,gx, for k € Z, then Zle g; = 0.

In a two-player zero-sum game, whatever one player wins, the other loses so if a;;
is Player 1’s payoff when Player 1 plays the strategy associated to row ¢ and Player
2 plays the strategy associated to row j, then —a;; is Player 2’s payoff for the same
play. This means that in the case of a zero-sum game, the game matrices of Player 1
and Player 2 are related i.e. B = —A. Thus, all the information on the payoffs can

be determined from the game matrix of Player 1.

Example 1.7. The game Matching Pennies described in Example 1.3 is a zero-sum

game. Thus, the game matrices presented in Example 1.5 have the property A = —B.

Definition 1.8. A mixed strategy for a player is a vector X = (1, xa, ..., x,) such
that z; > Ofor all 1 < i < n and E?:l x; = 1. The entry z; in the vector is the
probability that the pure strategy associated to row i of the game matrix will be

chosen by the player.

Example 1.9. A mixed strategy for Player 1 in the game Matching Pennies described
in Example 1.3 could be X = (£,1), i.e. choosing to turn her penny HEADS with
probability % and TAILS with probability %

Let us denote the set of mixed strategies available to a player from a strategy set

of k pure strategies by Sy = {(21, 22, ..., 2x) | 2 > 0,1 < i < F, Zle 2 = 1}.

Remark 1.10. Pure strategies are part of the set of mixed strategies, Si. Precisely, a
pure strategy is of the form e; = (0, ...,0,1,0,...,0), 1 <1i < k, where the probability
of 1 in the ith position corresponds to the row i or the column ¢ always being played

by the player.
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When considering mixed strategies, the payoffs of the players become expected

payoffs or gains.

Definition 1.11. Consider the two-player game with A as the game matrix for Player
1. Suppose Player 1 chooses the mixed strategy X € S,, and Player 2 chooses inde-
pendently the mixed strategy Y € S,,. The expected payoff of Player 1 is

EX,)Y) = Z Z a;; - P(Player 1 chooses i and Player 2 chooses j)

i=1 j=1

= Zn: Xm: TiQijY; = XAYT

i=1 j=1

(1.3)

where Y7 is the transpose of the vector Y.

The expected gain of Player 1, E(X,Y) is what Player 1 can expect to receive
when the game is played many times with the strategies X and Y.

Example 1.12. In the game Matching Pennies described in Example 1.3, suppose

Player 1 chooses the mixed strategy X = (%,%
31
474

) while Player 2 chooses the mixed

). Player 1’s expected gain can be calculated with the formula

(47 ()=

Now, let us consider the expression of the expected gain in the previous definition

strategy Y = (

from the previous definition:

B(X,Y) = ( 2

3

Wl
[N TSN

if one or both players choose a mixed strategy equivalent to a pure strategy.

Remark 1.13. Let A be the game matrix of Player 1 in a two-player game and let ; A
denote the ith row of A and A; denote the jth column of A. Consider the following

two cases, in which the expression for the expected gain can be simplified:

(i) One player chooses a mixed strategy equivalent to a pure strategy.
If Player 1 chooses a mixed strategy e; = (0,...,0,1,0,...,0) with the entry
1 being the ith component and Player 2 chooses the mixed strategy Y, the
expected payoff of Player 1 is

m

E(Gi, Y) = 7,/4YVT = Z aijyj. (14)

J=1
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Similarly, if Player 2 chooses the mixed strategy e; = (0,...,0,1,0,...,0) with
the entry 1 being the jth component and Player 1 chooses the mixed strategy
X, the expected payoff of Player 1 is

1=1

(ii) Both players choose mixed strategies equivalent to pure strategies.
If Player 1 chooses the mixed strategy e; = (0,...,0,1,0,...,0) with the en-
try 1 being the 7th component and Player 2 chooses the mixed strategy e; =
(0,...,0,1,0,...,0) with the entry 1 being the jth component, the expected payoff
of Player 1 is
E(e;,ej) = a;;. (1.6)

The next lemma will be useful when calculating expected gains throughout the
next chapters. In words, the lemma states that all pure strategies against a mixed
strategy is as good as a mixed strategy against a mixed strategy. This means that
if an inequality holds for the expected gain of Player 1 with a mixed strategy X no
matter the pure strategy Player 2 chooses, then the result will hold even if Player 2
uses an arbitrary mixed strategy. Due to its importance in the next chapters and to

the shortness of the argument, we also include the proof from [1].

Lemma 1.14. Let X € S, be a mixed strategy for Player 1 and o be a number such
that E(X,e;) > « for all j, then we also have E(X,Y) > « for any Y € Sy,.

Proof. E(X,e;) > a = > x;a;; > «. If we multiply both sides by y; > 0 and sum
on j, we have:
E(X,Y)=) > may; >y ay;=a (1.7)
Jj ot J

since ) . y; = 1. O

Example 1.15. Consider the mixed strategy X = (%, %) for Player 1 in the game
Matching Pennies described in Example 1.3. If Player 2 chooses HEADS, the expected

gain of Player 1 is:

E(X 1) = Y0, wian = ( 2 3 ) ( _11 ) =1/3
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If Player 2 chooses TAILS, the expected gain of Player 1 is:

E(X,e5) = Y0, witip = < 2 3 ) ( _11 ) =—-1/3

Thus, the expected gain of Player 1 is at least —% no matter the choice of pure

strategy for Player 2 and therefore, Player 1 will have an expected gain of at least

1
3

In Example 1.12, we saw that when Player 2 chooses the mixed strategy ¥ = (%, }1),

no matter the mixed strategy chosen by Player 2.

the expected gain of Player 1 is % which is greater than —%.

1.2.2 Nash Equilibria

Other than the obvious interest in finding the winner, finding a stable solution in
which each player is satisfied is an important part of the analysis of a game. This

stable solution is called the Nash equilibrium, defined in words as follows:

Definition 1.16. A Nash equilibrium for a game with two or more players is a
set of chosen strategies and the corresponding payoffs for which every player knows
the equilibrium strategies of the other players and no player can increase his personal

gain by changing his strategy when the others keeps theirs unchanged.

Let us now work towards giving a mathematical definition of this concept when
considering mixed strategies. In a game, the goal of each of the players is to maximize
their personal expected payoff. A saddle point in mixed strategies is a pair of strategies

in a zero-sum game for which the payoffs to the players are optimal.

Definition 1.17. A saddle point in mixed strategies is a pair of mixed strategies

(X", Y™*) that satisfies

E(X,Y*) < B(X*,Y*) < E(X*,Y) for all X € S,,Y € Spn. (1.8)

The existence of a saddle point may or may not exist in every case with pure
strategies. With mixed strategies, it is a known result from von Neumann’s Minimax

Theorem that a saddle point always exists.
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Theorem 1.18. For any n X m matriz A,

min max XAY” = max min XAY” (1.9)
YeSm XeSn X€ES, YESM

and this value is called the value of the game, value(A). Moreover, there always

exists at least one saddle point (X*,Y*), X* € S,,Y* € S,,, such that
E(X,Y") < E(X",Y") =value(A) < E(X*)Y) forall X € S,,,Y € S,,.  (1.10)
Proof. For proof, see [3]. O

Example 1.19. The game Matching Pennies described in Example 1.3 is a zero-
sum game. (X*,Y*) where X* = (1, 1) and Y* = (4, 3) is a saddle point in mixed

strategies and the value of the game is 0.

When the game considered is not zero-sum, there are two expressions for the
expected gain: F;(X,Y) and Ey(X,Y) are respectively the expected payoffs of Player
1 and Player 2 when Player 1 chooses the mixed strategy X and Player 2 chooses the
mixed strategy Y. In this case, the concept of optimal play is due to John Nash, so

we have the concept of a Nash equilibrium.

Definition 1.20. A pair of mixed strategies (X*,Y*), X* € S, Y* € 5,,, is a Nash
equilibrium if

E (X, Y")

and Fo(X™Y) < Eo(X*, YY), forall Y € S,.

< Ey(X*Y"), forall X € 5,

(1.11)

If (X*,Y"*) is a Nash equilibrium, then E;(X* Y*) and E5(X*,Y*) are the optimal
payoffs to Player 1 and Player 2 respectively.
In matrix form, (X*,Y*), X* € S,, Y* € S,, is a Nash equilibrium if

E\(X*,Y*) = X*AY* > XAY*" for every X € S,

(1.12)
and Ey(X*,Y*) = X*AY* > X*AYT for every Y € S,,.

As with the saddle points, a Nash equilibrium may or may not exist in every
case with pure strategies, but the Nash Theorem of game theory states that if we
allow mixed strategies, all games with a finite number of pure strategies has a Nash

equilibrium (see [23],[24]).
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Example 1.21. Consider a modification to the payoffs in the game Matching Pennies

described in Example 1.3. Suppose the game matrices of Player 1 and Player 2 are

2 -1 1 -1
A= and B = .
-1 1 -1 2
This version of the game is not zero-sum. X* = (2, 2) and Y* = (2, 2) is a mixed Nash
equilibrium where the optimal payoffs to Player 1 and Player 2 are F1(X*, Y*) = %
and F,(X*,V*) = 1.

1.2.3 Safe Games

In a two-player zero-sum game, whatever one player wins, the other player loses.
Thus, while maximizing his personal payoff, a player also minimizes the payoff to his
opponent. Hence, players want to choose strategies that will maximize their individual
payoffs. In the case of non zero-sum games, this is not necessarily the case and so
choosing a strategy is more complex. On that account, the concept of safe game,
where players consider worst-case scenarios associated to their strategies, becomes
interesting. When adopting a safe strategy in a safe game, a player asks himself what
is the worst payoff he could get using this strategy; he finds his payoff in the situation
where his opponent happens to choose the strategy which causes the greatest harm.
In other words, the payoff that Player 1 can be guaranteed to receive is obtained by
assuming that Player 2 is actually trying to minimize Player 1’s payoff rather than
maximizing his own. This leads to a minimal expected payoff, a useful information in
a game where there is uncertainty about the other players. In real life situations, like
the competitive diffusion of rival companies, being unsure of our opponents is likely
to be the case.

Consider the two-player bimatrix game (A, B) where A is the game matrix of
Player 1 and B is the game matrix of Player 2. To get the optimal guaranteed gains
for the players, the games from the two matrices are considered separately. Matrix A
is considered as the matrix for a zero-sum game with Player 1 against Player 2 where
Player 1 (the row player) wants to maximize her personal gain, while Player 2 (the
column player) wants to minimize the payoff to Player 1. In a zero-sum game, recall
that the value of the game is the optimal payoffs to the players. Thus, the safety

value of Player 1 is value(A). Similarly, matrix BT is considered as the matrix of a
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zero-sum game of Player 2 (the row player) against Player 1 (the column player), so

Player 2’s safety value is value(B”). More formerly, we have:

Definition 1.22. In the bimatrix game (A, B), the safety value for Player 1 is
value(A) and the safety value for Player 2 is value(B7T).

Furthermore, if A has the saddle point (X#,Y?), then X is called the maxmin
strategy for Player 1 and Y is called the minmax strategy for Player 2.
Similarly, if B” has the saddle point (XBT, YBT), then X" is the maxmin strategy
for Player 2 and YB" is called the minmax strategy for Player 1.

Remark 1.23. If (X*,Y™*) is a Nash equilibrium for the bimatrix game (A, B), then
Ei(X*Y*) = X*AY*" > value(A) and Fy(X*,Y*) = X*AY*" > value(BT).

Example 1.24. Consider the variation of the game Matching Pennies in Example

1.21 where the game matrix of Player 1 is

A:(_21 j).

Let us consider the safe game in the point of view of Player 1, i.e. let us consider
the zero-sum game of the matrix A, where Player 1 wants to maximize her personal
gain, while Player 2 wants to minimize the payoff to Player 1. Let X = (2,1 — x) be
a mixed strategy for Player 1. From Lemma 1.14, we know that Player 1’s expected
gain against any mixed strategy Y of Player 2 is greater than or equal to the minimum
of her gain over all the pure strategies for Player 2. If Player 2 chooses HEADS, the
expected gain of Player 1 is 22 — (1 — z) = 3z — 1. If Player 2 chooses TAILS the
expected gain of Player 1is —z + (1 —x) =1 — 2.

The intersection point of the two equations represented in the graph of Figure 1.1,

23)

max, min{l—2z,3x—1},isat z = % Thus, Player 1’s maxmin strategy is X = (¢, &

1

and her safety value is ¢

1.3 Notions in Linear Programming

In the presence of a zero-sum game, linear programming is one approach to solving
game matrices. In the last section, we saw that getting the safety value and optimal

safe strategies of the players in the safe game of a bimatrix game (A, B), involved
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— 1-2x
3x-1

Figure 1.1: Expected gains of Player 1 in Example 1.24 when Player 2 chooses HEADS

or TAILS.
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separately solving the matrices as zero-sum games, regardless of the original game
being zero-sum or not. Hence, the methods of linear programming will be useful to
provide solutions to specific examples of the safe game of Competitive Diffusion.

Linear programming is a mathematical method for optimizing a linear objective
function subject to constraints defined as linear equalities or inequalities. The follow-
ing sections will define a linear programming problem and explain how the safe game
can be solved with linear programming. Further details and examples of linear pro-
gramming problems along with applications in game theory can be found in various
books (e.g. [3],[33]).

1.3.1 Definition of a Linear Programming Problem

A linear programming problem is an optimization of a linear objective function subject

to constraints defined as linear equalities or inequalities. Mathematically, we have:
Definition 1.25. A linear programming problem is defined as
maximize ¢!’ X
subject to AX <b (1.13)
X>0

where X is the column vector of variables to be determined, ¢ and b are column
vectors of coefficients known from the problem, A is a matrix of coefficients also

known from the problem and ¢! is the matrix transposition of c.

The definition of the problem above is the standard form of a linear programming
problem, where the goal is to maximize a function with constraints < and where the

variables of the vector X are positive.

Remark 1.26. Minimization problems, other forms of constraints as well as nega-
tive variables can all be rewritten in standard form. For minimization problems, it
suffices to consider the maximization of the negative of the objective function. A
linear equality constraint, aX = b, is equivalent to the pair of inequalities a X < b
and —aX < —b and constraints with inequalities > can be switched by taking the

negative of the coefficients. Lastly, when a variable = is not restricted to be positive,
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one can introduce two new variables, 2’ and z” such that 2’ > 0, 2”7 > 0 and replace

x by o’ — 2.
Every linear programming problem as a primal problem has a dual problem.

Definition 1.27. The dual problem of the linear programming problem from Defi-

nition 1.25 is defined as follows:
minimize 'Y
subject to ATY > ¢ (1.14)

Y >0

where the column vectors b and ¢ as well as the matrix A are unchanged and Y is a

new column vector of variables.

An important theorem concerning the primal and dual linear problems is the

theorem of duality (see [33]).
Theorem 1.28 (Duality Theorem). If either the primal problem:
Mazimize ¥ X, subject to AX < b and X >0
or the dual problem:
Minimize b'Y, subject to ATY > ¢ andY > 0

has a finite optimal solution, then so does the other problem and the objective functions

are equal, i.e. maxec!' X = minb'Y .

The theorem of duality also indirectly states that any feasible solution to the dual
problem is an upper bound to the optimal solution of the primal problem while any
feasible solution to the primal problem is a lower bound to the optimal solution of
the dual problem.

Note that it is possible for a linear programming problem to be unbounded or

infeasible.
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1.3.2 Solving the Safe Game with Linear Programming

We will now show how the problem of finding the safety value of Player 1 as well
as her optimal safe strategy in a two-player game can be translated into a linear
programming problem.

Suppose two players play a game where there are n pure strategies available to
both players. Let X = (z1,...,z,) be a mixed strategy for Player 1 represented by
a column vector, X, and let A = (a;;) be the game matrix of Player 1. If AT is
the transpose of the game matrix A, then AT X is a vector of n entries with the
Jth entry, " | a;;z; corresponding to E(X,e;). From Lemma 1.14, we know that if
E(X,ej) > a for all j, then E(X,Y) > a for all Y € S,,. Thus, with the strategy
X, Player 1 can be assured an expected gain greater than or equal to min; E(X ;).
Therefore, finding the optimal safe strategy is finding the values of {z; | 1 <1i < n}

such that min; F(X,e;) is maximized. This can be translated to the following:
maximize v
subject to ATX > v (1.15)

with 1 + 29+ ...+ 2, =1

and x1, 22, ...,x, > 0

where v is a variable corresponding to the minimal expected gain. If we introduce
the column vectors X’ = (x1,z9,...,2,,v) and ¢ = (0,0,...,0,1), this problem is

equivalent to

maximize ¢ X’

subject to
—anry —axy —... —apiT, +v < 0
—Q12T1 —QxTy —... —apaT, +v < 0
(1.16)
—QA1pT1 —Qop Ty —... —OppTn, +U < 0
Ty +zo  +... +x, +0v = 1

and x1, 29, ...,2, > 0
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which is a linear programming problem in standard form.

Moreover, we can derive the dual problem:

minimize b7 Y’

subject to
—anyr —ai2Y2 —... —aY, +V = 0
—any1 —aaYs —... —axy, +V = 0
(1.17)
—Ap1Y1 —Ap2Y2  —e. —QppYnp +V > 0
Y1 +ys A 4y, HOV = 1

and y1, Y2, ..., yYp >0

where Y’ = (y1, %2, ..., yn, V) and b = (0,0, ...,0,1) are column vectors. If we intro-

duce the column vector Y = (y1,y2, ..., Yn ), this dual problem is equivalent to
minimize V
subject to AY <V (1.18)

withyy +yo+ ... +y, =1
and y1, Y2, ..., yp >0

which translate to finding a mixed strategy for Player 2, Y = (y1, y2, ..., Yn), such that
the maximum gain that Player 1 can get considering all of her possible pure strategies
is minimized. In other words, finding the optimal mixed strategy Y = (y1, 42, ...Yn)
for Player 2 such that max; E(e;, Y) is minimized.

From the theorem of duality, we know that if there exists a mixed strategy for
Player 1 such that her minimal expected gain is maximized, then there also exists
a mixed strategy for Player 2 such that the maximum expected gain of Player 1
is minimized. Moreover, these gains coincide and are precisely the safety value for
Player 1 in the game. The safety value and the optimal safe strategy of Player 1 can
be obtained by means of linear programming methods with the help of a mathematical
programming language such as MATLAB® [19].

Furthermore, the theorem of duality indirectly states that any feasible solution of

the primal is a lower bound of the dual and any feasible solution of the dual is an
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upper bound of the primal. This said, the minimal gain with any safe strategy for
Player 1 is a lower bound on her safety value and Player 1’s maximal gain against any
mixed strategy for Player 2 is an upper bound. This will be a useful tool in the study
of the safe game of Competitive Diffusion. While linear programming can provide
the safety value and the optimal safe strategy of Player 1 for a two-player game, it
requires the game matrix. Determining the game matrix of games can be a lot of
work. Therefore, finding strategies for Player 1 and Player 2 that tightly bound the

safety value is a better approach.

1.4 Notions in Graph Theory

Graph Theory is a branch of mathematics that studies the properties and applications

of graphs.

Definition 1.29. A graph G = (V, E) is a mathematical structure consisting of two
finite sets V' and E, their elements called vertices and edges respectively. Each edge
is associated to one or two vertices, called its endpoint(s). Furthermore, we call a

vertex in the graph joined by an edge to v a neighbour of v.

The structure of nodes and connections in graphs makes them useful models in
various applications, including social networks. Social networks can be modelled by
undirected graphs where the vertices correspond to the users of the network and edges
represent links between two users. In fact, the game model of Competitive Diffusion,
which will be described formally in the next chapter, is essentially a game on a graph.
Thus, we will define a few families of graphs and some notions in graph theory that

will be useful in the analysis of the game.

1.4.1 Common Graphs

Definition 1.30. A path is a graph in which the number of vertices is one more
than the number of edges and where the graph can be drawn so that all its vertices

and edges lie on a straight line. A path graph with n vertices is denoted P,.

Example 1.31. See Figure 1.2 (a).
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eooooons oS

(a) Path graph with n vertices, P,. b) Cycle graph with n = 6 vertices, Cg.
(¢) Spider graph, S, with 10 vertices; 3 legs d) Binary tree of height 3.

each having 3 vertices.

s

(e) Ternary tree of height 2. (f) Complete graph, K.

(g) Bipartite graph. (h) Complete bipartite graph.

Figure 1.2: FExamples of common graphs.
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Definition 1.32. A cycle is either a single vertex with a self-loop or a graph in
which the number of vertices and edges are equal and the graph can be drawn so
that all its vertices and edges lie on a single circle. A cycle graph with n vertices is

denoted C,,.
Example 1.33. See Figure 1.2 (b).

A graph G is said to be connected if between every pair u and v of vertices of
(G, there exists an alternating sequence of vertices and edges from u to v in G. A
path in a graph G is an alternating sequence of vertices and edges adjacent in G
with no repeated vertices. A cycle in a graph G is an alternating sequence of vertices
and edges adjacent in GG that begins and ends with the same vertex but has no other

repeated vertices.
Definition 1.34. A tree is a connected graph that has no cycle.

Definition 1.35. A spider with n vertices, S, is a tree with one and only one vertex
of degree exceeding 2. The vertex of the spider with degree exceeding 2 is called the
body of the spider and any branch at the body of the spider is called a leg of the
spider. (Note that the legs of the spider are none other than non-trivial paths, see

26]).
Example 1.36. Sece Figure 1.2 (c).

Definition 1.37. A rooted tree is a tree with a designated vertex called the root.

Each edge is considered to be directed away from the root.

A rooted tree imposes a hierarchy on the vertices according to their distance from
the root. We can talk of the depth of a vertex v, that is, the distance from the
root to v, and the parent and children of v, that is the vertex preceding v on the
path from the root to v and the vertices succeeding v, respectively. Furthermore,
the height of the tree is the length of the longest path from the root. Lastly, there
are the leaves of the tree, particularly the vertices having no children or of degree
1 versus the internal vertices of the tree, which are the vertices that have at least

one child.

Definition 1.38. An m-ary tree (m > 2) is a rooted tree in which every vertex has

at most m children and in which at least one vertex has exactly m children.
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Definition 1.39. A complete m-ary tree is an m-ary tree in which every internal

vertex has exactly m children and all leaves have the same depth.
Example 1.40. See Figure 1.2 (d) and (e).

Definition 1.41. A complete graph is a graph in which every pair of vertices is

joined by an edge. A complete graph on n vertices is denoted by K.
Example 1.42. See Figure 1.2 (f).

Definition 1.43. A bipartite graph is a graph GG whose vertices V' can be partitioned
into two subsets U and W such that every edge of G has one endpoint in U and one

endpoint in W.
Example 1.44. See Figure 1.2 (g).

Definition 1.45. A complete bipartite graph is a bipartite graph in which all the
vertices in one of the bipartition subsets are joined to all the vertices of the other
bipartition subset. A complete bipartite graph that has m vertices in one of its

bipartite subsets and n vertices in the other bipartite subset is denoted K, ,,.

Example 1.46. See Figure 1.2 (h).

1.4.2 Properties of Trees

Definition 1.47. A maximal sub-tree of a graph G is a subgraph of G which is a

tree and cannot be extended without creating a cycle.

Definition 1.48. A branch of a tree T}, at a vertex v is a maximal sub-tree of T,
which has v as a leaf. Correspondingly, the weight of the vertex v, w(v), is the
maximum number of edges in any branch of v. Furthermore, the centroid of 7, is

the set of centroid vertices, vertices which have the minimal weight in 7}, (See [22]).

Example 1.49. Consider the tree with 15 vertices from Figure 1.3(a), T15 . In Figure
1.3(b), the vertex circled has three branches represented by the vertices coloured in
Yellow, Green and Blue. The branch with Blue vertices has the maximum number

of edges, 8. Thus, the weight assigned to the vertex circled is 8. Similarly, in Figure
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hds

) Tree with 15 vertices, T}5. ) Vertex in Ty5 with weight 8.

i i

14 14 14 14 14 14

(¢c) Vertex in T5 with weight 7. (d) Weights in Ts5.

Figure 1.3: Example of weights and centroid of a tree.
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1.3(c), the vertex circled has two branches represented by the vertices coloured in
Purple and Red. Both branches have 7 edges, thus this is the weight assigned to the
vertex circled. In a similar manner, the weights can be assigned to the other vertices
of T15 and we get the weights in Figure 1.3(d). The minimal weight in 7}5 is 7 and

thus, the top vertex of 715 is the centroid since it is the only vertex with weight 7.

Theorem 1.50. There are at most two centroid vertices in a tree and if two centroid
vertices exist, they are adjacent. Moreover, a tree with two centroid vertices has an

n

even number of vertices and the weight of each centroid vertex is 3

Proof. See [15]. O

Theorem 1.51. Let v be a vertex in T,, with k branches having ni,ns, ..., ng edges.

Then, v is a centroid vertex of T,, if and only if n; < 5 for 1 <1 < k.
Proof. See [13]. O

Definition 1.52. A centroidal tree is a tree which has only one vertex in its
centroid. On the other hand, a bicentroidal tree is a tree which has two vertices in

its centroid.



Chapter 2

Competitive Diffusion

Now that we have defined the necessary notions, let us return our focus to Competitive
Diffusion (see [1]), a game on a graph. Recall that Competitive Diffusion is a game-
theoretic model for the diffusion of technologies, advertisement or other influences in
social networks. It has players outside the network, like rival companies with a goal

of reaching the most users.

2.1 Definition of the game

Let G be a graph on n vertices and suppose there are p players, P, ..., P, each having a
distinct assigned colour (not white or grey). The strategy of each player is to choose a
vertex in (G as their starting vertex. The game begins by colouring each of the starting
vertices of the players and then proceeding to the diffusion of the colours through G
as follows: at each wave of diffusion, a vertex that has one or more neighbours with
a certain colour inherits that colour while a vertex that has two neighbours with
different colors turns grey. The grey concept translates the assumption that if the
information about two companies reaches a user at the same time, they cancel each
other. The diffusion finishes when all the vertices have either inherited a colour, have
turned grey or are forced to stay white being blocked off by grey vertices. In the end,
the gain of the players is the number of vertices with their assigned colour and clearly,
the winner of the game is the player that has the greatest gain. We should note that
if two or more players have the same starting vertex, then this vertex immediately
turns grey.

While the game can be played with any finite number of players, this thesis will
concentrate on the two-player version of the game. In the following, the two players

will be called Player 1 (She) and Player 2 (He).

Example 2.1. Suppose two players, Player 1 and Player 2, play the game Competi-
tive Diffusion on the graph G with 8 vertices in Figure 2.1(a). Let Player 1 have the

27
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(a) Graph G. (b) Starting vertices of Player 1 (Yellow) and
Player 2 (Blue).
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”, v, v, Vy
Vg Vg
(c) After 1st wave of diffusion. (d) After 2nd wave of diffusion.

Figure 2.1: Example of a two-player Competitive Diffusion game.

assigned colour Yellow and Player 2 have the assigned colour Blue. Suppose Player 1
chooses the vertex v; and Player 2 chooses the vertex vs as shown in Figure 2.1(b).
After the first wave of diffusion, the vertices that get coloured are represented in Fig-
ure 2.1(c). Note that the vertex vy, a neighbour of v; and vs has turned grey. After
the second wave of diffusion (see Figure 2.1(d)), the diffusion is done. All vertices
have either inherited a colour, have turned grey or forced to stay white being blocked
off by grey vertices (see for instance the vertex vg in Figure 2.1(d)). In the end, the
gain of Player 1 is 4 vertices and the gain of Player 2 is 2 vertices, thus the winner is

Player 1.

2.2 Strategies

We now introduce the terms and notations that will be used throughout the rest

of this thesis for the strategies of the players. In the following, we suppose Player
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1 and Player 2 play the game Competitive Diffusion on a graph G with n vertices
{v1,v9, ..., v}

The definition of the game states that the strategy of a player is to choose a
starting vertex. These are the pure strategies of the players (see Definition 1.2).
Hence, there are precisely n available pure strategies to the players when the game is
played on the graph G, one for each possible starting vertex.

Recall from Definition 1.8 that a mixed strategy for a player is a vector with
each element corresponding to the probability of the player choosing a specific pure
strategy. For the game Competitive Diffusion, a mixed strategy for a player is a vector
X = (x1, 9, ..., x,) where x; equals the probability that the vertex v;, 1 <i < n, is
chosen by the player. Correspondingly, we define the game matrix of Player 1 (see

Definition 1.4) for the game Competitive Diffusion.

Definition 2.2. In the game Competitive Diffusion, the game matrix of Player 1
on the graph G is denoted by Ag. Moreover, if Ag = (a;;), then the entry a;; of the
matrix is the payoff to Player 1 when her strategy is to choose the vertex v; and the

strategy of Player 2 is to choose the vertex v;.

Accordingly, the expected gain of Player 1 when she plays the mixed strategy X
and Player 2 plays the mixed strategy Y is denoted by Gain(G, X,Y) for the game
Competitive Diffusion on the graph G. The expected gain, as in Definition 1.11, is

equal to
Gain(G, X,Y) = XAgY" (2.1)

where A is the game matrix of Player 1 on the graph G and Y7 is the transpose of
the vector Y.
Now, when one or both players choose mixed strategies equivalent to pure strate-

gies we will use the following notation.

Definition 2.3. Let vy, 1 < k < n, be a vertex in the graph G. The mixed strategy
where a player chooses the vertex v, with probability 1 and the other vertices with
probability 0 is denoted by Z(vy). That is, Z(vg) = (21, 22, ..., 2,) With

1, ifi=k

2 = (2.2)
0, otherwise.
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Thus, if v and v are two vertices of the graph G, then Gain(G, Z(u), Z(v)) is the
expected gain of Player 1 when she chooses the vertex u and Player 2 chooses the

vertex v.

2.3 Preliminary Results: Nash Equilibrium

Other than the obvious interest of finding the winner, finding a stable solution in
which each player is satisfied is an important part of the analysis of a game. Pure
Nash equilibria for the two-player game of Competitive Diffusion have been looked at
for graphs including paths, cycles and trees by [5]. They can be summarized in the

following results.

Theorem 2.4. In a two-player game on a path with n vertices, the set of possible

Nash equilibria is determined as below:

(i) If n is even, then the two adjacent vertices in the middle form the only possible

Nash equilibrium, and the equilibrium payoffs are equal and are (n + 1)/2.

(i) If n is odd, then any two vertices in the middle (i.e., we have two possibilities,
the central vertex and one of its neighbours) form a Nash equilibrium, and the

equilibrium payoffs are equal and are |n/2|.

Theorem 2.5. In a two-player game on a tree T, with centroid C(T,), the only

possible pure Nash equilibria are determined as follows:

(i) If C(T,,) = {c1,ca}, then C(T,) is the equilibrium and the equilibrium payoffs

n
are equal to 5.

(i) If C(T,,) = {c}, then {c,v} is the equilibrium where v is a neighbour of ¢ on a
branch at ¢ with the mazimum number of edges and the equilibrium payoffs are

n —w(v) and w(v) respectively.

Theorem 2.6. In a two-player game on a cycle C,, with n vertices, the set of possible

Nash equilibria is determined as below:

(i) If n is odd, then every two vertices on C,, form a Nash equilibrium, and the

payoffs are equal to ”T_l
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Figure 2.2: Example of a graph which does not admit a pure Nash equilibrium for
the two-player game of Competitive Diffusion.

(i1) If n is even, then two vertices on C,, form a Nash equilibrium if and only if,

they are of even distance, and the equilibrium payoffs are equal to 3.

The gains in the pure Nash equilibrium will serve as comparison points for the
safety value of the safe game. Despite these results, a pure Nash equilibrium does not
necessarily exist for the two-player Competitive Diffusion on every graph. In [31], the
authors present the graph of Figure 2.2 as an example for which the two-player game

of Competitive Diffusion does not admit a pure Nash equilibrium.

2.4 Safe Game

The next chapters will concentrate on the safe game of the two-player Competitive
Diffusion on various graphs. Recall from Section 1.2.3, that in the safe game a player
asks himself what is the worst payoff he could get with a given strategy. Since the two
players have the same strategy set, we will only consider the safe game in the point of
view of Player 1. Thus, we consider the zero-sum game of Player 1 against Player 2
where Player 1 (the row player) wants to maximize her personal gain while Player 2
(the column player) wants to minimize the payoff to Player 1. In the physical sense of
the game, this means that instead of caring just for the vertices of his colour, Player
2 cares for the total number of vertices that are his colour, grey or white. While it
could happen that an opposing strategy for Player 2 would minimize Player 1’s payoff
and simultaneously give Player 2 the highest payoff, it does not need to be the case.
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Thus, the safe game is not equivalent to the game where both players are trying to

maximize their personal payoffs. The following is a simple example of this.

Example 2.7. Suppose Player 1 and Player 2 play the game Competitive Diffusion
on a graph GG with n vertices. Let u be a vertex in GG. If the strategy of Player 1 is
Z(u), i.e. choosing the vertex u with probability 1, then the best strategy for Player
2, in the concept of the safe game, is to also adopt the strategy Z(u) so that the
payoff to Player 1 is minimized to 0. In this case, however, the payoff to Player 2 is
also zero while if Player 2 chooses another vertex in (G, his gain is at least 1. Thus,

minimizing Player 1’s payoff does not result in Player 2’s highest payoft.

In the following definitions, we consider the two-player game of Competitive Dif-
fusion on a graph G. Recall from Definition 1.22 that the safety value of Player 1 is

the optimal guaranteed payoff of Player 1, or what is called the value of the game.

Definition 2.8. The safety value for Player 1 in the game of Competitive Diffusion
is

value(Ag) = }I/Iélsn max XA:YT. (2.3)

Definition 2.9. A safe strategy X for Player 1 is a mixed strategy of Player 1
adopted in a safe game setting. Correspondingly, the guaranteed gain of Player
1 with the strategy X, GGain(G, X), is the minimal gain that Player 1 could receive
with the strategy X, i.e.

GGain(G,X) = min XAgY". (2.4)

From Lemma 1.14, we know that if an inequality on the expected gain holds for
all pure strategies, then it will also hold no matter the mixed strategy. Thus, we also
have the following:

GGain(G, X) = min Gain(G, X, Z(y)) (2.5)

Y

where y € V(G) and Z(y) is the vector as defined in Definition 2.3. In other words,
the guaranteed gain of Player 1 with the strategy X on the graph G is the minimal

payoff she can receive over all the possible starting vertices for Player 2 in G.
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Definition 2.10. An opposing strategy Y for Player 2 is a mixed strategy for
Player 2 in the safe game setting. Correspondingly, the maximal gain of Player 1
against the strategy Y is the maximal gain that Player 1 could receive when Player

2 chooses the strategy Y, i.e.
MGain(G,Y) = max XAgY™. (2.6)
XESn
Again using the Lemma 1.14, we have
MGain(G,Y) = max Gain(G, Z(z),Y) (2.7)

where 2 € V(G) and Z(z) is the vector as defined in Definition 2.3. In other words,
the maximal gain of Player 1 against the opposing strategy Y of Player 2 on the

graph G is the maximal gain she can receive over all of the possible starting vertices

in G.

2.5 Linear Programming

As it was explained in Section 1.3.2, linear programming is a method that can solve
the game matrix to get the safety value of Player 1 along with a maxmin strategy for
Player 1 and a minmax strategy for Player 2. However, in order to use this method,
the game matrix needs to be determined. In the game of Competitive Diffusion on a
graph with n vertices, there are n pure strategies available to both players, thus n?
entries in the game matrix. Determining all these payoffs is tedious work. Thus, linear
programming will only be useful to solve a few specific examples. In the general case,
we will use the fact that any feasible solution of the primal is a lower bound of the
dual and any feasible solution of the dual is an upper bound on the primal. This being
the case, the guaranteed gain with any safe strategy for Player 1 is a lower bound on
the safety value while the maximal gain of Player 1 against a strategy of Player 2 is
an upper bound on the safety value. Mathematically, we have the following:

min Gain(G, X, Z(y)) < min max XAgY?" < max Gain(G, Z(x),Y)  (2.8)

yeV(G) YeS, XeS, 2eV(G)

which is equivalent to

GGain(G, X) <wvalue(Ag) < MGain(G,Y). (2.9)
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where value(Ag) is the safety value of Player 1 on the graph G and GGain(G, X)
and MGain(G,Y) are respectively the guaranteed gain and maximal gain of Player
1 as defined in Definitions 2.9 and 2.10. In the following chapters, we will try to find
strategies so that these bounds are tight. In other words, we want to find good safe

strategies for Player 1 and good opposing strategies for Player 2.

Note: In the following chapters, the computations and simplifications were performed
with the use of MATLAB® [19], Maple", a trademark of Waterloo Maple Inc. [16]
and Mathematica® [18].



Chapter 3

Paths and Spiders

In this chapter, we will study the two-player safe game of Competitive Diffusion on
path graphs, P, and spider graphs, S. Other than being interesting, the results of
the study of special cases of trees, i.e. the paths and spiders in this chapter and the
complete trees in the next chapter, will help gain insight into the safe game on trees

in general in Chapter 5.

3.1 Paths

Recall from Definition 1.30 that a path graph with n vertices, P,, is a graph that can
be drawn so that all its vertices and edges lie on a straight line. Let the vertices of
the path be labelled from v; to v,, as shown in Figure 3.1. Recall from Definition
2.3, that the mixed strategy for which a player chooses a vertex v, with probability
1 is denoted by Z(uvy).

3.1.1 Game Matrix and Examples

Since the structure of P, is simple, the game matrix of Player 1 in the two-player

game can be determined.

Theorem 3.1. In the two-player game of Competitive Diffusion on a path, P,, let
the strategy of Player 1 be choosing the vertexr v;, 1 < 1 < n, and the strategy of
Player 2 be choosing the vertex v;, 1 < j < n.

U1 U2 U3 Vs Vs Ve U7 Un-1 Un

Figure 3.1: Labelling of the vertices on a path graph.

35
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The game matriz of Player 1 is Ap, = (7|, ) where

| =L, dfi<
miil, = <0, ifi=j (3.1)

n—|9%2], ifi> .

Note: In the following, 7;;| will represent the payoff of Player 1 when she chooses

the vertex v; and when Player 2 chooses the vertex v;, 1 < 4,7 < n on a path with

n vertices. When n is clear from the context, m;;| might be referred simply as 7;;.

Moreover, by symmetry, this is also the game matrix for Player 2.

Proof. There are three cases to consider.

(1)

(ii)

(iii)

When ¢ = j, the two players have the same starting vertex. Thus, the vertex

immediately turns grey and the gain of Player 1 is zero.

When i < j, the vertex v; of Player 1 is to the left of the vertex v; of Player
2 on the path. There are ¢ — 1 vertices to the left of v; and 7 — 7 — 1 vertices

between the vertices v; and v;. If j —i —1 is even, both players will gain exactly

half of the vertices in between the starting vertices, i.e. j_;_l. Ifj—i—1is

j—i—2

5— vertices and the vertex in the middle will turn

odd, each player will gain

itj—1
2

grey. Thus, the total gain of Player 1 is L J, the sum of the ¢ — 1 vertices

on the left of v;, the vertex v; and the V _;_IJ vertices in between.

When i > j, the vertex v; of Player 1 is more to the right than the vertex v; of
Player 2 on the path. There are n — ¢ vertices to the right of v; and i — j — 1
vertices between the vertices v; and v;. Similarly to the case when ¢ < j, the
gain of Player 1 in between the starting vertices will be L#J Thus, Player

asi]

5 J, the sum of the n — 7 vertices, the vertex v; and

1’s total gain will be n — L

the L#J vertices in between.

]

With the game matrix in hand, we can use the methods of linear programming,

as explained in Section 1.3.2, to determine the safety value of Player 1 along with the
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maxmin strategy of Player 1 and the minmax strategy of Player 2 on paths of specific

lengths.

Example 3.2. On a path, P,, with 12 vertices, the safety value of Player 1 is 4.4194.

The maxmin strategy of Player 1 is:

Vi, 0t 1 2 3 4 5 6 7 8 9 10 11 12
X4 = (0.0000, 0.0000, 0.0000, 0.3226, 0.1129, 0.0645, 0.0645, 0.1129, 0.3226, 0.0000, 0.0000, 0.0000)

The minmax strategy of Player 2 is:

vj, J: 1 2 3 4 5 6 7 8 9 10 11 12
Y4 = (0.0000, 0.0000, 0.0000, 0.0269, 0.1720, 0.3011, 0.3011, 0.1720, 0.0269, 0.0000, 0.0000, 0.0000)

Example 3.3. On a path, P,, with 13 vertices the safety value of Player 1 is 4.8387.

The maxmin strategy of Player 1 is:

Vi, 1 1 2 3 4 5 6 7 8 9 10 11 12 13
X4 = (0.0000, 0.0000, 0.0000, 0.0000, 0.2903, 0.1613, 0.0968, 0.1613, 0.12903, 0.0000, 0.0000, 0.0000, 0.0000)

The minmax strategy of Player 2 is:

vj,9 ¢ 1 2 3 4 5 6 7 8 9 10 11 12 13
Y4 = (0.0000, 0.0000, 0.0000, 0.0000, 0.1014, 0.2442, 0.3088, 0.2442, 0.1014, 0.0000, 0.0000, 0.0000, 0.0000)

As we can see from the examples, the probabilities in the maxmin and minmax
strategies are symmetric with respect to the middle of the path and the positive
probabilities are near the center of the path. We are looking to get an idea of the
safety value of Player 1 on P, as n gets large. This remark will motivate the definition

of the strategy Cp(k) for paths in the next section.

3.1.2 Bounds on the Safety Value with the Strategy Cp(k)

Motivated by the structure of the maxmin and minmax strategies of the examples in

the last section, let us define a mixed strategy for a player on a path, P,.

Definition 3.4. Let the strategy Cp(k) be a mixed strategy where a player chooses

a vertex from a set of central vertices with equal probability.
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If n is even, the set consists of the 2k central vertices of the path, i.e. the
strategy Cp(k) = (21, 22, ..., 2,) Where

0, fl<i<g—k+lorg+k<i<n

ﬁ, if5—k+1<i<g+k

and k € {1,2,..., 5 }.

If n is odd, the set consists of the 2k — 1 central vertices of the path, i.e. the
strategy Cp(k) = (21, 22, ..., 2,) where
0, fl<i<™—k+lor2t+k—-1<i<n

1 : 1 ; n+1
g, 2 —k+1<i<®H4+k-1

and k€ {1,2,..., 5}.

Recall from Section 2.5, that we have the following bound on the safety value of

Player 1:
GGain(G, X) < Safety Value of Player 1 on G < MGain(G,Y) (3.4)

where X is any safe strategy for Player 1 and Y is any opposing strategy for Player
2. Thus, we can consider the strategy Cp(k) as a safe strategy for Player 1 and as
an opposing strategy for Player 2 to get bounds on the safety value of Player 1 on a
path. This leads to the following result.

Theorem 3.5. In the two-player Competitive Diffusion game on P,, the safety value

of Player 1 is between 5 — \/7% +O(1) and § — % + O(1) as n — oc.

In order to prove this theorem, let us consider some lemmas on the guaranteed
gain of Player 1 with the strategy Cp(k) and the maximal gain of Player 1 when
Player 2 has the strategy Cp(k) as opposing strategy.

Lemma 3.6. The guaranteed gain of Player 1 with the safe strategy Cp(k) on a path

with n vertices s

(i) n even:
GGain(P,, Cp(k)) = g —————— b (3.5)
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(i) n odd:
w, if k is even
GGain(P,, Cp(k)) = ¢ 22 (3.6)
%, if k is odd.

Proof. Recall from Definition 2.9, that the guaranteed gain of Player 1 with the mixed
strategy Cp(k) on the graph P, is

GGain(P,,Cp(k)) = min Gain(P,, Cp(k), Z(v;)) (3.7)

J
where 1 < 7 < n. In other words, it is the minimal expected gain that Player 1 can
get over all the possible starting vertices for Player 2. Since the gain of Player 1 and
the strategy Cp(k) are symmetric with respect to the middle of the path, we only
need to consider the vertices on one half of the path as possible starting vertices for
Player 2. Moreover, the expected gain of Player 1 when Player 2 chooses a vertex v;

with 1 < 7 < nis:

n

Gain(P,,Cp(k), Z(v;)) = Z 2T (3.8)
i=1
where 7;; is the entry of game matrix of Player 1 from Theorem 3.1 and z; is the ith

component of Cp(k). Let us consider the cases when n is even and odd separately.

(i) n even:

The strategy Cp(k) from Definition 3.4 for n even is Cp(k) = (21,22, ..., 2n)

where
0, if1§i<§—k+10r§+k<i§n
1 rn - n

and k € {1,2,..., 5 }.

0. 0. 0.-0-0.-0.0.0

Un/2-k+1 Vnsz  Vnj2+1 Un/2+k

Figure 3.2: Hlustration 1 in the proof of Lemma 3.6.

We can replace the values of z; in (3.8) to get

Gaz’n(Pn,C’p(k),Z(vj)):% > om (3.10)



(a)

(b)
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Suppose the vertex v; is on the left half of the path, ie. 1 <j < 7.

If1§j§%—ktheni>jforall%—k+1§i§§+k. Replacing the

expression ;; for ¢ > j, we have

2+k

Gain(P,, Cp(k), Z(v;)) 2k > < {

i=5—k+1

)

Hence, the expected gain of Player 1 decreases with j, and so the minimum if

1<j <5 —kiswith j =5 —F;

Gain (P, Cp(k), Z (va_1)) = % ) (n — {#D . (312)

Since n is even, the floor functions can be reduced and we have

Gain(P,,Cp(k), Z (U%_k)) = % (n - (g — k‘) +n— (g —k+ 1)

—I—n—(g—k+1>+...+n—(g—1>+n—(g>).

This is equivalent to

(3.14)

k—1
Gain(P,, Cp(k), Z (vs_4)) = i <2k (g) +23 0+ k) . (3.15)

Finally, we have

Gain(Po, Cp(k), Z (vs 1)) = g + (3.16)

since S0 = )k.

If5—k+1<j <3, thenfor §—k+1<7<j—1,i<jandforj+1<i<Z+k,
i > j. Replacing the expressions of 7;; in (3.10) gives

1 7j—1 . + . 1 %+k y + )
Gain(P,, Cp(k), Z(v;)) = 2% Z {TJ - <n - { 2 J)
i=%—k+1 =i+t

(3117)
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Un—j+1

O ..O Q O—0.0.0.0

Un/2—k+1 Unj2  Vnj2+1 Unj2+k

Figure 3.3: Hlustration 2 in the proof of Lemma 3.6.

In order to simplify (3.17), let us determine the sum of the term ¢ = u, § —k+1 <
u < j — 1 in the first summation with the term ¢ = n — u + 1 in the second

summation:

- i
%J o {LH?J (3.18)

Tu,j + Tn—utl,j = \‘ 9 9

where § —k+1 < u < j— 1. To simplify this expression, we can use [z +m] =
|z] + m where m is an integer and consider the possible parities for u and j.

We get

n n .
7Tu,j+7l'n_u+17j:§+u—1, §—k+1§u§]_1‘ (319)

Similarly, let us sum the terms i = u, j+ 1 < u < % and i = n —u + 1 in the

second summation of (3.17),

. _ L4
Tuj + Tn—utl1,j = 2N — Lu i jJ — {—n u—2|— + jJ (3.20)
where j + 1 <wu < . After simplification, we have
3n . , n
Tu,j + Tn—u+1,j = 7 - J +1 S (% S § (321)

When j = § — k + 1, replacing (3.21) in (3.17), gives

Gain (Po, Cr(k).Z (v3-1)) = 57 | > (%—f) *(“‘ V—;D

which can be simplified to

1k
Gain (P, Cp(k), Z (vg-11)) =5 = -+ 57 +5 -1 (3:23)
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When § — k+1 < j < 3, replacing (3.19) and (3.21) in (3.17), gives

n

Gain(By, Cp(k), Z(v;)) = % ji (g i 1) + Z (37" —j)

=2 —k+1 i=j+1 (3.24)
i
(- )
2
which can be simplified to

Gain(Py, Cp(k). Z(v;)) = - (397 30y 30% K3 n K

P T\ T2 T2 TS 27 2 T4 2
(3.25)

where §—k+1 < j < 5. We can determine that this expected gain is minimized

with j =% — 1 and the corresponding gain is

Gain(Py, Cp(k), Z(vs)) = g A }1 (3.26)

When j = %, replacing (3.19) in (3.17) gives

n_y

Gain(Pn,C’p(/f),Z(Ug—l)):% > (gﬂ'—l)*(”{n;lb

=1 k41
3.27)
which can be simplified to
1 ko1
Gain (P, Cp(k), Z (v3)) = & — 4 — =% - =, (3.28)

2 4k 2k 4 4

The expected gain from (3.28) is less than the expected gain when Player 2
chooses the vertex va_; (see (3.16)), when Player 2 chooses the vertex vn .,y
(see (3.23)) and when Player 2 chooses the vertex vz _; (see (3.26)). Therefore,
the minimal expected gain that Player 1 can get with the strategy Cp(k) is
when Player 2 chooses the vertex vz or symmetrically the vertex vzy. Thus,

the guaranteed gain of Player 1 with the strategy Cp(k) on P,, n even is

1 k1
+ - (3.29)

GGain(P,,Cp(k)) = 9 4k "9k 4 4
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(i) n odd:
The strategy Cp(k) from Definition 3.4 for n odd is Cp(k) = (21, 22, ..., Zn)
where
0, fl<i<®l—k+lor2+k—-1<i<n
2 = (3.30)
g, 2 —kp1<i<nilpp—1

and k € {1,2,...,5}.

O0.0.0.-0-0.0.0

Un+1/2-k+1 Un+1/2 Un+1/2+k-1

Figure 3.4: Hlustration 3 in the proof of Lemma 3.6.

We can replace the values of z; in (3.8) to get

1 2t 4 k-1

Gain(Py, Cp(k), Z(v;)) = 57— >oom (3.31)

i="H k41

Suppose the vertex v; is on the left half of the path, ie. 1 < j < "T“ In a
similar manner as with n even, we can determine the expected gain of Player 1

for the following cases:

Un—j+1

0.0.0.0.-0.0.0

Un+1/2-k+1 Un+1/2 Un+1/2+k-1

Figure 3.5: Hlustration 4 in the proof of Lemma 3.6.

. n+1
(a) 1<j<™"—k
(b) "t —k+1<j< 5t

(b.1) j=2 —k+1
(b.2) 2 —k+1<j< it

(b3) j =25
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We use the following formulas obtained by grouping the terms in pairs similarly

as with n even:

n—1 . ..
= +u—1, ifu+jiseven
7Tuj+77n—u+1j: 2 J n+1—k‘+1§ﬂ§j—1
7 7 "T_1+u, if u+jis odd 2
(3.32)
and
N Sl _j—1, ifu+jis even e _n-1
Tui + T ;= U< —-
D ) if u+ j is odd e
(3.33)

We determine that the minimum expected gain is case (c), i.e. when Player 2

chooses the vertex v ni1 for which the expected gain of Player 1 is

—Qk”;éz:f; 2 if k is even
GGain (Pm Cp(k), Z (vi>> - 2 (3.34)
KL s odd,

Thus, the guaranteed gain of Player 1 with the strategy Cp(k) on P,, n odd is

%, if k is even

GGain(P,,Cp(k)) = ) (3.35)
%, if k& is odd.

L]

Now that we have an expression for the guaranteed gain of Player 1 with the

strategy Cp(k), we want to maximize her guaranteed gain over k.

Lemma 3.7. The optimal guaranteed gain of Player 1 with the safe strategy Cp(k)
on P, is GGain(P,,Cp(k*)) = 5 — ‘/TE + O(1) (n = o0) where k* = /n+ O(1)

(n — o0) is the optimal integer k.
Proof. We will prove the cases when n is even and odd separately.

(i) n even: From Lemma 3.6, we have the guaranteed gain of Player 1 with the

strategy Cp(k) on P,, n even:

GGain(P,,Cp(k) == — — — — — = +— (3.36)
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We want to maximize the guaranteed gain over k for n fixed. Let us define

flx) =% -2 —2— 2+ sothat f(k) = GGain(P,,Cp(k)) whenever k is a
positive integer. Using the derivative tests, we can maximize f(x) over x in the
interval [1,00). f(z) is a rational function and so is continuous at every point
at which it is defined, i.e. at every point except x = 0. Thus, f(z) is continuous

on the interval [1, 00). Moreover, we have

df(x) n 1 1
G T2 221 (3.37)

and

) gsw=—vi—2 Va2 (3.38)

Therefore, the only critical point in the interval [1,00) is z = /n — 2. Further-
more, we have % >0forl <2< +v/n—2 and % < 0 for vn —2 < z.
Thus, f(z) reaches a maximum at x* = v/n —2 = y/n + O(1). Hence, k*, the

integer maximizing f(x), is either |z*| or [z*]. Thus, k* € [z* — 1,2* + 1] and

so we have k* = y/n + O(1). Evaluating the function f(z) at = = k* gives

_n n (Vn+0O(1)) 1

f(E) = f(Vn+O(1))

2 4(1\/ﬁ+ O(1)) 4 4 (3.39)
+ -
2(v/n+ 0O(1))
From the expansion of the Taylor series, we know that
(1+2)*=1+ar+ O(z?) (3.40)

for x small and o € Q. Thus,

(Vn+01)) ' = % (1+%>_1 = % (1 - %juo <%>) . (3.41)

Using this to expand the terms of (3.39), we have
n n
f(8) = S+ 0) = = o) (3.42)

Furthermore, since f(k) = GGain(P,,Cp(k)) whenever k is a positive integer,

the optimal guaranteed gain is

GGain(P,,C (k")) = g - \/75 +O(1) (n— o). (3.43)
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(ii) n odd: From Lemma 3.6, we have the guaranteed gain of Player 1 with the
strategy Cp(k) on P,, n odd:

%, if k is even
GGain(P,,Cp(k)) = i (3.44)
2okl if s odd.

We want to maximize the gain over k for n fixed. The proof is similar to the

one for n even, defining the functions

2zn —2n — x? + 2 2zn —2n — 2% + 1
(@) sty e 2021 — 1) (3:45)
and considering that g1(z) = ga(x) + O(1) (x — o).
O

We now need a couple of lemmas on the maximal gain of Player 1 when Player 2

adopts the strategy Cp(k) on P,.

Lemma 3.8. The mazximal gain of Player 1 when Player 2 uses the opposing strategy

Cp(k) on a path with n vertices is:

(i) n even:
MGain(P,, Cp(k)) = 2 222 4k 4 4 e
ain(P,, Cp(k)) max{2 st s "t 4} (3.46)
(i) n odd:
MGain(P,,Cp(k)) =
o 2 k %, if k is even
max 5_5—216 1+2k 1’ 2
_ — %7 if k is odd

(3.47)

Proof. Recall from Definition 2.10, that the maximal gain of Player 1 when Player 2
has the strategy Cp(k) as opposing strategy is

MGain(P,,Cp(k)) = max Gain(P,, Z(v;), Cp(k)) (3.48)

where 1 < ¢ < n. In other words, it is the maximal expected gain Player 1 can get

over all her possible starting vertices. Again, since the gain of Player 1 on the path
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and the strategy Cp(k) are symmetric with respect to the middle of the path, we
only need to consider the vertices on one half of the path as possible starting vertices
for Player 1. Moreover, the expected gain of Player 1 when she chooses a vertex v;,

1<i:1<nis

Gain(P,, Z(v;), Cp(k)) = Z Tii2j (3.49)

where ;; are the entries of the game matrix of Player 1 from Theorem 3.1 and z; is
the jth element in the vector of the mixed strategy Cp(k). Thus, this proof is similar
to the proof of Lemma 3.6 except that we consider the possible starting vertices for
Player 1 and that we are looking for the maximum expected gain. Let us consider

the cases when n is even and odd separately.

(i) n even:

The strategy Cp(k) from Definition 3.4 for n even is Cp(k) = (21, 22, ..., 2n)

where

0, f1<j<i—k+lorZ+k<j<n
2 = 2 2 (3.50)

1 rn . n

and k € {1,2,..., 3 }.

O.0.-.0.-.0-0.0.0.0

VUn/2—k+1 Un/2  VUnj2+1 Un/2+k

Figure 3.6: Hlustration 1 in the proof of Lemma 3.8.

We can replace the values of z; in (3.49) to get

ik
1 2
Gain(Pn, Z(’Ui), CP<]€)) = % E Tj- (351)
j=5—k+1

Suppose the vertex v; is on the left half of the path, ie. 1 < i <

I\B.IB
z

determine the expected gain of Player 1 for the following cases:
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Vn—i+1

0.0.0.0-0.0.0.0

Un/2-k+1 Un/2  VUn/2+1 Vnj2+k

Figure 3.7: Hlustration 2 in the proof of Lemma 3.8.

(b.2) 2 —k+l<i<?®
(b.3) i =12

To simplify the expected gains, we use the following formulas obtained by group-

ing the terms in pairs similarly as in the proof of Lemma 3.6:

3
Mo+ Tt = 5 — S—k+l<u<i-1 (3.52)
and
n . R n
T u + Tin—ut+l = 5 +i—1 1+ 1 S u S E (353)

In the end, comparing the expected gains from the different cases, we determine
that the maximal expected gain of Player 1 when Player 2 has the strategy C'p(k)
is the maximum of two expressions, one from case (a) (when she chooses the
vertex vn_, or symmetrically, the vertex va4,1) and the other from case (b.3)
(when she chooses the vertex vz or symmetrically, the vertex U%H). Thus, the

maximal expected gain of Player 1 is

(3.54)

. n k 1n n k 1
MGam(Pn,C’p(k))—max{§—§+§,§—ﬂ+4 4}

n odd:
The strategy Cp(k) from Definition 3.4 for n odd is Cp(k) = (z1, 22, ..., Zn)

where

0, fl<j<2H —k+lor®t+k—-1<j<n
2z = : (3.55)

e, R k1< <21
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O0.0.0.0-0.0.0

Un+1/2-k+1 Un+1/2 Un+1/2+k-1

Figure 3.8: Mlustration 3 in the proof of Lemma 3.8.

We can replace the values of z; in (3.49) to get

+1
2l k-1

Gain(Pn,Z(vi),Cp(k)):zkl_l S o (3.56)

=

Suppose the vertex v; is on the left half of the path, ie. 1 <1 < "T“ In a
similar manner as with n even, we can determine the expected gain of Player 1

for the following cases:

Un—i+1

0.0.0.0.-0.0.0

Un+1/2-k+1 Un+1/2 Un+1/2+k-1

Figure 3.9: Hlustration 4 in the proof of Lemma 3.8.

(a) 1<i<™f—k

(b) %55 —k+l<i<tg
(b.1) i="28 —k+1
(b.2) 2 —k+1<i<2t
(b.3) i =121

(c) i ="

To simplify the expected gains, we use the following formulas obtained by group-

ing the terms in pairs:

3”—;1—u—1, if 1 + u is even n-+1

7Ti,u+7ri,n—u+1 - —k’—l—l S U S 1—1
3”—;1—u, if 7 +u is odd

(3.57)
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and

”T_l—l—i—l, if 1 + u is even ‘ n—1
T + Tin—u+l = 11 <u< T
2l 4, if i 4w is odd
(3.58)
Similarly as for n even, the expected gain of Player 1 is the maximum of case (a)
and (c), i.e. when she chooses the vertex Ung1_y, (or symmetrically, the vertex

Untl ) and when she chooses the vertex va+1;
= +k+1 =

MGuain(P,,Cp(k)) =

2kn—2n—2k+k2+2

. " 2 || i, if k is even
max §+2k‘ 1_2k 1_57 2
_ — %, if k is odd
(3.59)
O

Now that we have an expression for the maximal gain of Player 1 against the

strategy Cp(k), Player 2 wants to minimize this maximal gain over k.

Lemma 3.9. The optimal mazimal gain of Player 1 when Player 2 uses the opposing
strategy Cp(k) on P, with n even and n odd is MGain(P,, C(k*)) = § — % +O(1)
(n — o0) where k* = \/72 + O() (n — ) is the optimal integer k.

Proof. We will prove the cases when n is even and odd separately.

(i) n even: From Lemma 3.8 we have the maximal gain of Player 1 when Player 2
uses the strategy Cp(k) on P,, n even;

MGain(P,,Cp(k)) :max{i—i—l—%,g—%—i-%—}l}. (3.60)

We want to minimize the maximal gain of Player 1 over k for n fixed. Let

us define two functions, f(z) = 2 — % + § and g(z) = %2 — £ + % — 1 such

that max{f(k),g(k)} = MGain(P,,Cp(k)) whenever k is a positive integer.

The function f(z) decreases with = and g(x) increases with x. Thus, their

intersecting point z* = § + @ = ‘/Tg + O(1) is the point = for which the

maximum of the two functions f(z) and g(x) is minimized. In other words,
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the intersection point of the two functions is the argmin,{max{f(x), g(x)}}.
Hence, the integer k* = argming{max{f(k),g(k)}}, where k is an integer, is
either |z*| or [*]. Thus, k* € [z* — 1,2 + 1] and so we have k* = ‘/Tg +O(1).
Evaluating the functions f(z) and g(z) at © = k* gives

fwﬂ:fC—+Oa0=

n
V3 2 2 2 (3.61)
n
2

. vn n n
gk ) =g|—=+0(1)) =5 - + -7
(\/§ > 2y (‘% + 0(1)> 4 1 (3.62)
n Jn
=S - o

Since max{f(k), g(k)} = MGain(FP,,Cp(k)) whenever k is a positive integer,

the maximal expected gain of Player 1 is

MGuain(P,,C(k*)) =

|3
|

+O(1) (n — o0). (3.63)

(ii) n odd: From Lemma 3.8 we have the maximal gain of Player 1 against Player

2 with the strategy Cp(k) on P,, n odd;

MGuain(P,,Cp(k))

o 2 I %, if k is even
i T R Ry By :
_ — W, if k is odd
(3.64)

We want to minimize the gain over k for n fixed. The proof is similar to the
one for n even, defining the functions

x? x

1
2 %1 w1

f@) =35 - (3.65)

() 2xn —2n —2x + 12 4+ 2
x oy
h 22z — 1)

(3.66)
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nd 2en —2n —2x + 2% + 1
g2(x) = 23— 1) (3.67)
and considering that g,(z) = g2(z) + O(1) (x = ).
[
Now, we have the necessary results to prove Theorem 3.5.
Proof. (Theorem 3.5) Recall from (3.4),
GGuain(G, X) < Safety Value of Player 1 on G < MGain(G,Y) (3.68)

That is, the guaranteed gain of Player 1 with any safe strategy X is a lower bound
on the safety value and the maximal gain of Player 1 against any opposing strategy
Y for Player 2 is an upper bound on the safety value. In particular, the strategies X

and Y can be the mixed strategy Cp(k) and from Lemmas 3.7 and 3.9, we have

<[5

GGain(P,,Cp(k),Cp(k)) = g — + O(1) < Safety Value of Player 1 on P,

< MGain(G,Y) = g - % +O(1).

Let us compare the bounds on the safety value with the payoffs in the pure Nash

equilibrium for paths from Theorem 2.4.

Theorem 3.10. For paths, P,, the asymptotic value of the safety value for Player 1

n

approaches the best possible gain of any player in a Nash equilibrium, 5 as n tends to

nfinity.

Proof. This result directly follows from evaluating the limits of the bounds in Theorem

3.5 as n — oo. L]

This is an interesting result since with a safe strategy, one expects his gain to be
lower due to the fact that it is an assured expected gain. However, as we can see
from the Theorem 3.10, we are assured an asymptotic gain as high as we could hope

in any Nash equilibrium situation on a path.



53

Lower bound Proportion Upper bound Proportion Difference Proportion
on safety value of n on safety value of n between bounds of n
+0O(1) +0(1) +0O(1)
n even
10 3.42 0.342 4.09 0.409 0.67 0.067
20 7.76 0.388 8.71 0.436 0.95 0.048
50 21.46 0.429 22.96 0.459 1.49 0.030
100 45.00 0.450 47.11 0.471 2.11 0.021
1000 484.19 0.484 490.87 0.490 6.68 0.007
10000 4950.00 0.495 4971.13 0.497 21.13 0.002
n odd
11 3.84 0.349 4.54 0.413 0.70 0.064
21 8.21 0.391 9.18 0.437 0.97 0.046
51 21.93 0.430 23.44 0.460 1.51 0.030
101 45.48 0.450 47.60 0.471 2.12 0.021
1001 484.68 0.484 491.37 0.491 6.69 0.007
10001 4950.50 0.495 4971.63 0.497 21.13 0.002

Table 3.1: Bounds on the safety value of Player 1 on P, for specific values of n.

With this in mind, we could wonder if the asymptotic behaviour of the safety
value is always related to the payoffs in the Nash equilibrium. However, we will see
in the next chapter, that it is not true for all trees.

To finish the section on paths, Table 3.1 gives for specific values of n even and odd
the bounds on the safety value of Player 1 calculated with the expressions in Theorem
3.5. We see that when n grows, the difference between the bounds as a proportion of

n approaches 0 and the bounds themselves approach 7.

3.2 Spiders

Recall from Definition 1.35 that a spider is a graph with one vertex of degree exceeding
2 called the body of the spider to which are attached non-trivial paths called the legs
of the spider. Let us denote the m legs of a spider S by {si, s2, ..., $,,} and their
lengths respectively by {l(s1),1(s2),...,1(sm)}. We will label a vertex v; in S by an
ordered pair (I, I;) where I, is the number of edges from the vertex v; to the body
of the spider and where I; € {s1,$2,...,5n} is the leg the vertex belongs to. By
convention, the body of the spider will be identified by the ordered pair (0,0) (see
Figure 3.10). Since all the vertices in a leg of the spider are at a distinct distance
from the body of the spider, their identification is well defined.

Furthermore, recall from Definition 2.3, that the mixed strategy for which a player
chooses a vertex v; with probability 1 is denoted by Z(v;). For spiders, it can equiv-

alently be denoted by Z((I4, I;)) if the vertex v; is identified by the ordered pair
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(0,0) (1; Sl) (2' Sl) (3! Sl)

Figure 3.10: Labelling of the vertices in a spider with 3 legs.

(14, I). In order to simplify the notation, we will write Z(1y, I,) instead of Z((Iy, I5))

as it should not create any confusion.

3.2.1 Pure Nash Equilibrium

Since spiders are trees, we have the two-player pure Nash equilibrium from Theorem

2.5.

Proposition 3.11. The centroid of a spider S with m > 3 legs each having | vertices
15 1ts body.

Proof. Let b be the body of the spider S and consider the branches at . There are
m of them and they each have [ vertices. Since, | < 5 for m > 3 we have from
Theorem 1.51 that b is a centroid vertex. Moreover, we know from Theorem 1.50
that if two centroid vertices exist in a tree, they are adjacent. Thus, the only possible
other centroid vertex would be the first vertex on one of the legs. However, the first

vertices of the legs have a branch with n —1 > 7 edges and thus are not centroid

vertices by Theorem 1.51. Therefore, the centroid of S is its body. [

Corollary 3.12. In the two-player game of Competitive Diffusion on a spider, S,
with m legs each having | vertices, a pure Nash equilibrium s attained when one

player has the body of the spider as starting vertex and the other player has a vertex
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adjacent to the body of the spider as starting vertex. Moreover, the payoffs of the
players are respectively (m — 1)l + 1 and l.

Proof. This result immediately follows from Theorem 2.5 having proved in Proposi-

tion 3.11 that the body of the spider is the centroid. O]

3.2.2 Game Matrix and Examples

The game matrix of Player 1 in the two-player game on S can also be determined

knowing the game matrix for paths (see Theorem 3.1).

Theorem 3.13. In the two-player game of Competitive Diffusion on a spider, S, let
the strategy of Player 1 be choosing a vertex (14, 1s) and the strategy of Player 2 be

choosing a vertex (Jg, J;). The game matriz of Player 1 is As = (a(1,,1,),(J,,7.)) where

(

0, if Iy =Js and I; = Jy
Thautaliry + 1 — UL, if I, =J, and I, < Jg,
Iy, Jy 0
7T[d7jd‘l(]d)7 if I, = Js and 15> Jyg,
Iy, Jy #0
A14,15),(JasTs) = Wl(Is)fId+1,l(Is)+Jd+1‘I(IS)+Z(JS)+1 if Is # Js and 1y < Jg,
+n — (1) — I1(Js) — 1, 1g,Jg #0
Wl(ls)fld+1,l(ls)+‘]d+1‘l(15)+l(JS)+l7 if Is # Js and 1y > Jg,
Iy, Jy £ 0
Tda+tlygyn T —U(J) =1, if (I, 1a) = (0,0) and Jq # 0
| Tresiali o if (Jo J2) = (0,0) and I, £ 0

(3.70)
where m; ;| —are the entries in the game matriz of Player 1 on P, as determined in

Theorem 3.1.
Proof. There are a few cases to consider.

(i) If Iy = Js and 1; = J,, the two players have the same starting vertex since the
vertices are uniquely identified by the ordered pairs. Thus, the gain of Player 1

1S zero.



(ii)

(iii)

(iv)

o6

If Iy = Js and I; # Jy, both non zero, the chosen vertices of Player 1 and
Player 2 are on the same leg of S. In this case, the payoffs are the same as on
a path having [(;) vertices with Player 1 choosing the vertex vy, and Player 2
choosing the vertex v, with the exception that the player claiming the vertex
v1 has an additional gain of n — I(I) corresponding to the vertices in the other

legs and the body of the spider. Thus,
Ty +1—10), i Ia<Jy

A(14,15),(JaJs) = _ (3.71)
ﬂ-Id,Jd|l(Is)7 if 1, > Jy.

If I, # Js and both are not zero, then the chosen vertices of Player 1 and Player
2 are on different legs of S. In this case, the payoffs are the same as on a path
having [(Is) + (J,) + 1 vertices with Player 1 choosing the vertex wyz,)—r,+1
and Player 2 choosing the vertex v,)4,41 with the exception that the player
claiming the body of the spider has an additional gain of n — I(Is) — I(J;) — 1

corresponding to the vertices in the other legs of the spider. Thus,

7Tl(fs)fIdJrl,l(IS%FJdJrl ‘l(fs)-‘rl(Js)-i-l

A(14,15),(JaJs) = +n — (1) — I1(Js) — 1, if I, < Jy (3.72)

7rz(15)—1d+1,l(15)+Jd+1‘ZUS)H(JSHL it Iy > Jy.

If I, # Js, and I, = 0 or J, = 0, then one of the players chooses the body of the
spider and the other player chooses a vertex on one leg. If J; = 0, the payoff
to Player 1 is the same as on a path having I(I,) + 1 vertices with Player 1
choosing the vertex vy,41 and Player 2 choosing the vertex v;. If Iy = 0, the
payoff to Player 1 is the same as on a path having [(.Js) + 1 vertices with Player
1 choosing the vertex v; and Player 2 choosing the vertex v,,4+1 plus n—1(.J;) —1

vertices on the other legs. Thus,

T, J4+1 |1(JS)+1

A(14,15),(JarTs) = +n —1(J,) =1, if (I,,I;) = (0,0) and J; #0 - (3.73)
7de+171|l(15)+1, if (JS, Jd) = (0, 0) and Id ?é 0
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Replacing the values for m;;| from Theorem 3.1 when the spider has legs with

equal length, the expression of the game matrix can be simplified to the following.

Corollary 3.14. In the two-player game of Competitive Diffusion on a spider, S,
with m legs each having | vertices, let the strateqy of Player 1 be choosing a vertex
(14, 1s) and the strategy of Player 2 be choosing a vertex (Jq, J5). The game matrix

of Player 1 is Ag = (a(Id7IS)7(Jd7JS)) where a(1,.1,),(Jy.7.) =

(

0, if I, = Js and I, = J,

L=l | o — 1, if I, = Jy and Iy < Jg, 14,15 # 0

[ — [fefde] if Iy =Js and I; > Jg, 1g, Jq # 0

|t | g — 11, f I # T and Iy < Jg, Ia, Jg # 0 (374
[ 4 | et if I # J and Iy > Jy, Ip, Jq # 0

L, if I, # Js and Iy = Jy, Iy, Jy # 0

Bl +n—1-1, if (I, 1) = (0,0) and J; # 0
-3 if (Js, Jg) = (0,0) and I; # 0.

Proof. This is simply the same expression as Theorem 3.13 with all the lengths of

legs replaced by [ and the corresponding expressions of 75| from Theorem 3.1. [

With the game matrix in hand, we can again use the methods of linear program-
ming as it was explained in Section 1.3.2 to determine the safety value of Player 1
along with the maxmin strategy of Player 1 and the minmax strategy of Player 2 on

a spider with legs having the same number of vertices.

Example 3.15. On a spider S with 3 legs each having 10 vertices, the safety value
of Player 1 is 9.1643. The maxmin strategy of Player 1 is X4 = (21, 2, ..., z,,) where
x;, the probability of choosing the vertex v; = (Ig, I5) for I; € {1,2,...,10} and

]s € {81782753}7 is:

T; Distance from the body of the spider : I

I 0 1 2 3 4 5 6 7 8 9 10
Body of the spider 0.0060 - - - - - - - -

s1 - 0.0566 0.2766 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

S2 - 0.0566 0.2766 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

s3 - 0.0566 0.2766 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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The minmax strategy of Player 2 is Y4 = (y1, ys, ..., yn) where y;, the probability of
choosing the vertex v; = (Jy, J5) for Jg € {1,2,...,10} and J, € {s1, s, s3}, st

Yj - Distance from the body of the spider Jy

Js 0 1 2 3 4 5 6 7 8 9 10
Body of the spider 0.5636 - - - - - - - - - -

s1 - 0.1314 0.0141 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

S2 - 0.1314 0.0141 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

s3 - 0.1314 0.0141 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

As we can see from the example, the probabilities in the maxmin and minmax
strategies are the same on each of the three legs and the positive probabilities are

near the body of the spider.

3.2.3 Bounds on Safety Value with the Strategy Cg(k)

Motivated by the structure of the maxmin and minmax strategies of Example 3.15,
let us define a mixed strategy for a player on a spider, S, with m legs each having [

vertices.

Definition 3.16. Let the strategy Cg;(k) be a mixed strategy where a player chooses
a vertex from a set of central vertices with equal probability. The set consists of the
body of the spider and the first k& vertices of the m legs, i.e. the strategy Cg;(k) =
(21, 22, ..., z) where z;, the probability of choosing the vertex v; = (I4, I5) where
I;e{1,2,.. )1} and I € {s1,82,...,8m}, or Iy =0 and I, = 0 is:
0, itk <I; <l
! f0<I;<k

mk+17

and k € {0,1,....,1}.

In a similar manner to paths, we can consider the strategy Cs; (k) as a safe strategy
for Player 1 and as an opposing strategy for Player 2 to get bounds on the safety value
of Player 1 on a spider with legs of equal length. This leads to the following result.

Theorem 3.17. In the two-player Competitive Diffusion on S with m legs each having
[ vertices, the safety value of Player 1 is between | — \/% +0(1) (1 - o) and I.

In order to prove this theorem, let us consider some lemmas on the guaranteed
gain of Player 1 with the safe strategy Csi(k) and the maximal gain of Player 1
against the strategy Cg(k).
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Lemma 3.18. The guaranteed gain of Player 1 with the safe strateqgy Csi1(k) on a

spider, S, with m legs each having | vertices is

kl — if k is even
GGain(S, Csi1(k)) = i Ekl k2> ) £l is odd (3.76)
-5+ , U K 1S oad.

mk—i—l

Proof. From Definition 2.9, we have the guaranteed gain of Player 1 with the mixed
strategy Csi1(k) on S;

GGain(S,Csi(k)) = min Gain(S, Cs1(k), Z(v;)) (3.77)

J

where 1 < 7 < n. In other words, it is the minimal expected gain Player 1 can get
over all the possible starting vertices of Player 2. Due to symmetry, we only need to
consider the body of the spider and the vertices on one of the legs of S as possible
starting vertices for Player 2. Moreover, the expected gain of Player 1 when Player 2
chooses a vertex v; = (Jy, J,) is

n

Gain(S, Cs1(k), Z(Jo, J) = _ 2ittu, (3.0, (3.78)

=1
where a,, (7,,7,) is equivalent to the entry of the game matrix of Player 1 from Corollary
3.14 when Player 1 chooses the vertex v; = (I4, I;) and Player 2 chooses the vertex
(Ja, Js), a(1,,1,),(Ja.0,), and where z; is the ith component of the strategy Cg, (k). We

can replace the value of z; from Definition 3.16 to get

m k
@00 at) + D D a(ld,ls),ud,m] . (3.79)

Ie=1I,=1

1

Gain(S,Cgs1(k), Z(Ja, Js)) = I

(a) If v; = (Jg, J5) with Jy > k and J, # 0, replacing the expression of a(s, 1,),(1,.7.)
from Corollary 3.14 in (3.79), we have

Gain(S, Cs1(k), Z(Ja, J5)) = ! Hl i JdJ tn—1-1



(b)

(c.1)
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We see that the expected gain increases with J;, so that the minimum for J; > k
is J; = k+1. Replacing J;, expanding the summations and considering that n =

ml + 1, the expected gain can be simplified to Gain(S, Csy(k), Z(k + 1, J,)) =

2 47 2,0 . .
4k+2k* —4l—2km~+k“m—4klm+4n+4kmn if k is even

4(mk+1) ? (3 81)
2_ 47 2, _ . .
4k+2k=—4l 2km+k4(n%kikll)m+4n+4kmn+m 2, if kis odd

If v; = (Jg, Js) with J; = 0 and J; = 0, replacing the expression of a(z, 1,),(1,.7.)
from Corollary 3.14 in (3.79), we have

k
. 1 Ig+2
Z = 1— .82
Gain(S, Cs(k), 2(0,0)) = ——— lmlzl (z+ { 5 D (3.82)
=
which can be simplified by expanding the summation to
m_ (] — K , if k£ is even
Gain(S, Cs1(k), Z(0,0)) = { ™ ( ! > (3.83)

s (k=54 4) i ks odd.

If v; = (Jg, Js) with 1 < J; < k and J, # 0;

If J; = 1, replacing the expression of a(y, 1.),(J,,s,) from Corollary 3.14 in (3.79),

we have
1 k Iy+1
: k), Z(1,J,)) = -1 ==
Ga/ln(s, CSI( ); < ’JS)) mk, _|_ 1 [n + 1232 ( \‘ 2 J)
) d= (3.84)
—1;+2
s (e ([ 57)))
which can be simplified to
4n+4lkm+24k(rln+—kﬁ7)n—4’f—8l+4, if k is even
Gain(S, CSl(k)aZ(laJS)) - 2
4n+4lkm+2kzzl—fk%—4’f—8l+4+m, if k is odd.
(3.85)

Considering the different cases, we can determine that this gain is greater than

the one from (3.83).
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(c.2) If 1 < Jy < k, replacing the expression of a(1,,1,),(J4,J,) from Corollary 3.14 in
(3.79), we have

Gain(S, Csy(k), Z(Ja, J.)) = — H1+‘]dJ+n—z_1

mk + 1 2
— k
I+ J;—1 Ig+ Jg
D (e R Ol (5 =10
=1 Iy=Jg+1
ey SR S
S (ZQ%JM_M)H
T=1,Is#Js \I;=1

-5 (i)

Id*Jd-‘rl

(3.86)

We want to show that this expected gain is greater than the one from case
(b) where Player 2 chooses the body of the spider as starting vertex. Note
that the vertices (Iq4, ;) of Player 1 for which a, 1,),7,.0,) < Q(1,1.),0,0) are
{(ag,Is) | Jo < Iy < kand Iy = Jg}. Thus, by choosing the vertex (Jg, Js)
instead of (0,0), Player 2 only reduces the payoff to Player 1 on these vertices.

Furthermore,
k
> (010 at) = O110).00)
Ia=J,
.
@—%—Ejt%, if J; is even and k is even
J Jak ko J 1 : : : (3.87)
B 5 — e — 5+ — 1, ifJgiseven and k is odd
Jé—%kjtﬁ—%%—i, it J; is odd and k is even
R /S if J, is odd and k is odd.
On the other hand, we have the following:
a(0,0),(Ja,Js) ~ 4(0,0),(00) = 10— 1= (m — 1)L, (3.88)
for I, =0,
!
> (01,00 = A1010).00) =0 (3.89)
I;=1
for Iy # Jg, I, # 0 and
Ja—1 Ja—1

Z (a([d7js),(Jd’JS) - a(]d715)7(070)) Z Z (n - 2[) 2 (Jd - 1)(m - 2)l (390)

;=1 I;=1
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for Iy = Jg, I, # 0.
Grouping these equations, we have

(mk + 1) [Gain(S, Cs1(k), Z(Jq, Js)) — Gain(S,Cs1(k), Z(0,0))]

= (0,0),(Ja,Js) — 4(0,0),(0,0) T Z Z A(14,15),(Ja,Js) — A(Ig,15), (0,0))
I=11,;=1

o dE kT (m = 1)+ (Ja— 1) (m - 2)L,

if J; is even and k is even

Mok ko d Ly (1)l 4 (J— 1) (m - 2)], (3.91)
if J; is even and k is odd
Z9
T dak ko L D) (g — 1) (m - 2)]

if J; is odd and k is even
T ddk ke (= D) (Jg— 1) (m — 2)1,

if J; is odd and k is odd.

3
Considering separately the cases from (3.91), we can show that the difference
is always positive. Thus, the expected gain of Player 1 when Player 2 chooses
a vertex v; = (Jg, Js) with Js, # 0 and 1 < J; < k is greater than when Player
2 chooses the body of the spider.

(c.3) If J; = k, replacing the expression of a(s, 1,),(s,,s,) from Corollary 3.14 in (3.79),

we have
1 1
Gain(S, Csa (k). Z(k, 1)) = —=— H ;kJ tn—1-1
k—1
Li+k—1
+Z<L—d+2 J+n—l)
I;=1
Uk S
+(m—1 d—J+n—l—1)+l
mon (5 (175 )

(3.92)

Similarly as in case (c.2), we can show that this expected gain is greater than
the one where Player 2 chooses the body of the spider. The payoff to Player
1 increases on all the vertices except (14, Is) = (k,Js) for which the payoff



63

decreases by [ — LgJ On the other hand, the payoff on (0,0), increases by

Elensi- [} 59

since n—1{ > [. Therefore, the expected gain is greater than the one from (3.83).

LgJ—l—n—land

Finally, the expected gain when Player 2 chooses the body of the spider (see
(3.83)) is less than the expected gain when Player 2 chooses a vertex (Jg, Js)
with J; = k41 and Jg # 0 (see (3.81)). Therefore, the minimal gain that
Player 1 can get with the strategy Cg;(k) is when Player 2 chooses the body of
the spider. Thus, the guaranteed gain of Player 1 with the strategy Cs;(k) on

S with m arms each having [ vertices is

m (] — 5 if k is even

GGain(S, Csy (k) = { ™ ( 42> (3.94)
s (k=54 4), i ks odd.

O

Now that we have an expression for the guaranteed gain of Player 1 with the

strategy Cg;(k), we want to maximize her guaranteed gain over k.

Lemma 3.19. The optimal guaranteed gain of Player 1 with the safe strateqy Cs; (k)
on S with m legs each having l vertices is GGain(S, Cs1(k*)) = l—\/—‘%+0(1) (I = o0)
where k* = ?/—\g +O(1) (I - ) is the optimal integer k.

Proof. From Lemma 3.18, we have the guaranteed gain of Player 1 with the strategy

Cs1(k) on S with m legs each having [ vertices:
prnl <kl — %) , if k is even
GGain(S,Csi(k)) = (3.95)
m k2 1 : :
m(kzl—z—i—Z), if k is odd.
We want to maximize the guaranteed gain over k for m and [ fixed. This is done in

a similar manner as in the proof of Lemma 3.7, defining the functions

m x?
g1(z) = o—— (xl - Z) (3.96)
and ,
m x 1
g2(x) = 1 (xl - + 1) (3.97)
and considering that go(z) = g1(z) + O(1) (x — ). O
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Remark 3.20. When m, the number of legs of a spider with legs each having [
vertices, tends to infinity, Player 1’s guaranteed gain with the strategy Cg; (k) with
k = 1 approaches [.

Proof. From Lemma 3.18, we know that Player 1’s guaranteed gain when she adopts

the safe strategy Cs;(k) on a spider with legs each having [ vertices is

o kl—ﬁ, if £ is even
GGain(S, Cs1 (k) = ki r)

m (kI — % 4+ 1) if & is odd

mk—+1 4

(3.98)

If £k =1, we have
GGain(S,Cs1(k=1)) = o l=(1- —1 [~ (3.99)
ain ~ .
st m—+1

when m tends to infinity. O

We now need a lemma on the maximal gain of Player 2 when Player 2 adopts the

strategy Cg1(k) on S.

Lemma 3.21. The optimal mazimal gain of Player 1 when Player 2 uses the opposing
strategy Cs1(k) on S with m legs each having | vertices is MGain(S, Cg1(k*)) = 1

where k* = 0 s the optimal integer k.

Proof. Tt is clear that if Player 2 adopts the strategy Cg;(k) with k = 0, i.e. Player
2 chooses to start with the body of the spider, then the maximum gain that Player 1
can get is [, the number of vertices in a leg.

If Player 2 adopts the strategy Cs;(k) with k& # 0, then the expected gain of Player
1 when she chooses the body of the spider is

Gain(S, Z(0,0),Csi(k)) > (mkl—i— 1) 0+ m?};n_/'f_ : (m—1)1+1)

mk(lm — 1+ 1) (3.100)
mk + 1

> |

form > 3,1 > 1 and k > 1. Thus, the optimal strategy Cg;(k) for Player 2 is
k= 0. O

We now have the necessary results to prove Theorem 3.17.
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Proof. (Theorem 3.17) This proof is essentially the same as for Theorem 3.5 having

the guaranteed gain from Lemma 3.19 and the maximal gain from Lemma 3.21. [

Let us compare the bounds on the safety value with the payoffs in the pure Nash
equilibrium for spider with legs of equal length from Corollary 3.12.

Theorem 3.22. For a spider S with m > 3 arms each having | vertices, the safety
value of Player 1 asymptotically approaches the worst of the two gains in the two-

player pure Nash equilibrium as the number of vertices in the legs, [, tends to infinity.

Proof. This result directly follows from evaluating the limits of the bounds in Theorem

3.17 when [ tends to infinity. m

Again, we have that the asymptotic safety value is related to the payoffs in the

pure Nash equilibrium.

3.2.4 Bounds on Safety Value with the Strategy Cg(k)

With the purpose of tightening the bounds on the safety value of Player 1 from
Theorem 3.17 of the last section, we suggest the following strategy Cgso(k). Tt is
a modified version of the strategy Cg;(k) of Definition 3.16. In the new strategy,
the probability of choosing the body of the spider is distinct from the probability of

choosing the first k vertices on the legs.

Definition 3.23. Let the strategy Cgo(k) be a mixed strategy on a spider, S, with
m legs each having [ vertices where Cgo(k) = (21, 22, ..., 2,) and z;, the probability of
choosing the vertex v; = (Iy, I5), with I, € {1,2,....1} and I € {s1,52,..., } or I; =0
and I, =0, is

0, ifhk<I;<lI
a=38= kalJ(rTZr;?llljnlz+l—k’ if0<la<k (3.101)
o= Lok if1,=0

km2l+km—lkm~+I1—k>

and k € {1,2,....1}.

As an example, Figure 3.11 illustrates the strategy Cso(k) with £ = 2. That is, the
strategy where the body is chosen with probability «, the first two vertices on each

leg are chosen with probability 8 and the other vertices are chosen with probability
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>,/

Figure 3.11: Tllustration of the strategy Cso(k) with k = 2 on a spider with 3 legs.

0, where a and  are as defined in (3.101). We can consider the strategy Cso(k) as a
safe strategy for Player 1 on a spider with legs of equal length to improve the lower

bound on the safety value of Player 1. This leads to the following:

Theorem 3.24. In the two-player game of Competitive Diffusion on a spider, S, with

l h having | vertices, the safety value of Player 1 is between | ———2—40O(1
m legs each having | vertices, the safety value of Player 1 is between \/m—l— (1)
(Il = o0) and .

In order to prove this theorem, we will consider some lemmas on the guaranteed
gain of Player 1 with the safe strategy Cso(k). Before proceeding, let us first check
that this new bound, | — ——4— + O(1) (I — o), is tighter than the one from

v/ m(m—1)

Theorem 3.17, 1 — \/—\/Tin + O(1) (I = o0). The bound is tighter if

Vi Vi

[ — 2>

m(m — 1) NG

and this is verified for m > 3 and [ > 1.

(3.102)

Lemma 3.25. Considering the strategy Cso(k) as a safe strategy for Player 1 on a

spider, S, with m legs each having | vertices, we get

mpf kl— % , if k is even
GGain(S, Cgs) = ( ! ) (3.103)

mp (kl—’f{Jri), if k is odd
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where [ is the probability that Player 1 chooses one of the first k vertices in one of
the legs as in Definition 3.23.

Proof. Similarly as in the proof of Lemma 3.18, we have that the guaranteed gain of

Player 1 is
GGain(S, Csz(k)) = min Gain(S, Csa(k), Z(v;)). (3.104)

J

Furthermore, the expected gain of Player 1 when Player 2 chooses a vertex v; =

(Jd, Js) 18

m k
Gain(S, Csa(k), Z(Ja, J5)) = & - a0yar) + 8 Y D Q1a1.).(70ut) (3.105)

Ii=1I;=1
where a;; is the entry of the game matrix of Player 1 from Corollary 3.14 and

l—k (m—-1)l+1

_ _ 1
Sl oy oy gy oy ergy gy (3:106)

are respectively the probability of choosing the body of the spider and the probability
of choosing one of the first k vertices on the legs as defined in Definition 3.23. We

have three cases to consider:
(a) Ifvj; = (Jy, J,) with J; > k and J; # 0, then
Gain(S,Csa(k), Z(Jg, Js)) >n—1>1 (3.107)
since a(r,.1,),(J,,0,) => 1 — L for all I; € {0,1,..k}.

(b) If J; =0 and Jg = 0, i.e. Player 2 chooses the body of the spider, replacing the

expression of a(y, 1,),(s,.4,) from Corollary 3.14 in (3.105), we have:

Gain(S, Csa(k), Z(0,0)) = mp i (l 1= Vd; 1J>

I;=1
3.108

mpf3 (k‘l — %) , if k£ is even ( )

m5<m—’§+}l), if k is odd

by (3.83).
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(c) If 1 < Jy <k and Js #0;

(c.1) If J; = 1, replacing the expression of a(y, 1,),(s,.s,) from Corollary 3.14 in (3.105)

gives

Gain(S, Csy, Z(1,J5)) = a(n —1) + Zk: (l B Vd ; 1J>

2
1,=2

+(m—1)8 <Z+L12k:2 (l+ {_Id; 2D>

(3.109)

which can be simplified to

(

a(n—l)+(m—1)ﬁl+mr3<kl_%_l+§>’
if £ is even
Gain(S,Cs2, Z(1, J5)) = 2
a(n—1)+ (m—1)8l+mB (k-5 —1+5-1),
if k is odd.

(3.110)
Considering the different cases, we can determine that this gain is greater than
the one from (3.108) with £ > 1,m > 3.

(c.2) If 1 < J; < k, we have that

Gain(S, Csa(k), Z(Jy, J,)) — Gain(S, Csa(k), Z((0,0)))

a(m—l)l—i—ﬁ(%ﬁ—%k—ﬁ%—%—i-((]d—l)(m—Q)l),

if J; is even and k is even
a(m—l)l—l—ﬁ(%g—%—%%—%—ijL(J —1)(m—2)l>,

if J; is even and k is odd (3.111)
a(m = 1)1+ 5 (% — 4+ 5= %4 1t (Jy = 1)(m - 2)1)

if J; is odd and k is even
oz(m—l)l—i—ﬁ(%‘%—%#—%—%—F(Jd—l)(m—Q)l),

if J; is odd and k is odd.

\

using the inequalities (3.87), (3.88), (3.89) and (3.90) from the proof of Lemma

3.18. Considering the cases separately, we can show that the difference is always
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positive. Thus, the expected gain of Player 1 when Player 2 chooses a vertex
vj = (Jg, Js) with 1 < J; < k and J; # 0 is greater than when Player 2 chooses
the body of the spider.

If J; = k, we can show in a similar manner as case (c.2) that the expected
gain is greater than the one when Player 2 chooses the body of the spider. The
payoff to Player 1 increases on all the vertices except when (14, I5) = (k, Js) for
which the payoff decreases by [ — L%J < [. The payoffs for all other vertices
on which Player 1 has a positive probability were less than or equal to [ when
Player 2 chose the body of the spider and are now at least n — [. Thus, these

payoffs increase by at least n — 2 > (m — 2)[ and so

Gain(S, Cso(k), Z(k, J5)) — Gain(S, Cs2(k), Z(0,0))
>(1=p8)(m—-2)—-pl>0

(3.112)

since m > 3.

Finally, after considering all the cases, we see that the expected gain when
Player 2 chooses the body of the spider (see (3.108)) is the minimal expected
gain of Player 1. Therefore,

mpf kl— % , if k£ is even
GGain(S, Cs) = ( ! ) (3.113)

m,é’(k:l—%%—i), if k is odd

]

Now that we have an expression for the guaranteed gain of Player 1 with the

strategy Cso(k), we want to maximize her guaranteed gain over k.

Lemma 3.26. The optimal guaranteed gain of Player 1 with the strateqy Cso(k) on

a spider, S, with m legs each having | vertices is

GGain(S, Csa (k) =1 — B O1) (I — o) (3.114)

m(m — 1)

where k* = Q—‘ﬂ) +O(1) (I = o) is the optimal integer k.

\/m(m—1
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Proof. From Lemma 3.25, we have the guaranteed gain of Player 1 with the strategy

Cso(k) on S with m legs each having [ vertices:

ms (kl _ %) , if k is even
GGain(S,Csa(k)) = (3.115)

mﬁ(kl—%Jr%l), if k is odd

where [ is the probability as defined in Definition 3.23. Replacing 3, we have

(m—1)141 K2 . .
m <km21+kmflkm+lfk k=T ), if k is even

GGain(S,Csy(k)) =
m (o) (=% +14), ifkis odd

(3.116)

km2l+km—lkm-+Il—k

We want to maximize the guaranteed gain over k for m and [ fixed. This is done in

a similar manner as in the proof of Lemma 3.7, defining the functions

gi(x) =m ( (m = )i +1 ) (xl - %2) (3.117)

am?l+axm —lam+1—x

g2() Zm( (m — )i +1 ) (xl—$—2+i>, (3.118)

am?l+am —lam + 1 —x

and

4
considering that g»(x) = g1(z) + O(1) (x — o0) and that g;(z) reaches a maximum
atx*zQ—\ﬂ_l)JrO(l) (I — o0). O

D

We can now prove Theorem 3.24.

Proof. (Theorem 3.24) For the lower bound, the proof is the same as Theorem 3.5,
having the guaranteed gain from Lemma 3.26. The upper bound [ is simply taken

from Theorem 3.17. O]

As a last point, let us explain quickly how the probabilities of o and [ were
suggested since similar ideas will be used to suggest mixed strategies for the players
in the next chapters. Consider a mixed strategy X for Player 1 on S where the
probability of choosing the body of the spider is «, the probability of choosing each
of the first k vertices on the legs of S is 8 and the probability of choosing the other
vertices is zero. If Player 2 chooses the body of the spider, then

Gain(S,X,Z(0,0)) >a-0+ (1 —a)(l — k) (3.119)
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since a(z,,1,),0,0) = | — L%J > (I — k) for 1 < I; < k. On the other hand, if Player 2
chooses a vertex (Jy, Js) with 1 < J; <k,

Gain(S, X, Z(Jg, J)) > an -0+ (1 —a—B)(1—k) (3.120)

since a,0),(J,,0,) = L%J +n—1—-12>(n—1)and agy,r,),7,) = (I — k) for the
other cases (see Corollary 3.14).

Since Player 1 does not want to give Player 2 an advantage of choosing the body
of the spider over another vertex on which she assigns a positive probability, it makes
sense to equate these two expected gains and solve for a and [ using o + kmpg = 1.
The solution of o and f is precisely the expressions in Definition 3.23. This idea of
considering the expected gain in two scenarios and determining the probabilities that
makes them equal, will be used to suggest strategies to the players for the game of

Competitive Diffusion on Complete Trees in the next chapter.



Chapter 4

Complete Trees

In this chapter, we will study the two-player safe game of Competitive Diffusion on
complete trees. Recall from Definition 1.39 that a complete m-ary tree of height h,

T(m, h) is a rooted tree in which all the internal vertices have m children and all the
mhtl_1
m—1

leaves have depth h. Therefore, the number of vertices in T'(m, h) is n =

4.1 Pure Nash Equilibrium

Since we have the two-player pure Nash equilibrium for trees in Theorem 2.5 in terms
of the centroid, we only need to determine what is the centroid of a complete m-ary
tree.

Proposition 4.1. The centroid of a complete m-ary tree of height h, which has

n = m::_ll_l vertices, is the root of the tree and the weight of the centroid is %

Proof. Let r be the root of T'(m,h) and consider the branches at r (see Definition
1.48). There are m of them and they each have ”7_1 edges. Since "7_1 < 3 form > 2,
we have from Theorem 1.51, that r is a centroid vertex. Moreover, we know from
Theorem 1.50 that if two centroid vertices exist, they are adjacent. Thus, the only
possible other centroid vertex would be a vertex in level 1. However, the vertices in
level 1 have a branch with (m — 1) (221) + 1 > 2 edges and thus are not centroid
vertices by Theorem 1.51. Therefore, the centroid of a complete m-ary tree of height

h_ .
m=1 gince n =
m—1

h+1
m —1
m—1 u

h is the root and its weight is "7’1 =
Corollary 4.2. In the two-player game of Competitive Diffusion on a complete m-
ary tree of height h, a pure Nash equilibrium is attained when one player has the root

of the tree as starting vertex and the other player has one of the vertices in level 1.

mh—1
m—1

Moreover, the payoffs to the players are m" and respectively.

Proof. This result immediately follows from Theorem 2.5 having proved in Proposi-

tion 4.1 that the root is the centroid. O]
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4.2 Safety Value of Player 1 on Complete m-ary trees

Let us consider strategies which have positive probabilities on the root and the vertices
in the first level of T'(m, h). Following a similar idea as with the strategy Cso(k) on
spiders, we can assume that Player 1 chooses the root of the tree with probability «
and the vertices in level 1 each with probability S. We can then determine Player 1’s
expected gains when Player 2 chooses the root and when Player 2 chooses a vertex
in level 1. Then, we can force the two expected gains to be equal by solving for «
and S knowing that a+mpg = 1. Similarly, we can assume that Player 2 chooses the
root of the tree with probability o and the vertices in level 1 each with probability
B, determining Player 1’s expected gains when she chooses the root and when she
chooses a vertex in level 1. Again, we can force the two expected gains to be equal
by solving for o and § knowing that o + mf = 1. This leads to the following two
suggested strategies.

Let us identify a vertex v; chosen by Player 1 as an ordered pair (I4, I.) where I,
is the distance of the vertex to the root or equivalently the level of the vertex and I,
is the position of the vertex in level I; if the vertices are numbered from left to right
by {0,1,2,...,ma — 1} (see Figure 4.1). By convention, the root of the tree will be
identified by the ordered pair (0,0). Similarly, a vertex v; of Player 2 will be denoted
by (Jg, Je).

Note that with this notation, one could determine if a vertex v; = (I, I.) is a

descendant of a vertex v; = (Jy, J.) by checking if
I, € {JomPa=a Jomla=ra 4omle=la 11 (4.1)

or not. Furthermore, recall from Definition 2.3, that the mixed strategy for which
a player chooses a vertex v; with probability 1 is denoted by Z(v;). For complete
trees, it can equivalently be denoted by Z((Iy, I.)) if the vertex v; is identified by the
ordered pair (I, I.). In order to simplify the notation, we will write Z (I, I.) instead

of Z((I4, 1)) as it should not create any confusion.
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(3,0) (3,1) (3,2) (3,3)(3:4)(3,5)(3,6) (3,7)

Figure 4.1: Labelling of the vertices in a complete tree.

Definition 4.3. Let the strategy p; be a mixed strategy on T'(m, h) where

w1 = (x1, 9, ..., z,) and x;, the probability of choosing the vertex v; = (g, I..), is

m!'—1 if I, =0

a = o R B R R
m—1)mh .
T =4p= mh+2(_mh1—21+mh_17 if Iy =1 (42)
0, if2<I;<h

for 1 <i<n.

Definition 4.4. Let the strategy us be a mixed strategy on T'(m, h) where
po = (Y1,Y2, ..., yn) and y;, the probability of choosing a vertex v; = (Jg, Je), is

m—1)(mht1—mh :
o = (mh+12)£mh+l+mhi11), if Jd =0
Y = 5:mmjﬁﬁw4, if J; =1 (4.3)
0, it2<J;<h

for1 <j<n.

We consider the strategy p; as a safe strategy for Player 1 on T'(m,h) and the
strategy po as an opposing strategy for Player 2 on T'(m, h). This leads to the following

results:
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Theorem 4.5. In the two-player game of Competitive Diffusion on the complete
m-ary tree of height h, T'(m,h), the safety value of Player 1 is

(n—1((m—-1)n+1)
n(m?>—-m+1)+m—1

(4.4)

mhtl_1
m—1 -

where n =

In order to prove this theorem, we will consider some lemmas on the guaranteed
gain of Player 1 with the safe strategy u; and the maximal gain of Player 1 when
Player 2 has the opposing strategy ps.

Lemma 4.6. The guaranteed gain of Player 1 with the strategy p1 on a complete
m-ary tree of height h is

miH (mh — 1)

GGain(T(m,h), 1) = mh+t2 — mh+1 b — 17

(4.5)

Proof. From Definition 2.9, we have that the guaranteed gain of Player 1 with the
mixed strategy pq on T'(m, h) is

GGain(T(m, h), p1) = mjin Gain(T(m, h), 1, Z(vj)) (4.6)

where 1 < j < n. Due to symmetry in T'(m,h) and in the strategy p;, we only
need to consider the root of the tree and one vertex of each level as possible starting

vertices for Player 2.

(a) If v; = (0,0), i.e. Player 2 chooses the root of the tree, the expected gain of
Player 1 is

Gain(T(m, h), u1, Z(0,0)) = o - Gain (T'(m, h), Z(0,0), Z(0,0))

m-1 7
+83Y Gain(T(m, h), Z(1,1.), Z(0,0)). 4D
Since
Gain (T(m, h), Z(0,0), Z(0,0)) = 0 (4.8)
and
- mh —1
Gain(T(m. h), Z(1, 1), Z(0,0)) = } Jm* = ——, (4.9)



(b)

(c)

for 0 < I, < m — 1, we have

, mh —1
Gain(T(m, h), u1, Z(0,0)) = -0+ mp ( — ) .

Replacing the values of a and § from Definition 4.3 gives

mhH (mh — 1)

mh+2 — mh+1 _|_mh -1

Gain(T(m, h), 1, Z(0,0)) =

If v; = (Jg, J.) with Jy=1,0< J, <m— 1,
Gain(T(m,h), 1, Z(1,J.)) = a- Gain (T'(m, h), Z(0,0), Z(1, J.))

+ ﬁmz: Gain(T(m,h), Z(1,1.), Z(1, J.)).

Since

Gain (T(m, h), Z(0,0), Z(1,J.)) = (m — 1) (’Zj:f) +1=mh"
and
mh —1
Gain(T(m,h), Z(1,1.), Z(1,J.)) = —

for 0 < I, <m—1, I. # J. we have

Gain(T(m, h), p1, Z(1,.J,)) = am” + (m — 1)3 <TTT; __11) .

Replacing the values of o and 8 from Definition 4.3 gives

4 mh i (mh —1
Gain(T(m, b}, Z(Ja, 1)) =~ (=D

If v; = (Jg, J.) with 2 < J, < h,

Gain(T(m, h), 1, Z(Ja, Je)) = a- Gain (T'(m, h), Z(0,0), Z(Jy, Je))

+ ﬁmz_: Gain(T(m, h), Z(1,1.), Z(Ja, J.))-

1.=0
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(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

Gain (T(m, h), Z(0,0), Z(Jq, J.)) > m" and Gain(T(m,h), Z(1,1,), Z(J4, J.))

> m" since Player 2’s starting vertex is further from the root than (0,0) and
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(1, 1) for 0 < I, < m — 1. Therefore, the payoff to Player 1 will be at least the

number of vertices in m — 1 of the m branches. Thus,
m—1
Gain(T(m, h), i, Z(Jg, Je)) > am" + 8y " m" =m". (4.18)
1.=0

. ht1 (b . .
Since m” > mhfg_mfﬁl +731)h_1, the guaranteed gain of Player 1 is

mht(mh — 1)

mh+2 — mh+l + mh — 1

GGain(T(m,h), uy) =

(4.19)

]

Lemma 4.7. The maximal gain of Player 1 when Player 2 uses the opposing strategy
Lo on an m-ary tree of height h is

miH (mh — 1)
mh+2 — b+l b — 1

Proof. Recall from Definition 2.10 that the maximal gain of Player 1 against the

MGain(T(m, h), ps) = (4.20)

strategy uo for Player 2 is
MGain(T(m, h), ) = max Gain(T(m, h), Z(v;), o) (4.21)

where 1 < ¢ < n. In other words, it is the maximal expected gain Player 1 can get
over all her possible starting vertices. Again, because of symmetry, we only need to
consider the root of the tree and one vertex of each level as possible starting vertices

for Player 1.

(a) If v; = (0,0), i.e. Player 1 chooses the root of the tree as starting vertex, her

expected gain is

Gain(T(m,h), Z(0,0), p2) = o - Gain(T(m, h), Z(0,0), Z(0,0))

m-1 (4.22)
+B " Gain(T(m,h), Z(0,0), Z(1,.1.)).
Je=0
Since Gain(T'(m,h), Z(0,0),2(0,0)) = 0 and Gain(T(m,h), Z(0,0), Z(1, J.))
=(m—1) Z;émk:mh, for 0 < J. <m — 1, we have
Gain(T(m,h), Z(0,0), u2) = a - 0+ mpBm". (4.23)
Replacing the values of o and 8 from Definition 4.4 gives
h+1(mh _ 1
Gain(T(m,h), Z(0,0), uz) = mT (m ) (4.24)

mht2 —mht+tl mh — 1



(b)

(c)
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If v; = (Iy, 1) with I, =1, 0< I, <m —1,

Gain(T(m, h), Z(1,1.), u2) = o - Gain(T(m, h), Z(1,1.), Z(0,0))

m—1 4.25
+BY " Gain(T(m, h), Z(1, 1), Z(1, J.)). (4.29)
Je=0
Since b1
. m- —
Gain(T(m,h), Z(1,1.), Z(0,0)) = po—] (4.26)
and
mh —1
Gain(T(m,h), Z(1,1.), Z(1,J.)) = — (4.27)

for 0 < J. <m—1, J. # I., we have

Gain(T(m,h), Z(1, 1), ) = a (77;: _11) +(m—1)8 (mh - 1) o (4.28)

— m—1

Replacing the values of o and f from Definition 4.4 gives

m+ (mh — 1)

Gain(T(m,h), Z(1,1.), u2) = T o b =1 (4.29)
If V; = (Id, [e> with 2 S [d § h,
Gain(T(m,h), Z(I4,1.), po) = o - Gain(T(m, h), Z(1y4,1.), Z(0,0))
m-1 (4.30)
+8Y Gain(T(m,h), Z(14,1.), Z(1, J.)).
Je=0
However, we have
mh=1 —1
Gain(T(m,h), Z(14,1.), Z(0,0)) < o (4.31)
and
mh=1 —1
Gain(T(m,h), Z(14,1.), Z(1,J.)) < T if v; is a descendant of v;
m—

(4.32)

since in these cases, Player 1’s payoff is less than or equal to the number of

vertices in a subtree of the m-ary tree with the root at level 2. Moreover,

mh —1

Gain(T(m,h), Z(14,1.), Z(1, J.)) < : if v; is not a descendant of v;

m—1
(4.33)
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since in this case, the payoff to Player 1 is less than or equal to the number of

vertices in a subtree of the m-ary tree with the root at level 1. Thus,

Gain(T(m, 1), 210, 1)) < (o +8) () (- 15 ().

(4.34)

Replacing the values of o and g from Definition 4.4 gives

2m2h+l _ 3m2h 4 2m2h—1 i mh _ 2mh—l _ mh+2 +1
(m —1)(mh*t2 —mht+l 4 mh — 1)
L (mh — 1)

Gain(T(ma h)a Z(Idv Ie)a /‘2) <

[ — s "
(4.35)
Therefore, the maximal gain of Player 1 against the strategy us is
‘ mh+1 (mh o 1)
MGain(T(m, h), us) = o S " S (4.36)
O

We now prove Theorem 4.5.

Proof. (Theorem 4.5) This proof is essentially the same as the proof of Theorem
3.5 having the guaranteed gain from Lemma 4.6 and the maximal gain from Lemma

4.7 except that in this case, the bounds are equal. Thus, we have that the safety

h+1 (mh 1) . ht1_ .. . .
m m _m 1
e ey 5 B O Since n = " ———, this is equivalent in

(n—1)((m—1)n+1)
n(m2—m+1)+m—1" 0

value of Player 1 is exactly

terms of n and m to

Let us compare the bounds on the safety value with the payoffs in the pure Nash

equilibrium described in Corollary 4.2.

mhtl_1
m—1

Theorem 4.8. For a complete m-ary tree of height h with n = vertices, the

safety value of Player 1 is asymptotically ( m—1 )n + O(1) (n — o0) as the total

m2—m+1
number of vertices, n, tends to infinity and m is constant.
Proof. This result immediately follows from evaluating the limit of the safety value

of Theorem 4.5 as n tends to infinity and m is constant. m

In contrast to the path and the spider with legs of equal length, the safety value
is not asymptotically equal to the payoffs in the pure Nash equilibrium which are
(m—Dntl _ (=) n+0(1) (n — o0) and =L = (L) n+ O(1) (n — o).

m m
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4.3 Special Case: Binary Tree

In the safe game of the two-player Competitive Diffusion on a complete binary tree,
the safety value of Player 1 is asymptotically 3 +O(1) (n — oo) whereas the payoffs
in the pure Nash equilibrium are ”TH and ”T’l Here, the payoffs in the pure Nash
equilibrium are the same as the ones for paths with an odd number of vertices.
Moreover, for paths, we had that the asymptotic safety value approaches § + O(1)
(n — o00). However this is not the case for the complete binary tree. The reason for
this lies in the structure of the branches of the root. On the path, as the number
of vertices increases, there are more and more vertices near the middle of the path
on which the payoff is at least § 4+ O(1) (n — oo) no matter the chosen vertex of
the opponent given that it is not the same one. Thus, Player 1 can use this to her
advantage by choosing a strategy that has positive probabilities on these vertices.
With a large number of them, the probability that Player 2 chooses the exact same
one is small and therefore, the guaranteed gain of Player 1 approaches § + O(1)
as n tends to infinity. On the other hand, increasing the number of vertices in the
binary tree does not increase the number of vertices which are attractive to choose as
starting vertex. Choosing a vertex in level 2 gives a payoff of only ~ % when Player
2 chooses the root, no matter the height of the tree. Thus, the attractive vertices to
choose from remain the root and the vertices of level 1. In this case, Player 1 cannot

distribute the probabilities on more vertices to reduce the chance of being caught by

Player 2 without causing a significant reduction of her expected payoff.

4.4 Special Case: Ternary Tree

In the safe game of the two-player Competitive Diffusion on a complete ternary tree,
the safety value of Player 1 is asymptotically 2 + O(1) (n — o) whereas the payoffs
in the pure Nash equilibrium are % and "T_l Compared to the complete binary
tree, the asymptotic safety value of Player 1 is closer to the worst of the two payoffs
in the pure Nash equilibrium. This will also be the case with complete trees of higher

degree as the difference

(52) - (250 00) (s )
(4.37)




approaches zero as m tends to infinity.
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Chapter 5

Trees in General

In this chapter, we study the two-player safe game of Competitive Diffusion on trees
in general. Recall from Definition 1.34 that a tree is any graph that contains no cycles.
Hence, the paths, spiders and complete trees of Chapters 3 and 4 are specific cases
of trees. This chapter presents a general approach to determine a safe strategy for
Player 1 on any tree. Recall from Definition 1.48 and Theorem 1.50, that the centroid
of a tree is the set of vertices with the minimal weight and it consists of either a single
vertex (centroidal tree) or two adjacent vertices (bicentroidal tree). Moreover, given a
tree with n vertices, the weights of the vertices and correspondingly the centroid of the
tree can be determined by a linear time algorithm (see for example [13]). Therefore,
in the following, we will assume that we know the weights of the vertices of any given
tree as well as its centroid. Furthermore, we will consider two different classes for the

trees, the centroidal trees and the bicentroidal trees.

5.1 Weights of the Vertices in a Tree

First, let us start with a few observations on the weights of the vertices in a tree.

Notation 5.1. Let v be a vertex in a tree with n vertices. Recall from Definition 1.48
that the weight of v, i.e. the number of edges in the largest branch at v, is denoted

by w(v). Moreover, we will denote n — w(v) by w(v).

Lemma 5.2. Let v be a vertex not part of the centroid of a tree T with n vertices.
The weight of the vertex v is the number of edges in the branch at v in which lies the

centroid of T'.

Proof. Recall from Definition 1.48 that the weight of the vertex v is the maximum
number of edges in any branch at v. By way of contradiction, suppose that B, the
branch at v in which lies the centroid, is not the branch with the maximum number

of edges and let ¢ be a vertex in the centroid.
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Figure 5.1: Illustration in the proof of Lemma 5.2.

Since the weight of a vertex is the maximum number of edges in one of its branches,

we have

w(c) >n—|B|. (5.1)

On the other hand, since B is not the branch at v with the maximum number of

edges, we have
w(v) <n—|B|. (5.2)
Thus,
n—|B| <w(c) <w(v) <n—|B] (5.3)

since the centroid is the vertex with the minimal weight in 7". Hence,
w(c) = w(v) (5.4)

which is a contradiction since v is not a vertex in the centroid of T'. Thus, the branch
B is the branch at v with the maximum number of edges and hence the weight of v

is precisely the number of edges in B. O]
Lemma 5.3. Ifv is a vertex not part of the centroid of a tree T" with n vertices, then

w(v) > w(v) (5.5)
where W(v) =n — w(v).

Proof. From Theorem 1.51, we know that a vertex is a centroid vertex if and only if

all of its branches have less than or equal to § vertices. Thus, if v is not a centroid
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vertex, at least one of its branches must have more than % vertices. Since w(v) is the

number of edges in the largest branch at v, we must have

w(v) > g (5.6)

This is equivalent to
2w(v) > n < wv) >n—w). (5.7)
[

Lemma 5.4. Consider a tree on n vertices T with centroid C(T) = {c} if T is
centroidal, or centroid C(T') = {c1,co} if T is bicentroidal. Let vy, vy be two adjacent
vertices not part of the centroid of T such there is a vo — vy — ¢ path in T if T is
centroidal or a vo—vy —¢; path in T if T is bicentroidal where ¢; € {cy, ¢} is the vertex
in the centroid with the minimal distance to vy. Let N(v1,v3) be the total number of
vertices on branches of vy other than the one in which lies the centroid and the one

in which lies the vertex vy. We have N(vy,vs) = w(vy) — w(vy) — 1.

Proof. We know from Lemma 5.2 that the weights of v; and vy are the number of

edges in the branches in which lies the centroid.

______________
——————
-
- SS
-~ ~,

s
1
H Centroid
\
\

~, ’
~~~~~
-
~~ -
...........

Figure 5.2: Illustration in the proof of Lemma 5.4.

Since the path from vy to the centroid is through the vertex vy, the branch at
v in which lies the centroid includes the edges in the branch at v; in which lies the

centroid. Therefore,

w(ve) = w(vy) + N(vy,v9) + 1. (5.8)
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where N(vq,vy) is the number of edges in the branches at v; other than the one in
which lies the centroid and the one in which lies the vertex v, and where the +1

corresponds to the edge v; — v,. Rearranging, we have
N(v1,v9) = w(ve) — w(vy) — 1. (5.9)

]

5.2 Centroidal Trees

Let us start by studying the Competitive Diffusion on centroidal trees. A centroidal
tree with n vertices, ¢T'(n), has one vertex as centroid and n — 1 vertices distributed

amongst branches at the centroid.

5.2.1 Types of Branches at the Centroid

We will distinguish three different types of branches at the centroid.

Definition 5.5. A thick branch at the centroid is a branch for which we have

wi

where ws is the second lowest weight in the branch and w, is the lowest weight in the

branch.

Definition 5.6. A medium branch at the centroid is a branch for which we have

2

2 2

w wy + (wy — wy

Wy <M —wy + — and w3 > n — wy + —2 ( )
n

n+ (wy — wy)

(5.11)

where wjs is the third lowest weight in the branch, w, is the second lowest weight in

the branch and w; is the lowest weight in the branch.

Definition 5.7. A thin branch at the centroid is a branch for which we have

2

wy <n—wi+ — and w3 < n — wy +
n

ws + (wy — wy)
n + (wy — wy)

(5.12)

where w3 is the third lowest weight in the branch, ws is the second lowest weight in

the branch and w; is the lowest weight in the branch.
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(a) Path.

(¢) Complete m-ary tree.

Figure 5.3: Example of branches in graphs.

The idea behind the distinction of these branches comes from the previous chap-
ters. A thick branch represents a branch that is closest to being ”complete-tree-like”.
It is comparable to the branches of a complete tree (see Figure 5.3 (c¢)) where there is
a positive probability in Player 1’s safe strategy only on the first vertex of the branch.
On the other hand, we have branches that are closest to being ”path-like”. These in-
clude the branches of paths (see Figure 5.3 (a)) and spiders (see Figure 5.3 (b)) where
the positive probabilities in Player 1’s safe strategy are distributed along the branch
up to a certain distance. Thus, the medium branches will be branches on which we
have positive probabilities on the first two vertices with the lowest weights, while the
thin branches will be branches on which we include positive probabilities on the first
three vertices with the lowest weights. In the case that a branch at the centroid is a
path, a better safe strategy for Player 1 is likely to be obtained by including positive
probabilities on more than the first three vertices with the lowest weights. However,
the possible configurations of the first £ vertices with the lowest weights in a branch
at the centroid, multiplies as k increases. Thus, in this thesis, we limit ourselves to

three vertices. Nevertheless, one should keep in mind that for a specific example, the
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Centroid

Figure 5.4: Illustration in the proof of Lemma 5.8.

arguments and results that follow could be generalized to include positive probabil-
ities on more vertices in the branches. As we go along, we will discuss the types of
trees for which this might be beneficial.

Let us study the possible configurations of the three vertices with the lowest

weights in a branch at the centroid.

Lemma 5.8. Consider a branch at the centroid in a centroidal tree with n vertices,
cT'(n). The vertex with the lowest weight in the branch is the one adjacent to the

centroid and the vertex with the second lowest weight is a vertex adjacent to the first.

Proof. Let B be a branch at the centroid in ¢7'(n) with u as the vertex adjacent to
the centroid and the vertices ti, to, ..., t4 adjacent to u (see Figure 5.4). From Lemma
5.2, we know that the weight of a vertex is precisely the number of edges in the branch
in which lies the centroid. Thus, u is the vertex in B with the minimal weight since
for any other vertex, v, in B, the edges in the branch at u in which lies the centroid
are a subset of the edges in the branch at v in which lies the centroid. Now, suppose
the vertex with the second lowest weight, v, is not adjacent to u, i.e. not one of the
vertices t; for 1 < i < d. Considering the centroid as the root of a rooted tree, we
have that v is a descendant of one of the vertices ¢;, 1 < ¢ < d, say t;. In this case,

the weight of v needs to be larger than t; since the branch at v in which lies the
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Centroid

Centroid
C- O O
C O O @

a) First configuration with w(u) < w(t) < (b) Second configuration with w(u) < w(t) <

Figure 5.5: Possible configurations of the three vertices with lowest weight in a
branch at the centroid of a centroidal tree.

centroid also includes the edges in the branch at , in which lies the centroid. This
is a contradiction to the fact that v is the vertex with the second lowest weight in B.

Thus, v needs to be adjacent to u. [

From Lemma 5.8, we know that the vertex with the lowest weight is adjacent to
the centroid and a vertex with the second lowest weight is adjacent to the first vertex.
That being said, there are two possibilities for the the next vertex with the lowest
weight i.e. the next vertex with the lowest weight can be a vertex adjacent to either
the first or second vertex with lowest weight in the branch (see Figure 5.5.)

Consider mixed strategies for Player 1 where she chooses with a positive prob-
ability only the centroid and some of the three vertices with the lowest weights in
a branch at the centroid. If the branch has the configuration (a) of Figure 5.5, we
suggest three possible strategies for Player 1, 7, 7 and 73 (see Figure 5.6). The
strategy 71, represented in Figure 5.6 (a) has Player 1 assigning a probability a on

the centroid, a probability § on the vertex with the lowest weight, u, a probability
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Other w(u) — 1
vertices

Other w(u) — 1
vertices

Centroid Centroid

%5 %5=0

(a) Mixed strategy 7. (b) Mixed strategy 7s.

Other w(u) — 1
vertices

Centroid

Q- «
o D®—
o D@

%5=0

(¢) Mixed strategy 73.

Figure 5.6: Safe strategies of Player 1 on a branch of a centroidal tree with configu-
ration (a) of Figure 5.5.
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Other w(u) — 1

Other w(u) — 1
vertices

vertices

Centroid Centroid
Q- « Q-
OB O o

]/1H %}’2 }’1H %szo

a

(a) Mixed strategy 74. (b) Mixed strategy o.

Other w(u) — 1
vertices

Centroid

Of -
@y

rn=0—> (¢t (5) <— =0

(¢) Mixed strategy 73.

Figure 5.7: Safe strategies of Player 1 on a branch of a centroidal tree with configu-
ration (b) of Figure 5.5.
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~ on the vertex with the second lowest weight, ¢, a probability § on the next vertex
with the lowest weight, s, and a probability zero on all the other vertices. Following
a similar idea as with the strategy Cgo(k) for the spiders and the strategies u; and
1o for the complete trees, we can determine the expected gains of Player 1 if Player
2 chooses the centroid, the vertex u, the vertex ¢t and the vertex s and force these
expected gains to be equal by solving for «, 3,y and 9, knowing that a++~v+0 = 1.
This leads to the following mixed strategy and expected gain.

Definition 5.9. Let 7 be a mixed strategy on a centroidal tree ¢7'(n) with centroid
vertex ¢ and a branch at the centroid, B, with the configuration of Figure 5.6 (a).

We define 7 = (z1, 9, ..., x,) where x;, the probability of choosing the vertex v;, is

)
a, ifv, =c
_ (W) (w(w)m(s)+ (w(t) —w(s)) (w(t) —w(w))) e
A= ( w(s)w(u)w(0)+w(s)w(t) (w(s)—w(t)) ) o, ifv=u
v =4y = (%) 3, if v = ¢ (5.13)
\ 0, otherwise.

with «, 8,7 and § known by solving o + 5+ v+ 0 = 1 and where u, t and s are

respectively the first, second and third vertices with the lowest weights in B.

Lemma 5.10. Consider the two-player game of Competitive Diffusion on a centroidal
tree ¢T'(n) with centroid vertex ¢ and a branch at the centroid, B, with the configu-
ration of Figure 5.6 (a). The expected gains of Player 1 when she chooses the mized
strategy 7 and Player 2 chooses the mized strategies Z(c), Z(u), Z(t) and Z(s) are

equal and are

where u, t and s are respectively the first, second and third vertices with the lowest

weights in B.

Proof. The expected gain of Player 1 with the strategy 7, on the centroidal tree T'(n)
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if Player 2 chooses a vertex v; for 1 < j <n is

Gain(cT(n),m1, Z(v;)) = o - Gain(cT(n), Z(c), Z(v;))
+ - Gain(cT(n), Z(u), Z(v;)) + 7 - Gain(cT(n), Z(t), Z(vy)) (5:15)
+0 - Gain(cT(n), Z(s), Z(v;))

where «, 3, v and ¢ are defined as in Definition 5.9.
(a) If v; = ¢, i.e. Player 2 chooses the centroid, then (5.15) becomes
Gain(cT(n),n,Z(c)) =a-0+ 5 -w(u) +v-w(t) + 9 - w(t) (5.16)
Replacing the values of o, 8, v and 4 known from solving o« + 5 +~v+ 9 =1

gives

Gain(cT(n),m1,Z(c)) =

w(t) (w(t)(n* — w(w)w(t) +w(t)* —w(s)(@(uw) —w(u) +w(t)))
n? —n?(w(u) +w(s)) + nw(u)(w(u) +w(s)) — w(t)(wu) —w(s))(wu) —w(t) +w(s))
5.17)

—

(b) If v; = u, i.e. Player 2 chooses the vertex with the lowest weight in the branch
B, (5.15) becomes

Gain(cT(n), 7, Z(u)) =a-w(u)+ -0+~ -w(t) + 0 - w(s) (5.18)

Replacing the values of o, 5, v and ¢ know from solving o+ 3 +~v+ 6 = 1 gives

Gain(cT(n), 11, Z(u)) =

w(t) (w(t)(n* — w(w)w(t) +w(t)* —w(s)(@(u) —w(u) +w(t)))
n? —n?(w(u) +w(s)) + nw(u)(w(u) +w(s)) — wt)(wu) —w(s))(w(u) —wt) +w(s))
5.19)

—

(c) If v; =t, i.e. Player 2 chooses a vertex with the second lowest weight in the

branch B, (5.15) becomes

Gain(cT(n), 7, Z(t)) =a-w(u)+ - w(t)+v-0+0-w(s) (5.20)

Replacing the values of o, 5, v and ¢ know from solving o+ 3 +v+ 6 = 1 gives
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Gain(cT(n), 11, Z(t)) =

w(t)(
n? —n?(w(u) + w(s)) + nw(u)(wu) + w(s)) — wt)(ww) —wls))(w(w) —wt) +w(s)

S
=
E)
[\
\
=3
£
g
=
+
2
=
<
\
g
=
El
S
\
=3
E
+
2
=

(d) If v; = s, i.e. Player 2 chooses the third vertex with the lowest weight in the
branch B, (5.15) becomes

Gain(cT(n),m,Z(s)) =a-w(t)+ 6 -w(t)+v-w(s)+6-0 (5.22)

Replacing the values of o, 5, v and ¢ know from solving o+ +~v+ 6 = 1 gives

w(t) (w(t)(n? — w(w)w(t) +

In a similar manner, we define the mixed strategies 7 and 73 of Figure 5.6 (b)

and (c) with their associated expected gains.

Definition 5.11. Let 75 be a mixed strategy on a centroidal tree ¢7'(n) with centroid
vertex ¢ and a branch at the centroid, B, with the configuration of Figure 5.6 (b).

We define 75 = (1, T3, ..., x,) where x;, the probability of choosing the vertex v;, is

a, ifv, =c
5:(%)@, if v, =u
T =Sy = <%> g, ifv,=t (5.24)
0=0, ifv;, =s
\ 0, otherwise.

with «, f and v known by solving a+ 5+~ = 1 and where u, t and s are respectively
the first, second and third vertices with the lowest weights in B.

Lemma 5.12. Consider the two-player game of Competitive Diffusion on a centroidal
tree ¢T(n) with centroid vertex ¢ and a branch at the centroid, B, with the configu-

ration of Figure 5.6 (b). The expected gains of Player 1 when she chooses the mized
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strategy T and Player 2 chooses the mized strategies Z(c), Z(u) and Z(t) are equal
and are

w(w)w(uw)w(t) + wu)w(t)w(t)
n? —nw(t) + w(u)w(t)

(5.25)

where u and t are respectively the first and second vertices with the lowest weights in
B.

Proof. This proof follows the same ideas as the proof of Lemma 5.10. ]

Definition 5.13. Let 73 be a mixed strategy on a centroidal tree ¢7'(n) with centroid
vertex ¢ and a branch at the centroid, B, with the configuration of Figure 5.6 (c).

We define 13 = (x1, T3, ..., x,) where x;, the probability of choosing the vertex v;, is

a, if v; = ¢
62(%)@, if v; =u
= q~v=0, ifv, =1 (5.26)
=0, ifv,=s
0, otherwise.

with o and S known by solving o + 8 = 1 and where u, t and s are respectively the

first, second and third vertices with the lowest weights in B.

Lemma 5.14. Consider the two-player game of Competitive Diffusion on a centroidal
tree ¢T'(n) with centroid vertex ¢ and a branch at the centroid, B, with the configu-
ration of Figure 5.6 (c). The expected gains of Player 1 when she chooses the mixed

strategy T3 and Player 2 chooses the mized strategies Z(c) and Z(u) are equal and are

w(w)w(u)

(5.27)
n
where u is the vertex with the lowest weight in B.
Proof. This proof follows the same ideas as the proof of Lemma 5.10. O

On the other hand, if a branch at the centroid has the configuration (b) of Figure
5.5, we also suggest three possible mixed strategies for Player 1. However, two of
them are equivalent to ones already defined (see Figure 5.7). Let us define the new

strategy 74 obtained in a similar manner as the others.



95

Definition 5.15. Let 74 be a mixed strategy on a centroidal tree ¢7'(n) with centroid
vertex ¢ and a branch at the centroid, B, with the configuration of Figure 5.7 (a).

We define 74 = (z1, 3, ..., x,) where x;, the probability of choosing the vertex v;, is

a, if v; = ¢
62(%)@, if v; = u
m= = (M) 8 ifu—t (5.28)
V2 = (ggi;)ﬂ, if v, =s
0, otherwise.

\

with «, 5, 71 and 5 known by solving oo + 8 + v1 + 72 = 1 and where u, t and s are

respectively the first, second and third vertices with the lowest weights in B.

Lemma 5.16. Consider the two-player game of Competitive Diffusion on a centroidal

tree ¢T'(n) with centroid vertex ¢ and a branch at the centroid, B, with the configu-

ration of Figure 5.7 (a). The expected gains of Player 1 when she chooses the mized

strategy T4 and Player 2 chooses the mized strategies Z(c), Z(u), Z(t) and Z(s) are

equal and are

w(w)wt)w(s)((u) + w(t) + w(s))
n? — 2w(u)w(t)w(s) — n?(w(t) + w(s)) + n(w(t)w(s) + w(uw)w(t) + w(u)w(s))

(5.29)

where u, t and s are respectively the first, second and third vertices with the lowest

weights in B.
Proof. This proof follows the same ideas as the proof of Lemma 5.10. O]

By comparing the expected gains (5.14), (5.25), (5.27) and (5.29) we can determine
the following:

e The expected gain with the strategy 73 (5.27) is always greater than the expected
gain with the strategy 74 (5.29).

e The expected gain with the strategy 7o (5.25) is greater than the expected gain
with the strategy 73 (5.27) if w(t) < w(u) + ww)?
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e The expected gain with the strategy 7 (5.14) is greater than the expected

gain with the strategy 7o (5.25) if w(t) < w(u) + %“)2 and w(s) < w(t) +

w(t)?+(w(t) —w(u))?
nt(w(t)—w(u))

In other words, on a thin branch, the expected gain of Player 1 is greater with the
strategy 7, on a medium branch, the expected gain of Player 1 is greater with the
strategy 7 while on a thick branch, the expected gain of Player 1 is greater with the
strategy 73. This suggests a safe strategy for Player 1 which has positive probabilities
on some of the branches at the centroid and in which the distribution of probabilities

are defined dependently on the branches being thick, medium or thin.

5.2.2 Centroidal Safe Strategy (CSS) Algorithm

To determine the branches on which there should be a positive probability in the
safe strategy of Player 1, we consider a stepwise algorithm. The algorithm starts
by having positive probabilities on one of the branches at the centroid and adds
positive probabilities on other branches one at a time. Branches are added until
the expected gain of Player 1 when Player 2 chooses the centroid can no longer be
increased by adding some positive probabilities on the remaining branches. Thus, the
algorithm consists of two important elements: the order in which the branches should
be included and the time when the algorithm should stop adding positive probabilities

on some new branches. On that note, we have the following lemmas.

Lemma 5.17. Consider a centroidal tree ¢'T'(n) with vertices {vy, vq, ..., v, }. Suppose
we have a mized strateqy for Player 1 on ¢T(n), o = (x1, s, ..., z,) where x; is the

probability of choosing the vertex v; and specifically

a, ifv,=c
O, Zf v; € B

with 0 < a < 1 and B, a thick branch at the centroid. Suppose we add probabilities

in terms of o on the vertices of B as described in (5.26). That is, we form a vector
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Q= (q1,q, -, qn) such that

8= (%—Z) o, ifv,=u
0,

q; = ifv, € B and v; # u (5.31)
Li, ifvi & B
where u is the vertex with the lowest weight in B. Let o' = (2!, ), ...,x]) be a scale

down of the vector () where,

/ qi
Zi:1 qi

Consider o' as a new mized strateqy for Player 1. Then, we have

Gain(cT(n),o', Z(c)) > Gain(cT(n), o, Z(c)) (5.33)
if and only if
w(u) > Gain(cT(n), 0, Z(c)). (5.34)
Moreover,
Gain(cT(n), o', Z(c)) < w(u) (5.35)

that is, the new expected gain does not surpass w(u).

Proof. Suppose the centroid ¢ corresponds to the vertex vy of ¢T'(n). The expected

gain of Player 1 with the strategy ¢ when Player 2 chooses the centroid is

Gain(cT(n),0,Z(c)) =a -0+ Z x; - Gain(cT(n), Z(v;), Z(c)) (5.36)

i=2
Now, suppose there are m vertices in the branch B and that they correspond to the

vertices {vg, v3, ..., Ums1} of ¢T'(n). Let the vertex vy be specifically the vertex u. The

expected gain of Player 1 with the strategy o’ when Player 2 chooses the centroid is
Gain(cT(n) Z z; - Gain(cT(n), Z(v;), Z(c)). (5.37)
Replacing the values of z! from (5.32) gives

Gain(cT(n) Z

Zz T -Gain(cT(n), Z(v;), Z(c)). (5.38)



98

Since ¢; = x; for 1 <i<n,i# 2 and ¢ = ngehave

Gain(cT(n), o', Z(c)) = <a 0+ (M) - Gain(cT(n), Z(u), Z(c))

1
die1 G w(u)
+> @i Gain(cT(n), Z(v;), Z(c))> .

=3

(5.39)

Moreover, x5 = 0, since initially, there was no positive probabilities on the vertices of

the branch B. Thus,

Gain(cT(n), o', Z(c)) = — ((“’(“D Gain(cT(n), Z(u), Z(c))

(u

i1 @i (5.40)
+ Gain(cT(n), 7, 2(c))) .
Therefore,
Gain(cT(n),o', Z(c)) > Gain(cT(n), 0, Z(c))
! w(w) -Gain n U c
o s () - Guointer (o) 20, 2(0))) > (5.41)
—Z?:l a1 ain n),o,Z(c
(28222 Gain(eT(n). 0 2(0),
This can be simplified to
Gain(cT(n), Z(u), Z(c)) > Gain(cT(n), 0, Z(c)) (5.42)
since Y ¢ — 1= E Finally, recall from Lemma 5.2, that w(u) is the number of

edges in the branch at u in which lies the centroid. Thus, there are w(u) vertices in
the branch B and so Gain(cT'(n), Z(u), Z(c)) = w(u).

Lastly, if Gain(cT'(n), Z(u), Z(c)) > Gain(cT(n),o,Z(c)), we can deduce from
(5.40) that

Gain(cT(n), o', Z(c)) < Gain(cT(n), Z(u), Z(c)) = w(u) (5.43)

since

- <L (5.44)
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Lemma 5.18. Consider a centroidal tree ¢ T (n) with vertices {vy, va, ..., v, }. Suppose
we have a mized strategqy for Player 1 on ¢T(n), o = (x1,xa,...,x,), where x; is the

probability of choosing the vertex v; and specifically

o, ifv;=c

O, Zf v; € B
with 0 < a < 1 and B, a medium branch at the centroid. Suppose we add probabilities

in terms of a on the vertices of B as described in (5.24). That is, we have a vector

Q= (q1,92, ..., qn) such that

ﬁz(%)a, ifvi=u
_ (w@®) YN
7—(@—>57 ifvi =1
0, ifvi € B and v; # u, t
Ty, Zf U; ¢ B

\

where u and t are the first and second wvertices with the lowest weights in B. Let
o' = (2}, xh,...,x)) be a scale down of the vector () where,

PR (5.47)

' Z?:l %

Consider o' as a new mized strategy for Player 1. Then, we have

Gain(cT(n),o', Z(c)) > Gain(cT(n), 0, Z(c)) (5.48)
if and only if
<@) w(u) + (#) w(t) > Gain(cT(n), o, Z(c)). (5.49)

n
Moreover,
w(t t
Gain(cT(n), o', Z(c)) < (%) w(u) + <$) w(t). (5.50)
Proof. This proof follows the same ideas as the proof of Lemma 5.17. O

Lemma 5.19. Consider a centroidal tree o'T'(n) with vertices {vy, va, ..., v, }. Suppose
we have a mized strateqy for Player 1 on ¢T(n), 0 = (x1, %9, ...,x,), where x; is the

probability of choosing the vertex v; and specifically

a, ifv,=c
O, Zf v; € B
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with 0 < a < 1 and B, a thin branch at the centroid. Suppose we add probabilities

in terms of a on the vertices of B as described in (5.13). That is, we have a vector

Q= (ql,qQ, <oy qn) Such that

(1= (Smteo)e, .-
(%) B, ifv; =1
¢ = = <g(3> v+ ( w(s > a, ifvi=s (5.52)
0, ifvi € Bandv; #u, t, s
x5, ifv, € B

\
where u, t and s are respectively the first, second and third vertices with the lowest

weights in B. Let o' = (2,2}, ...,x)) be a scale down of the vector Q) where,

o= = (5.53)

’ Z?:l 4

Consider o' as a new strategy for Player 1. We have
Gain(cT(n),o', Z(c)) > Gain(cT(n), 0, Z(c)) (5.54)

if and only iof
w(t)(t) (02 — nw(s) — w(s)w(t) + wH)? + 2uw(s)wlu) — w(t)w(w)
nw(t)w(s) + w(w)wt)(—n+w(s) + w(t)) + wt)w(u)? (5.55)
> Gain(cT(n),0,Z(c)).

Moreover,

Gain(cT(n), o', Z(c)) <
w(t)w(t)(n? — nw(s) — w(s)w(t) + w(t)? + 2u(s)w(w) - w(tpww)  5-50)
nw(t)w(s) + w(w)wt)(—n +w(s) + w(t)) + w(t)w(u)? '
Proof. This proof follows the same ideas as the proof of Lemma 5.17. O

We now have conditions that permit us to determine if adding positive probabili-
ties on the vertices of a branch increases the expected gain of Player 1 when Player 2
chooses the centroid. However, we must decide which branch should be added first if
two or more branches satisfy the conditions. To do this, we first define the criterion
of a branch. The criterion of a branch is dependant of the type of branch and cor-

responds respectively to the equations (5.34), (5.49) and (5.55) in the Lemmas 5.17,
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5.18 and 5.19. Thus, we will have that the expected gain of Player 1 can be increased
by adding positive probabilities on the vertices of a branch if and only if its criterion

is greater than the current expected gain.

Definition 5.20. For a branch at the centroid B in a centroidal tree ¢T'(n), we define

the criterion of B, Cr(B), as

Cr(B) =
w(u), if B is a thick branch (5.57)
ETt)> w(u) + (#) w(t), if B is a medium branch

w()w(t)(n? —nw(s)—w(s)w(t)+w(t)?+2w(s)w(u) —w(t)w(u)) . . .
()T (@ e () e te) reuw? 1 B isa thin branch

where u is the vertex with the lowest weight in the branch B, ¢ is the vertex with the
second lowest weight in the branch B and s is the next vertex with the lowest weight
in the branch B. By assumption, a branch that has less than three vertices will be

assigned a criterion of 0.

We now argue the ordering of the branches in the algorithm. Let B; and B; be
two branches at the centroid in a centroidal tree oT'(n) with vertices {vy, v, ..., v, }.
Suppose we have a mixed strategy for Player 1 on ¢T'(n), o = (21, %2, ..., x,), where

xk, the probability of choosing the vertex vy, is

«Q, if v, =c
Tr =40, if v, € B; or vy, € Bj (558)
€, -, for vy otherwise

where « is such that o+ Zk er-a=1and 0 < ¢, < 1. The expected gain of Player 1
with the strategy o when Player 2 chooses the centroid is Gain(cT (n), 0, Z(c)). Sup-
pose Cr(B;) > Cr(B;) > Gain(cT(n),0, Z(c)). Since the criterion of both branches
is greater than the current expected gain, we know by Lemmas 5.17, 5.18 and 5.19,
that adding some positive probabilities on either branches will increase the expected

gain of Player 1. Thus, we have two scenarios.

(i) If we start by adding some probabilities on the branch B; to get the mixed
strategy o; = (y1, Y2, ..., Yn) Where, y, the probability of choosing the vertex vy

is:
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if o, = ¢

if v, € B;

«,
0,
8; = (w(tj)(w(ujm(sj
Y=Y = (%EZ;) Bi,
w(s]:)
0,
€k - QO

)+H(w(ty)—w(s;)) M%)*M%‘)))) o
w(s;)w(uy )w(t;)+w(s;)w(t;)( )

sj)—w(t;))

if v, = u; € Bj

ifv, =1t; € Bj

it v, = s; € B;

if v, € Bj, v # uj,tj,5;
for vy otherwise.

(5.59)

with a such that a + 8; +v; +6; + >, €x - @ = 1, where the €;’s are unchanged

and where u;, t; and s; are respectively the vertices with the first, second and

third lowest weights in B;. The probabilities on the branch B; are as in (5.13)

of the strategy 7.

(b) If B; is a medium branch

Yk =

if Vp = C
if v, =u; € B;
S (5.60)
if vy, =t; € Bj
if Vi € Bj,Uk 7é Uj,tj

for vy, otherwise.

with a such that o+ 5; +7; + >, €x - @ = 1, where the ¢,’s are unchanged and

where u; and t; are respectively the first and second vertices with lowest weights

in B;. The probabilities on the branch B; are as in (5.24) of the strategy 7».
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If B; is a thick branch

a, ifuv, =c
0, if v, € B;
Ye =05 = (;EZD a, if v, =u; € B (5.61)
0, if vy € Bj, vy # u;
€L - Q, for vy otherwise.

with o such that o+ 3+, €x-a = 1, where the ¢,’s are unchanged and where
u; is the vertex with the lowest weight in ;. The probabilities on the branch

B; are as described in (5.26) of the strategy 7s.

The new expected gain of Player 1 when Player 2 chooses the centroid is
Gain(cT(n), 04, Z(c)).

On the other hand, if we start by adding some probabilities on the branch B; to
get the mixed strategy o; = (z1, 29, ..., 2,) where, z, the probability of choosing

the vertex vy, is:

If B; is a thin branch

a, if v, =c¢
0, if v, € Bj
[ wt) (wlu)w(s:)+(w(ts) —w(si)) (w(ti) —w(us))) : . .
pi = ( (s () (60w (E: ) (w0 (51)—w(E:) )a’ if vp = u; € Bi
— _ [ w(t) : _
k= NV= (w(tﬁ) Bi, if vp =1; € B;
o (wisd) . w(ti)—w(u,) : — .. .
51 = (@(Sz)) Yi + ( W(s7) > a, if Vp = S; € Bl
0, if v, € By, v # wiy ti, 84
€+ Q, for v, otherwise.

(5.62)

with a such that o+ 8; +7; + 6; + >, €, - & = 1, where the ¢;’s are unchanged
and where u;, t; and s; are respectively the vertices with the first, second and
third lowest weights in B;. The probabilities on the branch B; are as in (5.13)
of the strategy 7.



(b) If B; is a medium branch

(

Q, if o, =c
07 if Vi € Bj
Bi = <;EZ§) a, ifv,=u; €B;
Rk — !
Yi = (ggz;) s lf Vi = ti € Bz
0, if vy € By, v # wiy t;
€k - QU for v;, otherwise.

\

with a such that o+ 8; +7; + >, € - @« = 1, where the ¢;’s are unchanged and

where u; and ¢; are respectively the vertices with the first and second lowest

weights in B;. The probabilities on the branch B; are as in (5.24) of the strategy

T2.

(c) If B; is a thick branch

2 = @‘Z(% :

\Ek cQ

if Vp = C
if Vg € Bj

if v, € B;, v #

for vy, otherwise.

with o such that o+ 5;+ ), €, -a = 1, where the €;’s are unchanged and where

u; is the vertex with the lowest weight in B;. The probabilities on the branch

B; are as in (5.26) of the strategy 7s.

The new expected gain of Player 1 when Player 2 chooses the centroid is

Gain(cT(n),0:, Z(c)).

Now, we know by Lemmas 5.17, 5.18 and 5.19 that

Gain(cT(n),05,Z(c)) < Cr(Bj)

and

Gain(cT(n), 04, Z(c)) < Cr(B;).
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In the first scenario, since Cr(B;) > Cr(B;), we have Cr(B;) > Gain(cT(n),0;, Z(c)).
Therefore, adding to the strategy o;, some positive probabilities on the vertices of
the branch B; and scaling down the probabilities will increase the expected gain of
Player 1. In the second scenario, Cr(B;) might or might not be greater than or equal
to Gain(cT'(n), 04, Z(c)). If it is, then adding to the strategy o;, some positive prob-
abilities on the vertices of the branch B; will result in the same final expected gain
as in scenario 1. If Cr(B;) < Gain(cT'(n),0:, Z(c)), then we should not add positive
probabilities on the branch B; since it will decrease the expected gain to Player 1.
Thus, the resulting expected gain following the second scenario is either greater or
equivalent to the resulting expected gain following the first scenario. For this reason,
it is always advantageous to include some positive probabilities on the branch with

the largest criterion first.

These observations are summarized in the heuristic algorithm, Centroidal Safe

Strategy (CSS) Algorithm, represented in Figure 5.8 and defined as follows.

Algorithm 5.21. Centroidal Safe Strategy (CSS) Algorithm

INPUT: Centroidal tree with d branches at the centroid for which all the weights

of the vertices are known.

STEP 1: Order the branches { By, By, ..., By} such that Cr(B;) > Cr(B;41) for all
1 <i<d-1, where Cr(B;) is the criterion of the branch B; as defined in Definition
5.20.

STEP 2:

(a) Start with ¢ = 1 and consider the branch By. Let uy, t1, s; be the vertices of By
such that w(uy) < w(ty) < w(sy) < w(rg) for all other vertices ry in B;. Form
a safe strategy for Player 1, o1, in which the centroid is chosen with probability
a and the vertices in the branch B; are chosen with probabilities that depend

on the branch B; being thick, medium or thin.
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(i) If By is a thin branch, the probabilities are

8 = <w(t1)(w(m)w(81) + (w(ty) — w(sy))(w(ty) — w(u1)))> o on uy
w(s1)w(u)w(tr) +w(st)w(t)(w(s1) — w(tr))

= () 1+ (M eon s

0 on the other vertices of Bj.

(5.65)
(ii) If By is a medium branch, the probabilities are
o [ = (E(u1)> « on U
w(u1)
w(t1
= t
® N (@(tﬁ) By on ty
e 0 =0on s
e (0 on the other vertices of B;.
(5.66)
(iii) If By is a thick branch, the probabilities are
e 31 = <E(u1)> Q on U
w(uy)
o vy =0o0nt
e 0 =0on s
e 0 on the other vertices of Bj.
(5.67)

Skip to STEP 3.

(b) Consider the branch B;. Let u;, t;, s; be the vertices of B; such that w(u;) <
w(t;) < w(s;) < w(ry) for all other vertices ry in B;. Form a safe strategy for
Player 1, 0;, in which the centroid is chosen with probability a, the probabilities
on the vertices of the branches B, 1 < k < i are the same in terms of « as in
the strategy o;_; and the probabilities on the vertices in the branch B; depend
on the branch B; being thick, medium or thin.
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(i) If B, is a thin branch, the probabilities are

w(ti') ‘ ) | (5.68)
o 5 — <Z§i;) i+ (W) o on s

e 0 on the other vertices of B;.

(ii) If B; is a medium branch, the probabilities are

° [ (w(uz)) Q on u;

w(u;)
(4

e ¢, =0 on s

® V= >5¢0th’

e ( on the other vertices of B;.

(5.69)
(iii) If B, is a thick branch, the probabilities are
o 3= (ﬂ(“’)) Q on u;
w(u;)
e v, =0ont;
e 0, =0on s
e 0 on the other vertices of B;.
(5.70)

STEP 3: Determine o by solving a + 23:1 (Bj +v;+ ;) = 1 and calculate the
expected gain of Player 1 with the strategy o; when Player 2 chooses to start with

the centroid,

Gain(cT(n),0:,Z(c)) = a -0+ Z (B - w(uy) + v - w(t;) + 6; - w(ty)) - (5.71)

STEP 4.

(a) If i < d, verify Cr(B;y1) > Gain(cT(n), 04, Z(c)).
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— If it is true, go to STEP 2 (b) with ¢ = ¢+ 1. That is, consider another safe
strategy for Player 1, 0;,1, where positive probabilities on some vertices in

the next branch of the ordering are included.

— If it is false, then the expected gain of Player 1 cannot be increased by
adding more branches. The algorithm stops and o; is the resulting safe

strategy for Player 1.

(b) If i = d, there are no more branches at the centroid that can be added. Thus,
the algorithm stops and o; is the resulting safe strategy for Player 1.

OUTPUT: Safe strategy for Player 1, 0;, with guaranteed gain

GGain(cT(n),0;) = Gain(cT(n), 0:, Z(c)). (5.72)

Note that in STEP 2 of the algorithm, the probabilities that are added on the
vertices of the branch B; are equivalent to the distribution of the probabilities on a
branch at the centroid in the strategies 73, 72 and 7y (see (5.13), (5.24) and (5.26)),
respectively when B; is thin, medium or thick.

As a final point, there is one result from the algorithm left to be proved. The
following theorem shows that the expected gain of Player 1 with the strategy oy
when Player 2 chooses the centroid is in fact the minimal gain that Player 1 can get

with the strategy o, so we have

GGain(cT(n), o) = Gain(.1'(n), ox, Z(c)). (5.73)

Theorem 5.22. Let T (n) be a centroidal tree with d branches at the centroid. Sup-
pose we apply the algorithm described in Figure 5.8 to ¢T(n) and we get the mized
strateqy oy of Player 1 as output. Then,

GGain(cT(n), o) = Gain(cT(n), ok, Z(c)) (5.74)
where ¢ is the centroid of T (n).

Proof. The mixed strategy oy has positive probabilities on vertices of the branches

By, Bs, ..., Bx. From this set of branches, suppose there are k; thick branches,



INPUT:

Centroidal tree
with d branches
at the centroid c.

branches at the centroid

STEP 1: Order the

{BlvBZl '"le}
such that Cr(B;) =
Cr(Bj4,) for
1<i<d-1

STEP2:1s B; a

thin, medium or

thick branch?
(thin ] [ Medium | [ Thick ]
i—»i+1
Add the Add the Add the
probabilities as in || probabilities as in || probabilities as in
the strategy 7, on || the strategy 7, on || the strategy 73 on Yes

the branch B;.

the branch B;. the branch B;.

STEP 4(b): Is Cr(Bj4,) =
Gain(:T(n), 0, Z(c)) ?

Let the new strategy be d;.

|

STEP 3: Solve

Yes

Safe strategy for Player 1: o;
Guaranteed gain:
GGain(.T(n),0;) =

a+Yi-,(Bj+v;+6) =1foraand
determine Player 1’s expected gain with
the strategy o; if Player 2 chooses the

centroid: Gain(.T(n), o;, Z(c)).

STEP 4(a): Is i < d?

Gain(;T(n), 0;, Z(c)).

Figure 5.8: Representation of the CSS Algorithm giving a
along with its guaranteed gain on a centroidal tree oT'(n).
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safe strategy for Player 1
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{a "k admk Ry € {1,2,3, . kY,
ks medium branches,

{atfed idfed, L aptety € {1,2,3, ...k},
and ks thin branches,

{afrm, i, iy € {1,2,3, .k}

such that ]{?1 + k?g + kg =k.

The algorithm defines the strategy o as having the probabilities

e « on the centroid ¢
(
Bi = (i"—(“?)) o on u;
w(u;)
®*y % =0ont; if B, is a thick branch

0; =0on s;

(
Bi = (ggzg) o on u;
w(

® Ny = (WZ;) B on t; if B; is a medium branch
0 =0 on s;
\
(
[ ) (wu)w(si)+H(wts) —w(si)) (w(ti) —w(uq)))
Bi = ( W (s (us)w(t:) o (s w(ts) (w(s:) —w(t:)) ) Ot
®q v = (w(tz)> B; on t; if B; is a thin branch

\ (51 = (Egzzg) Y + <—( E)( )( )> a on s;

e (0 on all the other vertices

(5.75)

where u;, t; and s; are the vertices of B; such that w(u;) < w(t;) < w(s;) < w(r;) for

all other vertices r; in B; and where « is such that o + Zi:1(5i + 9+ 6;) = 1.

If Player 2 chooses to start with the centroid ¢, the expected gain of Player 1 with
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the strategy oy is

T}Lk ]Wed
ko
Gain(cT'(n), o4, Z(c)) = a0+ Z Bi-w(us) + Y (8- W(uy) +7; - W(t5))
Thk ] Z]VIed
15;”"
+ > (B w(wy) + ;- @(Ly) + 65 - W(t)) -
,7 7lThn

(5.76)

If Player 2 chooses to start with a vertex u, in B, where B, is a thin branch, then
re {ZThn Th'rL’ “’Z%“Shn}’

and the expected gain of Player 1 with the strategy oy is

iﬁ/éed
+ Bj - w(uj) + ;- wlu,

'_;Ed( i W(uy) + ;- W(uy)) (5.77)

J=1
+ B 04, -w(t,) + 6, - W(s,)

zi;hn

+ Z (B; - w(u;) + ;- w(uy) + 6; - w(t5))

j=iThm,

Now, observe that
w(uj) > w(t;) (5.78)

for all j € {1,2,...,k}, since w(u;) < w(t;). Moreover,
By - w(uy) + 6, - w(t,) = a-w(u,) + 6, - wW(s,) (5.79)

by the definition of .. Thus, the expected gain (5.77) is greater than or equal to
Gain(cT(n), ok, c) of (5.76).

If Player 2 chooses to start with a vertex t, in B, where B, is a thin branch, then

‘Thn 'Thn ‘Thn
r e {iy", iy BT
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and the expected gain of Player 1 with the strategy oy is

;Thk
’lkl

Gain(cT(n), o, Z(t,)) = Z B85 - w(uy)

Thk

Z]\/Ied

+ > (B wluy) + ;- W(uy))

(5.80)
+Brw(t )+'77"'0+57"'w(57’)
ighn
+ Z (B - wlur) + 75 - w(uy) + 65 - w(uy)) -
j=iThn, jar
Now, observe that
w(u,) > w(uy ) (5.81)

for all j € {1,2,...k}. If j # r, it is clear since the branch at w, in which lies the
centroid includes the edges in the branch at the centroid in which lies w;. If 7 =7,

we have the result by Lemma 5.3. Moreover,

/37" ’ w(tr) = Tr- w(tr) (582)

by the definition of .. Thus, the expected gain (5.80) is greater than or equal to
Gain(cT(n), ok, u,) of (5.76).
If Player 2 chooses to start with a vertex s, in B, where B, is a thin branch, then

‘Thn ;Thn “Thn
re i il

and the expected gain of Player 1 with the strategy oy is

Thk
Gain(cT(n), ok, Z(8)) = a - w(t Z B; - w(uy)
J ZThk
+ (85 - wlur) + 75 - wlug))
_ZM:d ! ’ (5.83)
J=1
+ Br - w(ty) + 7 - w(sy) + 6,0
Z%"{hn

3

+ Y (Bw(u) - w(uy) + 65 W(uy))

j=iThn, v
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This expected gain is greater than or equal to Gain(cT'(n), oy, t,) by (5.81) and since
a-w(uy) + 0 - W(s,) = a-w(t,) +v-w(s,) (5.84)

by the definition of 9,.

If Player 2 chooses to start with a vertex v; in B,, where B, is a thin branch and
vj # Uy, t, sy, the payoff to Player 1 on all vertices not part of the branch B, can
only increase since Player 2’s starting vertex is at a greater distance. Specifically, the
payoff to Player 1 on the centroid is now at least w(u,). Moreover, let us regard the
centroid as the root of the tree.

If v; is a descendant of w, but not of ¢, and s, then
Gain(cT(n), Z(u,), Z(vj)) > w(u,)
Gain(cT(n), Z(t,), Z(v;)) > w(t,) (5.85)
Gain(cT(n), Z(s,), Z(vj)) > w(s,).

If v; is a descendant of w, and ¢, but not of s, then

Gain(cT(n), Z(u,), Z(vj)) > w(u,)
Gain(cT(n), Z(t,), Z(vj)) > w(t,) (5.86)
Gain(cT(n), Z(s,), Z(vj)) > w(s,).

If v; is a descendant of u,, ¢, and s,, then

Gain(cT(n), <tr> <vj>>zw<tr> (5.87)

In all these cases, since w(v) > w(v) for any vertex v other than the centroid by

Lemma 5.3, we have
a- Gain(cT(n), Z(c), Z(v)) + B, - Gain(cT(n), Z(u,), Z(v;))
+ 5+ Gain(cT(n), Z(t), Z(v;)) + 6 - Gain(cT(n), Z(s,), Z(v;))
> - w(uy) + By - wluy) + 3 Wty) + 0, - W(s,) (5.88)
> o w(uy) + - w(te) + 0, - w(s,)
= B - w(ur) + 7 - W(ty) + 6 - W(Ey)

w(
w(t
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since S, - w(u,) + 0, - w(t,) = - w(u,) + d, - w(s,) by (5.79). Now,

Gain(cT(n), Z(c), Z(c)) =0,
Gain(cT(n), Z(u,), Z(c)) = w(u,), (5.89)
Gain(cT(n), Z(t,), Z(c)) = w(t,) and
Gain(cT(n), Z(s.), Z(c)) = w(t,),

SO

B w(uy) + 3 - W(ty) + 0, - W(t,)

=a-Gain(cT(n), Z(c), Z(c)) + B, - Gain(cT(n), Z(u,), Z(c)) (5.90)

+ 5, - Gain(cT'(n), Z(t,), Z(c)) + 0, - Gain(cT(n), Z(s,), Z(c)).
Thus, the expected gain of Player 1 when Player 2 chooses the vertex v; is greater
than or equal to the expected gain of Player 1 when Player 2 chooses the centroid.
Similarly, we can show that the expected gain of Player 1 when Player 2 chooses to
start with a vertex in B,, where B,, 1 < r < k, is a medium branch or thick branch
is greater than the expected gain of Player 1 when Player 2 chooses to start with the
centroid.
If Player 2 chooses to start with a vertex in a branch B;, ¢ > k instead of the
centroid, Player 1’s payoff on the vertices in the branches {Bj, Bs, ..., By} can only
increase since Player 2’s starting vertex is at a greater distance. Player 1’s payoff on
the centroid, being zero when Player 2 chooses the centroid, also increases. Thus, the
expected gain of Player 1 is again greater.

To sum up, the expected gain of Player 1 with the strategy o) is minimal when
Player 2 chooses the centroid, thus, it is equal to the guaranteed gain of Player 1 with
the strategy oy.

O

In the following sections, we will apply the CSS Algorithm 5.21 to different cases
of centroidal trees in order to compare the guaranteed gain of the safe strategy of

Player 1 from the CSS Algorithm with the safety value of Player 1.

5.2.3 Special Case: Centroidal Trees with Only Thick Branches

Let ¢T'(n) be a centroidal tree with d thick branches at the centroid. If we apply the
CSS Algorithm 5.21 to ¢T'(n), we obtain a safe strategy for Player 1, o, where the
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probabilities on the branches B;, 1 <1 < k < d, are distributed as

e « on the centroid,

o 3 = (w(“i)) a on the vertex with the lowest weight in the branch B; for 1 <

w(u;)

1 < k and

e 0 on all the other vertices,

where « is such that a+2f:1 B; = 1. The following lemma gives Player 1’s guaranteed

gain with the strategy oy.

Lemma 5.23. The guaranteed gain of Player 1 with the strategy oy determined by
applying the CSS Algorithm 5.21 on T (n) with only thick branches is

. 21'11 w(ul)
GGain(cT(n),or) = ‘ 5.91
(T = T (5.91)

where u; is the vertex with the lowest weight in the branch B; for 1 <i <k.

Proof. From Theorem 5.22, we know
GGain(cT(n), o) = Gain(cT (n), ox, Z(c)) (5.92)

where ¢ is the centroid of ¢7'(n), that is, the guaranteed gain of Player 1 is equal to

the expected gain of Player 1 when Player 2 chooses the centroid. Moreover,

k
Gain(cT(n), o, Z(c)) = a -0+ Z B; - w(u;) (5.93)

where u; is the vertex with the lowest weight in the branch at the centroid B;, 1 <

i < k. Replacing the values of 3; in (5.93), we have

k
Gain(cT(n), on, Z(c) = a y w(u;). (5.94)
i=1
Solving o + Zle B; = 1 for a gives
1
o= - (5.95)
L+ Zf:l Eguz;
Thus,
k
GGain(cT(n),0r) = lekw(zzz) (5.96)
L+ > 1 50y
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In order to evaluate the proximity of the guaranteed gain obtained with the safe
strategy from the CSS Algorithm 5.21 to the safety value of Player 1 on a centroidal
tree with only thick branches, let us define an opposing strategy for Player 2. Re-
member that the maximal gain of Player 1 against an opposing strategy for Player 2

is an upper bound on the safety value.

Definition 5.24. Let the strategy (; be a mixed strategy on ¢T'(n) with only thick
branches where (; = (y1, Y2, .., yn) and y;, the probability of choosing the vertex v; is

/

I e

T8 DY B ST S R

Yi = 4 B, if v; =y
B, = (Z((Zi)ﬁﬁ(%) if v, =, for 2<i <k
0, otherwise

\

(5.97)

with «a, 5;, 1 <14 < k known by solving a + Zle B; = 1. Here c is the centroid, u; is
the vertex with the lowest weight in the branch B;, 1 < i < k, and {By, Bs, ..., Bx}
are the same k branches as in the strategy 0. Note that all the probabilities are in

terms of f;.

Let us consider the strategy (; as an opposing strategy for Player 2 and determine
Player 1’s maximal gain against (i, i.e. the maximal gain Player 1 can receive over

all her possible starting vertices when Player 2 chooses the mixed strategy (;.

Lemma 5.25. The maximal gain of Player 1 when Player 2 uses the opposing strategy
G oon ¢T'(n) is
MGain(cT(n), () = w(u)
- w(w) (5.98)
LY, T () — ) (1 + )

Proof. Recall from Definition 2.10 that the maximal gain of Player 1 against the

strategy (; for Player 2 is

MGain(cT(n), () = max Gain(cT(n), Z(v,), (1) (5.99)
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where 1 < r < n. In other words, it is the maximal expected gain Player 1 can get

over all her possible starting vertices.

(a) If v, = ¢, i.e. Player 1 chooses the centroid c as starting vertex, her expected
gain is
Gain(cT(n), Z(c), (1) = a- Gain(cT'(n), Z(c), Z(c))

. (5.100)
+ 376, GainlcT(n), 2(0), Z(w).

Since Gain(cT'(n), Z(c), Z(c)) = 0 and Gain(cT(n), Z(c), Z(u;)) = w(u;), we

have
Gain(cT(n) Z Biw(u;). (5.101)

Replacing the values of §;, 2 < i < k gives

‘ w(u w(u) —w(w)\
Gazn(CT(n), Z(C)7C1) /81 w ul + Z ((w ) ,81 + ’Uj(ul)> w(u,)
(5.102)
Solving « + Zle B; = 1 for ; gives
1
8, = . (5.109
1+Zzlwu o(w(w) — w(ui))<1+m>
If we replace f; in (5.102) and simplify, we have
Gain(cT(n), Z(c), 1) = w(w)
_ w(u1)
L L e S () — w(w)) (1+ Sedomta))
(5.104)

(b) If v, = uy, i.e. Player 1 chooses a vertex w;, 1 <i < k, her expected gain is

Gain(cT(n), Z(u;), 1) = a - Gain(cT(n), Z(u,), Z(c))

k (5.105)
+ Z Bi - Gain(cT(n), Z(u,.), Z(u;)).

i=1
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Since Gain(cT'(n), Z(u,), Z(c)) = w(u,), Gain(cT(n), Z(u,), Z(w;)) = w(u;) if
i #r, and Gain(cT(n), Z(u,), Z(u;)) = 0 if ¢ = r, we have

k

Gain(cT(n), Z(u;), () = a - w(u, i W (U,
(cT(n), Z(ui), C1) ( )+i2§#5 (ur) (5.106)

Replacing the value of 3, gives
Gain(cT(n), Z(u;), (1) = (1 _ ((w(ul)> By + W)) w(uy). (5.107)

After simplifications, we have

Gain(cT(n), Z(uw;), () = (1= p1) - w(uy) (5.108)
which is equivalent to

Gain(cT(n), Z(u;), 1) = w(uq)

_ @(ul)
ko w(u; w(u;)—w(u
Lo S0 S S () — w(w)) (1+ )

(5.109)

if we replace the value of ;.

If v, € B, with r > k, the expected gain of Player 1 is

Gain(cT(n), Z(v.), 1) = a - Gain(cT(n), Z(v,), Z(c))

(5.110)

k
+3 B Gain(cT(n), Z(v,), Z(u;)).
i=1
Furthermore,
Gain(cT(n), Z(v,), Z(c)) < w(u,) and Gain(cT(n), Z(v,), Z(u;)) < w(u,)
where u, is the vertex with the lowest weight in the branch B,. Thus,
k
Gain(cT(n), Z(v,),¢) < a-W(u,) + Y Bi - w(u,) = W(u,). (5.111)
i=1

This gain is less than the guaranteed gain of Player 1 with the strategy oy

since otherwise, w(u,) > GGain(cT(n),or) would mean that the branch B,
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satisfies the condition to continue the CSS Algorithm 5.21 to a new strategy
ok+1 including some positive probabilities on the branch B,. Thus, w(u,) <
GGain(cT(n), o) < Safety value of Player 1 on T (n) < MGain(cT(n), ).
That is, the gain of Player 1 if she chooses a vertex in a branch other than

{By, By, ..., By} is not the maximal gain.

If v, = t, where t,. is the vertex with the second lowest weight in the branch B,,

1 <r <k, the expected gain of Player 1 is

Gain(cT(n), Z(t,), 1) = a- Gain(cT(n), Z(t,), Z(c))

Gain(cT(n), Z(t,), ) = a-W(t,) + B -w(t,) + Y Bi-w(u,). (5.113)

i=1, ir

This gain is less than Gain(cT(n), Z(u,), (1) of (5.106) since

a> (%) 5,. (5.114)

If v, is a vertex in the branch B,., v, # u,,t,, the expected gain of Player 1 is

Gain(cT(n), Z(v.), 1) = a- Gain(cT(n), Z(v,), Z(c))
(5.115)

k
+3 B+ Gain(cT(n), Z(v,), Z(uy)).
i=1
Let us regard the centroid as the root of the tree.
If v, is a descendant of u, but not of ¢,, then
Gain(cT(n), Z(v,.), Z(c)) < w(v,) < w(t,)
Gain(cT(n), Z(v,), Z(u,)) < w(v,) < w(t,) (5.116)
Gain(cT(n), Z(v,.), Z(u;)) < w(u,).
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If v, is descendant of u, and t,, then

Gain(cT(n), Z(v,.), Z(c)) < w(t,)
Gain(cT(n), Z(v,), Z(u,)) < w(t,) (5.117)
Gain(cT(n), Z(v,), Z(u;)) < w(u,).

Thus,

Gain(cT(n), Z(v,), (1) < a-w(t) + B, -w(t) + Y i w(uy)
i1 i (5.118)

= Gain(cT(n), Z(t.),(1).
Therefore, the maximal gain of Player 1 against the strategy (; is
MGain(cT(n), 1) = w(uy)
w(uy)
ko ow(u k w(u)=w(u) \
L0, S S () — w(w)) (1+ 2mta))

(5.119)

]

Theorem 5.26. In the two-player safe game of Competitive Diffusion on a centroidal
tree with only thick branches, ¢T'(n), the safety value of Player 1 is between

k
i=1 w(ui)

1+Zk w(ug)

=1 w(u;)

and

W(uy) — ) STy -
L3R S (w(un) —w(us)) (1)

w(ug)w(ug)

Proof. This proof is the same as the proof of Theorem 3.5 having the guaranteed gain

from Lemma 5.23 and the maximal gain from Lemma 5.25. O]

Note: These bounds on the safety value remain true on trees for which the algorithm

stops adding positive probabilities before any medium or thin branches are reached.

Corollary 5.27. In the two-player safe game of Competitive Diffusion on a centroidal
tree, ¢T'(n), for which the strategy oy obtained by the CSS Algorithm 5.21 has positive
probabilities only on the thick branch By, the safety value of Player 1 is
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W(U1)2'

w(uy) — =
Moreover, the guaranteed gain of the safe strategqy for Player 1 obtained by the CSS

Algorithm reaches the safety value.

Proof. This result directly follows from evaluating the lower bound and upper bound

on the safety value of Theorem 5.26 with £ = 1. [

Corollary 5.28. In the two-player safe game of Competitive Diffusion on a centroidal
tree, ¢T'(n), with d branches, all of them being thick and W(uy) = W(ug) = ... = W(uyg),
the safety value of Player 1 is
dw (uy)w(uy )
dw(uy) +w(uy)
Moreover, the guaranteed gain of the safe strategy for Player 1 obtained by the CSS

(5.120)

Algorithm reaches the safety value.

Proof. We know from Lemma 5.17 that when the algorithm adds positive probability
on a thick branch B;, the resulting guaranteed gain does not surpass the criterion of
Bi, w(u;). Thus, if W(uy) = W(ug) = ... = W(uy), the criterion of the next branch
will always be greater than the current expected gain and so the algorithm will add
positive probabilities on all the branches of ¢T'(n). Thus, the corollary directly follows
from evaluating the lower bound and upper bound on the safety value of Theorem

5.26 with wW(uy) = wW(ug) = ... = wW(uy) and with k = d. O

Note: If ¢T'(n) has k thick branches with wW(u;) = wW(uz) = ... = W(ux) and the
algorithm does not include positive probabilities on the other branches of ~T'(n),
the guaranteed gain with the safe strategy from the CSS Algorithm 5.21 reaches the

safety value of
(5.121)

kw(uy )w(uy )
kw(uy) +w(uy)

5.2.4 Special Case: Paths, Spiders and Complete Trees Revisited

In this section, we apply the CSS Algorithm 5.21 to the special cases of Paths, Spiders
and Complete Trees in order to evaluate the performance of the algorithm on these
centroidal trees. We hope that the algorithm gives a safe strategy for Player 1 with a
guaranteed gain at least as good as the guaranteed gains associated to the strategies

presented in Chapters 3 and 4.
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Complete Trees

Let us start with the complete trees. Let T'(m, h) be a complete m-ary tree of height

h with n = m:j_ll_l vertices. We know by Proposition 4.1 that the root of T'(m,h)

is the centroid. Thus T'(m, h) has m branches at the centroid. The following lemma

shows that the branches at the centroid of T'(m, h) are thick branches.

Lemma 5.29. The branches at the centroid of T(m,h), a complete m-ary tree of

height h, are thick branches.

Proof. Being a complete m-ary tree, T'(m, h) has m branches at its centroid or corre-

u’ and
m

spondingly its root. These branches all have the same number of vertices,
all have the same configuration. For them to be thick branches, they need to respect

the condition from Definition 5.5,

wi

where w, is the second lowest weight in the branch and w, is the lowest weight in the
branch. From Lemma 5.8, we know that the lowest weight in a branch at the root of
T(m, h) is the weight of the vertex adjacent to the root and the second lowest weight
is the weight of a vertex adjacent to the first, so a vertex in level 2. The weight of a

vertex adjacent to the root is

wr = = 1) (

and the weight of a vertex in level 2 is

n—1 n-l_q nm-n+1 nm-n+1
w2:<m—1)<—)+1+(m—1)(m )+1: + :

n—l) nm—n-+1
+1l=—

— (5.123)

m

m m m m2
(5.124)
Furthermore, w; and wsq satisfy(5.122) for m > 2. Thus, the branches at the centroid
of T'(m, h) are thick branches. O

Now that we know that all the branches in T'(m, h) are thick branches, we can use
the results of Section 5.2.3. Since the branches all have the same number of vertices,
Corollary 5.28 tells us that the guaranteed gain with the strategy obtained from the
CSS Algorithm 5.21 reaches the safety value of

dw(uy )w(uq)

dw(uy) +w(uy)

(5.125)
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Replacing w(u;) and d = m gives

m (o= (#255)) (S554) (= n 4 Dn =
(B + (o (B)) "G -1 O

Therefore, the CSS Algorithm 5.21 performs ideally on complete trees. The strategy

11 of Section 4.2 also had a guaranteed gain of this safety value.

Spiders

Let S be a spider with m legs each having [ vertices. Since the legs of the spiders are
paths, the branches at the centroid of S are thin branches. Furthermore, the three
lowest weights in the branches are:

w1:<m—_1)(n—1)+1, w2:<m—_1)(n—1)+2,

" " (5.127)

and ws = (m_—1> (n—1)+3.

m

From Lemma 5.19, we know that when the CSS Algorithm 5.21 adds positive prob-
abilities on a thin branch B;, the resulting guaranteed gain does not surpass the
criterion of B;. Furthermore, the branches of S all have the same criterion since their
three lowest weights are equal. Thus, on a spider with legs of equal length, the algo-
rithm only stops once it has included positive probabilities on all the branches. Let
the safe strategy from the output of the algorithm be denoted by o,,. The strategy

om has probabilities

e « on the centroid,

o 3 = (W(ti)(w(ui)ﬁ(sz‘)+(w(tz‘)*w(3i))(w(ti)*w(uz‘)))

W(s:)W(wi)w(ti)+w(s; )w(t;) (ws;)—w(t;)) > Q ONl Uy

w(t

_ i)
* 7= <E(ti)
o 0= (43) 2+ (M) avon s,

e ( on the other vertices of B;

) Bi on t;

for 1 <1i < m, where w(u;) = wy, w(t;) = we and w(s;) = ws and where wu;, t; and s;
are the first three vertices in the leg, B;, of the spider. From Theorem 5.22, we know

that the resulting guaranteed gain is

GGain(S,0,,) = Gain(S, o, Z(c)) (5.128)
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where c¢ is the centroid of S and Z(c) is the mixed strategy that chooses the centroid
¢ with probability 1 and all the other vertices with probability 0. Furthermore,

Gain(S,om, Z(¢c)) =a -0+ Z(ﬁz cn—w1)+5 - (n—wy)+ 06 - (n—wy)).
i=1

(5.129)
Now for [ fixed, the guaranteed gain with the resulting safe strategy from the CSS
algorithm on a spider with legs of equal length should increase with the number of
legs m. As the number of legs of the spider increases, there are more vertices near
the body on which Player 1 can disperse positive probabilities. In fact, if ,,« is the
probability on the body in the resulting strategy o, for a spider with m legs and
m+10 is the probability on the body in the resulting strategy o,,,1 for a spider with
m + 1 legs, we can verify that (1 — ,,11a) > (1 —,,a). Moreover, when Player 2
chooses the body, the payoff to Player 1 on any of the vertices, other than the body,
on which she assigns a positive probability is [ or [ — 1, no matter the total number
of legs in the spider. Thus, as a worst case scenario, we consider spiders which have

only three legs. In this case, (5.129) becomes
Gain(S,03,Z(c)) =a-0+3(B-(n—wi)+7v-(n—wy) +5-(n—wy)) (5.130)

with a, f, v and § known from solving a + 3(f + v+ §) = 1. Here are a couple of

numerical examples.

Example 5.30. In a spider S with 3 legs each having 50 vertices, the total number
of vertices, n, is 151 and the three lowest weights of the branches are w; = 101,
wy = 102 and w3 = 103. Solving o+ 3(5 +v+0) = 1 and replacing in (5.129) gives a
guaranteed gain of 48.17. Moreover, we know from Lemma 3.21 that the safety value
of Player 1 is less than or equal to 50. Thus, we have a maximum difference of 1.83
between the guaranteed gain with the safe strategy from the CSS Algorithm and the

optimal guaranteed gain. This difference is 1.21% of n.

Example 5.31. In a spider S with 3 legs each having 1000 vertices, the total number
of vertices, n, is 3001 and the three lowest weights of the branches are w; = 2001,
wy = 2002 and w3 = 2003. Solving a+3(S+~v+0) = 1 and replacing in (5.129) gives

a guaranteed gain of 976.094. Moreover, we know from Lemma 3.21 that the safety
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value of Player 1 is less than or equal to 1000. Thus, we have a maximum difference
of 23.9 between the guaranteed gain with the safe strategy from the CSS Algorithm
and the optimal guaranteed gain. This difference 0.79% of n.

We can see from the examples that as n grows, the guaranteed gain seems to
approach the upper bound on the safety value, [. On that account, replacing w;, ws

and ws of (5.127) and the solved values for «, 8, v and ¢ in (5.130), we have

Gain(S, 03, Z(c)) = T_Bn +O0(1) (n — o) (5.131)

for n large. The upper bound on the safety value, on the other hand, is [ = § + O(1).
That gives a difference of 5n + O(1) where 35 = 0.00775. For n > 1000, this

difference is greater than the one obtained with the strategy Cgs(k) from Theorem
3.24, which was ,/m +0(1) = /15 + O(1) (n = o0). However, a difference of
0.00775n 4+ O(1) (n — o0) is not unreasonable and the difference should only become
better with more legs in the spider. Moreover, we suspect that a smaller difference
would be achieved by generalizing the strategy from the CSS Algorithm to include

probabilities on more vertices in the branches, since the legs of the spider are paths.

Paths

Let P, be a path with n vertices, n odd, for P, to be a centroidal tree. In a path,
both branches at the centroid have "T_l vertices and the three lowest weights in the

branches are

-1 —1 —1
wy = (n2 >—|—1, Wo = (nT)-i‘Q, and w3 = <n2 )"‘3- (5-132)

Similarly as with the spiders, the CSS Algorithm 5.21 will include positive probabil-

ities on both branches of the path and the resulting guaranteed gain will be
Gain(S,09,Z(c)) =a-0+2(B-(n—wi) +v-(n—wy) +6-(n—wy)) (5.133)

with a, 3, v and 0 known from solving a + 2(5 +~ 4 0) = 1. Replacing the values of

wy, we, w3, o, B,y and § gives

Gain(S, 02, Z(c)) = — 4+ O(1) (n — o0) (5.134)
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for n large. On the other hand, the upper bound on the safety value from Theorem
3.5 1s § — ‘/7? + O(1) (n — o0). That gives a difference of {5 — ‘/7? + O(1). For
n > 100, this difference is greater than the one obtained with the strategy Cg; (k)
from Theorem 3.5 which was y/n (\/ii - \%) + O(1) (n — oo). However, again we
suspect that a smaller difference would be achieved by generalizing the strategy from
the algorithm to include probabilities on more vertices.

Analysing the performance of the algorithm on paths, spiders and complete trees
reinforces our initial suspicion of its possible excellent performance on thick branches
but weaker performance on path branches. The following section will assess the

performance of the algorithm on random trees which have diverse proportions of

thick, medium and thin branches.

5.2.5 Centroidal Safe Strategy Algorithm Performance Assessment on

Trees in General

In this section, we apply the CSS Algorithm 5.21 to a variety of trees to appraise the
guaranteed gain of the safe strategy from the output of the algorithm. To do so, we
will need an upper bound on the safety value and we will evaluate the proximity of
the guaranteed gain to this upper bound. Recall that the maximal gain of Player 1
against any mixed strategy of Player 2 is an upper bound on the safety value. Thus,
we will suggest an opposing strategy for Player 2. However, we make this suggestion
unscrupulously since in the end we have no real interest in the strategy of Player
2. Hence, a simple strategy is satisfactory as long as it allows us to evaluate the

reliability of the guaranteed gain with the safe strategy of the CSS Algorithm 5.21.

Centroidal Opposing Strategy Algorithm

For the strategy of Player 2 we also suggest a stepwise algorithm, Centroidal Oppos-
ing Strategy (COS) Algorithm, which includes two major steps. First, consider
that Player 2 chooses to start with the centroid. In this case, the maximal gain of
Player 1 is the number of vertices in the largest branch at the centroid and it is
achieved when Player 1 chooses the corresponding vertex adjacent to the centroid.
To reduce this payoff to Player 1, Player 2 can disperse some positive probabilities

on the first vertices of the largest branches. Hence, the first step of the algorithm
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consists of determining these branches and the opposing strategy of Player 2 which
gives the same expected gain to Player 1 no matter if she chooses the centroid or
the first vertex in one of these branches. After this step, the maximal gain of Player
1 against the suggested opposing strategy for Player 2 is achieved on either one of
the vertices on which Player 2 assigns a positive probability or on a vertex with the
second lowest weight in one of the largest branches. Hence, the second step of the
algorithm consists of determining the expected gain of Player 1 on the second vertices
in the branches. The ones which give a higher payoff to Player 1 are added in the
distribution of the positive probabilities in the opposing strategy for Player 2. In the
end, the maximal gain of Player 1 is the maximum amongst her expected gains when
she chooses a vertex on which Player 2 assigns a positive probability and when she
chooses a vertex on which Player 2 assigns a probability of zero. These steps are

summarized in the heuristic algorithm defined below.

Algorithm 5.32. Centroidal Opposing Strategy (COS) Algorithm

INPUT: Centroidal tree with d branches at the centroid for which all the weights

of the vertices are known, «7'(n).

STEP 1: Include some positive probabilities in the opposing strategy of Player 2

on some vertices adjacent to the centroid.

(a) Order the branches {Bj, By, ..., By} such that the number of vertices in the
branch B; is greater than the number of vertices in the branch B;.;. (Or

equivalently, W(u;) > wW(u;4+1) where u; is vertex with the lowest weight in the
branch B;).

(b) Start with ¢ = 1 and let the opposing strategy of Player 2, &, be choosing
the centroid with probability « and the vertex u; with probability ;. Solve
Gain(cT(n), Z(c),&10) = Gain(cT(n), Z(uy), &) for o and Sy, knowing o +
pr =1

(¢) While w(u;y1) > Gain(cT(n), Z(c),&10), increase ¢ to i+ 1 and let the opposing
strategy of Player 2, &1 be choosing the centroid with probability a and the
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vertex u; with probability §; for 1 < 7 <74 1 where u; is the vertex with the

lowest weight in the branch B;. Solve

Gain(cT(n), Z(c), Siv10) = Gain(cT(n), Z(w1), &iv10)
= Gain(cT(n), Z(uz2),&+10)

= Gain(cT(n), Z(uit1),&iv10)

for a, By, ... , Biy1, knowing o + Z;J:l B; = 1.

STEP 2: Include some positive probabilities in the opposing strategy of Player 2

on some vertices at distance 2 from the centroid.

(a) Suppose STEP 1 finishes with i = k. Calculate the expected gains of Player
1, Gain(cT(n), Z(t;),&kp0), when she chooses a second vertex with the lowest

weight, t;, in the branches B;, 1 < j < k.

(b) Consider Gain(cT(n), Z(t,), ko) = max{Gain(cT(n), Z(t;), ko), 1 < j < k}.
If Gain(cT'(n), Z(t,), ko) > Gain(cT(n), Z(c),&kp), let the opposing strategy
of Player 2, &1 be choosing the centroid with probability «, the vertex u; with
probability 3;, 1 < j <k and the vertex ¢, with probability ~,. Solve

Gain(cT(n), Z(c), &) = Gain(cT(n), Z(u1), k1)
= Gain(cT(n), Z(uz), k1)

= Gain(cT(n), Z(ug), k)
= Gain(cT(n), Z(t,), &)

for o, B1, ... , Br, Y, knowing o + 23111 ; + 7 = 1. On the other hand, if
Gain(cT(n), Z(t,), ko) < Gain(cT(n), Z(c),&ko), skip to STEP 3.

(c) Repeat step (b), calculating the expected gains at each step, until

max{Gain(cT'(n), Z(t;), k1), 1 < j < k} < Gain(cT(n), Z(c), k)
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where [ is the number of times the step (b) is repeated, that is, the number
of vertices at distance 2 from the centroid on which Player 2 assigns a positive

probability.

Moreover, if at some point, solving for o, 8;, 1 < j < kand v, 1 <i <[ <k
gives negative values, stop adding probabilities and go to STEP 3.

STEP 3: If ] = 0 or [ > 0 and all the probabilities in the resulting opposing
strategy for Player 2, £, are positive, calculate the maximal gain of Player 1 against
the strategy & of Player 2. If [ > 0 and some negative probabilities exists, calculate

the maximal gain of Player 1 against the strategy &x;—1 of Player 2.

OUTPUT: Maximal gain of Player 1 against an opposing strategy for Player 2 on
cT'(n) that can serve as an upper bound on the safety value of Player 1 in the two

player game of Competitive Diffusion on «7'(n).

A few clarifications on the algorithm are needed. The first one is concerning
calculating the various expected gains of Player 1 against the strategy &, of Player

2. On that account, we have the following formulas.

NOTE: In what follows, u; and ¢; will represent respectively the vertices with the

lowest and second lowest weights in the branch B;.

(i) When Player 1 chooses the centroid:
k ky
Gain(cT(n), Z(c), &) = a- 0+ > Bi-w(u) + Y - wlu;)  (5.135)
i=1 =k

where {ki,....,k} € {1,...,k}. When [ = 0, i.e. when the strategy of Player
2 does not include positive probabilities on vertices at distance 2 from the

centroid, the third term is omitted from the calculation of the expected gain.

(ii) When Player 1 chooses a vertex u, and the strategy & ; of Player 2 has a positive
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probability of choosing the vertex u,:

Gain(cT'(n), Z(ug), &kt) = a - W(ug) + By - 0+ Z Bi - w(ug)

i=1,i#q

. (5.136)
+ 7 wity) + Z 5 - w(uy)
J=k1,j#q
where {ki,...,k;} € {1,...,k} and where 7, might be zero. When [ = 0, the

forth and fifth terms are omitted from the calculation of the expected gain.

(iii) When Player 1 chooses a vertex ¢, and the strategy &, of Player 2 has a positive

probability of choosing the vertex u,:

Gain(cT(n), Z(ly), k1) = - W(ty) + By - W(ty) + Z Bi - w(ug)

i=hira (5.137)

ky
+ % 0+ Z i - Wlug)

J=k1.5#q

where k; € {1,...,k} and where v, might be zero.

Secondly, in STEP 2 (c¢) we verify the resulting opposing strategy for Player 2, &,
for any negative probabilities. The negative probabilities could arise because of the
order in which Player 2 forces positive probabilities on vertices, the position of the
vertices with respect to the centroid or the payoffs on the vertices. At each step, we
are forcing the expected gain of Player 1 to be equal whether she chooses the vertex v
or any other vertices on which Player 2 chooses with a positive probability. In certain
scenarios, it could become impossible to equal the expected gains without negative
contributions. Perhaps, the negative probabilities could have been avoided with a
different ordering of vertices added to the opposing strategy of Player 2 or a different
distribution of the probabilities on the vertices. However, finding a better ordering
or distribution is tedious work and was considered not being worth it. Nevertheless,
these occurrences need to be fixed and to do so, we consider the opposing strategy for
Player 2 before any negative probabilities arise. Admittedly, this does not give the
optimal opposing strategy for Player 2, but again, we do not care for the opposing
strategy of Player 2 except to judge the guaranteed gain of Player 1 with the CSS
Algorithm.
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Lastly, the maximal gain of Player 1 against the strategy &, needs to be deter-

mined. There a few possibilities for the vertex on which Player 1 reaches her maximal

gain against the strategy & ; of Player 2. These all need to be checked. The vertex
could be:

(i)

(ii)

(iii)

A vertex which Player 2 chooses with positive probability. The expected gains
on all of these vertices are equal by the definition of the strategy &;. Hence,
only one needs to be considered, say the centroid. In this case, the expected

gain of Player 1 can be determined by (5.135).

The vertex, w11 in the branch By, where { By, Bs, ..., B4} is the same ordering
of the branches as in STEP 1 of the COS Algorithm 5.32 and where B is the
last branch on which Player 2 has positive probabilities. The expected gain on

this vertex can be determined by

k

Gain(cT(n), Z(ui1), §1) = @ - W(uer) + Y B Wlup) + Y ;- wluy)

i=1 j=k1

(5.138)

where {kq, ...,k } € {1,2,...,k} are the [ branches for which Player 2 chooses a
vertex with the second lowest weight with a positive probability. The expected

gain of Player 1 when she chooses a vertex w,, r > [ 4 1 is less than this since

w(uy) < W(u41). It is also clear that choosing a vertex at a distance greater

than or equal to 2 from the centroid in the branches {By1, ..., Bg} will give a

smaller expected gain to Player 1.

The vertex t, in the branch B, with r & {ki, ko, ..., k}, that is, the second
vertex with the lowest weight in a branch for which Player 2 only chooses the
first vertex with a positive probability. In this case the expected gain of Player
1is

k

Gain(cT(n), Z(t,), &) = o - W(t,) + B, - W(t) + Y B -0(u,)

i=1,i#r

(5.139)
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where {ky,....,k} € {1,2,...,k} are the [ branches for which Player 2 chooses
a vertex with the second lowest weight with a positive probability. It is clear
that choosing vertices other than u, and ¢, in the branch B, will give smaller

expected gains to Player 1.

(iv) A vertex v, in the branch B, with r € {ky, ko, ..., ki }, that is, a vertex other than
u, and t, in a branch for which Player 2 chooses the first and second vertices
with positive probability. If Player 2 chooses the centroid, the maximal payoff
to Player 1 is no more than w(t,). w(t,) is achieved when v, is adjacent to ¢, or
if t, and v, are both descendants of u, and w(t,) = w(v,). If Player 2 chooses
the vertex w, or ¢,, the maximal payoff to Player 1 is no more than w(s,) no
matter if s, is a descend of ¢, and u, or only wu,, where s, is the third vertex
with the lowest weight in the branch B,. If Player 2 chooses a vertex at distance
1 or 2 from the centroid on another branch, the maximal payoff to Player 1 is
no more than w(u,) since the chosen vertex v, cannot be closer to the centroid

than the chosen vertex of Player 2. Thus,

Gain(CT(n)? Z<UT‘)7 gk,l) <a ( ) + ﬁ?“ Z B@ 7“

i=1,i%r

(5.140)

+ 7 W(s,) + Z ;- w(uy)
Jj=k1

Consequently, the maximal gain of Player 1 against the strategy & ; is less than
or equal to the maximum of all these cases. This maximum is the value of the output
of the algorithm, to be used as an upper bound of the safety value of Player 1 on
cT(n).

Now that we have the COS Algorithm 5.32 to determine an upper bound for the
safety value of Player 1 on a centroidal tree ¢7'(n), we want to apply it along with the
CSS Algorithm 5.21 to evaluate the quality of the guaranteed gain with the suggested

safe strategy on various examples.

Generating Examples of Centroidal Trees

In this section we are going to discuss two methods that were used to generate ex-

amples of centroidal trees. First, we need a couple of lemmas.
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Lemma 5.33. In a centroidal tree ¢T'(n) with d branches at the centroid, if the largest
branch at the centroid, By, has ny vertices, then the total number of vertices in the

other branches, { By, Bs, ..., By} must be greater than or equal to ny.

Proof. The reason this needs to be true comes from the fact that the centroid is the
vertex with the lowest weight in ¢7T'(n). If the largest branch at the centroid has n4
vertices, this weight is n;. Consider the vertex u; adjacent to the centroid in the
branch By. By Lemma 5.2, we know that the weight of u; is the number of edges in
the branch at w; in which lies the centroid. Hence, the weight of u; is Z?:Q n; + 1
where n; is the number of vertices in the branch B;. Since the weight of u; needs to

be greater than the weight of the centroid, we have

d d
=2 i=2
O

Lemma 5.34. Consider a branch at the centroid in a centroidal tree cT'(n), B, with
lowest weight wq, second lowest weight wo and third lowest weight ws. The second

lowest weight can be equal to the third lowest weight if and only if
Wy —wy; — 1 >n—w,. (5.142)

Proof. Let u be the vertex with the lowest weight, ¢t be the vertex with the second
lowest weight and s be the third vertex with the lowest weight. First note that if
w(s) = w(t), s cannot be a descendant of ¢ and so s and ¢ are both adjacent to u, by
Lemma 5.8. (See Figure 5.9).

Let D be the number of vertices in B which are descendants of neither t or s, E' be
the number of vertices which are descendants of ¢ but not of s and F' be the number
of vertices which are descendants of s but not of . By Lemma 5.2, the weights of the

vertices s and ¢ are
w(s) =w(u)+ D+ FE+2and w(t) =w(u) + D+ F + 2. (5.143)

If w(s) = w(t), then we have £ = F. Now, recall from Lemma 5.4 that N(u, s) is the

number of edges in the branches at u other than the one in which lies the centroid and
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Other w(u) — 1
vertices

Centroid

Figure 5.9: TIllustration in the proof of Lemma 5.34.

the one in which lies the vertex s. Moreover, N(u,s) = w(s) —w(u) —1 = D+ E+1.
Furthermore, £ = F' = w(t) — 1 = w(s) — 1. Thus,

w(s) —w(u) —1 =D +n—w(s).
Since D needs to be greater than or equal to zero, this is equivalent to
w(s) —w(u) —1>n—w(s).
O

The centroidal tree examples on which we will apply the CSS Algorithm 5.21 and the
COS Algorithm 5.32 were determined randomly by two methods.

Method 1:

- Fixed parameters: number of branches at the centroid, d, and number
of vertices in the largest branch at the centroid, n;.
- Randomized parameters: number of vertices in the other branches and

lowest three weights in the branches.

The randomization in this method is obtained by a function in MATLAB® [19].
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randi ([imin,imax],1):[20] returns an integer value drawn from the discrete

uniform distribution on the interval [imin,imax].

First, the number of vertices in the branches are randomized. The interval of
possible values for the number of vertices in the other branches is [1,n;] with the
extra condition on the last branch that the total number of vertices in the branches
By, Bs, ..., By must be greater than or equal to n; because of Lemma 5.33. In other
words, the number of vertices in the last branch being determined is a random number
of the interval [max {1, ny — Zf;zl nz} ,nl} where n; is the number of vertices in the
1th branch determined.

After, the lowest three weights in the branches are randomized. In the branch B;,
let u; be the vertex with the lowest weight, t; be the vertex with the second lowest
weight and s; be the third vertex with the lowest weight. The weight of u; is fixed to
the value n—n;. The weight of ¢; can be any integer in the interval [n—n;+1,n—1]. If
the weight of ¢; is n —n; + 1, then all the other vertices in the branch are descendants
of t; and if the weight of ¢; is n — 1, then all the other vertices in the branch, including
s;, are leaves of the tree. The possible weights of s; depend on the weight of ;. By
Lemma 5.34, if w(t;) — w(u;) — 1 > w(t;), then the weight of s; can be any integer
in the interval [w(t;),n — 1]. Otherwise, the weight of s; is an integer in the interval

[w(t;) +1,n —1].
Method 2:

- Fixed parameters: total number of vertices, n.

- Randomized parameters: tree structure.

The randomization in this method is obtained by a function of Maple " in the Graph-

Theory[RandomGraphs| subpackage [16].
RandomTree (n):[17] creates a random tree on n vertices.

The process of RandomTree (n) is stated as follows: ”Starting with the empty undi-
rected graph T' on n vertices, edges are chosen uniformly at random and inserted into

T if they do do not create a cycle. This is repeated until 7" has n — 1 edges.” [17]
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Once the tree is created, the weights of the vertices and the centroid is deter-
mined. Moreover, since we want examples of centroidal trees, if the tree created is

bicentroidal, the example is rejected.

With Method 1, we generated 20,000 examples of centroidal trees for each pair
of fixed parameters (d,ny) where d € {2,3,5,10} and ny; € {100, 1000, 10000}. With
Method 2, we generated 1,000 examples of centroidal trees for each fixed parameter
n, n € {100,1000}. Following this, the CSS Algorithm 5.21 and the COS Algorithm
5.32 were applied on the examples. The programming codes used to generate the
examples with Method 1 and Method 2 as well as the programming codes of the CSS
and COS algorithms can be found in Appendix A. Afterwards, the difference between
the upper bound from the COS algorithm and the guaranteed gain from the CSS
algorithm was calculated as a proportion of the weight of the centroid. The reason
that the difference was calculated as a proportion of the weight of the centroid and
not the total number of vertices, n, is that we know for sure that the safety value
of Player 1 is not greater than the weight of the centroid. This is the case since the
maximal gain of Player 1 against the mixed strategy of Player 2 when he chooses the
centroid with probability 1, is the weight of the centroid. This said, if we want to
estimate the loss of payoff by using the safe strategy from the CSS Algorithm instead
of the maxmin strategy on a given centroidal tree, the percentage of the weight will
give an estimate smaller than the weight of the centroid. On the other hand, if the
difference is expressed as a proportion of n, we could have a tree with a large amount
of vertices but not necessarily a large centroid weight, for which the estimation of loss
could be bigger than the weight of the centroid, an amount that we are sure Player 1

does not reach.

The statistics of the results can be found in Tables 5.1 and 5.2 as well as in Fig-
ures 5.10, 5.11, 5.12, 5.13 and 5.14. The figures display two types of graphs: the
frequency graph and the cumulative frequency graph. The columns in the frequency
graph represent the number of centroidal trees among the 20,000 examples that have a
difference between the guaranteed gain with the CSS Algorithm and the upper bound
with the COS Algorithm in the intervals [0, 0], (0,0.01], (0.01,0.02], ..., (0.29, 0.30] re-

spectively. A column in the cumulative frequency graph represents the number of
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centroidal trees among the 20,000 examples that have a difference between the guar-
anteed gain with the CSS Algorithm and the upper bound with the COS Algorithm

of less than or equal to the corresponding x-axis value.

Remarks

Observing the Tables 5.1 and 5.2 as well as the Figures 5.10, 5.11, 5.12, 5.13 and
5.14, we make the following remarks. In the examples obtained randomly by Method
1, as the number of branches at the centroid increases the average difference between
the upper bound from the COS Algorithm and the guaranteed gain of the CSS Algo-
rithm decreases. Furthermore, the number of examples for which the CSS Algorithm
provides a safe strategy with the optimal guaranteed gain, that is a guaranteed gain
equal to the upper bound of the COS Algorithm, increases. Moreover, examples
which have a difference between the guaranteed gain with the CSS Algorithm and
the upper bound with the COS Algorithm of more than 10% become absent. On the
other hand, as the number of vertices in the largest branch increases with the number
of branches at the centroid constant, we do not see large variations in the average
and maximum differences between the guaranteed gain of the CSS Algorithm and
the upper bound of the COS Algorithm. Yet, in most cases, the variation is a slight
increase. We suspect that this is due to limiting the positive probabilities on three
vertices. It makes sense that this would become more significant as the number of
vertices in the largest branch increases. Overall, the CSS Algorithm gives a guaran-
teed gain nearing the safety value of Player 1 in a large number of the examples from
Method 1.

In the examples obtained randomly by Method 2, the average degree of the cen-
troid is 4.23 and 4.40 respectively for n = 100 and n = 1000 vertices. The average
differences between the guaranteed gain with the CSS Algorithm and the upper bound
with the COS Algorithm, 0.0841 and 0.1257 are larger than the ones of Method 1.
One reason for this could be that in Method 1, the three weights of the branch are
determined randomly and so each possible combination of weights should occur with
the same probability. However, there are different configurations of tree branches
which have the same minimal three weights. While Method 1 provides an analysis

over the range of different possibilities, Method 2 can have some combinations of
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d=2 d=3 d=5 d=10

n;=100 Mean: 0.0441 0.0288  0.0143  0.0046
Standard Deviation: 0.0421 0.0311 0.0203  0.0095

Maximum Observed: 0.2356 0.2698 0.2506 0.0740

Number of zeros: 5114 6747 10087 13760

n;=1000 Mean: 0.0455 0.0292  0.0142 0.0045
Standard Deviation: 0.0440  0.0310  0.0200  0.0093

Maximum Observed: 0.2410  0.2971 0.2396  0.0826

Number of zeros: 5115 6520 10042 13674

n1=10000 Mean: 0.0463  0.0296  0.0143  0.0046
Standard Deviation: 0.0439  0.0316  0.0209  0.0095

Maximum Observed:  0.2480  0.2874  0.2798  0.0787

Number of zeros: 4844 6540 10078 13509

Table 5.1: Statistics on the difference between the upper bound of the COS Algorithm
and the guaranteed gain of the CSS Algorithm as a proportion of the weight of the
centroid in 20,000 centroid tree examples obtained by Method 1 for each pair of
parameters d € {2,3,5,10} and ny; € {100, 1000, 10000}.
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Figure 5.10:
Algorithm and the guaranteed gain of the CSS Algorithm as a proportion of the
weight of the centroid in 20,000 centroidal tree examples obtained by Method 1 with
d = 2 branches at the centroid and n; vertices in the largest branch.
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Figure 5.11:
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Frequency of the differences between the upper bound of the COS

Algorithm and the guaranteed gain of the CSS Algorithm as a proportion of the
weight of the centroid in 20,000 centroidal tree examples obtained by Method 1 with
d = 3 branches at the centroid and n; vertices in the largest branch.
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(e) Frequency Graph with n; = 10000. (f) Cumulative Frequency Graph with n; =
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Figure 5.12: Frequency of the differences between the upper bound of the COS
Algorithm and the guaranteed gain of the CSS Algorithm as a proportion of the
weight of the centroid in 20,000 centroidal tree examples obtained by Method 1 with
d = 5 branches at the centroid and n; vertices in the largest branch.
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5.13:  Frequency of the differences between the upper bound of the COS
Algorithm and the guaranteed gain of the CSS Algorithm as a proportion of the
weight of the centroid in 20,000 centroidal tree examples obtained by Method 1 with
d = 10 branches at the centroid and n; vertices in the largest branch.
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n=100 n=1000
Average d: 4.23 4.40
Minimum d Observed: 3 3
Maximum d Observed: 9 9
Average ny: 44.19 448.29
Minimum n; Observed: 23 280
Maximum n; Observed: 49 499
Mean: 0.0841 0.1257
Standard Deviation: 0.0512 0.0526
Maximum Observed: 0.2682 0.2430
Number of zeros: 33 0

Table 5.2: Statistics on the difference between the upper bound of the COS Algorithm
and the guaranteed gain of the CSS Algorithm as a percentage of the weight of the
centroid in 1,000 centroid tree examples obtained by Method 2 for n € {100, 1000}.
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Frequency of the differences between the upper bound of the COS
Algorithm and the guaranteed gain of the CSS Algorithm as a proportion of the
weight of the centroid in 1,000 centroidal tree examples obtained by Method 2 with
the total number of vertices, n.
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i 1 2 3
n; 1000 995 34
w(u;) 1030 1035 1994
w(t;) 1039 1402 2003
w(s;) 1083 1693 2025

Type of branch ~ Thin  Medium Thick
Criterion 993.763 741.535 34.000

Table 5.3: Weights in the centroidal tree of Example 5.35.

weights more often than others if they result from a larger number of possible branch
configurations. In fact, in the 1,000 examples with n = 100, there are 716 examples
for which the branch with the largest criterion is a thin branch. With n = 1000, this
number is 963. With Method 1, on the grand total of 240,000 examples generated,
only 13,706 of them had a thin branch as their branch with the largest criterion. That
is 5.7% compared to 71.6% and 96.3% with Method 2. Since we have observed that
the CSS Algorithm performs better on thick branches than thin branches, the higher
average could result from this. Again, we believe that adding positive probabilities
on more than three vertices in some thin branches could only help. Nevertheless, if
we consider that a difference between the guaranteed gain of the CSS Algorithm and
the upper bound from the COS Algorithm of 15% of the weight of the centroid is
acceptable, then the CSS Algorithm meets our expectations for 88% of the examples
with n = 100 and 64.9% of the examples with n = 1000. Moreover, one should not
forget that this difference can as much be the result of the upper bound with the COS
Algorithm being considerably higher than the safety value. Thus, the proximity of
the guaranteed gain with the CSS Algorithm to the safety value can only be better.

To finish this section, we present two examples of trees for which the difference
between the guaranteed gain with the CSS Algorithm and the upper bound with the
COS Algorithm is greater than the majority. The characteristics in the examples are
common amongst the trees with higher differences. From them, we hope to suggest

possible improvements for the CSS Algorithm 5.21.

Example 5.35. Consider the centroidal tree with 3 branches at the centroid gener-
ated by Method 1 with the number of vertices and lowest three weights of Table 5.3.
When the CSS Algorithm is applied, positive probabilities are added on branch 1,
giving an expected gain of 756.331 to Player 1 when Player 2 chooses to start with the
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centroid. The algorithm then stops since the criterion of the next branch, 741.535, is

smaller than the current expected gain.

In Example 5.35, the algorithm does not add positive probabilities on the second
branch since the criterion is smaller than the current expected gain. However, there
are 995 vertices in the second branch and this number is greater than the current
expected gain. Thus, considered as a thick branch, the criterion of the second branch
would be 995 and so adding positive probabilities as described on thick branch would
increase the current expected gain. Recall that the thick, medium and thin branches
were defined such that the expected gain on the branch when Player 2 chooses the
centroid is greater when the positive probabilities are distributed in a certain way.
How is it possible then, that a medium branch, for which the expected gain on
the branch should be greater when considered as a medium branch, would decrease
the current expected gain if added but would increase the current expected gain if
added as a thick branch? This is the case because the gain on the different types of
branches were calculated when considering the branches isolated, i.e. as the only ones
having positive probabilities. Thus, when considering the branches collectively, the
splitting between the types of branches might not always be optimal. Nevertheless, it
becomes impossible to define branches with numerous possible surroundings. Thus,
considering the branches isolated remains, in our eyes, the best approximation. One
way to correct this might be to add a step to the algorithm which checks any medium
and thin branches with a probability of zero on all their vertices to see if the criterion is
greater than the current expected gain when considered as a medium or a thick branch.
If so, positive probabilities on these branches with the corresponding distributions
could be added. In example 5.35, adding positive probabilities on the second branch
increases the guaranteed gain of Player 1 to 803.839 reducing the difference between
the bounds of 0.2170 to 0.1901.

To evaluate the amelioration in the guaranteed gain this added step might bring,
we included a step which checks any non added medium and thin branches in the ex-
amples generated by Method 2 to see if the criterion of the branches when considered
as thick branches are greater than the current expected gain. We then added some
positive probabilities on the ones that did. The results obtained can be observed in

Figure 5.15. The columns in purple and green for each value in the z-axis are the
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i 1 2 3 4
n; 496 366 135 2
w(u;) 504 634 865 998
w(t;) 505 641 866 999
w(s;) 506 687 891 0

Type of branch ~ Thin Thin  Medium Thick
Criterion 495.326 360.041 134.134 0

Table 5.4: Weights in the centroidal tree of Example 5.36.

frequencies without the extra step in the algorithm, i.e. precisely the ones of Figure
5.14. The columns in red or blue, represent the change in the frequencies with the
extra step in the algorithm. We see that adding the extra step does reduce the dif-
ference in the bounds on some examples. As a group though, the average difference
in the bounds only decreases from 0.0841 to 0.0791 with n = 100 and from 0.1257 to
0.1237 with n = 1000. Still, this is a possible improvement on the CSS Algorithm.

Example 5.36. Consider the centroidal tree with 4 branches at the centroid gener-
ated by Method 2, with the number of vertices and the lowest three weights of Table
5.4. The tree is also represented in Figure 5.16.

When the CSS Algorithm is applied, positive probabilities are added on the first

branch, B;, giving an expected gain of 374.881 to Player 1 when Player 2 chooses
to start with the centroid. The algorithm then stops since the criterion of the next
branch, 360.041, is smaller than the current expected gain.
When the COS Algorithm is applied, the opposing strategy for Player 2 from the
output, £29 is a = 0.3182 on the centroid, 5; = 0.2801 on the vertex u, S = 0.1228
on the vertex us, 71 = 0.2721 on the vertex t;, 75 = 0.0067 on the vertex ¢, and 0 on
all the other vertices. The expected gains of Player 1 against the strategy &, are

(i) Gain(cT(n), &2, Z(c)) = Gain(cT(n), 20, Z(u1)) = Gain(cT(n), 2.0, Z(uz))
== Gam(cT(n), §2’2, Z(t1>> = Gam(CT(n), 5272, Z(tz)) = 360.447

(ii) Gain(cT(n),&2.2, Z(u3)) = 238.762
(ili) Gain(cT(n), &2, Z(uy)) = 142.845

(iv) Gain(cT(n), &0, Z(vy)) < 494.577
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Figure 5.15: Frequency of the differences between the upper bound of the COS Algo-
rithm and the guaranteed gain of the CSS Algorithm with the added step suggested
from Example 5.35 as a proportion of the weight of the centroid in 1,000 centroidal
tree examples obtained by Method 2 with the total number of vertices, n.

NOTE: The columns in purple and green are the frequencies with the CSS
Algorithm as defined in the Algorithm 5.21, precisely the columns of Figure 5.14.
The columns in red and blue represent the change in the frequencies with the CSS

Algorithm when the step suggested from Example 5.35 is added.
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Figure 5.16: Representation of the centroidal tree in Example 5.36.
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Centroid Branch B; 1=1 1=2
« 0.0478 Bi 0.0493 0.0515
i 0.0680 0.0906
0; 0.0947 0.2546
€ 0.1688 -
i 0.1747 -

Table 5.5: Mixed strategy for Player 1 on the centroidal tree of Example 5.36.

(v) Gain(cT(n), &0, Z(v2)) < 356.905

where vy is any vertex other than u; and ¢; in the branch By and v, is any vertex other
than us and ¢5 in the branch Bs. The maximum of these values, 494.577 is the upper
bound on the safety value output from algorithm. Hence, the difference between the
upper bound and the guaranteed gain of Player 1 expressed as a proportion of the

weight of the centroid is 0.2415.

In Example 5.36, the first and second branches at the centroid are thin branches.
Hence, a higher expected gain might be achievable if Player 1 includes positive prob-
abilities on more vertices of these branches. For instance, consider a mixed strategy
for Player 1 where Player 1 incorporates a positive probability of ¢; on the vertex r;
and 7; on the vertex ¢q; where r; and ¢ are the two next vertices in the branch B,
as shown in Figure 5.16. We can equal the expected gains of Player 1 when Player 2
chooses the centroid, uy, us, t1, ta, s1, So, 71 and ¢; by solving for «, 51, B2, 11, Ve,
01, 02, €1 and 7y, knowing that o + Z?Zl(ﬁi + 7+ 0;) + €1 + m1 = 1. This gives the
mixed strategy described in Table 5.5 with a guaranteed gain of 417.44 when Player
2 chooses the centroid. This higher expected gain reduces the difference between the
guaranteed gain with the CSS Algorithm and the upper bound of the COS Algorithm
of 0.2414 to 0.1555.

Alternatively, the upper bound on the safety value might be lowered if Player 2
also includes probabilities on vertices at distance greater than 2 from the centroid on
which Player 1 still has a high payoff. Notice that the maximal gain of Player 1 against
the opposing strategy £ 9 of Player 2 is achieved when Player 1 chooses a vertex other
than u; and ¢; in the branch B;. Therefore, as much as the CSS Algorithm does not
perform at its best on thin branches, we might also be overestimating the maximal

gain of Player 1 against an opposing strategy of Player 2. We believe though, that
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the difference between the guaranteed gain with the CSS Algorithm and the upper
bound of the COS Algorithm is more due to the former than the latter case since
Player 2 in his opposing strategy, cannot have large positive probabilities on vertices
too far from the centroid without giving a high payoff to Player 1 on the centroid.
All in all, the CSS Algorithm 5.21 provides a safe strategy for Player 1 with a
reasonable guaranteed gain in a lot of instances. Moreover, it seems a good base on
which one could try to incorporate modifications to accommodate the cases on which

it is not optimal.

5.3 Bicentroidal Trees

A bicentroidal tree with n vertices, gT'(n), has two adjacent vertices as centroid and
n — 2 vertices distributed equally between the two sides of the centroid. The weight
of both vertices in the centroid is 7. A reasoning similar to the thick, medium and
thin branches of the centroidal trees should be translatable to the bicentroidal trees.
However, a few minor modifications might be needed since one centroid vertex is in
the branch at the other centroid vertex. Nevertheless, bicentroidal trees always have
two branches with 7 vertices, thus an algorithm suggesting a safe strategy for Player

1 should be simpler and so should the analysis of its performance.



Chapter 6

A Few Other Graphs

The chapters 3, 4 and 5 concentrated on the two-player safe game of Competitive
Diffusion on trees, i.e. graphs that do not have cycles. One could ask himself what
could be a safe strategy for Player 1 in the safe game of Competitive Diffusion on a
graph which has one or more cycles. On that account, this chapter gives an introduc-
tion to this study by analysing the two-player safe game of Competitive Diffusion on
a few other simple families of graphs, precisely cycles, complete graphs and complete

bipartite graphs.

6.1 Cycles

Recall from Definition 1.32 that a cycle is a graph that can be drawn so that all its
vertices and edges lie on a single circle. We denote a cycle with n vertices by C,, and
we label the vertices in the cycle in order, so starting from a vertex v; and ending the
cycle with the vertex v,,. Since there is no vertex in a circle that is an advantageous
choice of starting vertex, we define the following mixed strategy for a player on a

cycle C), in which all the vertices are chosen with equal probability.
Definition 6.1. Let the strategy - be a mixed strategy on C),, where

Oc = (z1, %2, ..., Ty)
and z;, the probability of choosing the vertex v;, is % for all i € {1,2,...,n}.

Lemma 6.2. The guaranteed gain of Player 1 with the strateqy 0o on a cycle with n
vertices C,, 1s

GGain(Cy, 0c) = g +O(1). (n — o) (6.1)

Proof. From Definition 2.9, we have that the guaranteed gain of Player 1 with the
strategy O¢ is
GGain(Cy,0¢c) = min Gain(C,, 0¢c, Z(vj)) (6.2)

J
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Figure 6.1: Illustration of two paths between the vertices in a cycle.

where 1 < j < n and Z(v;) is the mixed strategy which chooses the vertex v; with
probability 1. Due to the symmetry of the cycle and the strategy 6¢, the expected
gain of Player 1 will be the same no matter the choice of starting vertex for Player 2.
Thus, we suppose that Player 2 chooses the vertex v;. The expected gain of Player 1

with the strategy - when Player 2 chooses to start with the vertex v; is

Gain(Cy, B, Z(01)) = + 3 Gain(Cy, Z(00), Z(m) (6.3)

Note that between any two vertices in a cycle there are two paths (see for example

Figure 6.1). When Player 1 chooses the vertex v;, i # 1, the two paths are:
e A path with 7 vertices: v; — vy — ... — ;.
e A path with n — 7 + 2 vertices: v1 — v,, — Vp_1 — ... — ;.

We know the payoff of Player 1 on a path from the game matrix in Theorem 3.1.
Thus,

Gain(Cn, Z(vi), Z(v1)) = mial; + Tnivonl,_spo — 1 (6.4)

where 7; ;| is the value in the game matrix of a path with n vertices when Player 1
chooses the vertex v; and Player 2 chooses the vertex v; as defined in Theorem 3.1
and where we remove 1 since the vertex v; is counted as a payoff to Player 1 in both

paths. Replacing the expressions for 7; ;| gives

Gain(Cy, Z(v:), Z(v1)) = i — VZlJ -t V_TMJ 1 (65)
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Evaluating for the different parities of n and i, we can simplify to

g, if n is even and 7 is even
‘ ”T_l, if n is odd and 7 is even
Gain(Cy, Z(v;), Z(v1)) = (6.6)
"T_l, if n is odd and 7 is odd
\g — 1, ifniseven and 7 is odd.

Now, if n is even, there are § even i’sin {2,3,...,n} and § —1 odd i’s in {2,3, ..., n},

2

whereas if n is odd, there are "T_l even i’'s in {2,3,...,n} and ”T_l + 1 odd i’s in

{2,3,...,n}. Therefore, if n is even,

cumCute 2o =2 (0+ () )+ (G- (3-1) o7

which simplifies to
Gain(Cy, b0, Z(v1)) = g 14 = g +O(1) (6.8)
Similarly, if n is odd,

Gain(Cy, 0c, Z(v))) = g i g +O(1). (6.9)

]

Lemma 6.3. The mazimal gain of Player 1 on a cycle with n vertices, C,, when

Player 2 chooses any vertex v; for j € {1,2,..n} is

MGain(Cy, Z(v;)) = g +O(1) (n— ). (6.10)

Proof. Recall from Definition 2.10 that the maximal gain of Player 1 when Player 2

chooses the vertex v; is
MGain(C,, Z(v;)) = max Gain(Cy, Z(v;), Z(v;)) (6.11)

where 1 < ¢ < n. We can always relabel the vertices in the cycle if necessary and
suppose that the chosen vertex by Player 2, v;, is the vertex v;. If Player 1 also
chooses the vertex vy, her gain is zero. On the other hand, if Player 1 chooses a

vertex v, i € {2,...,n}, we know from (6.6) that

Gain(Cy, Z(v;), Z(v)) = g +O(1). (6.12)
Since this is true for any vertex v;, i € {2,...,n}, this is the maximal gain of Player

1on C,. O
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Theorem 6.4. In the two-player Competitive Diffusion game on C,, the safety value
of Player 1 is 5 4+ O(1) (n — 00).

Proof. This proof is essentially the same as the proof of Theorem 3.5 having the
guaranteed gain from Lemma 6.2 and the maximal gain from Lemma 6.3 except that

in this case, the bounds are equal. Thus, the safety value of Player 1 is exactly
54+ 0(1) [

Let us compare the safety value with the payoffs in the pure Nash equilibrium

described in Theorem 2.6.

Theorem 6.5. For a cycle with n vertices C,,, the safety value of Player 1 is equal

to the gain of any player in a Nash equilibrium 5 + O(1) (n — o).

Proof. This result directly comes from comparing the safety value in Theorem 6.4 to

the payoffs in the Nash equilibrium of Theorem 2.6. O]

6.2 Complete Graphs

Recall from Definition 1.41 that a complete graph is a graph in which every pair
of vertices is joined by an edge. We denote a complete graph on n vertices by K,.
Since every edge in the graph is present, there is no vertex in the graph that is an
advantageous choice of starting vertex. Hence, we define the following strategy for
a player on a complete graph K, in which all the vertices are chosen with equal

probability.
Definition 6.6. Let the strategy 0k be a mixed strategy on K,, where
Ok = (1,29, ..., Tp)
and x;, the probability of choosing the vertex v;, is % for all i € {1,2,...,n}.

Lemma 6.7. The guaranteed gain of Player 1 with the strateqy 0x on a complete

graph with n vertices, K, is

1
GGain(K,,0k) =1 — - (6.13)
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Proof. From Definition 2.9, we know that the guaranteed gain of Player 1 with the
strategy O is
GGain(K,,0k) = min Gain(K,, 0k, Z(v;)) (6.14)

J
where 1 < 5 < n. Due to the symmetry in the complete graph and the strategy 6y,
the expected gain of Player 1 will be the same no matter the choice of starting vertex
for Player 2. Thus, we suppose that Player 2 chooses the vertex v;. The expected
gain of Player 1 with the strategy 0x when Player 2 chooses to start with the vertex
vy is

1 n
Gain(K,, 0, Z(n)) = = Y Gain(K,, Z(v;), Z(v)). (6.15)
n
i=1
If Player 1 chooses the vertex vy, her gain is zero whereas if Player 1 chooses a vertex

v; with 7 # 1, her gain is 1 since all the other vertices are neighbours of both v; and

vy, all the edges in K,, being present. Thus,
1
Gain(K,, 0k, Z(v1)) = =0+ (n—1)-1). (6.16)
n
m

Lemma 6.8. The maximal gain of Player 1 on a complete graph with n vertices, K,

when Player 2 chooses the strateqy Ok is

MGain(K,,0k) =1— ! (6.17)

n

Proof. Recall from Definition 2.10 that the maximal gain of Player 1 when Player 2

chooses the strategy Ok is
MGain(K,,0k) = max Gain(K,, Z(v;), 0k) (6.18)

where 1 <4 < n. Due to the symmetry in the complete graph and the strategy 0,
the expected gain of Player 1 will be the same no matter her choice of starting vertex.

Suppose Player 1 chooses the vertex v;. The expected gain of Player 1 is
. IR
Gain(K,, Z(v1),0k) = — E Gain(K,, Z(v1), Z(vj)). (6.19)
n
J=1

When Player 2 also chooses the vertex vy, the payoff to Player 1 is zero. On the other
hand, if Player 2 chooses a vertex v;, j # 1, the payoff to Player 1 is 1 since all the
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other vertices are neighbours of both v; and vy, all the edges in K,, being present.

Thus,
Lot m—1)-1). (6.20)

n

Gain(K,, Z(v1),0k) =

O

Theorem 6.9. In the two-player Competitive Diffusion game on K, the safety value
of Player 1is1—+.

Proof. This proof is similar to the proof of Theorem 3.5 having the guaranteed gain

from Lemma 6.7 and the maximal gain from Lemma 6.8 of equal value 1 — % O]

The complete graphs are not interesting graphs for the two-player Competitive
Diffusion since the gain of both players is always either 0 or 1. However, it informs us
that the number of vertices part of a cluster in a large graph gained by Player 1 would
be negligible when the players choose starting vertices that are at equal distance from
the cluster. For example, consider the portion of a graph representing a social network
in Figure 6.2. If the players choose the starting vertices circled in Blue and Yellow,
they are at equal distance from the cluster circled in Red. Thus, after two waves of
diffusion, the colors of both players will reach a vertex of the cluster. In the following
wave, most of the vertices in the cluster will turn grey since they are neighbours of

vertices in both colors.

6.3 Complete Bipartite Graphs

Recall from Definition 1.45 that a complete bipartite graph is a graph whose vertices
can be partitioned into two subsets U and W such that every vertex in U is joined
to every vertex in WW. We denote a complete bipartite graph that has m vertices in
the subset U and n vertices in the subset W by K,,, and we label the vertices in
the subset U by {uy, us, ..., u,, } and the vertices in the subset W by {wy, ws, ..., w, }.
Let us consider strategies which have a probability of o on the vertices of the subset
U and f on the vertices of the subset W. Following a similar idea as the strategy
Cs2(k) on the spiders and the strategies p1 and po on the complete trees, we assume
such a strategy for Player 1 and we determine Player 1’s expected gain when Player 2

chooses a vertex in the subset U and when Player 2 chooses a vertex in the subset W.
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Figure 6.2: Example of two players choosing starting vertices at equal distance from
a cluster in a large graph.
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Then, we force the two expected gains to be equal by solving for a and S knowing
that ma + nf = 1. Similarly, we can assume that Player 2 has a strategy where he
chooses a vertex from the subset U with probability a and a vertex in the subset
W with probability 5. We determine Player 1’s expected gains when she chooses a
vertex in the subset U and when she chooses a vertex in the subset W. Again, we can
force the two gains to be equal by solving for o and S knowing that ma + nf = 1.

This leads to the following two strategies.

Definition 6.10. Let the strategy A\; be a mixed strategy on K,,, where \; =

(21, T2, ..., z,) and x;, the probability of choosing the vertex v;, is

_ mn—2n+1 : )
= m2n+mn?+m+n—4imn’ if v; € U (6 21)

B — mn—2m+1 if v; € W

m2n+mn2+m-+n—4mn’

xI; =

for 1 <i<n.

Definition 6.11. Let the strategy A, be a mixed strategy on K,,, where \; =
(Y1, Y2, ..., yn) and y;, the probability of choosing the vertex v;, is

(n—1)°

v = o= m2n+mn?+m+n—4imn’ if Uj eU (622)
_ m2—2m-+1 : )
6 T m2n+mn24+m+n—4amn’ if Uj eW

for1 <j<n.

We consider the strategy A, as a safe strategy for Player 1 on kK, ,, and the strategy
A2 as an opposing strategy for Player 2 on K,,,. This leads to the following results:

Theorem 6.12. In the two-player safe game of Competitive Diffusion on the complete
bipartite graph K, ,, the safety value of Player 1 is
(m—1)(n—1)(mn—1)
m2n +mn?+m+n—4mn

(6.23)

In order to prove this theorem, we will consider some lemmas on the guaranteed
gain of Player 1 with the safe strategy A; and the maximal gain of Player 1 when
Player 2 has the opposing strategy As.

Lemma 6.13. The guaranteed gain of Player 1 with the strategy Ay on a complete
bipartite graph K, , is

(m—1)(n—1)(mn —1)
m2n+mn?2+m-+n—4mn’

GGain(Kyn, A1) =

(6.24)
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Proof. From Definition 2.9, we know that the guaranteed gain of Player 1 with the
strategy Ay on K, is

GGain(Ky, p, A1) = min Gain( Ky, », A1, Z(v;)) (6.25)

J

where 1 < j < n and Z(v;) is the mixed strategy which chooses the vertex v; with
probability 1. Since all the edges between the vertices in the bipartition subsets U
and W of K,,, are present, there is no distinction to be made between the vertices
from a given subset. Thus, we only need to consider one vertex from the subset U
and one vertex from the subset W as possible starting vertices for Player 2.
If Player 2 chooses a vertex u; € U = {uy, ug, ..., un, }, the expected gain of Player
1is
Gain(Kpn, M, Z(uy)) = @ Gain(Kp, . Z(u:), Z(u;))
= (6.26)
+ 8 Gain(Kppn, Z(wi), Z(uy))
i=1

where {wy,w,, ..., w,} are the vertices in the subset W and « and § are respectively
the probability of choosing a vertex in the subset U and the probability of choosing
a vertex in the subset W as defined in Definition 6.10. If the two players choose two
different vertices in the same subset, the payoff to Player 1 is 1 since all the vertices
of the other subset are neighbours to both chosen vertices and will turn grey. If the
two players choose vertices in different subsets, then the payoff to Player 1 will be all
the vertices in the subset with the chosen vertex of Player 2 except the one chosen

by Player 2. Thus,
Gain(Kpn, M, Z(uj)) = a(0+ (m —1) - 1) + B(n(m — 1)). (6.27)

Replacing the values of a and 3 from Definition 6.10 gives
(m—1)(n—1)(mn —1)
m2n +mn? +m+n —4mn

Gain(Kpn, M, Z(uj)) = (6.28)

In a similar manner, we can determine the expected gain of Player 1 when Player 2
chooses a vertex w; € W = {wy, wa, ..., w, } to be

(m—1)(n—1)(mn—1)
m2n+mn?2+m-+n—4mn’

Gain(Kpyn, \1, Z(w;)) = (6.29)

Since both these gains are equal, this is the guaranteed gain of Player 1 with the
strategy A1 on K, . O
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Lemma 6.14. The maximal gain of Player 1 when Player 2 uses the opposing strategy
A2 on a complete graph K, ,, s

(m—1)(n—1)(mn—1)

MGain(Kp,p, A2) = m2n +mn2+m+n—4dmn’

(6.30)

Proof. From Definition 2.10, we know that the maximal gain of Player 1 against the

strategy Ay for Player 2 is

MGain(K, pn, A2) = max Gain( Ky, n, Z(v;), A2) (6.31)

7
where 1 < i < n. Again, because of the structure of K,,,, we only need to consider
one vertex from the subset U and one vertex from the subset W as possible starting
vertices for Player 1.

If Player 1 chooses a vertex u; € U = {uy, ug, ..., uy, }, her expected gain is

Gain(Kppn, wi, A2) = « Z Gain(Kpn, Z(w;), Z(u;))

Jj=1

- (6.32)
+ 8 Z Gain( Ko n, Z(u;), Z(w;))

where {wy,w,, ...,w,} are the vertices in the subset W and « and § are respectively
the probability of choosing a vertices in the subset U and the probability of choosing a
vertex in the subset W as defined in Definition 6.11. Again, if the two players choose
two different vertices in the same subset, the payoff to Player 1 is 1 while if the two
players choose vertices in different subsets, the payoff to Player 1 is 1 less than the

number of vertices in the subset chosen by Player 2. Thus,
Gain(Kmn, Z(u;), Aa) = a(0+ (m — 1)) + B(n(n — 1)). (6.33)

Replacing the values of o and § from Definition 6.11 gives

(m—1)(n—1)(mn —1)
m2n +mn2+m+n—4mn’

Gain(Kpn, Z(u;), Aa) = (6.34)

In a similar manner, we can determine the expected gain of Player 1 when she chooses
a vertex w; € W = {wy, wy, ..., w, } to be

(m—1)(n—1)(mn —1)
m2n+mn?2+m-+n—4mn’

Gain(Kpn, Z(w;), Ay) = (6.35)

Since these gains are equal, this is the maximal gain of Player 1 against the strategy

Ao of Player 2. O
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Figure 6.3: Example of a Complete Bipartite Graph, K, , with m = 3 and n = 4.

We now prove Theorem 6.3.

Proof. (Theorem 6.3) This proof is essentially the same as the proof of Theorem
3.5 having the guaranteed gain from Lemma 6.13 and the maximal gain from Lemma
6.14 except that in this case, the bounds are equal. Thus, the safety value of Player

1 is exactly (m—1)(n—1)(mn —1)

m2n+mn?2+m+n—4mn’

(6.36)

]

Example 6.15. For the complete bipartite graph, K,,, represented in Figure 6.3
where m = 3 and n = 4, the safety value of Player 1 is 1.54.

Example 6.16. For the complete bipartite graph, K, ,, with m = 100 and n = 100,
the safety value of Player 1 is 50.00 while with m = 50 and n = 150 the safety value
of Player 1 is 37.24.

A similar reasoning could be applied to get the safety value of Player 1 along
with a safe strategy for complete multipartite graphs, graphs whose vertices can be
partitioned into sets such that two vertices are adjacent if and only if they belong to

different sets.



Chapter 7

Conclusion

The main goal of this thesis was to study the two-player safe game of Competitive
Diffusion on trees. The guaranteed gain in the safe game is the minimal expected
gain of a player if he adopts the corresponding safe strategy. Thus, safe strategies are

a good approach in presence of uncertainty in opponents.

Consider, for example, the setting where Competitive Diffusion is a game between
two rival companies who want to advertise their products throughout a social network.
We can easily imagine companies that do not like taking risks, small companies that
cannot afford the chance of not getting information about their product to at least a
few buyers, or companies that think that their opponents are out to get them. In all
these scenarios, a safe strategy can be a good option. For other companies, knowing
the guaranteed gain with a certain safe strategy can be helpful in decision making.
A company might realize that the expected gain assured with the safe strategy is

satisfactory.

We started the study of the safe game of Competitive Diffusion in Chapters 3 and
4 with the two-player game on paths, spiders and complete trees. These are all special
cases of trees. For each, we suggested safe strategies for Player 1 and compared the
guaranteed gains to the safety values by evaluating their proximity to upper bounds
obtained by considering opposing strategies for Player 2. In Chapter 5, we turned
our focus to finding a general safe strategy for trees. Our approach leads to the
Centroidal Safe Strategy Algorithm. The algorithm showed a good performance on
a number of examples; the ones with thick branches at the centroid better than the
ones with thin branches at the centroid. The algorithm perhaps could be improved
by including positive probabilities on more vertices in the branches at the centroid
or by slightly modifying the ordering of the branches and the distribution of the
probabilities. Nevertheless, the algorithm seems a good base to begin the study of

the safe game on bicentroidal trees in future work.

163
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In Chapter 6, we discussed the safe game of Competitive Diffusion on cycles,
complete graphs and complete bipartite graphs. These are simple and symmetrical
examples of graphs which are not trees. Still, the safe strategies considered in Chapter
6 were optimal. Hence, our common approach of equalling expected gains of the play-
ers to suggest probabilities in strategies shows promise. The notion of the centroid,
however, does not directly translate to graphs that do not have branches but there
exists a generalization, also known as an accretion center (see [28]). Thus, strate-
gies which have positive probabilities near this notion of centroid might be worth
considering on graphs which are not trees. Moreover, there exists discussion on a de-
centralized approach to approximate the location of the centroid without the global
view of the graph environment (see [8]). Using a local view of a graph could be useful
for studying the centroid in complex graphs such as large social networks. Thus, this
approach might be useful in generalizing the study of the safe game of Competitive
Diffusion on social networks. Since the ultimate goal is to transfer the ideas to the
Competitive Diffusion on realistic networks, the suggestions mentioned here are all of

interest for future work on the safe game of Competitive Diffusion.

Lastly, changing the concept of grey vertices is probably the first thing that comes
to mind when thinking of modifying the simple game model of Competitive Diffusion.
It seems unreasonable that a user facing two choices of products, for example, remains
indecisive rather than choosing one of the two products with a certain probability.
However, in the conservative setting of the safe game, the grey vertices are not a bad
concept. They restrict the payoff to Player 1 by eliminating all chances of her gaining
vertices other than the ones she gets to influence before her opponents. This said,
modifying the game model to include a probability of Player 1 gaining other vertices,
would simply increase her safety value. The guaranteed gains that serve as lower
bounds on the safety values for the Competitive Diffusion on the graphs presented,
should to some extent be translatable to the new model. Moreover, considering
models which include a probability of gaining the grey vertices would create large
variations in the gains. In a tree, a vertex that turns grey usually blocks the access to
a branch with a number of vertices. A player that gains this vertex would also gain
the rest of the branch. Thus, the probability of gaining this large group of vertices

would create fluctuations in the expected gains. Overall, the simple cascade model
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in the Competitive Diffusion remains a good conservative model for the safe game,
a concept in game theory to which the newly decentralized game theoretic setting

permits analysis.



Appendix A

Programming Codes

This appendix presents the programming codes used in Chapter 5 to assess the per-

formance of the Centroidal Safe Strategy Algorithm 5.21.

A.1 Generating Centroidal Tree Examples: Method 1

This section presents the MATLAB® [19] programming code used to generate the
examples of centroidal trees with the first method of randomization. Recall from

Section 5.2.5.
Method 1:

- Fixed parameters: number of branches at the centroid, d, and number

of vertices in the largest branch at the centroid, n;.

- Randomized parameters: number of vertices in the other branches and

lowest three weights in the branches.
The randomization in this method is obtained by a function in MATLAB® [19].

randi ([imin,imax],1):[20] returns an integer value drawn from the discrete

uniform distribution on the interval [imin,imax].

The generated trees are written in a text file called "INPUT.txt” created in a

specified directory.
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

$RANDOMIZATION OF CENTROIDAL TREES WITH METHOD 1.

% [INPUT] :

%$Specify the text file and directory where the examples generated
will be printed.

[Results, message]l=fopen (fullfile('C:\Users\Celeste\Documents)\. ..
MATLAB', '"INPUT.txt"'), 'a'");

$Specify the number of branches at the centroid wanted.

d=3;

%$Specify the number of vertices in the largest branch at the
centroid.

nl=100;

%$Specify the number of examples of centroidal trees wanted.

NEx=20000;

$Loop that creates and prints the examples.
for g=1:NEx

A=zeros (d,4);

A(1,4)=nl;
$[STEP 1]: Loop that randomizes the number of vertices in the

branches 2 to d.
for i=2:d
%A1l the branches except the last one can have any number
of vertices from 1 to nl.
if i<d
A(i,4)=randi([1 A(1,4)]1,1,1);
$The number of vertices in the last branch must assure
that the sum of the vertices on the branches 2 to d is
at least nl.
else if i==d
s=A(l,4)—sum(A(2:d-1,4));
if s>1
A(i,4)=randi([s A(1,4)],1,1);




32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

else
A(i,4)=randi([1 A(1,4)1,1,1);
end
end
end

end

$The total number of vertices is the sum of the number of
vertices in the d branches +1 for the centroid.

n=sum(A(:,4))+1;

$[STEP 2]: Loop that randomizes the lowest three weights in
the branches.
for i=1:d

%$The first weight of the branch i, wl, is fixed to n-—ni.

A(i,1)=n—-A(1i,4);

%$If the branch i has at least 2 vertices, the second
lowest weight, w2, is any integer drawn from the
interval [wl+1l,n—1]. Otherwise, the second lowest
weight stays O.

if A(i,4)=>2
A(i,4)=randi([n—A(i,4)+1 n—-1],1,1);

end

168

$If the branch i has at least 3 vertices, the third lowest...

weight, w3, is any integer drawn from the interval [w2...

,n—1] 1if w2—wl—-1 is greater than or equal to n—w2, else...

[w2+1,n—1]. Otherwise, the third lowest weight stays 0...

if A(i,4)>3
if A(i,2)—A(i,1l)—1>n—A(i,2)
A(i,3)=randi([A(i,2) n—-1],1,1);
else A(i,3)=randi([A(i,2)+1 n—1],1,1);
end
end

end
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58 % [OUTPUT] : The example is printed on a line in the text file
INPUT.txt' with the format [n d w(u.l) w(t_ 1) w(s_.1l) ... w(...
u.d) w(t_d) w(s_d)] where u_.i, t_i and s_i are respectively...
the vertices with the first, second and third lowest
weights in the branch i.

59 fprintf (Results, '%g ', n, d, A(:,1:3)");

60 end

61 fclose (Results);

A.2 Generating Centroidal Tree Examples: Method 2

This section presents the Maple” programming code used to generate the examples of

centroidal trees with the second method of randomization. Recall from Section 5.2.5.
Method 2:

- Fixed parameters: total number of vertices, n.

- Randomized parameters: tree structure.

The randomization in this method is obtained by a function of Maple” in the Graph-
Theory[RandomGraphs| subpackage.
The generated trees are written in a text file called "INPUT.txt” created in a

specified directory.

1 >  #RANDOMIZATION OF CENTROIDAL TREES WITH METHOD 2.

3 > #Load Packages.
4 > with (GraphTheory) :
5 > with (RandomGraphs) :

7 >  #[INPUT]:

9 > #Specify the directory and text file where the examples
generated will be printed.

10 > currentdir("C:\\Users\\Celeste\\Documents\\MAPLE") :

11 > fd := fopen("INPUT.txt", APPEND) :

12 >
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36
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#Specify the number of vertices in the tree wanted.

n := 100:

#Specify the number of examples of centroidal trees wanted.

NEx := 1000:

#Loop that creates and prints the examples.

for k from 1 to NEx do

#[STEP 1]: Generate a random tree with n vertices and list...

the vertices of the tree.

H
Il

RandomTree (n) :

V := {Vertices(T) []}:

#Create an array where the weights of the vertices in T
will be stored.

W := Array(l..1, 1..numelems(V)):

#[STEP 2]: Loop that determines the weights of all the
vertices in the tree.

for i from 1 to numelems (V) do

#Let G be the induced subgraph of T by all the
vertices of T except the vertex i and let C be the
list of connected components of G. The elements of

C represent the branches of T at the vertex 1i.

InducedSubgraph (T, V\{i}):

{ConnectedComponents (G) []}:

#Count the number of edges in all the branches at the
vertex i and determine the maximum. This is the
weight of the vertex i which is stored in the
vertex attribute "weight" and the array W.

A := Array(l..1l, 1..numelems(C)):

for j from 1 to numelems (C) do

A[1l, J] := numelems(C[]]):
end do:
SetVertexAttribute (T, i, "weight" = max(A)):

W[l, i] := GetVertexAttribute(T, i, "weight"):
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66

67

68

69
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71

end do:

#[STEP 3:] Determine the centroid of the tree T, i.e. the

vertices with the minimal weight. The variable position...

will hold the vertex number of the centroid and the
flag is used to display if a tree is bicentroidal.
position := 0:

Flag := "Ok":

for 1 from 1 to numelems (V) do

if W[1l, i] = min (W) and position = 0 then
position := 1i:
elif W[l, i] = min (W) and position <> 0 then
Flag := "Bicentroidal Tree"
end if:
end do:

#[STEP 4]: Determine the number of branches at the
centroid, d, and the lowest three weights in the

branches at the centroid, stored in an array M. If a

branch has only 1 or 2 vertices, only one or two lowest...

weights are stored for that branch.

InducedSubgraph (T, V\{position}) :
:= {ConnectedComponents (G) []}:

numelems (C) :

2 0 Q ®
I

Array(l..d, 1..3):
for i from 1 to d do
B := Array(l..numelems(C[i])):
for j from 1 to numelems (C[i]) do
B[j] := GetVertexAttribute(T, C[i][]j], "weight"):
end do:
test := min(numelems(B), 3):
M[i, 1..test] := sort(B)[1l..test]:

end do:
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#[OUTPUT]: If the example is a centroidal tree, it is
printed on a line in the text file '"INPUT.txt' with the...
format [n d w(u-1) w(t_1) w(s_-1) ... w(u_d) w(t_-d) w(s...
_d)] where u_i, t_i and s_i are respectively the
vertices with the first, second and third lowest
weights in the branch i. If the example is a
bicentroidal tree, the example is disregarded and the
counter is reduced by 1.
if Flag = "Ok" then
fprintf (£d, "%g ", n, d):
fprintf(fd, "%{n}g \n", M):
elif Flag="Bicentroidal Tree" then
ki=k—-1:
end if:
end do:
fclose (fd) :

A.3 Centroidal Safe Strategy Algorithm

This section presents the MATLAB® [19] programming code corresponding to the
CSS Algorithm 5.21. The code reads the "INPUT.txt” files from Sections A.1 and

A.2, i.e. the centroidal tree examples created by method 1 and 2. The results are

then written in a text file called "RESULTS.txt” in a specified directory.

10

11

$CENTROIDAL SAFE STRATEGY ALGORITHM.

$[INPUT]: Specify the directory and the text file where the
examples are read from.

[INPUT, message]=fopen (fullfile('C:\Users\Celeste\Documents\MATLAB'...
, "INPUT.txt"'),'r');

%$Read a line from text file.

tline = fgetl (INPUT);

%$While the line read is not empty.

while tline ~ = —1
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$[STEP 0]: Convert the information from the text file to n,
the number of vertices, d, the number of branches at the
centroid, and A, a matrix with the lowest three weights in
each branch.

temp=textscan(tline, 'Sf ');

n=temp{1}(1,1);

d=temp{1}(2,1);

A=zeros (d, 6);

for i=1:d
A(i,1:3)=temp{1} (3+3*(i—1):5+3%(i—1),1)";
A(i,6)=n—A(i,1);

end

$[STEP la]: Loop that determines the type of each branch and
calculates its criterion. If a branch has less than 3
vertices, then by convention, its criterion is zero and the...
branch is labelled as a thick branch. A thin branch is
identified by the number 1, a medium branch by the number 2...
and a thick branch by the number 3.
for i=1:d
if A(i,6)<3
A(i,4)=3;
A(i,5)=0;
else if A(i,2)>=n—-A(i,1)+(A(i,1))"2/n
A(i, 4)=3;
A(i,5)=n-A(i,1);
else if A(i,2)<n—A(i,1)+(A(i,1))"2/n && A(i,3)>=n—...
A(i,2)+(A(1,2) "2+ (A(1,2)—A(1,1))"2)/(n+A(1i,2)—A...

(1,1))

A(i,4)=2;

A(i,5)=((n—A(i,2))/n)*(n—A(i,1))+(A(i,2)/n)*(n...
—A(i,2));

else 1if A(i,2)<n—A(i,1)+(A(i,1))"2/n && A(i,3)...
<n—A(i1,2)+(A(i,2) "2+ (A(i,2)—A(1,1))"2)/ (n+A...
(1,2)-A(1,1))

A(i,4)=1;
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A(i,5)=(A(1i,2)*(n—A(1,2))*(n"2—n*A(1i,3)—-A(...
i,3)*A(1,2)+A(1,2) "2+2*A(1i,3) *A(1,1)-A(...
1i,2)*A(1i,1)))/ (n*A(1,2)* (n—A(1,3))+A(1i...
;1) *A(1,2)*x (—n+A (1, 3)+A(1,2))+(n—A(1,2) ...
)*A(i,1)72);

end
end
end
end

end

$[STEP 1b]: Order the branches at the centroid based on their
criterion.

B=sortrows (A,—5);

j=1;

SGain=0;
EGain=0;
SProbAlpha=0;
Alpha=0;

S[STEP 2]: While there are branches remaining and the
criterion of the next branch is greater than the current
expected gain, add positive probabilities on the next
branch and calculate the new expected gain dependently on
the new branch being thick, medium or thin.
while j<=d && B(3j,5)>EGain
$[STEP 3al: Solve a-+§:iﬂ(ﬁj+”w-+5ﬂ:=1 for a.
if B(j,4)==1
SProbAlpha=SProbAlpha+ ((n—B(j,2))*(B(j,1)*(n—B(j,3))+ (...
B(J,2)—-B(3,3))*(B(3,2)-B(3,1))))/ ((n—=B(J,3))*»(n=B(J...
+1))*(n=B(3,2))+B(3,3)*B(J,2)*x(B(J,3)-B(J,2)))+B(J...
»2)/ (n=B(3,2))*((n—=B(J,2))*(B(3,1)»(n—B(3,3))+(B(J...
,2)—B(3,3))*(B(3,2)-B(3,1))))/ ((n—B(3,3)) *(n—B(J,1) ...
) * (n—B(J,2))+B(J,3)*B(J,2)»(B(J,3)-B(J,2)))+B(J,3) /...
(n=B(J,3))*B(J,2)/(n=B(3,2))* ((n=B(J,2))*(B(3,1)*(n...
—B(3,3))+(B(3,2)-B(3,3))*(B(J,2)-B(3,1))))/ ((n—B(3...
;3))*x(n=B(3,1))* (n=B(3,2))+B(3,3)*B(J,2) »(B(J,3)—B(...
3,2)))+(B(3,2)-B(J,1))/ (n—B(3,3));
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else if B(j,4)==2
SProbAlpha=SProbAlpha+B(j, 1)/ (n—B(j,1))+B(j,2) ...
/(n=B(3J,2))*B(3,1)/(n=B(J,1));
else if B(j,4)==3
SProbAlpha=SProbAlpha+B(j, 1)/ (n—B(J,1));
end
end
end
Alpha=1/ (1+SProbAlpha) ;
%[STEP 3b]: With the strategy o; , determine the expected ...
gain of Player 1 if Player 2 chooses the centroid.
if B(j,4)==1
SGain=SGain+ ((n-B(3,2))*(B(Jj,1)*(n—B(j,3))+(B(J,2)-B(J...
;3))*x(B(3,2)-B(J,1))))/ ((n—B(3,3))*(n—B(3,1))*(n—B(...
3,2))+B(3,3)*B(J,2)*(B(3,3)—B(3,2)))x(n—B(J3,1))+B(J...
»2)/(n=B(3,2))*((n—=B(3,2))*(B(3,1)*»(n=B(J,3))+(B(J...
,2)=B(3,3))*(B(3,2)-B(3,1))))/ ((n—B(3,3)) *»(n—B(J,1) ...
) * (n=B(J,2))+B(J,3)*B(3,2)*x(B(],3)—B(J,2)))»(n—B(J...
,2))+B(3,3)/(n—B(3,3))*B(3,2)/(n—B(J,2))* ((n—B(J,2) ...
)*(B(J, 1)+ (n—B(J,3))+(B(J,2)-B(3,3))~(B(3,2)—B(3,1)...
)))/ ((n—=B(3,3))*(n—B(3,1))*(n—B(3,2))+B(3,3)*B(],2) ...
*(B(3,3)=B(3,2)))*(n=B(3,2))+(B(J,2)-B(3,1))/(n—B(J...
»3))*x(n—B(3,2));
else if B(j,4)==2
SGain=SGain+B(J,1)/ (n—B(j,1))*(n—B(J,1))+B(3,2)/(n...
—B(3,2))*B(J,1)/(n—B(J,1))*(n—B(J,2));
else if B(j,4)==
SGain=SGain+B(j,1)/(n—B(3j,1))* (n—B(3,1));
end
end
end
EGain=Alphax*SGain;
Jj=3+1;

end

% [OUTPUT] : Print the guaranteed gain of Player 1 in the text
file 'RESULTS.txt' in the specified directory.

[Results, message]=fopen (fullfile('C:\Users\Celeste\Documents). ..
MATLAB', 'RESULTS.txt'"),'a");
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80 fprintf (Results, '$g ',EGain);

81 fclose (Results);

82

83 %$Read the next example from the text file 'INPUT.txt'.
84 tline = fgetl (INPUT) ;

g5 end

86 fclose (INPUT);

A.4 Centroidal Opposing Strategy Algorithm

This section presents the MATLAB® [19] programming code corresponding to the
COS Algorithm 5.32. The code reads the "INPUT.txt” files from Sections A.1 and
A.2, i.e. the centroidal tree examples created by method 1 and 2. The results are

then written in a text file called "RESULTS.txt” in a specified directory.

1 %CENTROIDAL OPPOSING STRATEGY ALGORITHM:

3 $[INPUT]: Specify the directory and the text file where the
examples are read from.

4 [INPUT,message]l=fopen (fullfile('C:\Users\Celeste\Documents\MATLAB'...
, "INPUT.txt'), 'r');

6 %Read a line from text file.

7 tline = fgetl (INPUT) ;

9 %While the line read is not empty.

10 while tline ~ = —1
11
12 $[STEP 0Oal: Convert the information from the text file to n,

the number of vertices, d, the number of branches at the
centroid, and A, a matrix with the lowest three weights in

each branch.

13 temp=textscan(tline, 'Sf ');
14 n=temp{1}(1,1);

15 d=temp{1}(2,1);

16 A=zeros (d, 6);

17 for i=1l:d
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A(i,1:3)=temp{l} (3+43* (i—1):5+3*(i—1),1)";
A(i,6)=n—A(i,1);

end

%$[STEP 0Ob]: Loop that determines the type of each branch and

calculates its criterion. If a branch has less than 3
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vertices, then by convention, its criterion is zero and the...

branch is labelled as a thick branch. A thin branch is

identified by the number 1, a medium branch by the number 2...

and a thick branch by the number 3.
for i=1:d
if A(i,6)<3
A(i,4)=3;
A(i,5)=0;
else 1f A(i,2)>=n—A(i,1)+(A(1i,1))"2/n
A(i,4)=3;
A(i,5)=n—-A(i,1);

else if A(i,2)<n—A(i,1)+(A(i,1))"2/n && A(i,3)>=n—...

A(i,2)+(A(1,2) "2+ (A(1,2)—A(1,1))"2)/(n+A(i,2)—A...

(i,1))
A(i,4)=2;

A(1,5)=((n-A(i,2))/n)*»(n—A(i,1))+(A(L,2)/n)*(n...

—A(i,2));

else if A(i,2)<n—-A(i,1)+(A(i,1))"2/n && A(i,3)...

<n—A(i,2)+(A(i,2) 2+ (A(i,2)—A(i, 1)) 2)/ (n+A. ..

(1,2)—A(1i,1))
A(i,4)=1;

A(i,5)=(A(i,2)*(n=A(1,2))*(n"2—n*A(1i,3)—A(...

i,3)%A(i,2)+A(i,2) "2+2*A (i, 3) %A (i, 1)—A(...

1,2)*A(1,1)))/ (n*A(1,2)* (n—A(1,3))+A(1i...

;1) *A(1,2) *x(—n+A(1,3)+A(1,2))+(n—A(1i,2) ...

) <A (1,1)72);
end
end
end
end

end
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$[STEP 1]:Include some positive probabilities in the opposing
strategy of Player 2 on some vertices adjacent to the

centroid.

$[STEP la]: Order the branches at the centroid based on their
number of vertices.

C=sortrows (A, —6);

1=1;
MEGain=0;

%$[STEP 1lb—1c]: While there are branches remaining and the
number of vertices in the next branch is greater than the
current expected gain, add probability on the first vertex
of the next branch and calculate the new expected gain.

while 1<=d && C(1l, 6)>MEGain

$[STEP 1b.0]: Let the opposing strategy of Player 2 be a
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probability of 'a' on the centroid and 'bl','b2',...,"'...

bl' on the first vertices of the 1 branches.
syms a;
b=sym('b', [d,11);
var=[a; b(l:1,1)]1;

$[STEP 1b.1]: Calculate the payoffs to Player 1 when she
and Player 2 choose the vertices amongst the centroid,
c, and the first vertices of the 1 branches, ul, u2...
;o .., ul.

M=zeros (1+1,1+1);

M(1,:)=[0 C(1:1,1)"];

for i=2:1+1
M(i, :)=[repmat (n—C(i-1,1),1,i-1), 0 , repmat(n—C(i...

-1,1),1,1+1-1)1;

end

$[STEP 1b.2]: List the expected gains of Player 1 against
the opposing strategy of Player 2 when she chooses the
vertices, ¢, ul, u2,...,ul.

equations=sym('egn', [1,1+1]);
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equations(l,1l)=a+sum(b(l:1,1))==1;
for i=1:1

equations (1, i+1)=M (i, :)*var==M(i+1, :) *xvar;
end

$[STEP 1lc.l]: Equal the expected gains of Player 1 by
solving for 'a', 'bl', 'b2',...,'bl', knowing atbl+b2...
+...+bl=1.

ListEgns=num2cell (equations) ;

ListVar=num2cell (var) ;

V=solve (ListEgns{:}, Listvar{:});

Prob=zeros (1+1,1);

Prob (1,1)=V.a;

for i=1:1
Prob (i+1l,1)=V. (sprintf ('b%d"',1));

end

S[STEP 1lc.2]: Calculate the expected gain of Player 1 when...

she chooses the centroid.

MEGain=M(1l, :) *Prob;

1=1+1;
end
$[STEP 2]: Include some positive probabilities in the opposing...

strategy of Player 2 on some vertices at distance 2 from

the centroid.

$[STEP 2a.1]: Calculate the expected gains of Player 1, when
she chooses a second vertex with the lowest weight in the
branches 1 to 1-1.
OGain=zeros (1,1-1);
for i=1:1-1
0OGain(l,i)=(Prob(l,1)+Prob(i+1l,1))*(n —C(i,2)) +sum(Prob...
([2:1,i+2:1]1,1))»(n—C(i,1));

end

IMEGain=MEGain;
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I0Gain=0Gain;
IProb=Prob;

$[STEP 2a.2]: Order the 1—1 branches on which Player 2 has a
positive probability on the vertex with the lowest weight
by the expected gain of Player 1 when she chooses the
second vertex with the lowest weight in the branches.

D=[C, [0OGain, zeros(l,d=1+1)1"'1;

D=sortrows (D,—7);

h=1;

% [STEP 2b—2c]: While there are branches on which Player 2 has
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a positive probability on the vertex with the lowest weight...

remaining, the expected gain of Player 1 when she chooses

the second vertex with the lowest weight in the next branch...

is greater than the current expected gain and the strategy...

for Player 2 is still legal, add probabilities on the
second vertex of the next branch and calculate the new
expected gain.

while h<=1-1 && D (h,7)>MEGain+0.0001 && sum(Prob<0)==

$[STEP 2b.0.1]: Save the maximal gain of Pl against the
strategy of Player 2 in the case that adding

probability on the second vertex with the lowest weight...

in the next branch creates an invalid strategy for
Player 2, i.e. a strategy with negative probabilities.
IMEGain=MEGain;
I0Gain=0Gain;
IProb=Prob;

$[STEP 2b.0.2]: Let the opposing strategy of Player 2 be a...

probability of 'a' on the centroid, 'bl', 'b2',...,'b{...

1-1}' on the first vertices of 1—1 branches and 'gl','...

g2',...,"'gh' on the second vertex of h branches.
syms aj;
b=sym('b", [d,1]);
g=sym('g', [d,1]);
var=[a; b(l:1-1,1);g9(1l:h)]1;
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$[STEP 2b.1]: Calculate the payoffs to Player 1 when she
and Player 2 choose vertices amongst the centroid, the
first vertices of the 1-1 branches and the second
vertices of the h branches.
M=zeros (1—1+h+1,1—1+h+1);
M(1l,:)=[0 D(1:1-1,1)" D(1l:h,1)']l;
for i=2:1-1+1
if h—(i—-1)>=0
test=1;
test2=1—-2;
else if h—(i—1)<0
test=0;
test2=h;
end
end
M(i, :)=[repmat (n-D(i-1,1),1,i-1), O , repmat (n-D(i-1,1),1,...
1-1+1—-i),D(l:test2,1)', repmat(D(i—1,2),1,test) , D(i:h...
PTG
end
for i=1-1+2:1+h
M(i, :)=[repmat (n—D(i—(1—1+1),2),1,1),repmat (n—D (i—(1...
-1+1),1),1,i—(1-1+2)), repmat (n—D (i—(1—-1+1),2),1,1), ...
repmat (n—D (i—(1—-1+1),1),1,2x1—-i—1), repmat (n—D (i—(1...
-1+1),1),1,i—(1-1+2)), 0, repmat (n—D (i—(1—-1+1),1),1,1...
+h—1i) ];

end

$[STEP 2b.2]: List the expected gains of Player 1 against
the opposing strategy of Player 2 when she chooses the
centroid, the first vertices of the 1—1 branches and
the second vertices of the h branches.
equations=sym('egn', [1,1+h]);
equations(l,1l)=a+sum(b(l:1-1,1))+sum(g(l:h,1))==1;
for i=1:1+h-1
equations (1l,i+1)=M(1i, :)*var==M(i+1, :) *xvar;

end
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$[STEP 2c.l]: Equal the expected gains of Player 1 by
solving for 'a','bl','b2',...,'b{1-1}','gl','g2", ..., "...
gh', knowing a+bl+b2+...+b{1—1}+gl+g2+...+gh=1.

ListEgns=num2cell (equations) ;

ListVar=num2cell (var) ;

V=solve (ListEqgns{:}, ListVar{:});

Prob=zeros (1+h,1);

Prob (1,1)=V.a;

for i=1:1-1
Prob (i+1l,1)=V. (sprintf('b%d',1i));

end

for i=1:h
Prob (1—1+i+1,1)=V. (sprintf('g%d',1i));

end

MEGain=M (2, :) *Prob;

S[STEP 2c.2]: Calculate the expected gains of Player 1
when she chooses a second vertex with the lowest weight...
in the branches 1 to 1-1.
OGain=zeros (1,1-1);
for i=1:1-1
if h—i>=0
test=1+1;
else if h—i<0
test=1+h+1;
end
end
OGain(l,i)=(Prob(1l,1)+Prob(i+1,1))* (n—D(i,2))+sum(Prob...
([2:1i,i+2:1,1+1:test—1,test+1:1+h],1))*(n—D(i,1));

D(:,7)= [0Gain, =zeros(l,d—1+1)]1"';
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$[STEP 3]: Calculate the maximal gain of Player 1 against the
resulting opposing strategy of Player 2. If h = 0 or h > 0
and all the probabilities in the resulting opposing
strategy for Player 2, are positive, calculate the maximal
gain of Player 1 against the opposing strategy of Player 2

which has positive probabilities on the second vertices of
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0 or h—1 branches. If h > 0 and some negative probabilities...

exists, calculate the maximal gain of Player 1 against the...

opposing strategy of Player 2 which has positive

probabilities on the second vertices in h—2 branches.

if sum(Prob<0)==
Flag=0;

else
Flag=1l;
Prob=[Iprob;0];

end

$[STEP 3a]: Calculate the expected gains of Player 1 on
another vertex in a branch where Player 2 has positive
probabilities on the first and second vertices with lowest
weights.

if Flag==
02Gain=zeros (1,h—1);
for i=1:h-1

02Gain(l,i)=Prob(l,1)* (n—D(i,2))+(Prob(i+1l,1)+Prob (1+i...

;1)) *(n=D(i,3))+sum(Prob([2:1,1+2:1,1+1:1+i—-1,1+1...

+1:1+h—11,1)) »(n—D(i,1));
end
else
02Gain=zeros (1,h-2);
for i=1:h-2

02Gain(l,i)=Prob(l,1)* (n—D(i,2))+(Prob(i+1,1)+Prob (1+i...

,1))*(n—D (i, 3))+sum(Prob([2:1,i+2:1,1+1:1+i—-1,1+i...

+1:1+h—1],1))*(n—D(i,1));
end

end
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$[STEP 3b]: Calculate the expected gains of Player 1 on the
vertices with the lowest weight in branches on which Player...
2 does not assign any positive probabilities.
03Gain=zeros (1,d—1+1);
for i=1l:d-1+1
03Gain(l,i)=(sum(Prob(1:1,1)))*(n— D(l1—1+i,1))+Prob(1l+1:1...
+h—1,1)'«D(1:h—-1,1);

end

% [OUTPUT] : Print the maximal gain of Player 1 against the
resulting opposing strategy of Player 2 in the text file '...
RESULTS.txt' in the specified directory.

[Results,message]=fopen (fullfile('C:\Users\Celeste\Documents\. ..
MATLAB', 'RESULTS.txt'"),'a");

if Flag==
fprintf (Results, '$Sg ',max ([MEGain, OGain,02Gain,03Gain]));
else

fprintf (Results, '$g ',max ([IMEGain, I0Gain,02Gain, ...
03Gainl));

end

fclose (Results);

%$Read the next example from the text file '"INPUT.txt'.
tline = fgetl (INPUT);

fclose (INPUT) ;
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