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Abstract

An integer-valued polynomial is a polynomial with rational coefficients that takes an
integer value when evaluated at an integer. The polynomials {(%)}52, form a regular
basis for the Z-module of all integer-valued polynomials. Using the idea of a p-ordering
and a p-sequence, Bhargava describes a similar characterization for polynomials that
are integer-valued on some subset of Z. This thesis focuses on characterizing the
polynomials that are integer-valued on the Fibonacci numbers.

For a certain class of primes p, we give a formula for the p-sequence of the Fibonacci
numbers and an algorithm for finding a p-ordering by using Coelho and Parry’s results
on the distribution of the Fibonacci numbers modulo powers of primes. Knowing the
p-sequence, we can then find a p-local regular basis for the polynomials that are

integer-valued on the Fibonacci numbers using Bhargava’s methods. A regular basis

can be constructed from p-local bases for all primes p.
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Chapter 1
Introduction

An integer-valued polynomial on S, for S C @Q, is a polynomial with rational coeffi-
cients that takes an integer value when evaluated at an element of S. The set of all

such polynomials is denoted by
Int(S,Z) = {f(z) € Q]| f(S) € Z}.

Integer-valued polynomials on Z have long been known and used in calculus. In
particular, it has been known that every integer-valued polynomial on Z can be

uniquely expressed as an integer linear combination of the binomial polynomials

{(i) ::v(x—l)..ﬁ!(x—n—i—l)}:ozo.

The polynomials (fL) are said to form a regular basis, that is, a basis consisting of one

polynomial of each degree, for the ring Int(Z, Z).

In a similar way, for a fixed prime integer p and S C QQ, we can consider

Int(S, Z)) = {f(z) € Q]| £(S) C Z},

where Zgy = {a/bla,b € Z,p { b} is the set of p-local integers . It has been shown,
as in [5], that Int(S,Z,)) = Int(S,Z)(), the p-localization of Int(S,Z), so that by
describing Int (S, Z,)) for all p, we can describe Int(S, Z). A regular basis for Int(S, Z)
can be constructed from ones for Int(S, Z,)) for all primes p.

The question then arises whether such a basis can be found for Int(S, Z,)) with
S # Z. M. Bhargava, in [4], has shown that it is possible by constructing a “general-
ized binomial polynomial” using the idea of a p-ordering and a p-sequence. Associated
to any subalgebra of Q] is a sequence of fractional ideals, called characteristic ideals,
with the nth one consisting of 0 and the leading coefficients of elements of the subal-
gebra of degree less than or equal to n. The characteristic ideals we consider in this

thesis are all principal ideals and the p-adic valuations of the generators of these ideals

1
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form the characteristic sequence of the subalgebra. Given a regular basis for such a
subalgebra, the leading coefficients of the basis elements generate the characteristic
ideals and this property characterizes regular bases. For a fixed prime integer p, if the
subalgebra is of the form Int(S, Z,)), then it is a theorem that the p-sequence coming
from a p-ordering of S, defined by Bhargava, is the sequence of p-adic valuations of
these characteristic ideals, so you can reconstruct the characteristic sequence if all of
the p-sequences are known.

In this thesis, we show how to find the p-sequence of the set of Fibonacci numbers,
denoted F, for a certain class of primes. Then, from Bhargava’s results, we obtain
an algorithm for finding the characteristic sequence for Int(IF, Z,)) and constructing
a p-local basis. With these p-local bases for all primes p, we can then show that

2 —x 2 =322+ 2¢ xt— 623+ 1122 — 62

1
7:1:’ 2 Y 6 Y 24 )

143x° — 2965x* + 1421523 — 2403522 4+ 12642
240 '

26925 — 92552° + 8028521 — 2745452 + 3921262% — 188880«
720 ’

24512927 — 1879196225 + 34326215025
—2392639900x* + 73917784012 — 100086804587 + 4684826640z ’
443520

24512928 — 2340635127 + 60506191225 — 664097553025

+35440539981z* — 942659066792 + 1170151225782* — 52130681040
443520

54687901x° — 31874521653z + 76687925708942"

—5687823372596822° + 91013053303428692° — 58282598264258277x*

1710756854735264962° — 224615295883995588z% + 103282048708907040x 7
103783680

, and

are the first 10 elements of a regular basis for Int(F,Z) and, thus, give a method
of testing whether or not a given polynomial of degree 9 or less is in Int(F,Z). For
example, we can show that

z(x —1)(x — 2)(z — 3)(z — 5)

f(l’) = 94

is in Int(F,Z), despite the fact that f(z) ¢ Int(Z,Z) since f(4) = —

[\eJ o]



Counsider the recurrence relation
Fn:Fn—1+Fn—27 n>2.

If we set Fy = 0 and I} = 1 we obtain the Fibonacci sequence. Each F), is a Fibonacci

number and, by Binet’s formula, we can write
1 —-1\"
(- (3))
V5 < B

Although we would like to know the p-sequence of [, for all prime integers p, we

1+V5

where § = =5

will restrict our attention to the primes for which [ satisfies the following condition.

(The methods we use, however, can be extended to include all primes.)
Condition 1.0.1.

1. If 5 is a square mod p, then B is of order p — 1 in the group of units of Z/(p)
and BP~Y £ 1 in Z/(p?).

2. If 5 is not a square mod p, then [ is of order 2(p + 1) in the group of units of
(Z+/52)/(p) and BP0 £ 1 in (Z + V/52)/ (p*).

From here on, we will assume, unless otherwise stated, that all prime integers p
appearing are ones for which [ satisfies Condition 1.0.1. We will also assume that
p # 2 or 5, since these two cases are handled separately in Chapter 5.

For a fixed prime p of this type, we can determine which residue classes are
represented by the Fibonacci numbers modulo p, using some of the results from
[6]. This information helps us find a subset 7" of the integers with F C T and
F/(p*) = T/(p*),Vk > 0. For such a subset, Int(F, Z,) = Int(T, Z,)) and, thus, the
p-sequence of [ is the same as the p-sequence of 7. We can then work with 7" instead
of F when computing the p-sequence of the Fibonacci numbers.

The p-sequence of T' can be found by decomposing 71" into simpler subsets, using
known results to calculate their p-sequences, and then combining these p-sequences.
Finding the p-sequence of T' this way, we can give a formula for the p-sequence of F
and an algorithm for finding a p-ordering and so a p-local regular basis, which is our
main result.

To state the main result, we need the following notation:



Notation 1.0.2. For a fized prime integer p

1. The p-adic valuation of an element z of Z is the largest k for which p* divides

z and will be denoted v,(z).
2. For a € Z, the linear sequence with a -n as its n-th term will be denoted (an).
3. For S CZ, the p-sequence of S will be denoted {aus (k) }72,-

4. The p-sequence of 7. is

5. The sum of two sequences o and § will be denoted o+ and has o(n)+0(n) as

its n-th term.

6. The shuffle of two nondecreasing sequences o and ¢ is the disjoint union of
the elements of the two sequences sorted into nondecreasing order and will be
denoted by o N o. The shuffle of k copies of a sequence o with itself will be

denoted o"*.
With this notation, our main result is:
Theorem 1.0.3. For a fized odd prime integer p for which 3 satisfies Condition 1.0.1,
ary = (azy + (k)" A (O‘%p)/\b)
where v is a set whose p-sequence, «.,,, is determined completely by the equation
= ((azp + (k)T Aa,) + (28),

and a and b are integers, with 0 < b < 4, computed in a manner described in Sec-

tion 9.2.

Note that the equation for «., does determine this sequence completely since
oy p(n) is expressed in terms of other known quantities and o, ,(m) for m < n. In
fact, this theorem gives a quick algorithm for computing ay ,, since the only operations

on sequences involved are sum, merge, and sort.
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This thesis is organized as follows. In Chapter 2 we provide a basic overview
of integer-valued polynomials and show that in order to describe Int(F,Z) it is
enough to describe, for all primes p, Int(T,Zy) for some F C T" C Z such that
F/(p*) = T/(p*),Vk > 0. Chapter 3 defines p-orderings and p-sequences and reviews
results regarding their computation. With these definitions, we can then look, in
Chapter 4, at the “generalized binomial polynomials” introduced by Bhargava in [4].
In Chapter 5 we provide a complete description of the distribution of the Fibonacci
numbers mod 2¥ and mod 5* and show how this information can be used to calculate
the 2-sequence and 5-sequence of the Fibonacci numbers. Chapter 6 introduces sev-
eral interesting groups related to the p-adic integers which will be used in our analysis
of Coelho and Parry’s paper, and briefly discusses Hensel’s Lemma. In Chapter 7 we
show that, since [ satisfies Condition 1.0.1, it generates certain groups that will be
of interest in Chapter 8. Coelho and Parry’s results are used in Chapter 8 to give a
detailed account of how to determine which residue classes of Z/(p*) are represented
by Fibonacci numbers for the class of primes p we have restricted ourselves to. Fi-
nally, in Chapter 9 we describe how to create a visual representation of the results
from Chapter 8 in the form of tree diagrams and prove our main result which gives
a formula for calculating the p-sequence of the Fibonacci numbers for those primes
p with [ satisfying Condition 1.0.1. The conclusion suggests the value of the main
result and describes how it may be extended to those primes p where 5 does not

satisfy Condition 1.0.1 and to other second-order linear recurrence relations.



Chapter 2
Integer-Valued Polynomials

2.1 Integer-Valued Polynomials

Definition 2.1.1. An integer-valued polynomial is a polynomial with rational coeffi-
cients that takes an integer value when evaluated at an integer. The set of all such

polynomials is denoted by

InH(Z) = {f(z) € Qla]| f(Z) C Z}.

Obviously, every polynomial with integer coefficients is integer-valued; however,
it is also possible for an integer-valued polynomial to have rational non-integer co-
efficients. For example, the polynomial f(z) = x(x — 1)/2 maps the integers to the
integers, since one of x and x — 1 must be even.

From our knowledge of Pascal’s triangle we know that for all nonnegative integers
m and n, the binomial coefficient (:’:) is an integer. Hence, if we fix a nonnegative
integer n, the binomial polynomial

<x) 2 —1)...(x—n+1)

n) n!

is integer-valued for all nonnegative integers x, although its coefficients are not in 7Z,
since it evaluates to a binomial coefficient. Furthermore, it can easily be seen that

(2) is an integer for all integer values of x, not just the nonnegative ones.

Proposition 2.1.2. Let k € Z. A polynomial f with coefficients in Q such that
f(n) € Z for n > k is integer-valued.

Proof. Let f be a polynomial with coefficients in Q such that f(n) € Z for n > k.
The proof is by induction on the degree d of f. If d = 0, then f is a constant function
and the result holds trivially. Now, suppose that the result is true for d = s. Let f
be of degree s + 1 and let a € Z. Then there is a nonnegative integer b such that
(a+0b) > k and, hence, f(a+b) € Z. Consider the polynomial g(z) = f(x)— f(z+D).

6
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Since f is of degree s 4+ 1, then g is of degree at most s, and it is easily seen that
g(n) € Z for n > k. Thus, g € Int(Z). However, f(a) = g(a) + f(a + b), and, so,
f(a) € Z. Therefore, f is integer-valued. O

Thus, the polynomials (fl) are integer-valued, since (:r;) € Z for m > 0. Using

these polynomials, it is possible to characterize all integer-valued polynomials.

Theorem 2.1.3. A polynomial is integer-valued on Z if and only if it can be written

as a Z-linear combination of the polynomials

{CD :m(x_l)“ﬁfx_nﬂ) :n:0,1,2,..,},

In other words, this theorem states that the polynomials {(*)}22, form a regular

basis, i.e., a basis consisting of one polynomial of each degree, of the Z-module Int(Z).

The proof closely follows the one by Cahen and Chabert in [5].

Proof. Since there is one binomial polynomial for each degree, it is clear that the
polynomials (i) form a Q-basis of the Q-vector space Q[z]. Furthermore, it was just
seen that the polynomials (ﬁ) are integer-valued. Thus, a Z-linear combination of
these polynomials is in Int(Z).

Conversely, let f € Int(Z). Since the polynomials (2) form a basis of the Q-vector

space Q[x|, we can write

f(x):a0+a1x+a2(§) ~-+an<i),

where ag, ay,...,a, € Q. The proof is by induction on the index j of the coefficients
a; of f. Note that ag = f(0) € Z. Let k < n and suppose that a;, € Z for i < k. Then

gr(z) = f(z) — 2?:0 a;(%) is integer-valued. However,

gr(z) :ak“(kil) +---+an(i>.

Thus, agy1 = ge(k + 1) € Z. Therefore, f can be written as a Z-linear combination
of the polynomials (z)
]

It is clear from this proof that it is sufficient for f to take integral values on

the nonnegative integers 0,1,...,n, to be integer-valued on Z. By considering the
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polynomial h with h(z) = f(z + a) for some integer a, we also have the following

result.

Corollary 2.1.4. A polynomial f of degree n is integer-valued if and only if it takes

integral values on any n + 1 consecutive integers.

In particular, for f to be in Int(Z) it is enough that f(Nj) C Z.

Now that we have seen that all of the polynomials that are integer-valued on Z are
Z-linear combinations of the binomial polynomials, it is natural to wonder to what
generality this result can be extended. In particular, is it possible to come up with a
similar characterization for polynomials that are integer-valued on some subset of Z7
For example, is there a characterization for polynomials such as f(x) = x/2, which
are integer-valued on all even integers?

It turns out that it is possible. In order to create such a characterization, how-
ever, we must first define a generalized factorial function and a generalized “falling
factorial”. Once this has been done, a basis for polynomials that are integer-valued
on a subset of Z that looks very similar to the one we have just described can be
found.

Before continuing, we should define integer-valued polynomials on a subset of a

domain.

Definition 2.1.5. Let D be a domain with quotient field K and let S C K. An
integer-valued polynomial on S is a polynomial with coefficients in K that takes a

value in D when evaluated at an element of S. The set of all such polynomials is

denoted by

Ini(S, D) = {f € K[X][f(5) € D.}

We are interested in integer-valued polynomials on S C Q. The set of all such

polynomials is denoted by

Int(S,Z) = {f(x) € Q[z]|f(5) € Z}.

It is clear that Int(S,Z) is a ring contained in Q|x].



2.2 The Ring Int(S,Zy,))

Also of interest is the set

Int(S, Zyy) = {f(x) € Q[z]|f(S) C Zy},

where p is a fixed prime integer and S C Q. We are particularly interested in
its relationship to Int(S,Z)(). To describe this relationship, we first need another

definition.

Definition 2.2.1. A subset S of Q is said to be a fractional subset of 7 if there exists
a nonzero element d of Z such that dS C 7.

The following result is proved as Proposition 1.2.7 in [5].

Proposition 2.2.2. Let p be a fized prime integer and let S be a fractional subset of
Z. Then
Int(S, Z(p)) = Int(S, Z)(p).

Hence, as mentioned in the introduction, to describe Int(S,Z) it is enough to
describe Int (S, Zy)) for all primes p. A regular basis for Int(.5, Z) can be constructed
from ones for Int(S,Z,)) for all p. For a given integer n, there are only a finite
number of primes p for which the nth element of a regular Z,-basis for Int(S, Z,))
has a nonzero denominator. By the Chinese Remainder Theorem, there is an integer
linear combination of these basis elements which will be the nth element of a Z-
basis of Int(S,Z). Thus, to find a regular basis for Int(F,Z), we can now focus on
constructing regular bases for Int(IF, Z(,)). The next lemma makes this construction

much simpler, by allowing us to work instead with Int(7", Z,) for certain F C T' C Z.

Lemma 2.2.3. For a fized prime integer p, if S CT C Z and S/(p*) = T/(p"*),Vk >
0, then Int(S, Zyy) = Int(T, Zy)).

Proof. Suppose S C T C Z and S/(p*) = T/(p*),Vk > 0. Clearly,

Int(T, Zy) = {f(z) € Q[]| £(T)

N

Z(p)}
Z(p)}
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since S C T. Thus, it remains to show that Int(S, Z,)) C Int(T, Z,). Let f(z) =
S paixt € Int(S, Z,)) and let y € T. If y € S, then f(y) € Z,). So, suppose y ¢ S.
Now, Vi € {0,...,n}, we have a; = fl—i, for some ¢;,d; € Z with d; # 0, since a; € Q.
Let k; = vy(d;), Vi € {0,...,n} and let k = max {ko,...,kn}.

If Kk =0, then a; € Z),Vi € {0,...,n}, and f(y) € Zgy) trivially. If & > 0,
then 3z € S such that y = 2z mod p*, that is, such that y = z + m - p¥ for some
m € Z, since S/(p*) = T/(p*). Note that f(z) = > i a;z’ € Int(S, Z,)) and z € S,

b

so f(z) = Yoiyaiz" € L. Moreover, Vi € {0,...,n}, we can write a; = oF, Where

bi = p*a; € Z,. Hence, f(z) => 1, ka € Zy).
Now, consider

n

Flu) =3

=0

—Z z+mp

where A; is an integer divisible by pk, Vi € {0,...,n}. Letting A; = p* A} with A € Z,
Vi € {0,...,n}, we have

fly) = Z o

= ; 2
1=0

From above, we know that f(z) € Z,), and it is clear that Y, b;A; € Z,), since b; €
Zpy and Al € Z. So, f(y) € Zy. Thus, f(x) € Int(T, Zy)). Therefore, Int(S, Z,)) C
Int(7', Z ) and the result holds. O

So, to describe Int(IF, Z,) it is enough to describe Int(7’, Z,)) for some F C T' C Z
such that F/(p*) = T/(p*),Vk > 0. Hence, we will look at F/(p*), for different k, to
determine an appropriate 7'

If Int (S, Zy)) = Int(T', Zy)), then the p-sequence of S is the same as the p-sequence
of T', since the regular bases of Int(S, Z,) and Int(7', Z,)) are the same. Hence, if we
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find a set T with F C 7' C Z such that F/(p*) = T/(p*),Vk > 0, then the p-sequence

of T" will the same as the p-sequence of F.



Chapter 3

p-Sequences

3.1 p-Orderings

As mentioned in the introduction, in order to find a regular basis for Int(F, Z) we will
construct a “generalized binomial polynomial” using the idea of a p-sequence. Before

we define a p-sequence, we must first define a p-ordering.

Definition 3.1.1. For an infinite subset S of Z, an ordering of S is a bijective map
Qﬂ : NQ — 5.

When we are only considering one ordering of a set, the familiar notation {a;}:2,

with a; = (i) for an ordering will often be used instead.

Definition 3.1.2. For a fized prime integer p and an arbitrary infinite subset S of
Z, a p-ordering of S, as introduced in [4}], is a sequence {a;}32, of elements of S such
that aqy 1s chosen randomly and, for each n > 0, the element a,, is chosen to minimize

v, (T10= (s — a;)) over s € S.

Obviously, a p-ordering of S is not unique. In fact, the element ay is chosen
randomly, and often several elements in S give the same desired minimum when
searching for a,, when n > 0, in which case it is possible to choose any one of these
elements. Moreover, each time an a; is chosen, it affects the choices available in the
future.

Although a,, is chosen to minimize v,([[/=y (s — a;)) over s € S and S is an
infinite set, we may restrict our search to s € S/(p¥) for an appropriate k € Z,

making computations much easier. To prove this result, we must first recall two

important properties of the p-adic valuation.
Lemma 3.1.3. Let ¢,d € Z. Then
1. vy(c-d) = v,(c) +v,(d) and

12
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2. vy(c+d) > min(v,(c),v,(d)). Moreover, if v,(c) # vy(d), then v,(c + d) =
min(vp(c), vp(d))-

Proof. First, note that, since ¢,d € Z, we can write ¢ = np* and d = mp' for some

n,m,k,l € Z with ged(n, p) = ged(m, p) = 1.
1. Then

vp(c-d) = vp(npk . mpl)

k—i—lnm)

= vp(p
=k+1

= vp(c) + vp(d).

2. Suppose, without loss of generality, that & < [. That is, v,(c) < v,(d). Then it

is clear that
vp(c+d) = v (pF(n +mp'™*)) > v,(c) = min(vy(c), vp(d)),
with equality when v,(c) < v,(d).

O

Remark 3.1.4. The p-adic valuation gives rise to the p-adic norm of Q defined, for
reQ, by
pr@ if a0
|z, = ,
0, if © = 0.
Note that v,(}) = vy(a) —v,y(b) for ¢ € Q. A metric space can then be formed on Q
with metric defined by d(x,y) = |v — yl,, for v,y € Q. In fact, this metric forms an

ultrametric structure on Q due to property 2 of Lemma 3.1.35.
We may now prove the following lemma:

Lemma 3.1.5. Let S be an arbitrary infinite subset of Z. If {ag, a1, ..., a1} is the

beginning of a p-ordering of S, then there is a k € Z such that a,, can be computed by
searching S/ (p").
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Proof. Let {ag,as,...,a, 1} be the beginning of a p-ordering of S. Let a € S and let
vp(]_[?:_ol(a —a;)) = M for some M € Z. Let bt/ € S with b =8 mod p™*1. That

is, b’ = b+ spM*! for some s € Z. Note that

Up (ﬂ(b’ - ai)) = Up (ﬂ((b +sp™th) — az-))

= v, (ﬁ(spM+1 +(b— ai))>
— ivp(spMH + (b—a;)).

Now, there are three cases to consider: v,([[/=y (b—a:)) = M, v,([['= (b—a;)) >
M, and v,(J[7=) (b — a;)) < M. If u,(T]'= (b — a;)) = M, then b is equivalent
to a in our consideration of which element to choose next in our p-ordering. If
v, (T10=, (b—a;)) > M, however, then a is preferred to b in our consideration of which
element to choose next in our p-ordering.

Finally, if v,([]=y (b — a;)) = Y20 v,(b — a;) < M, then v,(b — a;) < M, Vi €
{0,1,...,n— 1}. Hence,

vp(spzwrl +(b—a)) = min(vp(spM“), vp(b—a;)) = v,(b— a;)

since v, (b — a;) # v, (spM™), Vi € {0,1,...,n — 1}, by Lemma 3.1.3. Thus,

vy (ﬁ(b’ — ai)> = g vp(spMJrl + (b—a;))

i=0 1=0
n—1
= vp(b — a;)
=0
n—1
=1, (H(b - ai)> :
=0

So, if v,(T11=) (b — a;)) < M, then b is equivalent to ¥ in our consideration of
which element to choose next in our p-ordering and both b and b are preferred to a.
Therefore, when computing a,, it is sufficient to consider an element b € S from each
non-empty residue class modulo p™*!. Thus, there is a k € Z such that a, can be

computed by searching S/(p"). O
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3.2 p-Sequences

Once a p-ordering has been constructed, we obtain a corresponding sequence of non-

negative integers called the p-sequence of S.

Definition 3.2.1. For a fized prime integer p and an arbitrary infinite subset S of 7
with p-ordering {a;}32,, the p-sequence of S is the sequence of integers {as,(k)}e2,
with ag,(0) = 0 and as,(k) = v, ([150 (ax — a;)), for k > 0.

Now, it would seem, since there are many choices to be made when constructing
a p-ordering, that the resulting p-sequence could be pretty much anything. Thus, it
is surprising that the p-sequence of S is actually well-defined, in that it depends only
on S and may be spoken of without reference to any particular p-ordering. This fact

is Theorem 5 in [4].

Remark 3.2.2. In [4] the p-sequence of S is the sequence of integers {vi(S,p) =
pes» B} Tt is clear, however, that if the sequence {vi(S,p)}32, is independent of

the choice of p-ordering then so is the sequence {og,(k)}e2,-

The following lemma describes some of the properties of p-sequences that we will
find useful.

Lemma 3.2.3. Let S be an arbitrary infinite subset of Z.

1. The p-sequence of S characterizes p-orderings of S in the sense that, if {a;}5°,
is an ordering of S such that Up(Hf:_Ol(ak —a;)) = agy(k) for all k > 0, then
{a;}2y is a p-ordering of S.

2. p-sequences are always nondecreasing.

Proof. 1. The proof follows closely that of Lemma 3.3 (a) in [10]. Suppose {a;}2,
is an ordering of S such that vp(Hf:_ol(ak —a;)) = agp(k) for all £ > 0. If
{a;}2, is not a p-ordering of S, then there must exist m > 0 and b € S such

that v,([T*=) (ax — a;)) is minimal for k < m and

Up (H (b— ai)> < v, (H (Qm — ai)> = g p(m).

i=0 i=0
This contradicts the fact that ag,(m) is the same for all p-orderings. Thus,

{a;}2, is a p-ordering of S.
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2. The proof follows closely that of Lemma 3.3 (b) of [10]. Suppose {a;}$2, is a p-
ordering of S with p-sequence {as ,(k)}72,. The minimality of vp(Hf:_Ol (ar—a;))
implies
k-1 k—1 k
asy(k) = vy (H(ak - az‘)) < Up <H(ak+1 - az‘)) < Up <H(ak+1 - ai)> = agp(k+1).
=0 i=0 i=0
Thus, {ag,(k)}72, is always nondecreasing.
[

3.3 Computing p-Sequences

The next lemma is helpful for computation and will be used frequently in the material

that follows.

Lemma 3.3.1. Let S be an arbitrary infinite subset of Z with p-sequence {as p(k)}72,-
1. If r € Z, then the p-sequence of r + S = {r+s:s € S} is {as,(k)}32, also.

2. Ifr € Z such that p does not divide r, then the p-sequence of r-S = {r-s: s € S}

is {as,(k)}e2, also.

3. If m € Z*, then the p-sequence of p™-S = {p™-s: s € S} is {agp(k)+m-k}32,.

We denote this sequence o, + (mk).
Proof. The proofs follow closely that of Lemma 3.3 (c¢) in [10].

1. Let r € Z. Suppose {a;}2, is a p-ordering of S. Then ag,(0) = 0 and ag,(k) =
Up(Hf;()l(ak —a;)), for k> 0.

Consider the ordering {r +a;}°, of r+S. It is a p-ordering of r + S if and only
if, for each k& > 0,

v, (H«r Ty~ (rt a»)) — % (Hmk - >>

=0 =0
is minimal. Thus, {r + @;}3°, is a p-ordering of r + S5, since {a;}°, is a p-
ordering of S. Moreover, the p-sequence is {ag,(k)}7, since a,+5,(0) = 0
and, for £ > 0,

k—1 k—1

sy (k) = vp([ [ ((r + an) = (r + @) = (] J(ar — @) = s, (k).

=0 1=0
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2. Let r € Z such that p does not divide r. Suppose {a;}$2, is a p-ordering of S.
Then ag,(0) = 0 and ag,(k) = vp(Hf:_Ol(ak —a;)), for k> 0.

Consider the ordering {r - a;}32, of r - S. It is a p-ordering of r - S if and only
if, for each k > 0,

p(H((r ag) — (- a;) )—vp (1:[7’ ak—a2>

=0

=, (H(ak — ai)> )

=0
is minimal. Thus, {r-a;}3°, is a p-ordering of r - S, since {a;}$°, is a p-ordering

of S. Moreover, the p-sequence is {ag (k) }72, since a,.5,(0) = 0 and, for k > 0,

s = u([T(0 - as) ~ (- ) = vy ([ (e — ) = s, (8)

3. Let m € Z*. Suppose {a;}°, is a p-ordering of S. Then ag,(0) = 0 and
asy(k) = vp(Hi:Ol(ak —a;)), for k > 0.
Consider the ordering {p™ - a;}2, of p™ - S. It is a p-ordering of p™ - S if and
only if, for each k > 0,

v, (H«pm ) — (" am) oy, (Hp%k - >)

=0 =0

k-1
=, <pmk H(ak — ai)>

=, (p™) + v, (ﬁ(ak - ai)>
=m-k+v, (ﬂ(ak—ai)> :

i=0
is minimal. Thus, {p™ - ;}$°, is a p- ordering of p™ - S, since {a;}°, is a p-

ordering of S. Moreover, the p-sequence is {ag, (k) +m-k}32, since aym.s,(0) =



18

0 and, for & > 0,

g sph) = ([ (" a0)~ (" 00) = moko, (H( - >> = as(k)+mk.

1=0

If a p-ordering of a set is known, it can be quite easy to determine p-orderings of

certain subsets.

Lemma 3.3.2. Let S be an arbitrary infinite subset of Z. If r € Z and {a;};2, is a
p-ordering of S, then the subsequence of {a;}3°, consisting of those a; = r(mod p) is
a p-ordering of S N (r + pZ) and the corresponding subsequence of the p-sequence of
S is the p-sequence of S N (r + pZ).

Proof. The proof follows closely that of Lemma 3.5 (a) in [10]. Let r € Z and let
{a;}2, be a p-ordering of S with p-sequence {ag,(k)}52,. Let S, = SN (r+pZ) and
suppose ai € S,. If a; € SN (t+ pZ) for r # t(mod p), then v,(ar — a;) = 0. Hence,

i=0
k—1
= H (ar — a;)
i=0
a; €Sy
Thus, a; minimizes
k—1
Uy H (s —a;)
i=0
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for s € S,. Hence, {a;}32, N S, is a p-ordering of S, and {ag,(k) : ar € S, k =
0,1,2,...} is the p-sequence of S,. m

Given the p-sequences of two sets, it can also be straightforward to compute the

p-sequence of their union under certain conditions.

Lemma 3.3.3. Let A and B be arbitrary infinite subsets of Z and let {a;}2, and
{b:}2, be p-orderings of A and B, respectively, with associated p-sequences {aua (k) :
k=0,1,2,...} and {ap,(k) : k=0,1,2,...}.

If vy(a—0) =0,Va € A,b € B, then the p-sequence of AU B is the disjoint union
of {faap(k) : k=0,1,2,...} and {ap,(k) : k=0,1,2,...} sorted into nondecreasing
order. Moreover, the corresponding values of {a;}22, and {b;}32, sorted into the same

order give a p-ordering of AU B.

Proof. Suppose that {a;}'_f and {b;}7","' together form the first [ + m terms of a

p-ordering of AU B. The next element of a p-ordering will be one which minimizes

vy ((s—ag)...(s—ai—1)(s —by)...(s = bp_1))

over s € AU B. By assumption, v,(a —b) = 0,Va € A,b € B. Hence, for s € A, the
above valuation is v, ((s — ag) . .. (s — a;—1)) which is minimized by a;, while for s € B,
this valuation is v, ((s — b) ... (s — by,—1)) which is minimized by b,,. Thus, the next
term in a p-ordering of A U B can be taken to be a; if v, ((a; — aop) ... (s — a;-1))
is smaller than v, ((by,, — bo) ... (b — bm—1)), and b,, if it is larger. Hence, the next
term in the p-sequence of AU B is a4,((), if a; is the next term in a p-ordering of
AU B and ap,(m), if by, is. So, the p-sequence of AU B is the disjoint union of the
p-sequences of A and B sorted into nondecreasing order. It is clear from construction

that the corresponding values of {a;}°, and {b;}3°, give a p-ordering of AU B. [

The following definition will allow us to make the combination of sequences in

Lemma 3.3.3 above precise.

Definition 3.3.4. Let A and B be arbitrary infinite subsets of Z with p-sequences
{aap(k) - k=0,1,2,...} and {ap,(k) : k=0,1,2,...}, respectively. The shuffle of
the p-sequences of A and B is the disjoint union of the values of the two sequences
sorted into nondecreasing order. We will denote this combination of sequences by

Qap \NQABy.
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With this notation, we have the following corollary to Lemma 3.3.3.

Corollary 3.3.5. Let S be an arbitrary infinite subset of Z. If r # t(mod p), then
the p-sequence of (S N (r +pZ)) U (SN (t + pZ)) is the shuffle of the p-sequences of
SN (r+pZ) and SN (t+ pZ).

We can also generalize Lemma 3.3.3 as follows:

Corollary 3.3.6. Let A and B be arbitrary infinite subsets of Z and let {a;}2, and
{b:}2, be p-orderings of A and B, respectively, with associated p-sequences {aua (k) :
k=0,1,2,...} and {ap,(k) : k=0,1,2,...}.

If there is a non-negative integer m such that v,(a —b) = m,Va € A,b € B, then
the p-sequence of AU B is the sum of the sequence {m - k}32, with the shuffle of
{aap(k) —m -k}, and {apy(k) —m - k}32,. That is,

aaupp = ((aap = (Mk)) A(ap, — (mk))) + (mk).
Moreover, this shuffle applied to {a;}2, and {b;}2, gives a p-ordering of AU B.

Proof. Fix ag € A and consider the sets A —ag and B — ag. Let a —ag € A — ap and
b—ap € B — ay. Note that v,(a — ag) > m since, Ve € B, we have

vp(a —ap) = vy(a —c+c—ap))
> min(v,(a — ¢),v,(c — ap)), by Lemma 3.1.3 (2)
= m, by assumption,
and v, (b — ag) = m, by assumption. Thus, A —ay=p™ A" and B —ag = p™ - B, for

some A", B CZ. So, A=p"A" 4+ ag and B = p" B’ + ay.
Let o/ € A" and V' € B’. Then p™a’ + ag € A and p™b' + ay € B. Hence,

vp((p™a’ + ag) — (p™b' + ag)), by assumption
vp(pm(a’ —10))

") +v,(a’ — V'), by Lemma 3.1.3 (1
p(P™) + vp( y

m

Il
S

m+vy(a' =),
and so, v,(a’ —b') = 0. Thus, by Lemma 3.3.3 we have

QauBp = Qarp N Qg .
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Now, it is clear that AU B = (p™A’ + ag) U (p"B’' + ap) = p" (A" U B’) + ay.
Therefore, by Lemma 3.3.1,

QAUB,p = Qpm(A'UB')+ag,p
— ap7”(A’UB’),p

= (awyp Napp) + (mk).
Furthermore,

QAp = QpmAltag,p
= Qpmarp

=, + (mk),

and similarly,

apy = ap, + (mk).

Thus,

QAUBp = (aA’,p A aB’,p) + (mk>

= ((aap = (mk)) A (ap, — (mk))) + (mk).

3.4 Examples for Computing p-Sequences

Let us look at some examples of how these lemmas can help us to compute the
p-sequence of a set S. We begin by considering the 2-sequence of S = Z.

Example: 2-Sequence of Z

Let S = Z. It is clear that we can write S = Z = 2Z U (1 + 2Z). Now, by
Lemma 3.3.1 (1), we know that ay4972 = agz2 and, by Lemma 3.3.1 (ii), we know
that ay49z2 = ozo = azs + (k). Note that ve(a —b) =0 Va € 2Z,b € (1 + 2Z). So,
by Lemma 3.3.3,

azs = (azo + (k).
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Since the p-sequence of Z is the shuffle of the same p-sequence with itself, the
consecutive values az2(2k) and az2(2k + 1) are equal. In fact, az2(2k) = az2(2k +
1) = aza(k) + k, by the equation above. Thus, azs(k) = az2(lk/2]) + [k/2].
Applying this equation repeatedly, a simple proof by inductions shows that

aza(k) = aza([k/2]) + [k/2]
= (aza([k/4]) + [k/4]) + [k/2]

=k
_;@J.

oo

Moreover, it is a well-known theorem of Legendre’s that vy (k!) = >0° [ &

5] . Hence,

aza(k) = vo(k!). Thus, the beginning of ay is:

aze ={0,0,1,1,3,3,4,4,7,7,8,8,10,10, 11, 11, 15, 15, 16, 16, 18,18, 19,19, 22,22, . .. }.
Next, we will consider the 2-sequence of S = Z \ 4Z.
Example: 2-Sequence of Z \ 4Z
Let S =Z\ 4Z. 1t is clear that we can write S = 7Z \ 4Z = (1 + 2Z) U 2(1 + 27Z).

Now, using the fact that aza(k) = va(k!), as shown after Proposition 3.5.1, we can

calculate the beginning of az > to be:
aze =1{0,0,1,1,3,3,4,4,7.7,8,8,10,10, 11, 11, 15, 15, 16, 16, 18,18, 19,19, 22,22, . .. }.

Next, by Lemma 3.3.1 (1), we know that o972 = oz and, by Lemma 3.3.1

(ii), we know that ay4979 = oz2 = az2 + (k). Hence, the beginning of o497, is:
Qraazs = {0,1,3,4,7,8,10, 11, 15, 16, 18, 19, 22, 23, 25, 26, 31, 32, 34, 35, 38, 30, 41, . .. }.

Similarly, by Lemma 3.3.1 (ii), we know that ag(1422)2 = oi42z2 + (k). Hence,

the beginning of ay(1497) 2 is:
as1422)2 = {0,2,5,7,11,13,16, 18, 23,25, 28, 30, 34, 36, 39, 41, 47,49, 52, 54, 58, 60, . .. }.
Note that vy(a — b) = 0,Va € (1 + 27Z),b € 2(1 + 2Z). So, by Lemma 3.3.3
Qz\az,2 = Q14272 N\ Q2(1427),2-
Thus, the beginning of az\4z2 is :

azaza(k) = {0,0,1,2,3,4,5,7,7,8,10,11,11,13, 15,16, 16, 18, 18, 19, 22, 23,23, 25, ... }.
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3.5 A p-Ordering of Z

We just saw, in Section 3.4, that azs(k) = va(k!) = 372 [ £]. We will now find the
p-sequence of 7Z for all of the other primes p, by first looking at a p-ordering of Z.

Proposition 3.5.1. The natural ordering 0, 1,2, ... of the nonnegative integers forms

a p-ordering of Z for all primes p simultaneously.

Proof. Let p be a prime. The proof closely follows the proof of Proposition 6 in [4] and
is by induction on the number of steps in the computation of a p-ordering. Clearly, 0 is
a p-ordering for the Oth step, since the first element in a p-ordering is chosen randomly.
Suppose 0,1,2,...,k—1is a p-ordering for the first k — 1 steps. Then at the kth step
we need to pick a;, to minimize v,([[*-) (s —a;)) over s € S. Notice that v,([T—y (ax —
a;)) = vp[(ar —0)(ar—1)...(ag — (k—1))] and (ar —0)(ax —1) ... (ar — (k—1)) is the
product of k consecutive integers. Thus, (ar —0)(ar —1)...(ar — (k—1)) = c- k! for
some ¢ € Z. In particular, (axy —0)(ap —1) ... (ar — (k—1)) = k!, if we choose aj, = k.
Furthermore, it is clear that this value of a; minimizes Up(Hf:_ol (ar, — a;)) = vp(c- k).
Hence, at the kth step we choose a; = k. Since p was arbitrarily chosen, the result

holds.
]

Let p be a prime. Since the p-sequence is independent of the choice of p-ordering,
we can calculate the p-sequence of Z. For k = 0, we have az,(0) = 0, and, for

ke {1,2,3,...}, we have

(k) = vy (ﬂmk - >)

=0

vp((ar — ag) . .. (ar — ar—1))
v((k—=0)...(k—(k—1)))
o(KD).

I
<

So, we get an expression with a factorial in it. In fact, if we multiply p*»*") over

all primes p, then we get exactly k!. That is,

k= Hpvp(k!) _ Hpozz’p(k’)
p p
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Thus, the factorial function can be defined purely in terms of these invariants oy, (k).
However, these invariants ag, (k) were defined not just for Z but for any subset S

of Z. This realization motivates the following definition:

Definition 3.5.2. Let S be an arbitrary subset of Z. Then the factorial function of
S, denoted k!g, is defined by
k!s = Hpas,p(k)‘
P

In particular, we have klz = k!.

Since we have unique factorization in Z, we know that only finitely many of the
factors in the product are not equal to 1. Thus, k!g is well-defined for all S and k.

This definition turns out to be an “appropriate” number-theoretic generalization
of the factorial, in that many of the important number-theoretic properties of the

usual factorial still hold for k!g, even when S # Z, as shown in [4].



Chapter 4
Generalized Characterization

4.1 Generalized “Falling Factorials”

Now, let us consider generalized “falling factorials.” Typically, polynomials in Q[z]
are written using the familiar basis {z" : n > 0}. For many purposes, however, it is

more convenient to use the “falling factorial” basis
{zW =g(z—1)...(zr—n+1):n=0,1,2,...}

Furthermore, note that for n € {0,1,2,...},

(:c) _a(e—1). . (z—nt1)

n n! n!’
Thus, in order to characterize those polynomials that are integer-valued on a subset

S of Z using generalized binomial polynomials, we must first generalize this notion

of a “falling factorial”.

Definition 4.1.1. Let S be an arbitrary infinite subset of 7 with p-ordering {a;}32,,.
The generalized falling factorial of S, denoted x™s», is defined by

zMspy = (x —ap)(z—ay)...(x —a,_1).

Note that when S = Z with p-ordering {0,1,2,...}, we have z(™zr = 2("),
Taking this generalization one step further, we can construct a “global falling

factorial.”
Definition 4.1.2. Let S be an arbitrary infinite subset of Z. The global falling fac-
torial of S, denoted By s(x), is defined by

Bips(z) = (x —aop)(® —arg) ... (x — ap_14),

where {a;;}72, is a sequence in Z that, for each prime p dividing kls, is termwise

congruent modulo p®s»*) to some p-ordering of S.

Note that such a sequence {a;;}°, exists for any k£ as a result of the Chinese

Remainder Theorem.

25
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4.2 Generalized Basis

Recalling the basis for the integer-valued polynomials on Z,

{(x) _a(e—1)..(x—n+tl) o :n:0,1,2,,,,}7

n n! n!

the generalized basis for polynomials that are integer-valued on a subset S of Z is
easily guessed. Namely, we expect, for each n € {0,1,2,...}, the factorial in the
denominator of (;’j;) to be replaced by the generalized factorial function of S, and the
numerator to be replaced by the global falling factorial of S. Hence, we are led to the

following result which was proved as Theorem 14 of [3].

Theorem 4.2.1. A polynomial is integer-valued on a subset S of Z if and only if it

can be written as a Z-linear combination of the polynomials

By.s(z) — (z = aop)(® —arp) . (¥ — ak1k) tk=0,1,2,.. 5,
Kl kls

where By g is as defined in Definition 4.1.2.

More information about these generalized binomial polynomials, along with ex-
amples, can be found in [3] and [4]. Thus, we have our desired generalization to

subsets of Z of the characterization of integer-valued polynomials on Z.

4.3 Generalized Basis Example

Let us look at these generalized basis polynomials for a subset of Z. For our example,
we will need one more result that will help us find the generalized factorial function.

In our previous example of the entire set Z, we found that the natural ordering
0,1,2,... of the nonnegative integers is a sequence that is a p-ordering for all primes
p simultaneously. It is very rare for there to exist such a sequence for a general subset
S of Z. There are, however, a few important subsets of Z for which this is the case,

such as
1
{q" :n >0} for ¢ € Ny, {n® : n > 0}, and {@:nzO}.

Further results on simultaneous p-orderings can be found in [1], [2], and [12]. In
the special cases when a simultaneous p-ordering does exist, the generalized factorial

functions become quite simple to compute.
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Lemma 4.3.1. Let S be an arbitrary subset of Z with {a;}2, a p-ordering of S for

all primes p simultaneously. Then

kls = |(ax — ao)(ar — ay) ... (ar — ag_1)].

Proof. The proof follows trivially from the definitions, since we have

k—1 )
kls = Hpas’p(k) - HPUP(HZ’:O (=) — |(ar — ao)(ax — a1) ... (ax — ax—1)].
p

p

]

Example Let S be the set of even integers 27 in Z. Then, using the same method
as when finding the p-ordering of Z, we see that the natural ordering 0,2,4,6,... of
the nonnegative even integers forms a p-ordering of 27 for all primes p simultaneously.

Thus, by Lemma 4.3.1, the generalized factorial function of S is
Klog = |(2k — 0)(2k — 2) ... (2k — (2k — 2))| = 2Fk!.

Now, since the natural ordering 0,2, 4, 6, . .. of the nonnegative even integers forms
a p-ordering of 2Z for all primes p simultaneously, we can use {a;, = 2i}3°,, as the

sequence described in Definition 4.1.2. So, the global falling factorial of S is
Brs(x)=(x—=0)(z —2)...(x —2(k —1)).

Therefore, our generalized basis polynomials are

{Bk’s(x) (=0 (z—2)...(x—2(k—1)) :k:0,1,2,.--}-

ks 2k !
The similarity of these polynomials to the binomial polynomials is clear, since

By s(x) _ (x—=0)(x—2)...(x —2(k—1))
ks 2k k!
G-0G-1...G-(k-1)

N k!

()




Chapter 5

Distribution of F mod 5* and mod 2*

Bhargava’s results in the previous chapter show that we can construct “generalized
binomial polynomials”, which form a regular basis for Int(F,Z), if we know the p-
sequence of [F for all primes p. We now need to consider how we can determine these
p-sequences. We start by calculating the 5-sequence and the 2-sequence of F, since
these p-sequences can be calculated without considering Coelho and Parry’s results
in [6].

Recall that the Fibonacci sequence F = {F,, } is defined by the recurrence relation
Fn:Fn—1+Fn—27 n =2,

with Fy = 0 and F} = 1. Thus, any two consecutive terms in the sequence completely
determine the entire sequence. Consider F modulo m € Z,. There are only m?
possible pairs of residues. Hence, some pair of consecutive terms of F mod m must

eventually repeat. So, ' mod m is periodic.

Definition 5.0.2. The period of F modulo m € Z, is the smallest n € Z. such that

F,=0 mod m and F,,; =1 mod m.

Let m > 2 and let b be a residue modulo m. We will write D(m, b) for the number
of times b occurs as a residue in one period of F mod m.

It is well-known, as shown in [11], that the Fibonacci numbers are wuniformly
distributed modulo 5%, for k € Z,. In fact, the period of F mod 5% is 4 - 5¥, and
D(5%,b) = 4 for all residues b mod 5. Thus, F/(5%) = Z/(5%),Vk € Z., since the
integers are also uniformly distributed modulo 5. So, by Lemma 2.2.3, Int(F, Z)) =
Int(Z, Zs)), which means that the 5-sequence of F and the 5-sequence of Z are the
same. Therefore, the 5-sequence of F can easily be computed using the formula
following Proposition 3.5.1 for ay,,, that is, az,(k) = v,(k!),Vk € Z,. The beginning

of ap; is:
aps = azs ={0,0,0,0,0,1,1,1,1,1,2,2,2,2,2,3,3,3,3,3,4,4,4,4,4,6,6,6,6,6, ... }
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Obviously, the fact that the Fibonacci numbers are uniformly distributed modulo
5% made the calculation of ap s very simple. Unfortunately, the Fibonacci numbers
are uniformly distributed only modulo p* for p = 5. We are, however, also able to
completely describe the function D(2%,b), for k € Z,, due to a type of stability that
occurs when k& > 5. The following result was shown by Jacobson in [9]. Note that
the values of D(2%,b) for k = 1,2, 3,4 can easily be checked by hand, but have been

included for completeness.

Theorem 5.0.3. For F mod 2, with k € Z.., the following data appertain:
Forl <k <4:

D(2,0) =1,
D(2,1) =2,
D(4,0) = D(4,2) =1,

D(16,2) = 4,
D2k, b) =1ifb=3 mod 4 and 2 < k < 4,
D2 b) =3 ifb=1 mod 4 and 2 < k < 4, and

D(2%,b) = 0 in all other cases, 1 < k < 4.

For k> 5:
1, «fb=3 mod 4
2, ifb=0 mod 8

D@2Fb) =< 3, ifb=1 mod4
8 fb=2 mod 32
0

., for all other residues.

\

The residue classes modulo 2 represented by the Fibonacci numbers can be visu-
alized with the tree diagram in Figure 5.1.

A node in the tree diagram represents the residue class modulo the power of 2
aligned with the node on the left of the tree. A node is drawn if there is a Fibonacci
number in that residue class and omitted if not. For instance there is a Fibonacci
number in the residue class 2 modulo 23, but there is no Fibonacci number in the
residue class 4 modulo 23. A triangle is used to depict the fact that there is a

Fibonacci number in all of the residue classes below the node to which it is attached.
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Figure 5.1: Tree diagram for p = 2.
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For example, there is a Fibonacci number in each of the residue classes modulo 2%,
for k € {4,5,...}, that are equivalent to 0 mod 2.
Thus, VE > 0,

(25) (2%)

F (1+2Z)U(0+8Z)U (2 + 32Z)
So, by Lemma 2.2.3,
Int(F, Zy) = Int((1 + 27Z) U (04 8Z) U (2 + 32Z), Z)),

which means that the 2-sequence of F and the 2-sequence of (1 + 27Z) U (0 + 8Z) U
(2 + 32Z) are the same. Using Lemma 3.3.1 and Lemma 3.3.6, the 2-sequence of
(14+2Z)U(0+8Z)U (24 32Z) can be calculated and it is the same as the 2-sequence
of IF.

Proposition 5.0.4. The 2-sequence of F is
ape = (azz + (k) A (((azz + (2k)) A (aze + (4k))) + (k).

Proof. We must first calculate the 2-sequence of (0+8Z)U(2+32Z), using Lemma 3.3.1

and Lemma 3.3.6, as follows:

aorszyueisez)2 = (((azz + (3K)) = (k) A ((azs + (5k)) = (k) + (k).

Then, using Lemma 3.3.1 and Lemma 3.3.6 again, we can compute the 2-sequence of

(1427)U (04 8Z) U (2 + 32Z) to be:

QU(1+22)U(0+8Z)U(2+327),2 = Q(1+27),2 /\ CU0+87)U(2+32Z),2

= (az2 + (k) A (((azz2 + (2k)) A (azz + (4K))) + (k).
Since, a2 = 0(1422)u(0+82)U(2+322),2, the result holds. O
The beginning of ag o is:
aps =140,0,1,1,3,4,4,7,7,8,9,10,11,12,15, 15,16, 18, 18,19,21,22,22, ... }.

The computations involved can be seen in this table:
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(k) 012 3 4 5 6 7 8 9 10 11 12 13
azs 001 1 3 3 4 4 7 7 8 8 10 10
aza+(k) |0 1 3 4 7 8 10 11 15 16 18 19 22 23
(4) azo+(2k)|0 2 5 7 11 13 16 18 23 25 28 30 34 36
(5) aza+(4k) |0 4 9 13 19 23 28 32 39 43 48 52 58 62
6) MHABG) |00 2 4 5 7 9 11 13 13 16 18 19 23
6)+(k) |0 1 4 7 9 12 15 18 21 22 26 29 31 36
Q) 001 1 3 4 4 7 7 8 9 10 11 12

In order to use Coelho and Parry’s results from [6] to help us calculate the p-
sequence of the Fibonacci numbers for the primes p different from 5 and 2, we will
need some additional background material, which will be covered in the next two

chapters.



Chapter 6

The p-adic Integers

For an odd prime p, we take Z, to be the p-adic integers, whose elements are the

oo

sums ¢ = »

rpp" that converge with respect to the p-adic metric, where x,, €
{0,...,p— 1}. Since many of our calculations are done modulo p, we note that xz is
the reduction of x mod p. The units, i.e., invertible elements, of Z,, which we denote
by U, consist of those x € Z, with zy # 0, i.e., U = {z : pt z}. That is, U is the
multiplicative group Z.

If 5 € U is not a square, Zp(\/g) =Zp+ \/EZP is a ring with the obvious addition
and multiplication. The units of Z,(v/5), which we denote by U(v/5), consist of all
x4+ V/by, with z,y € Z, and at least one of z,y in U. Since the expression x + V5y
is unique, we can define the norm N : U(v/5) — U by N(z + /5y) = 22 — 5y>. This

is a multiplicative homomorphism and helps us to define the subgroup
U’(V5) = {z + VBy € U(V5) : ? — 5y® = +1},

which will be of interest later.
For later results, we will define, for each n € Z., the subgroups U,, = 1+ p"Z, of
U and U, (v5) = 1 + p"(Z,(+/5)) of U(+/5), so that

UQUl QUQQ ... and ﬂzolen:{l}
and
U(V5) 2 U (v5) 2 Up(V5) 2 ... and M2, U, (V5) = {1}

It is easy to see that U/U; is isomorphic to the multiplicative group of Z/pZ and
U(v/5)/U,(V/5) is isomorphic to the multiplicative group of F.

We will also need the following definitions:

Definition 6.0.5. Let p be an odd integer prime and let S be a subset of a set T in
Zy. IfVe >0 and Vt € T 3s € S such that v,(s —t) > €, then S is p-adically dense
T
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Definition 6.0.6. Let p be an odd integer prime and let g : Z, — Z,. The map g is
p-adically continuous at the point zy € Z,, if Ve > 0 30 > 0 such that Vz € Z, with
vp(z — 20) > 9§ we have v,(g(z) — g(20)) > €. The map g is p-adically continuous if it

is p-adically continuous at all points in Z,.

Additionally, we can define similar concepts in Z,(1/5), by replacing Z, with
Zy(V5).
The next theorem will be used extensively in the material that follows. A proof

of this result can be found as Theorem 3.4.1 in [7].

Theorem 6.0.7. (Hensel’s Lemma) Let p be an odd integer prime and let f(x) =
ap+ a1z + asx® +- - -+ a,z" be a polynomial whose coefficients are in Z,. Let f'(x) =
ai +2axx 4 - - - +na,x” ! be its derivative. Suppose that there exists a p-adic integer
ag € Zy such that

flap) =0 mod p

and
f'(ag) 0 mod p.

Then there exists a unique p-adic integer o € Z, such that o = «p mod p and

f(a) =0.

We should note that the corresponding theorem with Z, replaced by Z,(+/5) also
holds.

In many of the applications of Hensel’s Lemma in this thesis, we will be using it
in the form of an important corollary. To state this corollary, we need to define the

Legendre symbol.

Definition 6.0.8. Let p be an odd integer prime. The Legendre symbol of z =
> oz € Ly is defined as follows:

1,  if zg is congruent to a square modulo p and zy Z0 mod p
z
(—) =< —1, if zg 1s not congruent to a square modulo p

0, if2=0 mod p.

Now, the corollary to Hensel’s Lemma that we apply several times in this thesis

is:
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Corollary 6.0.9. Let p be an odd integer prime and let z € Z, with z # 0 mod p.
The square root of z is in Z, if and only if < ) = 1.

z
p

Proof. If the square root of z is in Z, and z # 0 mod p, then (é) =1.
Conversely, suppose (}%) =1 and let f(x) = 22 — z. So, f'(z) = 2x. If ay € Z,

such that ap = /2 mod p, then
flag) =a —2=0 mod p

and
() =209 #0 mod p,

where the second condition holds since p is odd. By Hensel’'s Lemma, there exists
a unique p-adic integer o € Z, such that @ = oy mod p and f(a) = 0. Thus, the

square root of z is in Z,. O

The existence of o can be seen by recursively constructing a sequence of integers
{ry}, starting from r; = ap, such that 74, = r,, mod p* and r? = z mod p* . This
sequence converges to o and we have a? = 2.

zZ

Using the law of quadratic reciprocity, we can easily test whether <5> = 1. Thus,

we have a practical way to determine which p-adic numbers have a square root in 7Z,.



Chapter 7

Generators for (Z/(p"))*

We must now show that if p is an odd prime integer and k € Z,, then (Z/(p*))* is
cyclic. In order to do so, we will need some definitions and the following sequence of

elementary results, which are presented here as in Chapter 4 of [8].

Definition 7.0.10. The order of an element g of a group G is the smallest positive
integer k such that g* = e, where e denotes the identity element of G and g* denotes

the product of k copies of g. If no such k exists, g is said to have infinite order.

Definition 7.0.11. Letn € Z. An element g of a group G is a primitive root modulo

n if it generates the group of units of G modulo n.

With these definitions, we can now look at the results which will help us prove

that (Z/(p*))* is cyclic.

Lemma 7.0.12. If p is a prime integer and k € Z, with k < p, then the binomial
coefficient (i) is divisible by p

Proof. By definition, (Z) = #ik)!. Thus, p! = kl(p — k‘)'(i) Now, p divides p!, but
p does not divide k!(p — k)!, since this expression is a product of integers less than,

and thus relatively prime to, p. Hence, p must divide (Z) O]

Lemma 7.0.13. Ifa, b€ Z and k € Z, and a = b mod p*, then a’? = b* mod pF+!.

Proof. Since a = b mod p*, we may write a = b + c¢p*,¢c € Z. By the binomial
theorem, a? = P + (V)b lepk + A, where A is an integer divisible by p*™2. The

second term is clearly divisible by p**!1. Thus, a”? = b mod p**+*. O

Corollary 7.0.14. If p is an odd prime integer and k € Zy, k > 2, then (14-ap)?" =
1+ ap® ' mod p¥,Va € Z.
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Proof. The proof is by induction on k. For k = 2, the assertion is trivial. Suppose
the result holds for some £ > 2. We will show that it then also holds for k& + 1.
By the inductive hypothesis and Lemma 7.0.13, we have (1 + ap)?" " = (1 + ap"~1)?
mod p**!. Applying the binomial theorem, (1+ap*~1)P = 1+ (’1’) ap*~' 4+ B, where B
is the sum of p — 1 terms. Using Lemma 7.0.12, it is clear that all of these terms are

1+2(k=1) " except perhaps for the last term, a?p?*~Y. Now, since k > 2,

divisible by p
1+2(k—1) > k+1, and since also p > 3, p(k — 1) > k + 1. Thus, p**!|B and

(1+ ap)pk_1 =1+ ap® mod pF*!, which is as required. H

Corollary 7.0.15. If p is an odd prime integer, a € 7Z such that p t a, and k €
Zio k> 2, then p*! is the order of 1 + ap mod p*.

Proof. By Corollary 7.0.14, we know (1 + ap)pk_1 = 1+ ap® mod p**!. Thus, (1 +
ap)pk*1 =1 mod p*. So, 1+ ap has order dividing p*~!. Now, by assumption, p{ a
and, from Corollary 7.0.14, we have (1 + ap)f"k_2 = 1+ ap*! mod p*, which shows
that p*~2 is not a multiple of the order of 14 ap. Therefore, p*~! is the order of 1+ap
mod pF. O]

With these results, we may now prove the desired result.

Theorem 7.0.16. If p is an odd prime integer and k € Z, then (Z/(p*))* is cyclic.
In fact, if

1. g € Z is a primitive root mod p (i.e., p — 1 is the least positive integer k for

which g =1 mod p) and
2. g1 £ 1 mod p?,
then g generates (Z/(p*))*,Vk € Z. Moreover, such a g always exists.

Proof. Suppose p is an odd prime integer and k£ € Z,. It is sufficient to prove the
second and third statements. It is well-known that there exist primitive roots mod
p. If ¢ € Z is a primitive root mod p, then g + p is also. If ¢! =1 mod p?, then
(g+pPt=gt+(p—1¢g" =1+ (p—1)g??p#1 mod p*. Thus, Ig € Z such
that ¢ is a primitive root mod p and ¢g?~* # 1 mod p?.

We will now show that such a ¢ is a primitive root mod p”. It is enough to prove

that if g" =1 mod p*, then ¢(p*) = p*1(p — 1)|n, i.e., that the order of g is ¢(p*).
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Suppose ¢g" = 1 mod p*. We chose ¢ such that ¢g?~! = 1 + ap, for some a € Z

k=1 Since

such that p 1 a. By Corollary 7.0.15, the order of 1+ ap mod p* is p
(1+ap)" = (¢»"H )" =171 =1 mod p*, we have p*~1|n.

Let n = p*~'n/. Then ¢" = (gpk*l)"' = ¢" mod p and, since ¢" =1 mod p*, we
have ¢" = 1 mod p. Therefore, p — 1|n/, since g is a primitive root mod p. Hence,

P 1(p — 1)|n and g generates (Z/(p*))*. O

Theorem 7.0.16 shows that if ¢ € Z is a primitive root mod p and ¢gP~! # 1
mod p?, then g generates (Z/(p*))*,Vk € Z,. We need to know, however, what
happens if a p-adic integer, g, satisfies those same conditions. For this case, we have

the following corollary:
Corollary 7.0.17. For p an odd prime integer, if

1. g € Z, is a primitive root mod p (i.e., p — 1 is the least positive integer k for

which g* =1 mod p) and
2. g1 £ 1 mod p?,
then g generates (Z/(p*))*,Vk € Z...

Proof. Let p be an odd prime integer and k € Z,. Suppose g € Z, is a primitive root
mod p and ¢! # 1 mod p?. We can choose h € Z such that h = g mod p*. Then h
is a primitive root mod p and A*~! £ 1 mod p?, since g is. Hence, by Theorem 7.0.16,
h generates (Z/(p"))*,¥n < k, and so, g does also. Since k was chosen arbitrarily, g
generates (Z/(p*))*,Vk € Z,. O

We will need a similar result for ¢ € U°(+/5). Thus, we will need results similar
to Lemma 7.0.13 and its corollaries, for when a,b € Z,(1/5). These results are stated
below, but the proofs are not shown as they are almost identical to the ones with
a,be.

Lemma 7.0.18. If a,b € Z,(\/5) and k € Z, and a = b mod p*, then a? = WP

mod pFt!.

Corollary 7.0.19. Ifp is an odd prime integer and k € Z, , k > 2, then (1—i-ap)pk72
14+ ap®! mod p*,Va € Z,(\/5).
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Corollary 7.0.20. If p is an odd prime integer, a € Z,(\/5) such that p t a, and
k€ Zy k>2, then p*~! is the order of 1 +ap mod p".

Before we prove the result similar to Corollary 7.0.17 for ¢ € U°(y/5), note that
the cardinality of U(y/5) mod pis p>—1, since U(v/5) mod p consists of all z++/5y,
with z,y € {0,1,...,p—1} and at least one of z and y not equal to 0. Next, note that
the cardinality of U°(v/5) mod pis 2(p + 1). To see this fact, we observe that each
element of F ' is the mod p norm of some element of U(+/5) mod p, which is shown
as Lemma 11 of [6]. It is, then, not hard to see that for any k € F)' there is a one-
to-one correspondence between {x € U(v/5) mod p : N(z) = k} and {z € U(v/5)
mod p : N(x) = 1}, due to the multiplicative property of the norm. Thus, each of
these sets has cardinality (p? —1)/(p —1) = p+ 1. Since U°(v/5) mod p is the union
of two such sets, namely, those with k = +1, U%+/5) mod p has order 2(p + 1).
Moreover, as a subgroup of the multiplicative group U(\/g) mod p of a finite field
Z,(\/5) mod p, we see that U°(v/5) mod p is cyclic.

We can now prove the result for g € U%(V/5).

Theorem 7.0.21. For p an odd prime integer, if

1. g € U\/5) is a primitive root mod p (i.e., 2(p+1) is the least positive integer
k for which g* =1 mod p) and

2. ¢>®P*t) £ 1 mod p?,
then g generates U°(\/5)/UL(\V/5),Vk € Z.

Proof. Suppose p is an odd prime integer and k € Z,. Note that the cardinality of
U(v/5) mod p*is (p*)2 — (pF1)? = p?* — p?*2 = p?2(p? — 1) and recall that the
cardinality of U/Uy, = (Z/(p"))* = ¢(p*) = p*1(p —1). Also, in a similar manner as
above, note that each element of U/Uy, is the mod p* norm of some element of U(y/5)
mod p* and it is not difficult to see that there is a one-to-one correspondence between
{r € U(v/5) mod p* : N(z) = m} and { € U(v/5) mod p* : N(z) = 1}. For this
P2 - 0)) /0 - 1)) =P+ 1),
and, therefore, U%(y/5) mod p* has order 2(p 4 1)p*~*.

We will now show that if g € U°(y/5) is a primitive root mod p and g?®*+1 # 1
mod p?, then g generates U°(v/5)/U(v/5). It is enough to prove that if ¢" = 1
mod p¥, then 2(p + 1)p*~tn.

reason each of these sets has cardinality (p
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Suppose ¢g" =1 mod p*. Then g" =1 mod p and 2(p+1)|n, since g is a primitive
root mod p. Now, we chose g such that ¢?®+Y = 1 4 ap, for some a € Zp(\/g) such
that p t a. By Corollary 7.0.20, the order of 1 + ap mod p* is p*~!. So, since
(1+ap)” = (g?P+*V)n = 1201 = 1 mod p*, we have p*~!|n. Hence, 2(p + 1)p*!|n,
since ged(2(p + 1), p*~') = 1. Therefore, g generates U°(v/5)/UL(V/5). O



Chapter 8
The Fibonacci Sequence

8.1 Coelho and Parry

For the primes p for which g satisfies Condition 1.0.1, 3 also satisfies either Corol-
lary 7.0.17, if 8 € Z,, or Theorem 7.0.21, if 3 € U°(+/5). In [6], Coelho and Parry
use this fact to determine, for these primes, which residue classes of Z/(p*) are rep-
resented by Fibonacci numbers. In fact, by requiring p to satisfy a slightly stronger
condition, they are able to give a complete description of the distribution of the Fi-
bonacci numbers modulo prime powers. We can use this information on which residue
classes of Z/(p*) are represented by Fibonacci numbers to find 7' C Z with F C T
and F/(p*) = T/(p*),Vk > 0, so that we may apply Lemma 2.2.3. Then, as shown
in Section 2.2, the p-sequence of T" will be the same as the p-sequence of F. More-
over, the set T" we find will be of a form that makes it easier to apply the results on
computing p-sequences from Section 3.3.

Recall that the Fibonacci sequence F = {F, } is defined by the recurrence relation
F, = n71+an2yn > 27
with Fy = 0 and F; = 1, and that, by Binet’s formula, we can write
1 —1\"
(-G
A5

where = %5 We see that Vn = 0,1,2,..., we have F,, = f(5"), where f : U — Z,
or f:U%/5) — Z, is given by

f(z) = — ( - N(Z>)

z

and N(z) = 1 or —1 according to whether z is a square or not (in U or U%(v/5)).
Note that for z € U%/5), N(z) is simply the norm defined in Chapter 6 and the

map N distinguishes between the even and the odd powers of 5.
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Since Binet’s formula gives F = {f(8") : n = 0,1,2,...} = f({B)), the residue
classes of Z/(p*) represented by the Fibonacci numbers are exactly those in the image
of the function f. Thus, F/(p*) = f((8))/(p*),Vk > 0. Hence, to determine which
residue classes are represented by the Fibonacci numbers modulo various primes p,
we just need to consider for which y € Z, the equation

10 =7 (-2 =

z

is solvable for z in terms of y.
The domain of f depends on which group contains 3, which is determined by the

prime p.

Lemma 8.1.1. Let p be an odd integer prime different from 5. The square root of &
is in Zy if and only if p = £1 mod 5.

Proof. The square root of 5 is in Z, if and only if <%> = 1, by Corollary 6.0.9. By

the law of quadratic reciprocity,

(2) (g) — (_1)(5—1)(10—1)/4 — (_1)19—1 -1

Hence, by the multiplicative property of the Legendre symbol, (2) = 1 if and only if

(g) = 1. Now, (%) =1 if and only if p=+1 mod 5. Thus, the result holds. m

By Lemma 8.1.1, if p = £1 mod 5, then the square root of 5 is in Z,. Thus,
£ € U and the domain of f is U. On the other hand, if p = +2 mod 5, then the
square root of 5 is not in Z,. Hence, 3 € U%(y/5) and the domain of f is U°(\/5).
We consider these two cases separately. Before we look at the first case with p = £1
mod 5, we must introduce some additional notation.

We write i(y) for the total number of solutions of f(z) =y, with i(y) = i, (y) +
i_(y), where i, (y) is the number of squares that are solutions of f(z) =y and i_(y)

is the number of non-squares that are solutions of f(z) = y.
Proposition 8.1.2. Ifi,(y) and i_(y) are defined as above, then
1. i (y) is the number of squares of the form (v/by £ /5y% +4)/2 and

2. i_(y) is the number of non-squares of the form (v/5y 4 /5y2 — 4)/2.
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Proof. When f(z) =y, we have

22 —V5yz — N(z) = 0.

Thus, by the quadratic formula,

V5y £ 1/5y? + 4N(z)
z = :
2

Since N(z) = 1 or —1 according to whether z is a square or not (in U or U°(V/5)),
i, (y) is the number of squares of the form (v/5y & /5y +4)/2 and i_(y) is the
number of non-squares of the form (v/5y £ /5y? — 4) /2. O

The actual value of i(y) is important for Coelho and Parry’s results on the dis-
tribution of the Fibonacci numbers modulo prime powers. We only need to know,
however, whether or not i(y) is zero in order to determine which residue classes of
Z/(p*) are represented by the Fibonacci numbers.

We are now ready to look at the first case with p = +1 mod 5.

8.2 Casel: p=+1 mod5

When p = +1 mod 5, we have two subcases to consider. Before looking at these
subcases, recall that y € Z, isasum y = >~ y,p", with y,, € {0, ..., p — 1}, whose
convergence is assured with respect to the p-adic metric, and that g, is the reduction

of y mod p.

8.2.1 Casel (a): 5y2+4#0 mod p

Proposition 8.2.1. When 5y2 +4 # 0 mod p, i (y) = i, (yo) depends only on yo,
and when 5y? —4 £ 0 mod p, i_(y) =1i_(yo) depends only on yq.

Proof. Suppose 5y2 +4 # 0 mod p. Recall that i, (y) is the number of squares of
the form (v/5y + /5y? +4)/2. Note that 5y% + 4 € Z, with 5y +4 =52 +4 £ 0
mod p. Thus, by Corollary 6.0.9, the square root of 5y* + 4 is in Z, if and only if
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5y? + 4 is a square mod p if and only if 5y3 + 4 is a square mod p. So, if 5y +4 is a
not square mod p, then the square root of 5y* +4 is not in Z, and i, (y) = 0. Assume

5ys + 4 is a square mod p. then the square root of 5y* + 4 is in Z, and we have
(VBy £ /52 +4)/2 € Z,, with (vV5y £ /52 +4)/2 = (VByo £ /5y5 +4)/2 # 0
mod p. Thus, by Corollary 6.0.9, the square root of (v/5y 4 /5y? + 4)/2 is in Z,, if
and only if (v/5y £ \/m) /2 is a square mod p, which is the case if and only if
(v/Byo £ /5y +4)/2 is a square mod p. Thus, i, (y) depends only on 7. The case
when 5y2 — 4 # 0 mod p follows similarly. ]

Furthermore, we have the following result.

Proposition 8.2.2.

1. If5y2 +4# 0 mod p is not a square then i, (y) =0. If 5y2 +4 # 0 mod p is

a square and —1 1s a square, then

i (y) = 2, if (VBy +\/5y? +4)/2 is a square
’ 0, if (vby + /5y? +4)/2 is not a square.

If 5y2 + 4 # 0 mod p is a square and —1 is not a square, then i, (y) = 1.

2. If 5y2 — 4 # 0 mod p is not a square then i_(y) = 0. If 5y2 —4 # 0 mod p is

a square, then

i () 0, if (Vby + /by —4)/2 is a square
i(y) =
2, if (v/By + /5y% —4)/2 is not a square.

Proof.

1. Tt is clear that if 5y2 +4 # 0 mod p is not a square then i, (y) = 0, since
VHyP+4 ¢ Z, If5y3 +4#0 mod p is a square then /5y +4 € Z, and we

must consider the product

(\/5?; + /52 +4> <\/5y — /5 +4) .
‘ .

2

Let

2

a_(ﬁwm) ; _(ﬁy—m>
+ = 5 anad a_ = .
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When —1 is a square, we have
-1
-
p
Thus, by the multiplicativity of the Legendre symbol,
(5)- (%)
p )
Hence, either both o, and «_ are squares or neither is. That is,

() 2, if (v/5y + /5y2 +4)/2 is a square
i, (y) =
’ 0, if (v5y + /5y2 + 4)/2 is not a square.

By a similar argument, when —1 is not a square, we have

-

and

Hence, iy (y) = 1.

. The proof follows closely that of part 1. It is clear that if 5y2 —4 # 0 mod p
is not a square then i, (y) = 0, since \/5y> —4 ¢ Z,. If 5y2 —4 £ 0 mod p is
a square then \/5y? — 4 € Z, and we must consider the product

S (e

2

Let

2

; _(ﬁwm) . _(@—W)
L= 5 and f_ = :

Since 1 is always a square, we have

(0)-

Thus, by the multiplicativity of the Legendre symbol,

(5)-()
p p
Hence, either both 5, and J_ are squares or neither is. That is,

i () 0, if (vVBy +/5y? — 4)/2 is a square
i(y) =
2, if (v/5y 4+ 1/5y? — 4)/2 is not a square.
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]

With the above proposition we may compute i(y) when 5y2 4 # 0 mod p. The

situation is more complicated when 52 +4 =0 mod p.

8.2.2 CaselI (b): 5y2+4=0 mod p

Proposition 8.2.3. When 5y2+4 =0 mod p, we can write 5y3 +4 = \p*, for some
k>1,)€U. Thus, by + 4 is not a square, and i, (y) =0, if k is odd. If k is even,

59y% + 4 is a square if and only if \o is a square mod p.

Supposing k is even, since the squaring function is two-to-one mod p on U except
at 0, there are (p — 1)/2 values of )y for which it is a square mod p and (p — 1)/2
values for which it is not. When )\ is not a square, we have i, (y) = 0, and when A,

is a square, we have

i (y) =

2, if (V5y + /5y2 +4)/2 is a square
0, if (vBy + +/5y? + 4)/2 is not a square,

for the same reasons as in Proposition 8.2.2. Unlike in Proposition 8.2.2, however,

—1 is always a square, since 5y2 +4 = 0 mod p, that is, since y2 = —% mod p has
a solution only if —1 is a square because 4 and 5 are both squares.

Similarly, we have the following:

Proposition 8.2.4. When 5y2—4 =0 mod p, we can write 5y2 —4 = \p*, for some
k> 1, € U. Thus, byz — 4 is not a square, and i_(y) =0, if k is odd. If k is even,

5y? — 4 is a square if and only if \g is a square mod p.

Thus, supposing k is even, when )q is not a square, we have i_(y) = 0, and when

Ao is a square, we have

i(y) =
2, if (v/5y +/5y? — 4)/2 is not a square,

for the same reasons as in Proposition 8.2.2.

{ 0, if (v5y + /5y? — 4)/2 is a square

Additionally, we have the following result, which simplifies computation.

Theorem 8.2.5.
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1. Let 5y2 +4 =0 mod p. If 5y* + 4 is a square and —1 is a fourth power, then
ir(y) = 2. Otherwise, i, (y) = 0.

2. Let 5y2 —4 = 0 mod p. If 5y> — 4 is a square and /5yo/2(= £1) is not a

square mod p, then i_(y) = 2. Otherwise, i_(y) = 0.

Proof. 1. If iy(y) # 0, then 5y* + 4 must be a square, so that \/5y> + 4 € Z,.
Thus, we can write 5y% + 4 = A\2p?*, for some k& > 1, € U. Rearranging, we

get
5y2 — )\2p2kz —4
By2  AZp2h
29 _ 1
4 4
5 A\2p2k 1/2
Q 4 (2P
2 4
A2p2k\ 12
VoY _ L(—)V2(1- 2L .
2 4
Since k > 1, we know that 1 — ’\25% =1 mod p and so, (1 — %)1/2 = +1
mod p. Thus,
1/2
Voy + /5y  +4 () (1 - )\2p2k> 4 RV
2 - 2

=+(—1)"? mod p.

Since (—1)/2 2 0 mod p, it has a square root in Z, if and only if it has one mod
p, by Corollary 6.0.9. For the same reason, (v/5y + /5y% + 4)/2 has a square
root in Z, if and only if it has one mod p. Hence, for (v/5y++/5y2 +4)/2 to be

1/2

a square it is necessary and sufficient that (—1)"* exist and be a square mod

p, that is, that —1 be a fourth power mod p. Moreover, it is obvious that if

(vVBy + \/5y% +4)/2 is a square, then so is (v/5y — 1/5y2 +4)/2. Therefore,

i, (y) =2 if and only if 5y + 4 is a square and —1 is a fourth power.

. Similarly, if i_(y) # 0, then 5y* — 4 must be a square, so that \/5y? — 4 € Z,,.

Thus, we can write 5y?> — 4 = A\2p?*, for some k > 1,\ € U. Rearranging, we
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get

5y2 — )\2p2k 4 4
5y /\2 2k

+

B 2)

Since k > 1, we know that 1 + 2 p% =1 mod p and so, (1 +

)\2 2k

APTN2 = 4]
mod p. Thus,

2

VBy + /5y? — 4 A2\ V2
=+ (1+ +
2 4
=41 mod p.

Hence, for (v/5y + \/E)?ﬂj) /2 to be a square it is necessary and sufficient that
V5y0/2(= #1) be a square mod p. Moreover, it is obvious that if (v/5y +
V52 — 4)/2 is a square, then so is (v5y — /5y? — 4)/2. Therefore, i_(y) = 2
if and only if 5y — 4 is a square and \/§y0/2(: +1) is not a square mod p.
O

Example Let p = 11. Then p = +1 mod 5, so v/5 € Z;;. As seen in the table
below, v/5 = 4 or 7 mod 11. When /5 = 4 mod 11, we have 3 = g =8 mod 11
and 3 is a primitive root mod p with 87~ £ 1 mod p?. Hence, we are in the situation
described above.

Consider the following table where numbers are written mod 11 and boxed num-

bers are non-zero squares. Note that —1 = 10 mod 11 is not a square in Z;.

Yo 0 1 2 3 4 56 7 8 9 10
w |0 1 4 9 5 33 5 9 4 1
52 10 5 9 1 3 44 3 1 9 5
5y2 + 4 9] 2 7 8 8 7 2 [9]
Syt —4 | 7 8§ 10 0 0 10 8

(a) If yo = 2,4,5,6,7,9, then i, (y) = 0, since 5y2 +4 # 0 mod 11 is not a square.
When yo = 0,1, 3,8,10, we have i, (y) = 1, since 5y2 +4 #Z 0 mod 11 is a square and

—1 is not a square.
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(b) If yo = 0,3,4,7,8, then i_(y) = 0, since 5y2 —4 # 0 mod 11 is not a square.
When 5y2 —4 # 0 mod 11 is a square, we have i_(y) = 2 for gy = 1,2, since (v/5y +
V/5y2 — 4)/2 is not a square, and i_(y) = 0 fo yo = 9, 10, since (v/5y + /5y% — 4)/2
is a square.

To evaluate i_(y) for yo = 5 or 6 we must consider all the cases when 5y* — 4 =
A2p% where A € U and k > 1, since if y does not satisfy this equation, theni_(y) = 0.
When g = 5 and y satisfy such an equation, i_(y) = 2, since v/5-5/2 = 10 mod 11
is not a square mod 11. On the other hand, when yy = 6, then i_(y) = 0, since
\/56/2 =12 mod 11 =1 mod 11 is a square mod 11.

We have in total:

o |01 23 456 78 9 10
iiy) |1 101000010 1
i(y) /0220020000 0
iy)) |1 3210200710 1

8.3 Casell: p=+2 mod5

When p = +2 mod 5, we have /5 ¢ Z,. In this case, it is possible to give a formula
for i(y), which makes calculations somewhat simpler.

Note that (3) = U°(1/5)/Uy, since § is a primitive root mod p. So, z € U°(V/5)
can be written z = #* mod p, for some k € Z. Now, for z,w € U%(V/5), if z = w

mod p, then N(z) = N(w) mod p. Furthermore, N(8) = 1 —5-1 = —1. Thus, since
the norm is multiplicative, we have
1, if kis even
N(z) = N(8*) = o
—1, if kis odd.

That is,

1, if z is a square in U%(y/5) /U,
N(z) =

—1, otherwise.

Hence, if N(2) = 1, then 22 = 2 is solvable mod p in U°(y/5). Since the solution
is in U%(V/5)/Uy, it is a unit. So, the derivative of 2% at this point is not 0 mod p.
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Then, by Hensel’s Lemma, 22 = z is solvable in U%(y/5). That is,

N) 1, if z is a square in U°(v/5)
Z) =
—1, otherwise.

. 5 244 2
When 5y° + 4 is a square, N((v5y £ /5y? +4)/2) = 2+ — 5. L = 1. Thus,
(v/By £ 1/5y2 +4)/2 are squares in U°(y/5). Similarly, when 5y® — 4 is a square,
N((V5y &+ /5y? — 4)/2) = 5y1_4 —-5- y; — —1. Thus, (v/5y & /592 — 4)/2 are not
squares in U°(v/5).
Hence, we have i, (y) = N(5y* +4) + 1 (i.e., 2 when 5y* + 4 is a square and 0

otherwise) and i_(y) = N(5y*> — 4) + 1, by the same reasoning.

Theorem 8.3.1. When 5y2 +4 # 0 mod p, i, (y) =i, (yo) depends only on yo and
when 5y2 —4 # 0 mod p, i_(y) =1i_(yo) depends only on yo. If 5y* +4 =0 mod p,
then

i (y) =

2, if 5y? +4 = \2p?* for some k> 1,1 €U
0, otherwise.

For all cases,

i(y) = N(5y> +4) + N(5y* — 4) + 2.

Proof. It was shown above that i, (y) = N(5y? +4) + 1 and i_(y) = N(5y? —4) + 1.
Thus, i(y) =i (y) +i_(y) = N(5y? +4) + N(5y*> — 4) + 2.

By Hensel’s Lemma, it is easy to see that i, (y) and i_(y) depend only on 3, when,
respectively, 5y2 +4 # 0 mod p, 5y2 —4 £ 0 mod p. Furthermore, when 5y2 +4 = 0
mod p, 5y? + 4 is a square if and only if 5y? +4 = A?p?* for some k > 1, \ € U. Thus,
since iy (y) = N(5y*+4) +1, i (y) is 2 when 5y* +4 is a square and 0 otherwise, i.e.,
i, (y) is 2 when 5y + 4 = A*p?* for some k > 1,\ € U and 0 otherwise. O

If 592 +4 =0 mod p, then y? = —% mod p. Since 4 is a square mod p and 5 is

not, this equation has a solution if and only if —1 is also not a square mod p, by the
multiplicative property of the Legendre symbol. Thus, this equation has a solution if
and only if p = 3 mod 4, by the law of quadratic reciprocity. By the same argument,
the equation 532 —4 = 0 mod p never has a solution.

Thus, if p = 1 mod 4, then 5y> £4 = 0 mod p has no solutions and i(y) is
determined by yo = v mod p. If p = 3 mod 4, then 53> +4 = 0 mod p has 2
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solutions and 5y* —4 = 0 mod p has no solutions. So, i_(y) is determined by 35 = ¥
mod p, but for i, (y) there are 2 residue classes for which 5y* +4 =0 mod p and so
5y% +4 = \p”, for some k > 1, A € U. Thus, i, (y) is determined by Ay and the parity
of k.

Example Let p = 13. Then p = £2 mod 5, so /5 ¢ Z;3. We have § = 1+2‘/5

74 7v/5 mod 13 and 3 is a primitive root mod p with 2Pt % 1 mod p*. Also,
5ya2 4+ 4 is never 0 mod 13. Hence, it is straightforward to apply Theorem 8.3.1.

Consider the following table where numbers are written mod 13 and boxed num-

bers are non-zero squares.

Yo 0o 1 2 3 4 5 6 7 8 9 10 11 12
ve o 1 4 9 3 12 10 10 12 3 9 4 1
5% |0 5 7 6 2 8 11 11 8 2 6 7 5

5y + 4 9] 11 6 2 2 6 11 [9]

592 —4 | 9] 2 11 T 12

It is now very easy to find the values of i(y) using the formula from Theorem 8.3.1.

We have in total:

w |01 2 3 45 6 7 8 9 10 11 12
i(y)[4 4 2 2040040 2 2 4

S

Example Let p = 7. Then p = +2 mod 5, so v/5 ¢ Z3. We have = 1+2
4 +44/5 mod 7 and f is a primitive root mod p with 82®*+D % 1 mod p?. Hence,
we are in the situation described above. Note that 5y2 +4 =0 mod 7 for 3y = 3 and
4. Thus, in these cases, we must consider all the cases when 5y? + 4 = \2p?*, where
AeUandk>1.

Consider the following table where numbers are written mod 7 and boxed numbers

are non-zero squares.

Yo 0 1 2 3 4 5 6
Y2 0 1 4 2 2 4 1
5 |0 5 6 3 3 6 5

sy2+4 (4] [2] 3 0 0 3 [2]

sy —4] 3 [1] [2] 6 6 [2] [1]
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It is now very easy to find the values of i(y) using the formula from Theorem 8.3.1.

We have in total:




Chapter 9
Tree Diagrams and Main Result

9.1 Tree Diagrams

Once we have calculated i(y), for all y € Z,, we can represent the data in a tree
diagram similar to the one we used for the residue classes modulo 2 represented by
the Fibonacci numbers. It will have the same shape as the one in Figure 9.1.

In this tree, a node aligned with p* on the left of the tree corresponds to the
coefficient y;_; of p*~! in the p-adic expansion, Y .- y; - p’, of a Fibonacci number.
Note that we have written cz for (yi)at1,; and d{ for (yi)a+s,j, where the j’s are
indices and not exponents, in an effort to conserve space. Observe that, although
¢l # ¢ for any j # 1 with j,1 € {1,...55% + 1}, and & # d7 for any m # n with
m,n € {1,.., 2% + 1}, we may still have ¢f = d! for some s,t € {1,.., 251 +1}.

A node is drawn if there is a Fibonacci number with that p-adic expansion and
omitted if not. For instance there is a Fibonacci number whose p-adic expansion
starts (Yo)ayr1 + c1 - p + C;)%l+1 PP 4y PP+ C?H -p* 4+ ¢t - p°+ ..., but there
is no Fibonacci number whose p-adic expansion starts (yo)er1 + ¢ - p + ..., where
c?€{0,...,p—1} and ¢ # c}. A triangle is used to depict the fact that there is a
Fibonacci number with p-adic expansion corresponding to each of the branches below
the node to which it is attached. For example, there is a Fibonacci number with
p-adic expansion (yo)1 + Y oy ¥i - p' with y; € {0,...,p —1},Vi > 1.

To draw such a tree using the calculations from Chapter 8, first add a branch
for each of the yo’s with i(y) # 0. If i(y) # 0 and both 5y2 + 4 # 0 mod p and
5y2 —4 # 0 mod p, draw a triangle after the yo, since i(y) depends only on yo. If
i(y) # 0 and either 5y2+4 =0 mod por 5y2+4 =0 mod p, we must consider when
5y% 4+ 4 = \2p?* or 5y? —4 = \?p?* respectively, where A € U and k > 1. Thus, every
two levels, i.e., for every even power of p, we have ;%1 branches stabilize in triangles,
since there are =% values of )\ for which it is a square mod p. As we will only be

2
concerned with the shape of the branches, it is enough to draw this repeating pattern,

93



Figure 9.1: Generalized tree diagram.
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although the node values can easily be calculated using Hensel’s Lemma.

Example For p = 11, recall that

v [0 1 2 3 4 5 6 7 8 9 10
i(y) [T 101 0 0001 0 1
i(y|0o 2 2 00 20000 0
ily) |1 3 2 1.0 2 00 1 0 1
The associated tree diagram is shown in Figure 9.2.
Example For p = 13, recall that
v (01 2 3 4 5 6 7 8 9 10 11 12
ily) |4 4 2 2 0 400 40 2 2 4

The associated tree diagram is shown in Figure 9.3.

Example For p = 7, recall that

01 2 3 4 5 6

i(y)

2 4 2 2 2 2 4

The associated tree diagram is shown in Figure 9.4.
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Figure 9.2: Tree diagram for p

13.

Figure 9.3: Tree diagram for p
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Figure 9.4: Tree diagram for p = 7.

9.2 Main Result

Using the results in Chapter 8, it is possible to determine which residue classes are
represented by the Fibonacci numbers modulo various prime powers when the prime
is such that g satisfies Condition 1.0.1. In such cases, we can calculate the p-sequence
of the Fibonacci numbers.

Before stating the main result, we will need a bit more notation.

Notation 9.2.1.

1. Let Sq be the set of squares in U/Uj.

2. Let Fy = {y € FJ5y*> +4 # 0 mod p and 5y*> —4 # 0 mod p} and Fy = {y €
F|5y> +4 =0 mod p or 5y> —4 =0 mod p}.

We will also need the following proposition.

Proposition 9.2.2. We have the following equality:

{)\2p2k")\ c U,k 2 1} — U (U (szk +p2k+1zp)> )

k>1 \s€Sq
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Proof. 1t is clear that

(Mp*reuk>13c| (U (sp™ + p%“Zp)) .

k>1 \s€Sq
The converse is a consequence of Hensel’s Lemma. Let
= U (U (Ska _|_p2k‘+lzp>> )
k>1 \seSq

So, z = sp®* + p**12 for some k > 1,s € Sq, and z € Z,. Note that s+ pz € Z, with
s+ pz Z0 mod p and (i) =1, since s € Sq. Thus, by Corollary 6.0.9, the square
root of s + pz, say A, is in Z,. In fact, A € U, since p { A because s € Sq. Hence,

A2 = 5+ pz and \2p* = sp? + p?*1y = g for A € U, k > 1. Therefore,

U (U (sp** +p2k+lzp)> C{Ap*NeUk>1}).

k>1 \s€Sq

With this information, we can now prove our main result.

Theorem 9.2.3. Let f: U — Z, or f: U(\/5) — Z, be given by
1 N(z
10 = (- ),

z

where N(z) = 1 or —1 according to whether z is a square or not (in U or U°(V/5)).
For a fized odd prime integer p for which B satisfies Condition 1.0.1, we have

arp = (az, + (k)" A (O‘%p)/\bv
where v is a set whose p-sequence, ., ,, is determined completely by the equation
p—1
ayp = ((azp + (k)2 ANay,) + (2k),

a = number of images of (Bo) in Z/(p) under f with f' not equal to 0,

and

b = number of images of (o) in Z/(p) under f with f" equal to 0,

Furthermore, b is determined by the number of solutions of 1 F Z% =0 mod p. Thus,

0<b< 4
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Proof. Let p be a fixed odd prime integer for which (3 satisfies Condition 1.0.1. Using
Proposition 8.2.2, Theorem 8.2.5, and Theorem 8.3.1, we are able to calculate the
number of solutions of f(z) = y, that is, i(y), Vy € Z,. With this information, we can
create a tree diagram, as in the previous section.

Since a node is drawn if there is a Fibonacci number with that p-adic expansion
and omitted if not, there is a branch for each of the yy’s with i(y) # 0. Thus, the total
number of branches is equal to the total number of images of (5y) in Z/(p) under f,
ie.,a+0b.

It is clear that

o= (17 %)
Thus,
F2)=0 <= 15 = =0
z
— 1= :l:;

— 22 =41

e z=41,4+v/-1.

Since b is the number of images of (5y) in Z/(p) under f with f” equal to 0, b is
determined by the number of solutions of 1 F Ziz =0 mod p. Thus, 0 < b < 4.

Clearly, F = [F; UFy and vy, (u1 —us2) = 0, Vu; € Fy,uy € Fy. Thus, by Lemma 3.3.3,
the p-sequence of F is

QFp = OF, p /\ OF, p-

To determine oy ,, we will use the information from the tree diagram to find S C Z
with F; € S and F,/(p*) = S/(p*),Vk > 0, and to find T' C Z with Fy C T and
Fy/(p*) = T/(p*),Vk > 0, so that we can apply Lemma 2.2.3.

Consider Fy/(p). Any yo € Fy/(p) will have 5y2 +4 # 0 mod p and 5y2 —4 # 0
mod p. In this case, i(y) = i(yo) depends only on yy. Thus, the yo’s in F1/(p) with
i(y) # 0 start the branches that stabilize. Since 5y2 +4 # 0 mod p and 5y2 — 4 # 0
mod p if and only if f is not equal to 0, the number of such yy’s is a. The branches that
stabilize represent sets of the form gy, -+ pZ, since they include all p-adic numbers with
initial coefficient 1. Thus, their p-sequences are easily calculated, using Lemma 3.3.1,

to be az, + (k). There are a such branches and, for any two of them, say C' and D,
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vp(c —d) =0,Ve € C,d € D. Thus, Lemma 3.3.3 applies to all of them and we get
ar, p = (azp + (k)"

Now, consider Fy/(p). Any yo € Fy/(p) will have 5y2+4 =0 mod por 5y2—4 =0
mod p. In this case, as described in Theorem 8.2.5 and Theorem 8.3.1, to determine
i(y) we must consider all of the instances when 5y + 4 = A*p?* where A € U and
k > 1. Thus, the yy’s in Fo/(p) with i(y) # 0 start the branches that repeat. Since
5y2 +4=0 mod por 5y2 —4 =0 mod p if and only if f’ is equal to 0, the number
of such yy’s is b. Note that there are at most four different y,’s in Fy/(p), since Fy/(p)
contains at most four residue classes depending on p, namely, ﬂ:\/lg, iz\\/[? mod p,

which again shows us that 0 < b < 4.

To see the form of the sets represented by the branches that repeat, consider the
class of \/lg mod p, that is, the positive solutions of 5y> —4 = 0 mod p. The other
three classes are similar. Suppose Fy/(p) contains the residue class \/lg mod p. As
mentioned above, when 5y —4 = 0 mod p, we must consider all of the cases when
5y — 4 = N2p* where A\ € Uand k > 1. If 59> = 4 + \*p* for A € U and k > 1,
then we have 5y* € Z, with 5y* # 0 mod p and (%) = 1, so the square root of 5y?
is in Z,, by Corollary 6.0.9. Moreover, it must be of the form 2 + p?p?* for p € U
with ¢ = £4 mod p, since 5y* = 4 + Ap?*. So, 5y® = (2 + p?p*)? and, thus,
Yy = :I:\/ig(Q + u%p?*). Since we are considering only the class of \/lg mod p, we have
y =2+ pp*)
the set of all such y, for p € U and k& > 1, by 7. By Condition 1.0.1, the group

. All elements of this form are in the image of f and we denote

generated by f is p-adically dense in U or U%/5), and f is p-adically continuous;
hence, the image of the subgroup generated by (3 is p-adically dense in . The set

can be expressed as a union in the following way.

2+ {pp*lp e Uk >1})

+— sp?t + 7 , by Proposition 9.2.2.
7 (U (U p* + 7, y Prop

k>1 \s€Sq

’y:

Sl &l
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Rearranging we get

\/37 9 U (U sp% +p2k+1Zp> 7

k>1 \seSq
p2(\/57 —-2)= U ( U sp*k +p2k+IZP> )
k>2 \s€Sq
Hence,
1
s€Sq k>2 \s€Sq
1

% (( U s +pSZp> Ur*(vsy - 2))

s€Sq

:%+%<71U72)7

where 71 = U,eg, 50° + P°Z, and 7, = p*(V5y — 2).

Since Lemma 3.3.1 holds for r € Z,(v/5) as well as r € Z, to compute a., ,, we see

that we may ignore the translation by \/lg and the scaling by \/ig because they do not

change the p-sequence. We are left with the union of two sets to which Corollary 3.3.6

applies, since v,(z —y) = 2,Vx € 1,y € Y. Therefore,

Qyp = QyUyap

= ((yp = (2R)) A (g p = (2K))) + (2K).

Since 1 = U, g, 5P + P*Zy, and [Sq| = 25+, 41 is a union of 23+ sets of the form

sp® 4+ p*Z,, for s € Sq. A set of this form has p-sequence az,+ (3k), by Lemma 3.3.1,
since Z,/(p) = Z/(p). Thus,

p—1
Qyp = (aZ,p + (3k))A 2.

Now, consider v, = p?(v/5y — 2).

Qyap = Qp2(/By—2),p

= a5, 9, T (2k), by Lemma 3.3.1
= a,, + (2k), by Lemma 3.3.1.
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Using these results, we then get
yp = (g p — (2K)) A (@yp — (2K))) + (2K)

(((azp + (BR)MT — (2k)) A (i + (2k)) — (2K))) + (2k)
(azp + (K))"'F Aan,) + (2k).

Note that, as mentioned in the introduction, the equation for c., , does determine this
sequence completely since o, ,(n) is expressed in terms of other known quantities and
.y p(m) for m < n.

Although we used ~ to denote the repeating branch with \/lg as its first node, we
can use the same name for all repeating branches since we are only interested in their
p-sequences, which are all the same. Their p-sequences are the same by Lemma 3.3.1,
because the only differences between the branches are in scaling or translation by a
unit. Since there are b repeating branches, as shown above,

as, = (00,)"" = (02 + ()T Aany) + (28))".

Finally,

QFp = QFyp N QFy,p

= (azp+ ()" A (((azp + ()T Aan,) + (k).
]

We now have a simple and fast algorithm for computing ap, for the primes for
which [ satisfies Condition 1.0.1, since the only operations required to apply Theo-

rem 9.2.3 are sum, merge, and sort.

9.3 Examples

Let us now look at how we can apply Theorem 9.2.3 to calculate the p-sequence of
the Fibonacci numbers for the primes p = 11,13, and 17.

Example For p = 11, recall that the associated tree diagram is as shown in
Figure 9.2.

Let

C=11ZU (14 11Z)U (2 + 11Z) U (3 + 11Z)) U (8 + 11Z)) U (10 + 11Z)) U ~,
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where 7 is the set represented by the repeating branch. From this diagram, we see

that, V& > 0,

Hence, by Lemma 2.2.3,
Int(F, Z(ll)) = Int(C’, Z(ll))7

which means that the 11-sequence of ' and the 11-sequence of C' are the same.
Note that there are six branches that stabilize and one that repeats. Thus, we

can apply Theorem 9.2.3 with a = 6 and b = 1. We then see that

apq1 = (az 11 + (k)" A Q115

where
a1 = ((azr + (k)" Aay ) + (2k).

The beginning of o ; is:
aF 11
{0,0,0,0,0,0,0,1,1,1,1,1,1,2,2,2,2,2,2,2,3,3,3,3,3,3,4,4,4,4,4,4,4,5,5,5,5,
5,5,6,6,6,6,6,6,6,7,7,7,7,7,7,8,8,8,8,8,8,8,9,9,9,9,9,9, 10, 10, 10, 10, 10, 10,
10,12,12,12,12,12,12,13,13,13,13,13,13,13, 14,14, 14, 14, 14, 14, 15, 15, 15, 15,
15,15,15, 16, 16, 16,16,16,16,17,17,17,17,17,17,17,18,18,18,18,18,18,19, ... }

Example For p = 13, recall that the associated tree diagram is as shown in
Figure 9.3.
Let

C=13ZU(1+13Z)U(2+13Z)U (3+ 13Z) U (5 + 13Z)
U (8+13Z)U (10 + 13Z) U (11 + 13Z) U (12 + 13Z).

From this diagram, we see that, Vk > 0,

Hence, by Lemma 2.2.3,

Int(F, Z(13)> = Int(C’, Z(l?)))v
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which means that the 13-sequence of F and the 13-sequence of C' are the same.
Note that there are nine branches that stabilize and none that repeat. Thus, we

can apply Theorem 9.2.3 with a = 9 and b = 0. We then see that

ap3 = (az1s + (k).
The beginning of ag 3 is:
QaF 13 =
{0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,2,3,3,3,3,3,3,3,3, 3,4,
4,4,4,4,4,4,44,5,5,5,5,5,5,5,5,5,6,6,6,6,6,6,6,6,6,7,7,7,7,7,7,7,7,7,8,8,
8,8,8,8,8,8,8,9,9,9,9,9,9,9,9,9, 10, 10, 10, 10, 10, 10, 10, 10, 10, 11, 11, 11, 11, 11,
11,11,11,11,12,12,12,12,12,12,12,12,12, 14,14, 14,14, 14,14, 14,14, 14,15, .. . }

Example For p = 7, recall that the associated tree diagram is as shown in Fig-
ure 9.4.
Let
C=T2U1+72)U2+TZ)U B+ TZ)U (6 +T7Z) U~y US4,

where 7 is the set represented by the repeating branch with 3 as its first node and
0 is the set represented by the repeating branch with 4 as its first node. From this
diagram, we see that, Vk > 0,

Hence, by Lemma 2.2.3,
Int(IF, Z(7)) = Int(C’, Z(7)),

which means that the 7-sequence of F and the 7-sequence of C' are the same.

Note that there are five branches that stabilize and two that repeat. As mentioned
in the proof of Theorem 9.2.3, we can use the same name for all repeating branches
since we are only interested in their p-sequences, which are all the same. Thus, v = §.

We can now apply Theorem 9.2.3 with a = 5 and b = 2. We then see that
apr = (az7 + (k)" A (ay0)"?,

where

a7 = ((azz + (k)" Ao 7) + (2k).
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The beginning of oy ; is:
QaF7 =
{0,0,0,0,0,0,0,1,1,1,1,1,2,2,2,2,2,2,2,3,3,3,3,3,4,4,4,4,4,4,4,5,5,5,5,5,6,
6,6,6,6,6,6,8,8,8,8,8,9,9,9,9,9,9,9, 10, 10, 10, 10, 10,11, 11,11, 11,11, 11, 11,
12,12,12,12,12,13,13,13,13, 13,13, 13, 14, 14, 14, 14, 14, 16, 16, 16, 16, 16, 16, 16,
17,17,17,17,17,18,18, 18,18, 18,18, 18, 19, 19, 19, 19, 19, 20, 20, 20, 20, 20, 20, ... }

With the p-sequences calculated in this thesis, together with the p-sequences for

p = 3 and p = 13, we can calculate the first 10 elements in a regular basis for Int(F, Z).
They are:
2?2 —x 2® —32% + 22 2t — 623 + 1122 — 62

2 6 ’ 24 ’

Lz,

1432° — 296521 + 142152 — 2403522 + 12642z
240 ’

26929 — 92552° + 80285z — 27454523 + 3921262 — 188880«
720 ’

24512927 — 1879196225 + 3432621502°
«—2392639900x44—7391778401x3——10008680458x24—4684826640x’
443520

24512928 — 2340635127 + 60506191225 — 6640975530°
+35440539981x* — 9426590667922 + 1170151225782 — 52130681040z and
443520 ’
54687901x° — 3187452165328 + 7668792570894z
—56878233725968225 + 91013053303428692° — 58282598264258277x*

1710756854735264962° — 2246152958839955887% + 103282048708907040x 7
103783680

as stated in Chapter 1.



Chapter 10

Conclusion

By using Coelho and Parry’s results on the distribution of the Fibonacci numbers
modulo powers of primes, we now have, for the primes p for which 3 satisfies Condition
1.0.1, a formula for the p-sequence of the Fibonacci numbers and an algorithm for
finding a p-ordering. Once we know the p-sequence, we can then find a p-local regular
basis for the polynomials that are integer-valued on the Fibonacci numbers using
Bhargava’s methods. A regular basis can be constructed for Int(FF,Z) from p-local
regular bases for all primes p.

For the primes p for which 5 does not satisfy Condition 1.0.1 the distribution of the
Fibonacci numbers modulo powers of these primes can be described using methods
analogous to those above, with some of the differences clarified in Section 9 of [6].
This case is complicated by the fact that the domain of f cannot always be divided
modulo p into squares and non-squares. Once we have determined which residue
classes of Z/(p*) are represented by the Fibonacci numbers for these primes, we can
apply methods similar to those in this thesis to find a formula for the p-sequence of
the Fibonacci numbers that has only slight modifications to the one given in our main
result. We will then be able to find p-local regular bases for all primes p. Thus, as
mentioned in the previous paragraph, we will be able to construct a regular basis for
Int(IF, Z). Hence, our results provide a new and interesting example of a set S C Z
for which we can describe Int(S,7Z). Furthermore, our results are a step on the way
to a general description of Int(S,Z) for sets S C Z determined by linear recurrence
relations.

One such set, which is described in Section 10 of Coelho and Parry’s paper, is
quite similar to the Fibonacci numbers. For a prime integer p, consider the recurrence

relation

Up = Alp_1 + Up2,1 > 2,
where A is an integer such that p does not divide A(A? +4). If we set uy = 0 and
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u; = 1, we obtain a sequence to which we can directly extend Coelho and Parry’s
results for the Fibonacci numbers. This extension is possible because this sequence

also satisfies Binet’s formula, that is, we can write

3ol 3))

where D = A% 4 4 is the discriminant of P(z) = 22 — Az — 1 and § = (A+v/D)/2 is
the dominant root of P. The condition that p does not divide A(A? +4) ensures that
B is a unit in Z,, if D is a square and that 3 is a unit in Z,(v/D) if D is not a square.
Thus, basically all of the results of the earlier chapters hold in this case by replacing
5 with D and replacing the 3 used for the Fibonacci numbers by this more general
one in our presentation. Hence, we will also be able to construct a regular basis for
Int(S,7Z), where S is the set determined by the linear recursion described above.

It is now natural to wonder to what further generality these results can be ex-
tended. For instance, it would be interesting to consider whether or not the initial
conditions required in the previous paragraph are necessary to apply Coelho and
Parry’s methods. Even more generally, we would like to be able to describe Int(.S, Z)

for sets S determined by a second-order linear recurrence relation of the form
Up = A -Up_1+ B tp_o9,n>2

where A, B,ug, and u; are integers. An alternative approach will be necessary for
this result. From there, we would want to find a general description of Int(S,Z) for

any set S C Z determined by a linear recurrence relation.
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