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Anharmonicity and cross section for absorption of radiation
by water dimer

H. C. W. Tso, D. J. W. Geldart, and Petr Chylek
Department of Physics, Dalhousie University, Halifax, Nova Scotia, Canada B3H 3J5

(Received 26 November 1997; accepted 24 December)1997

We calculate the absorption cross section of water dimer molecules in thermal equilibrium at
temperatures typical of the lower atmosphere using quantum mechanical coupled nonlinear
equations of motion. Empirical Morse-oscillator potentials are used to describe the local modes of
water monomer, and the RWK2 potential is employed for the interaction between atoms of different
water monomers. The strong anharmonicity is taken into account by an extension to molecular
dimers of methods originally developed for the lattice dynamics of solid helium. Approximations
based on exploiting the hierarchy of energy scales in the dynamics of the weakly hydrogen-bonded
water dimer allow the determination of the absorption spectrum over the range of significant solar
radiation, up to 20 000 cit, including the important contributions of overtone and combination
transitions. This approach can tackle the complicated task of mixing of vibrational fundamentals and
overtones. We have found that the absorption by these vibrational overtones, within the solar energy
range, is quite significant due to the anharmonicity of Morse-oscillator potentials and the large
vibrational amplitude of hydrogen atoms. These overtones may play a role in the solar energy
absorption of the atmosphere. ®98 American Institute of Physids$S0021-96068)01613-4

I. INTRODUCTION tion cross section for dimer molecules(w), as a function
of frequency(w).

Water vapor in the atmosphere is a strong absorber of In this paper, we study the absorption cross section of
solar radiation. Experimental studies of the absorption of sowater dimers up to 20 000 ¢ at a temperature of 10 °C.
lar radiation in the earth’s atmosphere have suggested thge adopt the RWK2 mod¥l® potential ® for the interac-
under cloudy sky conditions, the atmosphere absorbs 25 tdon between donor and acceptor molecules. This interaction
30 W/n? more of the incoming solar radiation than is ac- leads to an intermolecular absorption band with wave num-
counted for by currently accepted theoretical modets. bers up to 800 cmt. On the other hand, the intramolecular
Some excess absorption has also been reported under cladisrational spectrum of the water molecule due to the
sky conditions>® It is not clear whether the excess absorp-stretching and bending motions of the O—H bonds has nar-
tion is specifically due to clouds or is correlated with therow absorption bands at about 1500 and 3600trDue to
total water vapor concentratidrithe reported excess absorp- the weakness of the hydrogen bond and the small mass of
tion amounts to a difference of more than 25% in the modehydrogen atoms, relative displacements of individual nuclei
predictions of atmospheric absorption, or about 8% of theérom their equilibrium positions can be large. Consequently,
total incoming solar radiation at the top of the atmosphere. Aanharmonicity of the potential energy surface becomes im-
discrepancy of this magnitude would have significant impli-portant and absorption due to overtones of these excitations
cations for global climate models, including predictions ofis significant.
global change and related current environmental is$u8s. Before giving an outline of the calculations, we indicate

Current models consider all water vapor be in the formthe general rationale for our approximations. First, we make
of water monomers. However, a fraction of the total waterthe usual Born—Oppenheimer approximation. This is a ge-
content will be present in the form of water dimers, whichneric approximation for such molecular problems and
are weakly hydrogen-bonded @), molecules. Thermody- amounts to decoupling the fast electron dynamics from the
namic arguments yield estimates of the ratio of dimer toslow nuclear motion. The expansion parameter for the en-
monomer concentrationg /cy of order 1073, assuming ergy in this approximation is the square root of the electron
local thermal equilibrium at the relevant temperature ando ion mass ratio, which is of order 0.02 for the hydrogen
relative humidity. Recent studi¥s* suggest that water va- mass. The second expansion parameter is specific to a
por dimer may contribute to the solar energy absorption ofveakly hydrogen-bonded molecule. The ratio of the dimer to
the atmosphere. Although the vibrational spectroscopy ofmonomer binding energy is about 0.05. Thus the ratio of the
water dimer has been studied extensively bothaverage intermolecular frequency to the average intramo-
theoretically®*~* and experimentally*~?all of these studies lecular frequency square@?. /o, is about 0.01. This
focused on frequencies below 4000 ¢mOn the other hand, implies that the intermolecular and the intramolecular time
the solar spectrum has frequencies far beyond 4000cm  and energy scales are sufficiently well separated that corre-
view of this, it is necessary to determine the intrinsic absorpiation functions involving both types of variables can be de-
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m;; moving in different Morse-oscillator potentials. The
Hamiltonian operator, without the translational motion of the
dimer, takes the form
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FIG. 1. Equilibrium configuration of a water dimer.
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coupled at appropriate points. Also, it has been convenient to
consider the hydrogen to oxygen mass rafig /M ;~0.06 )
to be sufficiently small to be treated as an expansion paran\’l"th
eter when deriving commutation rules. Other small param-
eters involving thermal averages of relative mean square dis-

. . ¥ ,— Vo
placements are found numerically to be in the range of 0.01 S12,=Ri12, cos( u ) ~Ry, )
to 0.1; these small parameters allow decoupling of various ’ '
higher correlation functions. In Sec. I, we discuss two types
of overtones, namely geometrical and mechanical overtones.
Mechanical overtones are the direct result of the anharmo-
nicity of confining Morse-oscillator potentials describing the
covalent bond; geometrical overtones are due to the nonlin-
ear relation between the electric dipole moment of the dimer
and the local coordinates of the Morse potentials. Mixing ofR1.» Rz, the two O—H bond lengths}, the included angle,
fundamentals and overtones is also discussed. There are thtr andH; the rotational Hamiltonians of the water dimer
types of mixings, namely parallel-event and geometricafnd theuth monomer, respectively, as a function of their
mixings. Parallel-event mixings are due to the fact that rotaOWn corresponding Eulerian angle§ = (6o ,ép ,¢p) and
tion of the dimer and intramolecular and intermolecular ex-9j,= (0, ,¢,,%,) of their body axes€ € ,&;) described
citations happen simultaneously. Geometrical mixings result Fig. 1. The equilibrium Eulerian angle, are therefor®
from the nonlinear relation between the electric dipole mo-6{1=(0,0,0), 6{,=(3/2,0,0.6m). X;, are the Cartesian co-
ment of the dimer and the local coordinates. These mixing®rdinates of thgth atoms, including the empirical negative
between excitations transform absorption lines to bands an@oint charge, of theuth water molecules which is, of course,
the mechanical overtones boost those low absorption bandsfunction of the internal state variablég,’s ands; ,’s. The
to higher frequencies through parallel-event mixing. Resultgnonomer indices are denoted by the Greek letjersith

and conclusions follow in Secs. lll and IV. w=1 for the acceptor molecule and= 2 for the donor mol-
ecule. The equilibrium bond lengtR, and angled,, em-

pirical constantd; and «;, and the intermolecular interac-

V= 190) 3

S3M=(R1M+R2”)Sin( 2

Il. FORMALISM tion ® are taken from the semiempirical motfel” of
. . Reimers etal. and they are R,=0.9572A, D,=D,
A. Modeling of water dimer =131.250 25 kcal/mol, D3;=98.27 kcal/mol, a;=a,

The water dimer equilibrium structure is shown in Fig. =2.141 25 A1, 3=0.706 A"!, and f,;,=—15.1533
1. Of the 18 degrees of freedom, only those of the translakcal mol"* A~2. The first two terms on the right-hand side
tional motion are trivial. The remaining 15 coupled degreesof Eq. (1) are the kinetic energy of each of the monomers
of freedom are very nontrivial, constituting a difficult “few- observed at their centers of mass, with the first term describ-
body” problem with important dynamics on several time ing the vibration restricted within the plane, which is defined
scales. To a first approximation, these can be classified as sby the location of those three atoms in the molecule, and the
intramolecular vibrational modes, six strongly mixed inter-second term denoting the motion other than the in-plane vi-
molecular rotation-vibrational modes, and three degrees dfration which we named loosely the off-plane motion. This
freedom corresponding to overall rotation of the dimer. Theoff-plane motion is actually the rotational motion of the
six intermolecular rotation-vibrational modes can be re-monomer about its center of mass. We use a rigid-body ro-
garded as basically manifestations of hindered rotations dfational kinematic term for bothi, andHB because the in-
the donor and acceptor,B groups, relative to each other. plane vibration is very fast in comparison with the off-plane
These intermolecular modes are expected to be stronglyotion, as we will justify later in this section. This is due to
mixed, very anharmonic. We assume that the water moleculthe fact that the monomer is heavy and the dimer is loosely
is sufficiently modelet? by particles with local coordinates bounded, as opposed to the case in which the hydrogen is
Sj. three for each bD group, with effective mass matrix light and the covalent bond is strong. Thus
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Hr(e,u.!d’,uv'pu):%(;bi[la S|n2 l;b/x,—’_lb CO§ ll/,u] |2ﬂ2|a<Sinz lll'u>+|b<0052 l/l,u>
+362[1, cog ¢, +1, Si? ] =1 si? Y +1;, cos (12)
7. Y12 Il Il
Fald 008, 9= T e0Z ) 241 o2 o )

+¢,0,sin6, sinyg, cosy,(l,—Ip),
Pubu w SN cosglla=ly) Physically s;,, describes the fast in-plane oscillation,
(4) with a period of order,7, which has to negotiate with the
wherel ,=1.25 mF% 1,=0.7 mth) andl =2 ng arethe Strong O—H bond and the lone-electron pair from the oxygen

moments of inertia about the principal axes of the monomeftom. The resulting excitations are mainly intramolecular-

andm is the hydrogen mass. The rotational Hamiltonian for/ike- On the other hand, the slow roFatlgqal motion of the
the dimer can also be obtained by havifg— 6y, ¢, monomers, d.escrlbe.d by, with a period.7, is hmgjered
— o, Yo, 1,—12, 1,12, 1.—~12, andH,—H2 in py the weak interaction between monomers, thus it leads to
the above equatiori.E=76.21 ml%, |bD:76_34 mRS and intermolecular excitations. Due to the difference between the
strength of a covalent bond and that of a hydrogen bond,
T << y. Thus these off-plane rotations appear as static to
the fast in-plane motion and have no significant effect; the
off-plane rotations only see the time-average of those fast
in-plane motions as if the atoms are stationary at their equi-
librium positions within the plane. As a result, the rotation of

1 1 m+M 1 1 cosdy the monomer can be sufficiently described by a rigid-body

I2=2.51mRj are the principal moments of inertia of the
dimer. The masse®;=m;; are obtained from the commuta-
tion relations[s;,, ,Sy,(t1)]=—i%d,,/my, which are de-
rived from the commutation relations of those canonical
variables of each atom in the molecule with

m_1: m mM’ mp my M kinematic term in the Hamiltonian. However, the differentia-
(5  tion between intermolecular and rotational excitations of the
dimer becomes difficult sincé® is of the same order as
' principal moments of inertia of the monomer. The rotation of
the dimer along this axis can be as fast as the rotation of the
andM the oxygen mass. For simplicity, we assume<M  monomer. The distance between centers of mass of two
and approximates;,, ,Sy,]=—i%6;x5,,/m; with m;=m,  monomers can also vary. However, this variation is small.
=m andmz=m/2. On the other handj;, are not conjugate The movement of the oxygen atoms is easily counterbal-
to ¢;, and they are related to conjugate angular momentunanced by the low-energy motions of the hydrogen atoms. As

1 1 sin Yy 1

M3 May3 M " mg

1 cosdy

my M

operatord j, L%, andL/ by a result, the distance between the centers of mass appears to
. . be static within the time scal€’y. Thus there are two time
Lh=(la cos ¢, +1p S’ 4,)6, scales associated with the rotation of the dimer, nansély

the period of rotation along the axis, and?*g the period of
rotation along other axes. Judging from the magnitudlid’of
andlp, .73 is much larger than7,, therefore the rotation
along these two axes can still be considered as rigid-body

+sin 6, sin ¢, cos wﬂ(la—lb)¢ﬂ, (6)

L4=(14 Si? 4, +1,, cos (/IM)(.;‘)M-I—Sin ¥,

xcosy,(1,—1p)0,+cos6,(¢,+,)l., (7) rotation, but not along the axis. In other words, if we were
) ) to treat the dimer as a flexible cigar, the length should remain
Ly=lc(¢,+ ¢, cosb,). (8) cons_tant but the cigar is allowed to twist_due to th_e internal
o o ] ] rotation of the monomers. Strictly speaking, the dimer can-
To simplify the situation, we consider the ratio not be treated as an isolated rigid body within the time scale

- ; 7. However, we can still use the rigid-body Hamiltonian

sin 8, sin ¢, cos =1 0 : o ) : i

= { ~ 2 i l’b’_‘zz( a—Iv) (9)  for the kinematic term of the dimer with perturbation due to
la(COS™ 4,) + In(SIN ¢,) internal rotations. The effect of this internal motion amounts

for both the acceptor and donor molecules. The angle bracké® Severe broadening of rotational levels. Since we are inter-
represents the grand canonical average done at temperatlﬁ%wd in the broad band characteristic of the absorption spec-

T. For the acceptor molecule, this ratio is very small and fol'um. it is reasonable to adapt a semiclassical approach on
the donor molecule. it is of the order of 0.1 in the worstthe rotational excitations. We use a rigid-body Hamiltonian
situation. Thus, we may assunse<1 and obtain for the kinetic term to account for the rotation of the dimer as

a whole and the transitions between different rotational states
(cosb,) are evaluated quantum mechanically; however, the density of
AT M (8,283~ 6:3612) .
12, j20k3™ 9j3%2) |» states of those rotational energy levels are taken to be con-
(10 tinuous.

: . Sjk
[0, 0k,]=—1%3,, ¢+

with

11, =1a(COS 4,)+1p(sin? v,) . . .
0 . 0 The Hamiltonian in Eq(2) is highly anharmonic in any
=1, coS ¢, +1p Sin® ¢y, (11 of those state variables. Thus the incoming electromagnetic

B. Absorption cross section of water dimer
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radiation does not only excite fundamentals but also mea different time scale. Further, we can also approximate

chanical overtones which are geometry mdepend(_ar_lt. Thes{?pi(t),pf;(O)])z([pj(t),pi(O)])&M; because the cova-
overtones only depend on the degree of anharmonicity of thfant bonds are very strong in comparison to the hydrogen
potential inH and the amplitude of atomic vibrations, as we phond. Thus the dipole moments of the acceptor and donor
will discuss later in this paper. Besides this, mixing of fun- molecules are weakly correlated. On the other hand, intermo-
damentals and overtones contributes to the absorption of s@ecular excitations do interfere with the rotational excitations
lar radiation. This mixing is due to the fact that excitations, of the dimer. However, within the regime of rigid-body ap-
such as fundamentals and harmonics, rotational, intram@yroximation for the rotation of the dimer discussed in the last
lecular and intermolecular vibrations, all happen simulta-section, we can approximate them as noninterfering parallel
neously. Further, there are in general other overtones anglents. Thus using this approximationAp,,( ), rotational
mixings, named here as geometrical overtones and mixinggxcitations and intermolecular and intramolecular excitations
which arise from those nonlinear terms in the state variablegre all mixed, and their corresponding correlation functions
of the dipole interaction between the dimer and the eleCtrOappear as products in timen the absorption cross section,
magnetic fieldE=E, coswt, and they are geometry depen- oy

dent. For instance, the dipole moment in the water molecule Y Mo * i oD e\ oD

can align withE by just changing the included angle and ~ “(®)~ 57 \C_O 0 J_mdtelwt[<*7'2ab(t)~72ab(o)>
stretchingR; andR, in the opposite directions. This is more

effective, in other words faster in response, than rotating the ><<%§C(t)-%ﬁg(0)><p8u(t)pS_M(O)>
molecule if the stretching amplitudes are large, and it is of D b o o
course geometry dependent. These processes are included in —{(Fap(0)- Zap(1) (25 0) 725 1))
the absorption cross section, <
P X(PG(0)PS,(1)], (19
o(w)= el \ /@ Aot @), (14  where the summation sign is for all repeated indices. These
6h €0 parallel-event mixings among excitations are independent of
wherew is the angular frequency of the randomly polarizedthe geometry of the water dimer because the instantaneous
electromagnetic field; dipole moment can always be expressed in the form of Eq.
2 3 B (16). 5
Acal( @)= > > dteiwtqu(t)'pg(o)]) (15) We have used the fact thak(73(t).%2_0))
pop aa J - =3 (722(1).722,(0)) 8pp in obtaining Eq.(18) due to Egs.
is the spectral weight function of all excitations including (A24), (A25), and (A26), and the fact thatZ" is unitary.
overtones and mixing between excitations; Each of these matrix elements is responsible for rotation of
) ) the dimer about a certain axis. For instance, the matrix ele-
Pa(t)=7(6p(1), dp(t), (1)) 72(0,(1), al(t), (1)) ments(.%2.,(t).7%,5(0)) for a#3+b are responsible for the
X Poa(t) (16)  rotations about tha and thec axes which correspond to the

_ ) _ ) AJ==*1, AK==*1 transitions described in Refs. 29 and 30.
is the instantaneous dipole moment in the laboratory frameag for h=3 anda= 3, the matrix elements are responsible
72 is the rotational matrix, given in Appendix A, which de- for the rotations about tha axis, i.e., theAdJ=+1, AK

scribes the rotation of the instantaneous dipole moment of  transitions. Both of these excitations occupy a narrow

the monomer, low-frequency range, named here as the NL branch, in the
9,0 absorption spectrum due to the fact that the moment of iner-
Poa(t) = Q| (Ria(t) + Rza(t))COS( 5 )ef tia about thea axis is very large and therefore rotations about
this axis are slow. On the other hand, fa#3 andb=3,

[ T(D) . these matrix elements describe the rotation of the dimer

_(Rla(t)_RZa(t))S'”( 2 ) a} (17 about thec axis, i.e., theAJ=0, AK==+1 transitions. The
. ] .~ A ] S ) rotation about this axis is fast and therefore occupies a wider
in the body-axis frame & ,&, ,€;), defined in Fig. 1, in |5, frequency range, named here as the WL branch, in the
terms of Eulerian angles of both the monomers and thgpsorption spectrum. Further, the total equilibrium dipole
dimer; y=1-d/R, cos((¥/2)) with Q andd the same em- o ment of the dimer is almost parallel to theaxis, so the
pirical constants obtained from CoI@al.l“ The superscript  ghsorption of the NL branch is stronger than the WL branch.
of pj, in Eq. (15) denotes the Cartesian componentpef  petajled calculation shows that these two branches have ap-
Fpr simplicity, we denote the rotatlonal matrlcesf for theproximately the same integrated absorption over respective
dimer and theuth monomer by2° and.72*, respectively. frequency ranges. Therefore, we may simplify the dimer ro-
tation correlation functions by averaging over the two
branches. Furthepéﬂ describes only the symmetric stretch-
ing modes, ,+s,, and the bending mods;,, and pSM

All excitations are excited simultaneously and will be mainly the mixed mode & ,—s;,)S3, and asymmetric
referred to as parallel even(® time). The intramolecular stretching mods,,—s,, ; they are orthogonal to each other
and other excitations can be considered as parallel evenifsthere is no interaction between,8 groups. When the
without any interference from one another since they are omteraction between §0 groups is switched on, these distinct

C. Parallel-event mixings
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modes interact indirectly and thuj%#(t)poﬂ(o» is small
for c#c, in comparison to the case wher:c, and will be

neglected. The sum over the monomer correlation function’s

indices can then be carried out exactly. We obtain

o(w)= Q 7 2 dt e '“’t[]é
'50 u=1J—c
></yz(t)‘?;(t)—.%';<t)(7;(t>.7§v(t)] (19
with

©

> 19 dw
F<(t)= R2 _0 _
5 (1)=Rg co§( > )+f_x 5

ey (@)[3%3

+0(w)]+G(1), (20
- 2 3
Ta0=32 2 ((A(0)-7641)-), (21)
> 3 >
T (D)= %;) (14 Ba3d03){ (R RZ(0))<)
=j°o 00 et @) b n(@)], (22
27 @la=2 @
where (/2 (t)/’ ,(0))” —ﬁ’ (t)i’ (0) and
(A236(1).755(0)) = = b(owab(t)
X () =A% () smz( +2 A “w)
><[5]k+(1 5Jk)COS190]
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2 2
NZ (0= 3 ((51,(081u(0))% 3 {(51u(0)(1))

X(1= 8jk)- (25
This  series is  obtained  from  decoupling
2 {[pL(1),p)(0)]) into an infinite series of intramolecular
pair correlation functions. The leading; coefficients are
given in Appendix A. Equatioit24) shows that intramolecu-
lar excitations are mixed in a way similar to the parallel-
event mixings. However, it is due to the nonlinearitysin
of pg,., and the coefficient€; are geometry dependent.
Similarly, anharmonic terms in rotational matrices also
introduce geometrical overtones and mixings among in-
tramolecular excitations. Expanding Eg1), we obtain

J=()=[1+cog 63,F=(0,.1)

1u® 4

Tsi? 60, F= (6, DIF=(4, ,DF=(¢,,.0),

(26)
with

F< (X,t)= E Ba; (N [((X(0)x(1)))]?, 27)

“(xt)= E By + 1(OEN((X(0)X(1))]A+L,  (28)

is the spectral weight function of all intramolecular excita- F<(x,t)= I:<(X t)+F<(X t) and B; given in Appendix A.
tions written in terms of spectral weight functions of the All these correlation functions require the knowledge of cor-

stretching and bending modes,

Aﬁ(v(w): f_o:cdt éwt([sjﬂ(t)!skv(o)]>l (23)

TaAw) is the spectral weight function of overall rotational

excitations of the dimer described in Appendix B amdv)

is the Bose—Einstein distribution functio@.; is given in the
next section.

D. Geometrical overtones and mixings

The correlation functiongpy,,(t)-po,(0)) contain cor-
relation functions with order irs;,, higher than the correla-
tion function (s;,(t)s,(0)) which is quadratic ins;,.

These extra anharmonic terms introduce geometrical mixings
between intramolecular excitations and they are contained in

the function

G, (0= (5205, (D)IN; (D, Cin.)

> j
N (1)
My

Xl ——1| ,

4Rg 249

where

relation  functions (s;,(t1)sy,(t2)), <sk,,(t2)sm(t1)>

<01|5L(t1) 0 (12), (0 (t2) 0, (t1)), (RR(t)RP(t2)), and
(Rj (tz)R”(tl)) which are obtained from the solutions of
thelr nonlinear equations of motion.

E. Nonlinear equations of motion and mechanical
overtones

With the commutation relations from Eq&) and (10),
we have coupled equations of motion for these correlation
functions in the imaginary time domain,

2
] &t2< SJ/.L(tl)SKV(tZ)) >+2a D;j <(e alskv(tl)

-ip
><(1—e‘“isiu(tl))sky(tz))+)+ij dt,
0

xE [U5E(t = ta)((Snelta)Sku(t2)) +)

+Vﬁf(t1_t3)<( One(t3)Siu(t2)) )]
=—i16k0,,6(t1—1t3) = f1A5j1 62+ 620k1)

><<(Sk,u(t1)sk’v(t2))+>! (29)
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92 (- als of both(s;,(t)) and(6;,(t)) explicitly and implicitly
lmEE((HW(tl)ka(tz))Qﬂf dt32 [Vin(ti—t3) through((s; (1) S, () 1) and((8; .(t) by, (t)). Thus

OYmi(r1,ta) _ OYmi(r1,ta)

X<(0ne(t )aky(tZ)) >+U (tl 3) 5<Snv(t3)> . 5<Sm,('[l)> 5(t1_t3)
X<(-Sne(t3)0kv(t2))+>] 2 2 5gml|l2(r1;tl)
=—1h16jk6,,6(11—1p), (30 +i,j o &((si,(t)sje(ty)) )
where X<<siy<t1>sny<t3>)+>
Ut —t) =2, > ferm Vb k(r )M X((Snu(t3)sje(t1))+), (39
T &(snpts))’
(31 5g%i(r1,t1)~ 0gnh(ri,ty) S(ti—ty)
SGEk(r ty) (On,(ta)  KOn(ty) 7
au
Ut —ty)= %% drLT, VO ()5<sn,;(t3)>' S SY(r . ty)
(32 7 Te O(0i,(t)0;(t1) )
—ty)=> >, fdr LMV (r) i?;'((rtt)l; X{(61y(t1) On,(ts)) 1)
I,m
g RS X((Gnulta) 0(t2)) ), (39)
gnfi(r,ty) with

ViB(t—tg) = > 2 fd”?n m () S By(ts))

G4 22 fdr I VOM(T)

G (r,t)

Lm u 5<Sn,8(tl)>
with
= dr g24(r,t) (I 8ap—IN . 8,p)
an =260 ¢a,w><as > (35 B 2 ) dr O Irdus = s
- ;) | VLI, V(1) ]= b2, (40)
m (9‘% 9a1¢a!¢a
= <Tja><rm“> fer Ve 29m ()
Im m! 5<0nﬁ >
X 6Jk+cos¢9?a| (8203~ 5135,2)} (36)
=> 2 | dr g t) (L Sas—Lh,8,p)
G, =(S(r — Fna(t) +11,(1)), (37) e

the pair distribution function between thath atom of the 'V[L "V Ori(r) ]=—eﬁf, (41)
ath molecule and théth atom, including the negative point ST ty)

charge, of theuth molecule, and8= (kgT) ! the inverse > > dr I, V(1) mit

temperature. The time-ordered operation ®f (t) and hm u &(siy(t)Ske(t1)) +)

S,(0) in the imaginary time domain is defined as

(5. (1)Sk,(0)) 4 =5; , (1)K, (0)  for —pB<Im()<0 and =1y fdr g (r ty)(IMS
(Sj.(1)Sk(0)) + =5, (0)s; ,(1) for O<Im(t)<B. The index Lm

m runs from 1 to 4 with 1 and 2 for those two hydroge_n 'V(Jﬂqﬁae—J'# #e)'V[Jma' DH(r)]

atoms, 3 for the oxygen atom and 4 for the negative point

charge described by Coket al. The vectorr,,,, given in =- dﬁj’, (42
Appendix A, is the position vector of thmth atom of thex

molecule with respect to the body-axis frame about their in E J drL! m Y D(r) OGnff(r,t1)

dividual centers of mass. The communication between th@1 m (6;,(t1) Oie(t1)) 1)

slow intermolecular and fast intramolecular excitations are

ay_‘]iu5ﬁw)

mainly through the correlation functiofs;,(t)6y,(0)) _1 au m

which is ignored in our calculation due to the fact that gn zﬂ: dr gmi(r,t)(Ligday M Ouy)
(Sj,.(1) 6,,(0))= (sm(t))(ek,,(o» 0. In fact, we estimate | N

that Ry(@2ya— ®2e)(S0)~ w2 (SS by inspecting the V(L gaOue™ LiguOue) - VILT, VO ()]

equation of motion of's; ,(t) 6,,(0)) Where wjner and winyra

are, respectively, the frequencies of the intermolecular and

intramolecular excitations. With the above equations, Eq®9) and (30) are closed as
Here we follow Horner’s treatmetft >° of solid helium  long as we have information on the pair distribution func-

and assume that the pair distribution functibreze function-  tions. We use a cone-of-sight approximation such that

= 1fge. (43)
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au
a ~Na a |
g (r)=Tgfi(r) for pi(n<—~,

=0 otherwise, (44)

with g&#(r) the normalized pair distribution functions ob-
tained from Cokeret al,’® A% the half-width of g&4(r),
and ¢2%(r) the angle betweem and the equilibriumrg,,
- r|°M. The introduction of complex timg; above is just one
of the convenient ways to deal with the entanglement be
tween the time-evolution operater "Mt and the statistical
weighte A" in the grand canonical average. The equation
of motion, Egs.(29) and (30), have such a form that each
state variable has either an assigned nmssr moment of
inertialj,, so Uj”‘nﬁ and Vﬁf can be interpreted as general-
ized dynamical matrices describing forces acting onghe
mode withm; by other intramolecular and intermolecular
excitations, respectively; similarle“nﬁ and Uf‘nﬁ describe
the torque acting on the;,, mode with moment of inertig; ,
due to other intermolecular and intramolecular excitations.
The equation of motion for the intramolecular excitation
is very similar to that of the intermolecular excitation, except
that there is an extra term on the left-hand side of 2§)
due to the restoring force of the confining Morse-oscillator

potential. It is this term, together with tHé andV terms,
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term obtained from this treatment as the local term in time.
On the other hand, if; is increased further, the mechanical
motion cannot sufficiently be described by the instantaneous
(sj,) alone but also thes;,) at a different time within
m/ w; . Proper consideration of this will lead to a term which
we refer to as the nonlocal term in time. It is this nonlocal
term which gives rise to all other overtones.

Again, we use Horner's method and express each corre-
lation function in Eq.(45) in terms of the local and nonlocal
parts and ignore all those higher order terms bey@Wz,

sinceain{~0.01 anda3ns~0.001 in our case. From this,

we obtain

<(Sju(t1)sjﬂ(tl)sjﬂ(t2))+>_ %ajn]“( 1—
X((Sju(t1)Su(t2)) +)

3a]mjw
2h

X{(8j,u(11)S; (1)) (8] u(13)S; u(12)) +),

2
i

f dt3<(5j,u(t1)3j,u(t3))+>

(46)

which gives the fundamental of those intramolecular excita((sm(tl)sj#(tl)sj#(tl)sm(tl)sm(tz))+>

tions if only the second order term i, of the Morse-
oscillator potential is kept; because of its anharmonicity, in
other words, higher order term 8, , it also leads to over-

tones of these fundamentals. To see this, we expand the sec- —

ond term on the left-hand side of E@9) in terms of corre-
lation functions of different orders ig;,(t,),

((e” st (1—e i%intt)s; (t5)), )
— £a?((57,(t1)S],u(11)S], (1)), (1)) 1)
+ 50 ((87,(11) ), (1)), (1) S, (11)Su(12)) ) ++ 1.
(45)
However, we cannot truncate the series even for sgall
since the correlation functions involve two different time ar-

guments. To do so will eliminate all overtones. To see this
we consider the easiest situation whefi’ =V;?’=0 ande,

is so small that the right-hand side of the above equation can
be considered as zero. This is the case when we have tHg

Morse-oscillator potential reduced to a simple harmonic-
oscillator potential with a harmonic frequencyw;
= \/ZaJ-ZDJ-/mJ-. It becomes obvious when the second term
on the left-hand side of Ed45) is substituted into E¢(29).
This harmonic motion is of course independent(sf,(t))
and it contains no higher harmonics. If we allay to in-

crease by a small amount, it is no longer linear, but this

periodic motion can still be described, within a certain time
m/w;, by a quasistatic harmonic potential as a function of
the instantaneouss; ). On average it gives a different har-
monic frequency which depends nﬁz<sj2M>, but this static
treatment does not contain any overtones. We refer to th

— 3ant2((8),,(t1)S]u(t2)) 1)

2
[ . : f dtz((Sj.(t1)S)u(ts) )

X84 (t1)S) u(t3)) : X(Sjm(t3)Sju(t2)) 1), (47)

and
((8ju(t1)s),(11)S),(t1)S) . (t2)) +)

=n((Sj.(t1)Sj.(t2)) 1) (48

Thus Eqs(29) and(30) are simplified to

(?2
12

+n2 [(wjz_vm)giné,ué_bﬁf]

X((Sne(t1)skv(tz))+>_n2€ ein ((One(t1)Si(t2)) +)
+1126,,(8j10k2— 8j20k1){(Sk,u (1)) u(12)) +)

-ig
+im; jo dtzM;,(t1—t3){(S.(t3)S).(t2)) 1)

—iB
ti jo s> 7t~ ) (Snelt)San(1))-)

e =—ih6yd,,8(t1—ty), (49
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10 1 t 1

(92
I JM< EE_ nEE eﬁf) <( ane(tl) ekv(tZ))+>
= 2 bfi((Snelts) Bho(t2)) 1)

-ip
+i fo 0t S, 73t~ 1) (Bnelts) Buo(12)) )

Absorption Cross Section (1072%cni?)

5 L
= _iﬁajk5l“/5(tl_t2), (50)
with
Ujp™ %wjzajznm_ %wjza?nizﬂ (52)
the local term, and nonlocal terms
_ (3 2\2 m;
Mj . (t1—t2) = (20j0f) 7<(Sm(t1)5m(t2))+> .
0 l()I()O 20‘00 . 30‘00 4000
X((sju(tl)sj,u(tZ))Jr)! (52) Wavenumber (cm )

FIG. 2. Absorption cross section of water dimer due to fundamentals as a
function of wave number.

VA (L —tp) = £ 2, A ATE((51,(11)Sp,(t3))+)

X((Sqqp(t1)Si(t3)) +), (53 which is valid as long as the lifetime of intramolecular exci-
tations is very long in comparison to their inverse frequency,
Th(t—t) = 52 T IN(61,(t1) Bp,(t2)) 1) we have
" (" dw; Afjs(0— ;) s
X{(Oge(t1) 0i,(t3)) 1) (54 Gii%(w)= 27 i =Gjjp=(w), (56

The term (ojz—vm) Sind,e— bl in Eq. (49) after matrix di-

agonalization can be interpreted as the location of those Iocélalnd therefore

mode frequencies with;,, the modification of harmonic fre- Al (@)=Aj5(0) +Gjo, (0)Glj5-(w)
guency squared»j2 due to the anharmonic nature of the u -
Morse potential, andb/," the frequency squared shift due to XIMM{(@+i07)], (57

the interaction between the acceptor and the donor molyhere
ecules. Nonlocal termZ introduces broadening in intramo-
lecular excitations andV;, leads to intramolecular over-
tones. There is a distinction between broadening and
overtones in these intramolecular excitations because the
lifetime of these excitations is very long. On the other hand, XA (@) A (0= w)[1+n(w;)
the lifetime of intermolecular excitations is very short. +n(w—wy)]. (58)
Broadening and overtones are indistinguishable; both are ) ) ) . )
manifested in7” of Eq. (50). The location of intermolecular Equations(57) and(58) yield an integral equation which can
excitations is designated tef¢ after matrix diagonalization. be sglf-con&stgntly solved to obtain the full spe.ctral welgh't
The two sets of coupled Dyson equations, Ed8) and(50), function of the intramolecular fundamentals and its mechani-
have been solved numerically and self-consistently. We ob¢al overtones.

3 ajwjzmj>2f°° dw;

Im[MJ“(w+|0+)]= E 7 - E

tain
- I1l. RESULTS AND DISCUSSIONS
Al (0)=2Gh (0 +i0")Gl*(w—i0")Im % (0+i0") The equations of motion for both the intramolecular and

intermolecular fundamentals are solved self-consistently and

the corresponding absorption cross section is shown in Fig.
, (55) 2. There are six intramolecular fundamentals, three from the

acceptor molecule and three from the donor molecule; the
where Z,+M is the total self-energy matrixGﬁ(Vi(w smallest peak near 3000 cis the first harmonic and com-
*i0%), Mj (0+i07), andZjy(w+i0") denote the ana- bination of the bending modes. They are all broadened by the
lytic continuations of propagators and self-energy from Mat-dimer rotation, parallel-event, and geometrical mixings
subara frequencies to the realaxis. The spectral weight among all excitations including intermolecular overtones. In
function Afj5(w) obtained from Eq.(55) with Im[M;,(w  addition to these broadenings, the low-frequency intermo-
+i07)]=0 is approximately equal to the spectral weightlecular fundamentals are also broadened heavily due to the
function of the fundamentals. With this approximation, anharmonicity of the intermolecular interaction. In compari-

+ Mju(w+i0+)5jk5k|5y556v




J. Chem. Phys., Vol. 108, No. 13, 1 April 1998 Tso, Geldart, and Chylek 5327

w
1
T

0.05 o

[}
1
T

Absorption Cross Section (10‘2°cmz)

log(Absorption Cross Section / 10720cm?)

IS
1

. @OJS&) W)\}K LA.LAM ' J\M

0 -6 T T T T T T T T 1
4000 12000 12000 14000 16000 18000 20000 0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

Wavenumber (cm’l) ‘Wavenumber (cm"l)

FIG. 3. Absorption cross section of water dimer due to overtones as &IG. 4. Logarithm of two times the measured absorption cross se(stidid
function of wave number. curves$ of water vapor averaged within 10 crhtaken from the experimen-
tal and semiempiricaliTRAN database alT=10 °C. For clarity, the high
resolution water vapor data have been averaged over windows of width

. . ) ) . 10 cmil. The dashed curve is the logarithm of the calculated absorption
son with the experimental values of those vibrational linesgcross section of water dimer.

the accuracy is about 4%. As for the intermolecular modes,

the acceptor modes have comparable accuracy but the donor

modes are consistently higher than experimental values. tion of the water dimer for frequencies up to 20 000¢m
Figure 3 shows mechanical overtones beyondntermolecular fundamentals are heavily broadened due to

4000 cm®. They are both geometrical and parallel-eventthe anharmonicity of the intermolecular interaction and the

mixed with all other intermolecular and intramolecular exci- rotation of the dimer. The intramolecular fundamentals are

tations of both fundamentals and overtones. These overton&so broadened by mixing with intermolecular excitations

are quite strong because the time-averaged movement of tigd rotation excitations of the dimer. Harmonics beyond

hydrogen atoms done withiAt<w;., is very large, or in 4000 cmit are quite strong due to the anharmonicity of the

other words, the broadening of the intramolecular excitation§$—H bond and the large movement of hydrogen atoms. In

is large and the binding potentials are very anharmoniccomparison, combinations between stretching and bending

Since intramolecular fundamentals have frequencies large inodes are not as significant. The absorption cross section

comparison to intermolecular fundamentals, these mechanflecreases approximately as an exponential function of fre-

cal overtones anchor and boost the intermolecular modes @Jency.

higher frequencies through parallel-event mixing. Therefore,

the absorption spectrum forms a continuum around the meACKNOWLEDGMENTS

chanical overtones of those stretching and bending modes. This work was partially supported by the Atmospheric
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Combinations between different intramolecular modes
are very Wgak but still observable in Fig. 4_. The absorptlonAPPENDIX A
cross section decreases exponentially with frequency for
both the water dimer and water monomer. However, the The matrix elements required for the evaluation of angu-

dimer absorption cross section decreases more slowly thdar correlation functions in Eq$18) are as follows:
that of the monomet>3” as shown in Fig. 4. It is essential to ; , ,

L i ) I11(0,¢,)=CcoSy cos¢p—cosh sin ¢ siny, (Al
note that there are shifts in frequency for the dimer relative 1(6:6.4) v ¢ ¢ v (AD

to the water monomer. Both water monomers and dimers are .75 0, ¢, ¥) = —Sin ¢ c0S ¢— c0S 6 Sin ¢ Ccos ¥,

present in the earth’s atmosphere and they absorb solar ra- (A2)
diation in different frequency ranges. This is especially im- A0 —sin 0 sin A3
portant in the higher frequency range where the intensity of 156,6.4) ¢ (A3)

solar radiation is high. In this range, the absorption of solar  .%54( 8, ¢,1¥)=c0s ¢ sin ¢+cos b cos¢ sin i, (Ad)
radiation by water monomer is weak. This difference in the L .

decay rate suggests that the water dimer may play a role in H2A 0, ¢, )= =Sin ¢ Sin $-+C0S 6 COS ¢ COS ¢, (A5)
the radiation budget of the earth’s atmosphere.

In summary, we have presented the absorption cross sec- 72,46, ¢,¢)= —sin 6 cos ¢, (AB)
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T31( 0, k) =sin 6 sin i, (A7) d m
r4/.L: - '&O m+M (R1M+R2/,L)
P2 0, ¢, 1) =sin 6 cos i, (A8) 2R, COS—-
Fa( 6, b, 1) =cO0S 6. (A9) XCOS(@ s d ~oom
4y mM+M
The coefficients in Egs.(27) and(28) are as follows: 2R, cos—-
x2 x3 Xt _ (ﬁM)A
4 . X(Ry,— Ry, )sinf —| €. A23

Bo(X)=1=X+ 7= 5+ a2+ " (A10) (Riu—Rou) > & (A23)

Typical matrix elements used to simplify dimer rotation cor-

B10)=1- 3+ o =3+, (A11)  relation functions in Eq(18) are as follows:
Ba(X)=1—tx+ &x2+- (A12)  (r|[R%(ty),R(t)][r)=(r|[R3x(t1),R3:(t2)]]r)
Ba(X)= &— &x+-- , (A13) =(r|[REAt1), RAt2)]Ir)

=(r|[R22(t1),R22(t2)]|r), (A24)
Bu(X) =1+ . (A14)

(r|[R3A(t1), Ryt |ry =(r|[R2(t1),RE(tx)]|r),  (A25)

The coefficientsC in Eqg. (24) are as follows:
q (r|[RSy(t1), R (tx)1Iry=(r|[RE(t1),REAt,)]r). (A26)

2 4 3
ny n, ny
=1+ + + +oee Al .
Co 18R 6are T 16RS , (A15  APPENDIX B: ROTATION OF THE DIMER
. The spectral weight function of rotational excitations of
n, ﬂ+ 11n% the dimer written in terms of rotational matrix elements is
Ci=1+—+ 4+ﬂ—+ (A16)
RS 8R;
'“’”2 1+ S43003)
Cmy 2y 3 (A17)
2= B2 T R4 T p
Ro R X(r|[ 72251, Z2(O)]I1), (B1)
6n where|r)=|w,,»,) and.Z is the partition function. Since
C;= R—;-‘r , (A18)  I12=1D, we consider the dimer as an acmdentally symmetric
0

top with principal moments of |nert|alaO (ID+Ib)/2 and
E. If we pick the direction of the total angular momentum
Cop=a+---, (A19) of the dimer as the axis of the laboratory frame and the
. - - . direction of the total angular velocity as tlreaxis of the
with n. =N, (0)=N,, (0). Thecoordinate of the hydro- pody axis, there are two constants of motion such that

gen nuclei, oxygen nucleus and the negative point charge QHd’D“) “’i and <f|l//D|r> w¢ are constants which are
the RWK2 model in the body-axis frame are as follows:  related to the rotational energs; by

m AR lows (1 1) 15w
r,=| —Ry+ meM (RyutRa) C05(7)e§f E.= 5 + @—E 5 (B2)
_ Upla The motion described by its Eulerian angles is a simple har-
FIRu (R Raw) sm( 2 )dj (A20) onic motion and the equations of motion are
2
m 0 ~ — + 2 ‘/7/D .‘//JD
r —Ry,+ miM (R1,+tRy,) 005(7”)911 at? o [(rIl72ty) 22 ) IN)
] v CO(ty—ty)
. M|~ [ 73
~| Ryt 57 (Ruu— RZM) sin 7)%& (A21) | 210 T 23, (B3)
2
m +
o= (Ruut Roy) COS( ) Y g |(r|[.7234t0), 725 t2)1Ir)
Co(t—ty) (2 1)
X(Ry,— RZM)Sln( )ég (A22) L @+E S 32, (B4)
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d i} -
o (r|[.7254(t1), Z2t:)1|r)=0, (B5)
(92 2
E+w§s+wi ¢w4 (r[.7224(t),. 23(t2) 1)
(-t (2 1) _
=-l—F— |t (B6)
6 127D
with
1 1),
®=|{57 D lcwy, (B7)
C o]
T oa=(r|[ 725412),. 7254 t)1Ir). (B8)

The constants7;; are obtained from the self-consistent con-

dition such that whert of <R (t)R (0)) goes to zero, it

reduces to the same functlon of a nonrotating dimer. For

instance, after solving EqB3), we obtain
e_ﬁEr

.723(0))52 f dte!“(r|[Zas(1), 725 0)]Ir)

e_ﬁEr

Fod (w—w

—d(wtwy)]. (B9)
With
im (. 72,4(1). 724 0)) = (810
t—0

in the case of a nonrotating dimer, and using E8P), we
found that

|'"2)<ﬁ23 ).72240))
t—
T e P&
:T?Er) f do[8(0—w,)
—6(w+w¢)][l+n(a))]
/23 PEr

Z

[1+ 2n(wy)]

_1
=1

(B11)
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are listed in Appendix A. As discussed before, assuming that
the energy spectrurg, is continuous and after the summa-
tion is executed, we obtain

Tal@)= 7o | 8(w)+ —B'E) RS
T on(w) | O T 27 BID
3
BI2\? 67 b o
-l w22
> BIE’e . (B14)
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