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Abstract

The main goal of this thesis is to present cosmological perturbation theory (based
on the standard Friedmann cosmological model) in volume-preserving coordinates,
which then provides a suitable basis for studies in cosmological averaging. We review
perturbation theory to second order, allowing for averaging to second order in future
research. To solve the averaging problem we need a method of covariantly and gauge
invariantly averaging tensorial objects on a background manifold. This is a very dif-
ficult problem. However, the definition of an average takes on a particularly simple
form when written in a system of volume-preserving coordinates. Therefore, we de-
velop a three dimensional and a four dimensional volume-preserving coordinate gauge

in this thesis that can be used for averaging in cosmological perturbation theory.
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Chapter 1

Introduction

Cosmology is the study of the dynamics of the Universe on the largest of scales. A
cosmologist takes the view that the large-scale Universe is a complete, self-contained
system. The Universe is not a random clustering of matter arbitrarily distributed
throughout space; rather, its constituents, through gravitational interaction, have
created a self-contained, dynamical system that we can study. In cosmology, we often
take constituents to be galaxies. Compared to the size of the Universe, we consider

these galaxies to be extremely small.

Observations show that galaxies are distributed fairly uniformly as there are no
regions of the Universe that are either particularly dense nor particularly devoid of
galaxies. This has allowed researchers to assume that the galaxies at the present
time are spatially homogeneously distributed. The “Cosmological Principle” asserts
that the universe is spatially homogeneous everywhere and is also isotropic in every
orientation. The Universe, in other words, is the same at every point at a given time,
meaning that an observer would be unable distinguish one spatial direction from
another. Observations suggest on scales of 200 — 300 Mpc and larger, the Universe

appears to be homogeneous, see [98, 113].

The Wilkinson Microwave Anisotropy Probe (WMAP) was launched into space
by NASA to allow measurement of the Cosmic Microwave Background (CMB). The
CMB is radiation left over from the big bang at the beginning of the Universe. This
CMB radiation has a temperature of 2.7 K which has been measured to an accu-
racy of 20uK. These precise measurements show us that there are anisotropies and
inhomogeneities caused by an inhomogeneous distribution of radiation. Since the
standard cosmological model does not account for these inhomogeneities in the CMB

it is therefore necessary to study inhomogeneous models.

Also of interest are observations of Type la supernovae. These supernovae are

considered to be the “standard candles” for measuring the expansion of the Universe
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since they have similar spectral time series, light curve shapes, and absolute mag-
nitudes [94]. The furthest supernovae can be measured to be approximately seven
billion light years away. The light from these supernovae was affected by the expan-
sion of the Universe as it travelled through space. Therefore the light undergoes a
Doppler shift. Since the supernovae are moving away from us, the light is red-shifted,
meaning it has shifted towards longer wavelengths. As we view objects at greater
and greater distances, measurements of the amount of red shift of the light from very
distant objects indicate that the expansion of the Universe is accelerating.

The observations of anisotropies in the CMB from WMAP and the recent su-
pernovae Type la data are both unable to be predicted and fully explained using a
standard model without also introducing exotic fields into the model. Therefore, a

new model must be constructed to account for this behaviour within the system.

1.1 Perturbation Theory

The standard cosmological model used to date is the Friedmann-Lemaitre-Robertson-
Walker (FLRW) model. This model is based on an assumption that the Universe is
spatially homogeneous and isotropic. With this model we can evaluate the average
expansion of the large scale Universe following Einstein’s theory of general relativity
(GR) using Einstein’s field equations (EFE). Following Einstein’s theory and using
the FLRW model we have been able to describe the Universe from a very dense, hot,
radiation dominated state, to the current, cooler, lower density, matter dominated
state.

However, the FLRW model uses the assumption of spatial homogeneity which is
unable to describe the complex distribution of matter and energy that we observe in
the Universe around us. The aim of perturbation theory is to construct a model that
can better describe the actual spatial inhomogeneity and anisotropic distribution of
matter and energy. The FLRW model will be used as a background solution within
which we will study the inhomogeneous perturbations order by order.

In order to use the FLRW model as a background solution to describe the inhomo-
geneous distribution of matter and energy, we will be assigning a mapping between the
homogeneous background and the inhomogeneous perturbed spacetime. The FLRW

model has an obvious time slicing of a four-dimensional (3+1) spacetime. Since GR
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has no preferred set of coordinates, we must choose a coordinate system that will
assign a mapping between spacetime points in the inhomogeneous Universe and the
homogeneous background model. However, the process of decomposing variables into
perturbations and background is not a covariant procedure. Therefore, within GR we
are free to choose any coordinate system with which to make our gauge, but the very
process of constructing perturbative variables means that the gauge we choose will
necessarily produce quantities which may not be physically interpretable. Bardeen
was able to construct gauges while retaining physical interpretability by studying the
behaviour of quantities on hypersurfaces [3]. Bardeen showed that by fixing four de-
grees of freedom within the metric, we are able to reinstate covariance into the theory
and construct interpretable quantities [77]. The freedom to choose our coordinate
system is known as the gauge freedom, or gauge problem, in GR perturbation theory.
A better description of the gauge problem is presented in Chapter 5.

While addressing the gauge issue will be a large part of this thesis, the aim is to
also provide a full review of perturbation theory to be used in future research. In
particular, we must discuss how to construct a variety of gauge-invariant variables
so that we will have a variety of gauges to be used in different cosmological models.
The dynamical equations for general scalars, vectors, and tensor perturbations will
be reviewed. At linear order, the dynamical equations are relatively simple since at
linear order the scalar, vector, and tensor variables decouple from one another. At
second order, things become much more difficult. At second order the perturbations
involve terms which are quadratic in first order perturbations. Solving the linear
order equations in a particular coordinate gauge at first order analytically will be
possible, but doing so at second order is far more complicated. Solving the second
order equations will be the subject of future research as the second order solutions

may provide additional qualitative results.

1.2 Averaging in Cosmology

We have already briefly introduced an issue with the current standard cosmological
model; the Universe is not spatially homogeneous or isotropic on local scales. Cor-
recting the governing equations can be done theoretically by averaging the EFE [99].

Averaging the inhomogeneous spacetimes in Einstein’s GR can lead to very different
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dynamical behaviour from the FLRW background. The difference in the dynamical
behaviour is caused by the non-linearity of the Einstein tensor. Even if that metric
that best describes the Universe is the FLRW metric, we are not guaranteed that
the dynamical behaviour of the physical quantities will behave like FLRW quantities.
Corrections within the dynamics may arise in the form of an effective fluid known as
cosmological backreaction. The backreaction may have great effect on the dynamics
including the expansion rate of the Universe. Therefore, a solution to the averaging
problem is of great consequence in cosmology since the affect on the expansion rate
could greatly change how we observe the Universe; i.e., how we interpret Type la
supernovae distances. In order to solve the averaging problem we need a method
for covariantly (and gauge-invariantly) averaging tensorial objects on a background

manifold. Unfortunately, this is a very difficult problem.

While many different averaging schemes have been constructed, one technique of
particular importance to this thesis was developed by Gasperini, Marozzi, Nugier,
and Veneziano [39] in which they define a covariant and gauge-invariant formalism
for averaging objects on light-cones. This formalism can analyse the effects of inho-
mogeneities on objects on a light-like hypersurface and objects on a two-surface em-
bedded in a specific light-cone. However, in this averaging procedure it is uncertain
whether a true average over the whole past light-cone can be obtained since averaged
quantities are susceptible to inhomogeneities over the whole past-light cone. With
more detailed calculations using this technique [39], we may be able to provide a phys-
ical surface on which the true average can be calculated. Another averaging scheme
has been constructed in terms of bilocal operators which are covariant and linear.
The averaged object will have the same tensorial character as the non-averaged ob-
ject [24]. In any manifold with a volume n-form there exist locally volume-preserving
divergence-free operators, in which the bilocal operator takes the simplest possible
form, essentially identity maps. The definition of an average consequently takes on a
particularly simple form when written in a system of volume-preserving coordinates
(VPC). One selects a VPC coordinate system and uses the coordinate directions to
define the bilocal operators and therefore the bilocal operators are not unique and

are gauge dependent.



1.2.1 Background

The cosmological backreaction in perturbation theory has typically been evaluated
in a specific coordinate system — synchronous coordinates. This coordinate system
is locked to the cold dark matter (CDM), so that the CDM comoves with it. Syn-
chronous gauge is constructed by using this synchronous coordinate system with gauge
conditions and is both numerically useful and convenient since the averages preserve
the number density of CDM perturbations; however, it is not necessarily the best
choice of coordinates theoretically [13]. Another approach would be to instead work
with flat gauge or longitudinal gauge, and an appropriate coordinate system. These
gauges take on a much more simplistic form than synchronous gauge for the purposes
of calculating the backreaction, since the spatial metric is purely diagonal. However,
they have their own drawbacks, chiefly, the power spectra of the perturbations is ex-
tremely poorly behaved on superhorizon scales and the perturbations are also made
problematic by the averaging scheme [13].
Past approaches to averaging within perturbation theory (see, e.g., Brown, Behrend,

and Malik [15]) have been based on the “Buchert approach” [22], which involves per-
forming a (3+1) split and defining a three-volume on the spatial hypersurface in which

one averages

(A) = VLD/AJECF’X (1.1)

where h is the metric determinant of the induced three-metric h;; and Vp is the
volume of our domain. The volume, and the averages, within these domains are then
dependent on the perturbations, which makes these calculations extremely tricky and
conceptually displeasing.

We can instead consider other coordinate (or gauge) choices in which to take the
averages. We can choose to work in a gauge that simplifies the numerical calculation
of the average. For example, a gauge could be chosen such that to second order the

effective energy density of the backreaction is of the form

P [ P(R)AGK)B* (W) (1.2)

where A(k) and B*(k) are linear perturbations and P(k) is the primordial power
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spectra, typically assumed to arise from inflation, [14, 77]. In this form only quadratic
combinations of linear perturbations contribute and are achieved through the uniform
or flat curvature gauge. Averaging in this gauge, however, appears to be exceedingly

unwieldy:.

1.3 Gauges and Volume-Preserving Coordinates

Different gauges used in perturbation theory to study the backreaction lead to an am-
biguity in the definition of the spatial volume which is, of course, of huge importance
to the averaging procedure. From previous studies, (see [15]), it also does not appear
that there is a gauge in which the backreaction terms take on a particularily simple
form. The definition of average is not mathematically well defined in all applications.
Therefore, to simplify our averaging procedure we shall work in a gauge with VPC.

In the flat gauge the spatial surfaces align with the surfaces of the FLRW back-
ground and the inhomogeneities are embedded in the choice of threading (the choice
of spatial coordinates on a given conformal time hypersurface) effectively removing
the curvature correction; see [15]. This gauge also reduces the metric determinant
for scalar perturbations to a constant comoving volume of a spatial domain, which
simplifies the averaging procedure [13].

The longitudinal gauge does not remove any of the specific individual correc-
tion terms; rather, the perturbation of the 3-metric is diagonalised, removing the
anisotropic stress terms and we choose the shift (Eq. (2.12)) to vanish to complete
the gauge. This vanishing shift causes the curvature correction to be considerably
simplified; see [27] and [40]. The longitudinal gauge also provides a clear interpreta-
tion of the gravitational potential and spatial curvature. These quantities also remain
small on all scales studied, see [15]. However, the longitudinal gauge is still quite com-
plex when studying the backreaction, and although it yields the simplest correction
term forms, it is not a natural gauge choice for introducing VPC.

There are two options which we will discuss in order to choose an appropriate
VPC gauge which we introduce briefly here and then rigorously define these gauges
in Chapter 7.

1.The 3D VPC Gauge
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We will take a gauge which is already known and use VPC in that gauge. Of particular
use will be a 3D gauge that uses the 341 foliation, which relies upon a non-covariant
(34+1) split, especially when restricting ourselves to the scalar perturbations. We
will choose to work in flat gauge even though it is a “comoving” volume-preserving
gauge rather than a volume preserving coordinate gauge. Despite the fact that it
is comoving, the flat gauge is appropriate since the volume element becomes simply
a®(n), which cancels out in the average [13]. This gauge can be easily adapted to
VPC.

2.The 4D VPC Gauge

The second option will require us to choose a 4D VPC system which is well motivated
on a theoretical level [13]. This 4D VPC system will be, by definition, well suited
for unimodular gravity, which we will be turning to in future research. The aim is to
average in a 4D region in a VPC gauge at linear and higher orders. Of course, once
we have developed the gauge and gauge transformation equations we will be able to
transform quantities from any gauge in the VPC gauge, average the quantity, and

then transform the quantities back into the original gauge for interpretation.

It deserves clarification that a choice of coordinates is different from a choice of
gauge. A gauge choice will construct the mapping between the FLRW background
and our “physical” perturbed surface. A gauge transformation will not change the
background model but will affect the way the points on the perturbed surface are
mapped to points on the background model. In GR we are free to use any coordinate
system so we can use appropriate coordinates for the problem at hand. The freedom
to make any coordinate choice on the other hand is an important feature arising from
the covariance of GR. However, there are gauges which are more natural to VPC.
When it comes to cosmology the gauge transformation selects the variables one will
be taking as “physical” — that is, it chooses the variables to be calculated. Performing
a coordinate transformation to enforce a unit metric determinant does not necessarily

change the gauge.



1.4 Overview

In Chapter 2 through Chapter 4 we will discuss the generic equations needed for per-
turbation theory, following the thorough review of [77]. Chapter 5 will construct the
necessary gauge transformations while Chapter 6 will construct the gauge invariant
variables in the longitudinal, Chapter 6.1, and flat, Chapter 6.2, gauges. We will rig-
orously construct and discuss appropriate VPC gauges in Chapter 7 and how these
gauges will be used in cosmological averaging. Chapter 8 will look at some of the
dynamics of perturbation theory within the different types of perturbations. Finally
in Chapter 9 we will conclude this thesis with a discussion of the results and the

research prospects for the future.



Chapter 2

Perturbations in Cosmology

In Chapter 1 we discussed how the standard FLRW model is based on the assump-
tion that the Universe is spatially homogeneous and isotropic. This FLRW model
gives us an approximate description of the structure and dynamics of the observable
Universe. Therefore, a perturbed approach which describes the physical quantities to
be composed of background and perturbations is presumed to be valid.

Previous conventions have split the four dimensional FLRW spacetime into a
(34+1) decomposition; the same convention will be used here. This chapter will de-
fine arbitrary perturbations for tensorial quantities and then start decomposing the
vectors and tensors into “time” and “space” components on the spatial hypersurfaces.

For example, a comma is used to denote partial derivatives with respect to co-

moving spatial coordinates unless otherwise indicated; i.e.,

oT
’ ox’

(2.1)
A prime is used to denote derivatives with respect to conformal time which is a
different convention to [77]. We mainly use the definitions and notation from Malik

and Wands [77].

2.1 Defining Perturbations

As we discussed in Chapter 1, we will be splitting quantities into a homogeneous

background and inhomogeneous perturbations
T(n,2') = To(n) + 6T (1, 2") . (2:2)

where the subscript zero in this equation indicates the homogeneous background
quantities.
As we can see the background is time-dependent only and the inhomogeneous

perturbations are dependent on both space and time. We will also be interested
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in higher orders of perturbations which will be expressed as part of a power series

expansion of the inhomogeneous perturbation quantities

n

i € i
n=1
where the subscript n denotes the order of the perturbations and we include the small
parameter €. In the following chapters we shall omit the ¢ in an effort to keep the

equations as simple as possible.

2.2 Decomposing Tensorial Quantities

The standard convention for arranging our 4 dimensional spacetime is to split them
using a 341 foliation of constant time. This 341 convention was first introduced by
Darmois in 1927 (see Ref. [41]) and popularised by Arnowitt, Deser and Misner [2]

(for conditions on the existence of the foliation see Ref. [109]).

2.2.1 Vectors

In order for us to use perturbation theory to its full potential we need to be able to
decompose all objects into constituent parts. Therefore, we seperate here an arbitrary

four vector, U*, into temporal and spatial parts,
u = [uu' . (2.4)

Here we identify U as a scalar on spatial hypersurfaces. We can further decompose
the spatial part of the four-vector, U?, into a further scalar part U and a vector part

ui

vec?

U= 66U, + Ul

(2.5)
where OU*

i ./0z" = 0. The designations scalar and vector refer back to Bardeen [3] as

they are defined by their transformation behaviour on spatial hypersurfaces of & and
Usee:

In an isotropic Universe, like the one used in our FLRW background, there are
no preferred directions. No preferred direction corresponds to there being no spatial

vector part at zeroth order. However, there can be a non-zero temporal part:

Uy #0,  U=0. (2.6)
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2.2.2 Tensors

A rank-two tensor can also be decomposed into time and spatial part, but a tensor
will also have combined time and space components.

We require the metric tensor, g,,, to be symmetric;

Gpv = Gy - (2.7)

The symmetry of the metric tensor means the tensor has only ten independent com-
ponents in four dimensions. We split the metric tensor into a background and a
perturbed part first, using Eq. (2.2). Tt is useful to split the metric perturbation into
different parts namely scalar, vector or tensor according to their transformation prop-
erties on spatial hypersurfaces [3, 104]. Each of these components are then expanded
into first and higher order parts using Eq. (2.3).

First we can describe our background spacetime by a spatially lat FLRW back-

ground metric

ds* = a® [—dn* + 0;;dz'd2’] | (2.8)

where 7 is conformal time and a = a(n) is the scale factor. The cosmic time, measured
by observers at fixed comoving spatial coordinates, ', is given by ¢ = [ a(n) dn.

The perturbed part of the metric tensor can be written as

Sgoo = —2a°¢, (2.9)
6goi = a’Bi, (2.10)
592‘3‘ = 2a2Cij . (211)

The 0i and the 25-components of the metric tensor can be further decomposed into

scalar, vector and tensor parts

)

B;
1
Cij - —w 5ij + E,ij + F(i,j) + §HZ] 5 (213)

where ¢, B, ¢ and F are scalar metric perturbations, S; and F; are vector metric

perturbations, and H;; is a tensor metric perturbation, which we will now define.
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The round brackets surrounding the indices of the spatial derivatives of the vector F;
indicates symmetrization.

The scalar metric perturbation, ¢, lapse function, ¢, and curvature perturbations
which make up the scalar shear, B and FE, can be constructed from a scalar or scalar
derivatives or from background quantities. We should note that any three-vector
constructed from a scalar is curl-free; ie., B ;) = 0. Vector perturbations, S; and
F;, are divergence-free and the tensor perturbation, H;;, is a transverse and traceless

tensor. Therefore, the vectors and tensor perturbations follow

9'S; = 0, (2.14)
O'F, = 0, (2.15)
OHy; = H, =9, (2.16)
H = 0. (2.17)

When raising and lowering spatial indices of vector and tensor perturbations we
use the comoving background spatial metric, d;;, so that, for instance, H, f = §*Hy.

We split the metric perturbation into these three types because it is possible to
decouple the EFE at linear order; therefore we can solve each perturbation type
separately. At higher orders, n > 1, the perturbation types no longer decouple within
the governing equations [89].

With these different perturbation types we have four scalar functions, two spatial
vector valued functions with three components each, and a symmetric spatial tensor
with six components. These functions are subject to many constraints due to the
construction of these perturbation types. There are four constraints from H;; as
it is transverse and traceless and two constraints from F; and S; as these vectors
are divergence-free. With these constraints we have constructed variables that leave
us with ten degrees of freedom. This is the same as the number of independent
components of the metric perturbation.

The choice of variables is not unique and we follow the notation of Mukhanov,
Feldman, and Brandenberger [86]. It will be useful to define explicitly the trace of

the perturbed spatial metric as

C=Cl= -3¢+ 0,0E. (2.18)
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At first order the trace coincides with the perturbation of the determinant of the

spatial metric. Including terms up to second order we have

det (6;; +2C;;) = 1+2C+2(C* —CyCY)
= 1—-6¢Y+20,0"FE
+12¢? — 80,0"E + 2(9,0"E)* — 28 E Y QFMFiyj
—%HUH”' —2E ;HY — 2F, ;HY . (2.19)
The metric perturbations in Eqs. (2.9-2.13) include all orders. The complete

metric tensor, up to and including second-order, is

goo = —a (1+2¢1 + ¢2) ,
1
goi = a (Bu + §B2i> ;
g = a*[0y + 201 + Cayjl (2.20)

where the subscript numeral indicates the order of the perturbation. Also the first and
second order perturbations can be further split according to Eqs. (2.12) and (2.13).

The contravariant metric tensor follows from the constraint (to the required order),

g 97 =10, (2.21)
which up to second-order gives
g° = —a?[1 =261 — ¢ +46:° — BuB,"]
. ) 1. ) )
g" = a7 |B'+ By’ —2¢: B — 2Bu\ " |

2
g7 = a?[6" 20,7 - C,7 +4C,*C,) - B'B/] . (2.22)



Chapter 3

Geometry of Hypersurface

In this chapter we consider the geometry of the foliation at linear order from [77]. A

summary of the second order results can be found in Appendix D.

3.1 Timelike Vector Fields

We are able to use the perturbed metric given in Section 2.2.2 to implicitly define a

unit time-like vector field orthogonal to constant n-hypersurfaces,
subject to the constraint
n'n, = —1. (3.2)

This vector field coincides with the four-velocity of matter and the expansion of the
velocity field & = 3H in the FLRW background, where H is the Hubble expansion

rate. The conformal Hubble parameter is defined as
H=aH. (3.3)

We will use the the vector field n” to calculate geometrical quantities defined by the
perturbed metric tensor. It should be noted here that the vector field n* does not
need to coincide to the four-velocity of matter fields at first order and beyond.

Up to and including second order, the covariant vector field is

1 1
m= a1+ on+ o+ g (BuBt - 60) 0] (3.4
and the contravariant vector field is
1 1 3 1
n' = - [1 — ¢ — §¢2 + §¢% — iBlka} )
n = E - Bl + §B2 + 2B1k01 + (blBl : (35)

14
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3.2 Geometrical Quantities

We can decompose the covariant derivative of a time-like unit vector field n, as
follows [109]:
1
Ny = 50 Pu + 0 + wp —aun,, (3.6)

where the spatial projection tensor P, , orthogonal to n*, is given by
P/LV = Guv + Ny (37)

The overall expansion rate, the (trace-free and symmetric) shear, the (antisym-

metric) vorticity and the acceleration are

0 = n“;u , (3.8)

0 — %7) P B (s + M) — 0P (3.9)
O — %P;Pf (Mg — M) (3.10)

a, = ny,n” . (3.11)

On spatial hypersurfaces the expansion, shear, vorticity and acceleration coincide
with their Newtonian counterparts in fluid dynamics [42, 102].

If we take the Lie derivative of the projection tensor we used in Eq. (3.7), P,
along the vector field n*, we can express the extrinsic curvature of the hypersurface
embedded in the higher-dimensional spacetime [109, 26]. The extrinsic curvature of

the spatial hypersurfaces defined by n,, is thus given by
1 1
KMV = §£n7)uu - ’PyAnM;A = 5973#'/ + O <3'12)
To first order, the intrinsic curvature of spatial hypersurfaces is
4
GR, = — 00"y . (3.13)
a

The scalar part of the shear (3.9) up to first order is given by

1
O1i5 = (aza] — g@aaa&j) aon , (314)
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where we define the shear potential
01 EE;-Bl (315)

The vector part and the tensor part are

O-Yij =a (F{(i,j) - Bl(i,j)) ; (3.16)
a
JlTij =5 1ij - (3.17)

To first order the acceleration is

The expansion rate up to first order is given by
3 ro Ly o
9125 H—-Ho— +§3a80 . (3.19)

The overall expansion, up to second order is given by

/

1 a a /
92 - 5 [ 35 - 35¢1 + Clkk — Blk’f

3a/ 1
_5% (¢2 — 3¢12) + 5 (CQkk/ _ BQ}J@) + ¢ (Blkl,{ — Clkk/>

3a

a ’ ’

The intrinsic spatial curvature, shear and acceleration of n, are given up to second

order in Appendix D in a special case where n; = 0.



Chapter 4
Energy-Momentum Tensor for Fluids

GR allows us to describe the geometry of spacetime since spacetime is affected by the
matter content of the Universe. The metric tensor is affected by the perturbations of
the matter content as described by the energy-momentum tensor. In this chapter we
will construct the energy-momentum tensor for a single fluid.

The four-velocity of matter, v*, is defined by
b= — 4.1
where 1 is the proper time comoving with the fluid, subject to the constraint
vt = —1. (4.2)

The 4-velocity up to second order is given by

1 1 1
Vg = —a {1 + o1+ §¢2 — §¢12 + 5011#1]4 ;

1
v, = a [Uu‘ + By + 3 (vo; + Bo;) — 1By + QCuka} ;

_ 1 3 1
v = a! [1 —¢1— §¢2 + §¢12 + §Ulkvf + Ulk:Bf:| ;
i i, 1
v'o= a v+ Jv2 ) - (4.3)
The spatial part of the velocity can be split following Eq. (2.5) as
o' = v+ 0! (4.4)

where v is the scalar component and v! is the transverse vector component, 9v} = 0.

4.1 Single Fluid

The energy-momentum tensor of a fluid with density, p, isotropic pressure, P and

4-velocity, v*, as given by Eq. (4.3), is defined as
Ty = (p+P) VU + Py + T (4.5)

17
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see [33, 35, 49, 102, 112]. The anisotropic stress tensor 7, is split into first and
second order parts as defined in Eq. (2.3),

1
Ty = Tipw + 571—2;11/ ) (46>
and is subject to the constraints
T’ =0, i, =0. (4.7)

The anisotropic stress vanishes for a perfect fluid.
The anisotropic stress tensor decomposes into a trace-free scalar part, II, a vector

part, II;, and a tensor part, II;;, at each order according to

Rl
1

1
7Tij = CL2 H’ij — gﬁaaaﬂ&j + 5 (Hi,j + Hj’i) + Hij . (48)

The components for the stress energy tensor order by order starting with the back-

ground are
T%=-p, Ti=0, T;=0PR, (4.9)
at first order,
BTY = —ép1, (4.10)
TS = (po+ Po) (vii + Bui) (4.11)
Wor'; = 6P +a?m) 5, (4.12)
and at second order,
25T00 = —0p2 — 2 (po + Fy) vix (Ulk + Blk) , (4.13)

T = (po+ Po) [U% + Byi + 4C130," — 261 (vy; + 2311‘)}
2
+2 (6/)1 + 5P1) (UU + Blz) + ? (Bif + Uf) T1ik » (414)

J J -2, 4 i i
2‘5sz = 00" +a 2y i qu?ﬁjk +2(po + Fo) vj (v1; + Byy) - (4.15)



Chapter 5
Gauge Transformations

Within this chapter we review how one transforms quantities from one gauge to
another. For a detailed review of the construction of gauge transformations see [3,
104, 85, 19, 74].

As was previously discussed in section 1.1, the gauge issue arises in perturbation
theory when discussing the gauge transformations. Any time we separate a system
into background and perturbations we inevitably break covariance [77]. The non-
covariance of the procedure causes a gauge dependence, but since the background is
fully covariant, the gauge dependence effects only the perturbations.

We retain as much covariance as possible by eliminating the degrees of freedom.
In Chapter 6 we show how the gauge dependencies can be made to cancel out by
constructing gauge-invariant variables, which means that the quantities will not lose
their qualitative behaviour when transforming from one gauge to another. We will

show here the transformation equations for scalar, vector, and tensor fields.

5.1 Active Approach to Gauge Transformations

The active approach to gauge transformations starts with the exponential map, which
allows us to write down how a tensor T transforms up to second order once the vector
field generator of the gauge transformation, £#, has been specified. The exponential

map is

T =e’eT, (5.1)
where £¢ denotes the Lie derivative with respect to £ defined as
Lep =, (5.2)

where ¢ is an arbitrary scalar field.

The vector field generating the transformation, £*, up to second order is

& = et + 288+ O(E). (5.3)

19
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The exponential map can be expanded as
Loy 1,
exp(£e) =1+ efy, —|—§€ £§1—|—§6 Le, + ... (5.4)
where we keep terms up to O(e?). Splitting the tensor T up to second order, as given

in Eq. (2.3), and collecting terms of like order in ¢, we find that tensorial quantities

transform (see [85, 19]) at zero order as

Ty, = Ty, (5.5)
at first order as
T, = T,+ LTy, (5.6)
and at second order as
Ty = (To+Le,To+ L3 T+ 2L Ty) . (5.7)

As can be seen in Eq.(5.5), the background is not affected by the transformation.

5.2 Four-Scalar Gauge Transformations

We will now apply the active approach by studying the simplest tensorial quantity,
the four-scalar.
From Eqs. (2.2) and (2.3) we get the perturbed energy density, an example of a

four-scalar, up to second order as

1
p=potpL+ 5P2 (5.8)

where, as before, the subscript indicates the order of perturbation.

5.2.1 First Order

Before we can study the transformation behaviour of the perturbations at first order,
we split the generating vector &) into a scalar temporal part a; and a spatial scalar

and vector part, 3; and 7,°. The generating vector field therefore becomes

& = (051751,i +’Y1i) ) (5.9)
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where the vector part is divergence-free: 9;v,* = 0.
Under a first-order transformation a four-scalar, such as the energy density, p,

transforms from Egs. (5.5) and (5.2)
p1 = p1+ poou - (5.10)

Therefore, the first-order density perturbation is fully determined by the time slicing,

aq. For a general scalar ¢, 51 = ¢1 + Py so 51 is gauge-invariant if ¢, = 0.

5.2.2 Second Order

At second order we split the generating vector £ again into a scalar time and scalar

and vector spatial parts as
& = (a2, By, + %) (5.11)
where the vector part is divergence-free 9,7, = 0. We then find from Egs. (5.7) and

(5.2) that a four scalar transforms as
p2 = p2+poaz + ai(pyar + ppar’ +2p1)
+ 2o+ Péal),k (@,k +7%). (5.12)

Thus, at second order, the gauge transformation is fully determined once we have
specified the time-slicing at first and second order («; and «as) and have also specified

the threading to first order (5; and ;).

5.3 Tensor Gauge Transformations

5.3.1 First Order

We can now calculate how the first order metric perturbations change under a gauge
transformation. The Lie derivative of a covariant tensor t,, with respect to the

generating vector field £* is given as

£§tw/ - tw/,)\g/\ + tu)\g)\, v+ t)\l/g)\, IO (513)

At first order, the metric perturbations transform according to Eq. (5.6).
The transformations for each individual metric function can be obtained from Eq.
(5.13) using the method from [77]. From the Lie derivative in Eq. (5.13) we can show

the transformation behaviour of C';; as
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251@‘ = 2015 + 2Hon 655 + Eiiy + i - (5.14)

Following the method thoroughly discussed in [77] we can find the transformation
behaviour of the spatial metric functions. The transformations of the scalar metric

perturbations are

o1 = ¢+ Ha +a),
Y1 = Y1 —Ha,

By = Bi—ai+ i,
Ey = Ei1+ b1,

and the vector perturbations are

By = By + & — s (5.19)
Sio= S (5.20)
F' = F'+v". (5.21)

hiij = hasj (5.22)

by substituting Eqs. (5.15) to (5.21) into Eq. (5.14).
We note that the scalar shear potential, oy = E] — By, defined in Eq. (3.15)
transforms as

Oﬂ'vl =01+ Q. (523)

5.3.2 Second Order
The metric tensor transforms at second order, from Eqs. (5.7) and (5.13), as
G = Gt 0+ InE o+ 08+ 2|+ 9E L+ 008D ]

AR GRunED bl + 2] aETED T G oI Rl T
000 (€ ol 68 oE0 ) + 08 (6 el + €1 a2 - (5.24)
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Following [77], we can again extract the perturbed spatial part of the metric, Cs;,

transformation at second order as
252@' = 209 + 2Has0i; + &2 j + o5 + Xij (5.25)

where &; contains the terms quadratic in the first order perturbations defined below
in Eq. (5.30). By following the method in [77] we can extract the transformation

equations for each individual component. The scalar metric perturbations transform

as
- 1 1 g
¢2 = ¢2 — Hay — Zka + Zv_zxw’lj ) (526)
52 = ¢+ Has+ ' + [041” +5Hay + ('H’ + 27—[2) ap +4Ho + 2¢/1]
+2a1" (" + 2¢1) + &1k (i’ + Hag + 2¢1)7k
ey |t = 2By - f/} ; (5.27)
Ey=FE Syey2yi Ly 5.28
2 = 2+B2+Z i g ko (5.28)
and
By = By — an + By + V2455 | (5.29)

where &;; and X'p; contains the terms quadratic in the first order perturbations. These

terms are defined as

"

a
X = 2[ (7—[2 + ;) a% +H (0410/1 + Oél,kflk) }(51"
+4 [al (Cli; + 2MHChij) + Criju&y” + Crn&l® ; + Cuié&l®
+2 (Byionj + Byjon ;) +4Hoq (§1ij + &) — 200005 + 251k,i§1k
+aoy (fii,j + gij,i) + (&rige + Ejan) &°

7j

+§1i,k£1k jT flj,k&k i &L+ ﬂjal,i ; (5.30)
and
Api = 2 [ (2HBy; + By;) o + Bli,kff — 201001 ; + Blkff .+ By + chikff/
+4Hon (§; — any) + ) (&) — 3an;) + o ( 1 — 0/1,1')
+ff/ (Evig + 2600s) + EF (ﬂzk — Otuk) — Oél,kff i (5.31)

where V2 is the inverse Laplacian.
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The following vector perturbations are parts of the three-metric perturbation

rather than four-vectors and transform as

By = B+ &, — oo+ Xp,, (5.32)
Fy = Foi+yai+ V_2X,-k7 k— V_QV_QX’“{,C“ : (5.33)
S = Soi— 7y — Xp; + V7 2ABF,,. (5.34)

The tensor perturbation is not gauge invariant at second order as it is at first

order. Therefore, it transforms at second order as
~ 1o k Il o2k
hoij = hoij + Xij 4 5 (V72X = X5 by + SV VX,

1
+§v—2xkk7ij V(X F X ) (5.35)

5.4 Four-Vector Gauge Transformations

To examine the transformation properties of four-vectors we will use the unit four-

velocity v, which we defined in Eq. (4.3).

5.4.1 First Order

To define the transformation of a four-vector to first order we use Eq. (5.5) and the
definition of the Lie derivative. The Lie derivative of a covariant vector v, with

respect to the generating vector field £* is defined as
Lev, = V68" + 0,87, (5.36)
Now we can explicitly write the four-vector transformation as
Uy, = U, + Uy, 1 + Uop &L, (5.37)

where we used the fact that in a FLRW spacetime, background quantities are time
dependent only.
For the specific example of the four-velocity, defined in Eq. (4.3), we find

Ut 4 By = vi; + By — - (5.38)
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In addition, using, the decompositions of vectors given in Chapter (2.2.1), we get the

first order transformations for the scalar part and the vector part are respectively

5= — B, (5.39)

)

% i/
Vel = Uyeel — 71 - (540)

5.4.2 Second Order

At second order we find that a four-vector transforms, using Eqgs. (5.7) and (5.36), as

Zj{\g; = Z/{Q“ + u(/O)uOQ + U(())()Oézhu + U(/E))“Oé% + u(/O)uOélJ\gi\ (541)
—1—22/{(’0)0(110417“ + U)o (5?041,;1,\ + Oél,)ﬁi\,u) +2 (5U1N,A§I\ + 52/{1,\51\,“) )

where, as before, we used Ug),, = U(o)u(1) and Uy = O for the background. Brackets
were used in Eq. (5.41) to help with the identification of the order of the quantites
and will only be used when the subscripts become overly cluttered.

At second order we have components within quantities which are combined scalar
and vector parts. Therefore the transformations have to account for these terms. The

four-velocity, Eq. (4.3), transforms as
Vg = Vg — & + X s (5.42)

where &; contains the terms quadratic in the first order perturbations. X,; is given

by

Xoi= &, (201 + ) +2Hay) — anl
—fffiz‘,k + &7 &k — 200 (), + How) + 201487 — 207615 . (5.43)

Using Eq. (5.32), we have already substituted for the transformation of the metric
perturbation Bs;. To get the transformation at second order for the velocity we

decompose the second order transformation, Eq. (5.42), into scalar and vector parts

172 = U2 — ﬁé + v_Q‘JC‘vk,k: ) (544)

—_—

Uf/ec(2) = U\izec(Q) - ’72i/ + sz‘ - v_2Xvk’ki . (545)



Chapter 6

Gauge-Invariant Variables

As we briefly discussed at the beginning of Chapter 5, the splitting of the quantities
into background and perturbation is not a covariant procedure. The inevitable break
in covariance is because the choice of gauge gives each quantity its qualitative be-
haviour. In order to have covariance of the quantities under gauge transformations
we need to cancel out any gauge dependencies in the quantities. By forming gauge-
imvariant variables we can once again establish covariance. These gauge-invariant

variables were first introduced and studied by Bardeen [3].

The gauge-invariant variables are formed by studying the degrees of freedom. The
metric itself has ten degrees of freedom, of which six are contained in the perturbative
terms. The six degrees of freedom within the perturbations are: two scalar freedoms
which form under arbitrary coordinates, two more degrees of freedom come from the
gradient and divergenceless vector perturbation modes, and the last two degrees of
freedom are in the polarisations of the tensor perturbations. That leaves four degrees
of freedom in the metric to be fixed in order to ensure that the results are still
physically interpretable. Since the observations do not depend on the gauge choice,
this decision to fix the last four degrees of freedom is known as the gauge issue in

perturbation theory.

Here we must state that gauge-invariance is different than gauge independence. In
Chapter 5.3 the first order tensor metric perturbation, hy;;, is gauge independent. On
the other hand, the scalar curvature perturbation, 1, is very different under different

time-slicing, making it dependent upon the choice of gauge.

As when we constructed the gauge transformation equations, at first order the
equations are simple since all the terms decouple. However, at second order, due
to the quadratic terms of first order perturbations, the gauge-invariant variables are
much more complicated to construct. However, once we do choose a gauge, we will

follow that choice throughout all orders.

26
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6.1 Longitudinal Gauge

6.1.1 First Order

By studying the transformations in Eqs. (5.15-5.18), Bardeen [3] was able to con-
struct quantities that are explicitly invariant under gauge transformations. At linear
order we take the generating vector field’s temporal component to be on spatial hy-
persurfaces with vanishing shear. We find from Eqs. (5.17),(5.18) and (3.15) that the
shear scalar transforms as 0, = o1 + a; = 0. This transformation implies that we

should perform a transformation starting with arbitrary coordinates so that

Ay = —01 = Bl — E{ (6].)

where the ¢ denotes the value in the longitudinal gauge. If we make E\;z = 0, which

requires from Eq. (5.18)
/Blf = _El ) (62>

we now have a fully specified generating vector for the scalar perturbation quantities.
The last two scalar metric perturbations, ¢; and v, come from Egs. (5.15) and

(5.16) as

b1 = ¢ +H(B, —E,)+(Bi—E), (6.3)
@ = {1 —H (B — E), (6.4)

These are the Bardeen potentials denoted by ®,4Q° and —®5Q°, respectively, in
Bardeen’s notation [3]. They also coincide with the scalar metric perturbations in
86].

The extension to include vector and tensor metric perturbations is called the
Poisson gauge [9, 19, 23, 77]. By fixing the spatial component of the generating
vector field to be zero, 5’{ = 0, and using Eq. (5.20), we get a fixed vector part of the

spatial gauge transformation
= [ Sidn+ €, (6.

where é{ is an arbitrary three-vector dependent on the choice of spatial coordinates

on the hypersurface. The last gauge invariant vector metric perturbation in Poisson
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gauge is
Fi = F/ + /S;’dn + Ci(a?). (6.6)

The EFE for the Poisson gauge can be found in Appendix (A).

6.1.2 Second Order

We can extend the longitudinal, or Poisson, gauge to higher orders using the same
principle for constructing gauge invariant variables in first order. We choose the
specific vector field £ that generates our transformations, Eq. (5.1), from an arbitrary
gauge choice [75, 87].

In Chapter (6.1.1) we specified the Poisson gauge to fix ay (Eq. 6.1), 81 (Eq. 6.2),
and 71; (Eq. 6.5). Now, we can specify &;; from Eq. (5.30).

We will use the same gauge conditions as first order /E\;g = 0, so the spatial part
of the scalar gauge is fixed using Eq. (5.28), to get

3

o
Boe = —Fy — ZV_QV_2X”,U + ZV_QX]Z- (6.7)

Requiring that the perturbed part of the shift vector is zero, ./_é;g = 0, sets the
temporal gauge using Eq. (5.29). If we also set the vector part as zero, Fi = 0, using
Eq. (5.33), then we can specify the vector part of the spatial gauge, v4,, up to a
constant of integration.

The gauge invariant definition of &, ¥ and other perturbations at second order
can now be found using these gauge transformations in Eq. (5.27) and (5.26). The

results are

(;vgg = ¢o+ Hag + ol + ayy [Ckw” + 5Hay, + (Hl + 27‘[2) oy +4Ho + Q(bﬂ
+2a1/ (g’ +2¢1) + & (e’ + Hone + 2¢1),k

+Elg |af, — 2By — ffel] ; (6.8)
—~ 1 1 ii
¢2f = ¢2 - Haﬂf - Z_J:Xekk + ZV_QXe ],ij y (69)

where Xj;; denotes the quadratic first order terms in Eq. (5.30) using the longitudinal
gauge transforms ay, and &;.
The tensor metric perturbation at second order is independent of the second order

gauge transformations as and &;. Yet, the second order tensor metric perturbation
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is dependent on first order variables, so the second order tensor is dependent on the
first order choice of gauge, oy and &;;. Therefore, our first order gauge choice will
determine our second order tensor gauge invariant definitions. Recent work on the
second order tensor mode in the Poisson gauge has been undertaken in [82, 88, 1, 5, 4].
By including the tracefree and transverse tensor part of the second order gauge
transformation along with Eq. (5.35) we get our gauge invariant definition for the
tensor metric perturbation in the Poisson gauge
~ 1, | R
hatij = haij + Xuij + 5 (V2™ — ) 0 + 5V VXM
Lo ok - k k
+§v QXZk,ij - V 2 (Xfik, j + Xéjk, Z) . (610)

6.2 Spatially Flat Gauge

6.2.1 First Order

The spatially flat or uniform curvature gauge [49, 44, 45, 47, 103] is a gauge choice

in which the metric is left unperturbed by scalar and vector perturbations. This

condition is satisfied by setting ¥g.. = Fhay = 0 and Z/Wf;/m = 0. We can now use

Egs. (5.16), (5.18) and (5.21) to construct our transformation equations (5.9) as

Ofjlat = Bﬂat = _E7 P)/iiiat =—F". (611)

v
IL ’
The last two scalar degrees of freedom to be made gauge invariant are from

Egs. (5.15) and (5.17), which gives

&;=¢+w+(%>, (6.12)
EZMZB—E’—%. (6.13)

From Egs. (5.20) we have the definition of the gauge invariant vector as

Si

flat

=S+ F/. (6.14)

The density perturbation, a scalar quantity, has a gauge invariant definition from

Eq. (5.10), .
Opat = 0p + Py (6.15)
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The shear perturbation is given by og.c = — Baat. Gauge-invariant quantities, such

as By, or {/;l are proportional to the displacement between two different choices of

spatial hypersurface,

Bat = —% = Qfjat — Qy, (6'16)

which would vanish for a homogeneous cosmology.

6.2.2 Second Order

The second order equations for the spatially flat gauge have zz — E = F, = 0 for both
first and second order. First and second order variables will be seperately denoted by
a subscript “1” and “2” respectively. Using Eq. (5.26) we have the gauge condition

that Z/}\; = 0 at second order, allowing us to get

e 1 i
Qo = 77 + o (V2. i — Xiai] (6.17)

where we have Xg,;; from Eq. (5.30) using the first order gauge generators given

above, as

4
Xari; = [% (% + 21/11) + ¢1,k£fﬁat:| i + ﬁ% (Ciij + QHCIij)
+4Clij7k€1ﬂat + (4011k + Slﬁati,k) Slfﬂat,j + (401jk + glﬂat]}k’) gfﬂat,i
1 , , 2
oy [wu (2B1) + Elgagy) + Y15 (281 + flﬂam)] — gVt

2
+ﬂ¢1 (Elat(igy T 4HE fat(i)) + 28t E1ftat(i )k + 281806k, ar »

(6.18)
where we define
itati = — (B + Fui) (6.19)
The trace of Eq. (6.18) is then
Xffatk = {1/}1 <¢1 + 2¢1> + wl kﬁlﬂat:| + wl (Cflk + QHC )
+4CY k,zfmat +4 (20{91 + 51ﬂat, ) Eifiat (k) — 20,0 By ¥ (6.20)
2 1 2 . i
+ﬁ <2Blk + &l fath — ﬁi/JLk) wlf“ — (¢10,0"E} + 4HO,0°E)) .
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The equation for the second order tensor perturbation in the flat gauge is

~ 1 _ 1_ .
hofatij = haij + Xaarij + 5 (V72X — i) 03 + §V AV Xk

1__ _
+§v QXffatk,ij -V ? (Xﬂati]z,j + Xﬂatjkk,i) : (621)



Chapter 7

Volume-Preserving Coordinate Gauges and Spatial

Averaging

7.1 Background

As was previously discussed in Chapter 1.2.1, synchronous and longitudinal gauges
have typically been used for evaluating the cosmological backreaction. Synchronous
gauge is able to provide useful numeric evaluations of the backreaction, but theo-
retically it is not very useful. Using the synchronous gauge, the volume domain is
defined comoving with the CDM. This chosen volume will preserve the number of
particles within the domain but the volume itself will be constantly changing, mak-
ing the average calculation very difficult. As such, the volume-preserving coordinate
(VPC) gauge will be developed as it is well motivated theoretically for averaging in
cosmology.

There are two different VPC gauges that will be developed in this Chapter. The
first is a 3D VPC gauge which will be developed from flat or uniform curvature gauge.
The reason for this construction is because flat gauge will be of particular use when
we restrict ourselves to averaging scalar perturbations. The second VPC gauge that
will be developed will be a 4D VPC gauge. This 4D VPC gauge is motivated on
a theoretical level since it will be, by definition, well suited for unimodular gravity.
Future research will seek to use a 4D VPC gauge to average a 4D region in a VPC

system.

7.2 3D Flat Gauge and Volume-Preserving Coordinates

We choose to work in uniform curvature or flat gauge to develop our 3D VPC. Since
the tensor perturbations are gauge-invariant we cannot simply pick a gauge which is
volume-preserving in general. However, since linear tensor perturbations are subdom-

inant to the scalar perturbations in the standard model of cosmology, it is reasonable
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to assume that the tensor perturbations are negligible since we will be restricting
ourselves to linear order and we will shortly show that tensor perturbations only con-
tribute at higher orders. Flat gauge is not volume-preserving, per se. Rather, it is a
comoving volume-preserving gauge. The volume element becomes simply a®(n), and
these factors cancel in the average. Therefore, in principle, we can formally adapt it
to a VPC.

We shall refer to this generalisation of the flat gauge calculation, restricting our-

selves to scalar perturbations, as a 3D VPC gauge.

7.2.1 3D Flat Gauge

From Eq. (2.20) we know that a gauge-unfixed, flat, perturbed FLRW metric line

element is
ds* = a*(n) (—(1 + 2¢1)dn” + 2Bydndx’ + (6;; + 2C;;) da'da’) . (7.1)

In the (341) split the spatial three-metric is h;; = a® (6;; + 2C;;) [15]. This formalism
identifies the coordinates for the (3+1) slicing in which the gauge of the system is

solved. Simplifying the average then requires enforcing
Vh = f(n) (7.2)
for some function f(n). The metric determinant to second-order is
h=a®(142C+2(C*—-C7Cy)). (7.3)

From this determinant it is immediately clear that to simplify the domain volume

such that the average is not affected by the perturbations, we require
Cij = 0. (7.4)

Remembering that from Eq. (2.13)

1
Cij = _77/15@' + &ajE + F(i,j) + 5 ij (7.5)

we can therefore choose v = E = F; = 0. This exhausts the two scalar and two

vector degrees of freedom (which leaves us with a lapse function, a scalar shift and a
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vector shift). To reduce our gauge transformations into flat gauge we use Eq. (5.13)

and Eq.’s (5.15) to (5.22) to show that

Vgar = 0 = o = %7 (7.6)
Egor =0 — = —F, (7.7)
1,. H
B = 0+ + () = 220), (78)
Bgat = B — E - %’ (7.9)
and
Fviﬂat _ O N ,YZ — _E N Slﬁat o SZ — FZ (710)

Unfortunately, it is impossible to remove the tensor perturbations through a gauge

transformation, and we will be forced to accept
h=a"n) (1-2H"Hy;) . (7.11)

However, in cosmology, the tensor perturbations are suppressed compared to the
scalar perturbations. The ratio of tensor perturbations to scalar perturbations im-
mediately after inflation is quantified by a parameter r. Whether you believe in an
inflationary epoch or not is irrelevant; the observed r is a phenomenological parame-
ter quantifying the power of tensor perturbations compared to scalars. Currently the
bounds are r < 0.1, so it is generally safe to neglect the tensor perturbations. Also,
the corrections that will arise from an average of the tensors will be second order and
therefore a linear VPC is sufficient for this thesis.

Neglecting tensor perturbations, flat gauge gives us an integral within a domain,
7- / AR dEx = a¥(n) / A(x)dx. (7.12)
D D

Clearly, the volume Vp = a*(n) [, d°x, and the average is

| Ax)d*x

Ay =4 /7 = 7.13

)= (7.13)
where x = z°. In any other gauge, Vp will contain additional perturbations and make

the average non-trivially time dependent.
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7.2.2 3D Volume-Preserving Coordinates

Within a flat gauge and removing the tensor perturbations, we can find a time depen-
dent coordinate transformation that would set h = 1. By setting the spatial 3-metric
determinant to unity, the volume of the average will simplify to Vp = [, d°x which is
not time dependent, therefore, Vp = 0, meaning we have a volume preserving domain
to average.

However, we still need to create a coordinate system for our volume preserving
domain. By setting the condition that /—¢g = 1 we solve for our new volume-

preserving time coordinate change as

7= / a*(&)de. (7.14)

In practice, we are now free to perform the calculation in any gauge, then trans-
form the results into a form with unit determinant, use VPC for averaging, and then
convert the results back to our original gauge. However, since the 3D VPC is a “co-
moving” VPC and not a true VPC, this gauge will be useful for averaging scalars. A

4D VPC will be more appropriate for future averaging research.

7.3 Paranjape’s 4D Volume-Vreserving Coordinates

4D VPC’s are much more general. One of the major benefits of these coordinates
is that the use of VPC clarifies the separation between a gauge choice — where the
perturbation equations are solved — and a coordinate choice.

An integral across an arbitrary four-volume is

= /A(x)\/—_gd4x. (7.15)

A volume-preserving gauge is then equivalent to choosing a coordinate system where
the metric determinant is equal to unity, (i.e, g = —1). It is always possible to cast
a metric into such a form.

We can study a field theory explicitly with this restriction on the metric built
in, called Unimodular Gravity. Unimodular gravity is only invariant under volume-
preserving diffeomorphisms and is perhaps a natural theory within which to do aver-

aging [25] since covariance can always be reinstated back into the theory. Unimodular
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gravity was initially formulated by Einstein [32] in order to eliminate problems with
the interpretation of the cosmological constant. More recently, unimodular gravity
has been employed to try to explain observational phenomena without introducing

exotic fields (i.e. dark energy or quintessence) into the theory, [25].

7.3.1 Volume-Preserving Gauge to Linear Order

In his PhD thesis [92], Paranjape defines a volume-preserving gauge to linear order.

The metric determinant of a linearly-perturbed FLRW universe with line element

ds* = a*(n) (—(1 + 2¢)dn® + (0;; + 2C;;) dz'da’) (7.16)
is
g=—a®(1+2¢ — 61 +20°0,F) . (7.17)

Paranjape set up what he terms a wvolume preserving gauge in a manner very
similar to the 3D approach in Chapter 7.1: he declared that he wanted a comouving

VP gauge and proceeded to enforce the gauge condition

¢ =3¢ — D'OE. (7.18)

We should state here that Paranjape used a different definition of @Z =)+ 0,;0'F
so that his spatial metric was formed in a way that the extra components of the
spatial metric are traceless and transverse; i.e. 9'E = §YE;; = 0. With this choice of

gauge, the average of a linear or quadratic perturbation A(x) becomes

=1 / o () A(x)d'x, (7.19)
with any corrections coming in at higher orders. The condition (7.18) can be fixed
employing only one of our two scalar gauge freedoms. A VPC can then be established

through a redefinition of the time coordinate. We know from [92] that the average of

the temporal component of the metric is

(gue) = (=) = =*(1). (7.20)

Therefore, since f2(t) is a function of time, the following VPC coordinate change can

be established as
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PO= ) == (7.21)

This VPC leaves Paranjape with a metric similar to a FLRW metric in a volume-

preserving gauge,

+ a®(t)0;:dxida? 7.22
J

from which he can calculate the averaged EFE. Paranjape used Zalaletdinov’s theory

of Macroscopic Gravity [114] to posit the answer of the FLRW metric from averaging,.

7.3.2 Paranjape’s Metric and Gauge Restrictions

In this section we will apply Paranjape’s gauge restrictions to the general metric and
then change the general metric into our perturbative variables in order to form a VPC

transformation in perturbation theory. In general the metric is

ds* = a*(t) (=(N? = hiyN'N?)dt* + 2(hy; N?)dtdz" + (hy;) da*da’) (7.23)

where the (N? — h;; N'N7) is the lapse, (h;;N'N;) is the shift, and h;; is the spatial

three metric. The determinant of this metric is

g =h(—(N* — hy;N'N’) — N;h;;N;) = —N?h = —1. (7.24)

In his thesis, Paranjape used two gauge restrictions in order to try to make his
averaging equations easier to use. One gauge restriction, of course, is from the coordi-

nate system of a volume preserving system. By definition this gives us the restriction

of
g=—1, (7.25)

which gives the constraint

1
N=—z. (7.26)

For convenience, Paranjape set the shift of the metric to zero

N;=N'=0, (7.27)
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where we can of course raise and lower indices using the 3-metric so h;;N* = Nj.
From these restrictions we can generate some equations to allow us to find coordinate
restrictions for a VPC system.

Under a coordinate change, ]AV; — Nj, by setting the shift to be zero we have a
gauge restriction. For convenience, we are going to relabel the lapse function so that

(N? — hy;N'N7) = A% making the general Paranjape metric

ds® = a®(t) (—(A?)dt* + 2(hyyN'N;)dtdx' + (hy;) da'da?) . (7.28)

In this form we can look at the general coordinate transformation equations for
each term of the metric easily. Under a general coordinate transformation the lapse

would transform as

—~ k
A g2 (ﬁ) + 2Ry N* <d"” dt) + o (dx do” ) (7.29)

dt dt dt dt dt
the shift would transform as
m:_ﬁ(ﬂfQ+ammeEﬂ)+mmCE¢i), (7.30)
dt dx? dx? dt dxt dxd

and the spatial metric would transform as

~ dt dt dzt dt dz® dx™
o ( ) thNk< v ) . <TT) (7.31)
dx? de dx? dxﬂ dxt dx?

Applying the constraint of a unit determinant, Eqn. (7.26), and a zero shift, Eqn.
(7.27), to the three coordinate transformations Eqns. (7.31), (7.29), and (7.30), we
get an equation for our coordinate restrictions. The equation we will be looking at

in order to find our VPC coordinates is

Ldt dt dz¢ dz?
S (7.32)
b dt dza dt dz®

7.3.3 Discussion of Paranjape

There have been many different averaging procedures introduced (e.g, [90], [37], [48],
[11]). All of these procedures have the same goal of defining and interpreting an aver-
aging procedure. The Buchert [22] approach to averaging scalars and the Zalaletdinov

[114] fully covariant tensor averaging approach are the most widely used averaging
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operations to date. It is hoped that unimodular gravity will provide an alternative

approach to these procedures, and this will be pursued in future research.

In Paranjape’s thesis two main approaches to averaging were discussed. First,
the 3D method developed by Buchert [22] and, second, a 4D method developed by
Zalaletdinov [114]. Buchert defines an average in a model with a pressureless dust
matter source (e.g., Lemaitre-Tolman-Bondi or LTB solution [12], [57], [106]) with
the assumption that the dust is irrotational and the four-velocity is orthogonal to the
3D spatial surfaces. The metric can be written in terms of synchronous and comoving
coordinates, but we can only average the scalar quantities of the EFE’s. Zalaletdinov’s
averaging procedure, on the other hand, is able to average all of Einstein’s equations
and can even average tensorial quantities by introducing additional mathematical

structure into the averaging procedure.

In his thesis, Paranjape proceeds by taking a spatial limit of the Zalaletdinov
equations in order to construct scalar equations that can be compared to Buchert’s
averaged scalar equations. Paranjape finds that the structure of the correction terms
in each averaging approach is very similar after the spatial limit is applied. Therefore,
Paranjape is able to reference an inhomogeneous spacetime whose average leads to the
FLRW dynamics. This comparison is crucial since, in modern cosmology, the current
observations of the cosmos come from observing the inhomogeneities around us, while
ignoring how the inhomogeneities evolve when solving the averaged dynamics. In
other words, we do not know what inhomogeneities lead to averaged homogeneous
dynamics, if any. In this thesis, our concern is primarily with the explicit definition
and dynamics of the VPC and therefore we will not be pursuing a spatial limit. Yet,
it is easily seen that a rigorous and more conservative approach to defining quantities
before and after averaging is of great importance to the credibility of the theory of

cosmological averaging.

Paranjape also performed an ensemble average in his thesis. In ensemble averaging
one takes a direct mean across an infinite number of realisations of a system, through
which an average value can be constructed. The domain of the ensemble average is
never explicitly defined. Once the system from which the average is to be calculated
has been determined, we simply generate an infinite number of realizations (copies)

of the system to find its average. This type of ensemble averaging comes out of
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techniques in statistical mechanics and is different from a wvolume average. In a
volume average one simply takes the average across the volume in question. The
domain of a volume average is usually taken to be larger then 30 Mpc ([59, 107]).
Linear cosmological averages are not valid for scales less then 20 Mpc because non-
linear effects are more significant on smaller scales. Also, homogeneity is considered
to be valid for domains larger then 150 Mpc (see [113]). Therefore, most volume
averages use a domain close to the Hubble volume. While at small volumes ensemble
and volume averaging will produce very different results, at very large volumes (i.e.,
close to the Hubble volume) the theory of ergodicity applies [91]. According to this
theory, the time average of a system’s properties is equal to the average over the entire
space once the system’s dynamics have relaxed. It is assumed in current cosmological
observations that once a sufficiently large domain has been selected (of the order of
the Hubble volume), the ensemble and volume averages will produce essentially the
same results. The benefit of performing an ensemble average of linear perturbations,
and Paranjape only averages first order perturbations, is that the ensemble average is
vanishing by definition. This ensures that the averaged objects produce FLRW-like

quantities.

However, in this thesis we have also discussed second order perturbations. We
can always define a coordinate system in which some of the second order terms are
defined as a product of the first order terms. In such a coordinate system, the ensemble

average is non-vanishing. In particular, at second order

V= /a4(n) (1+2¢+2C+2(C°—CYCy) + 4¢C) d*z # const. (7.33)

For these reasons we are going to follow Paranjape’s method for fixing a 4D VPC
but we will construct a fully fixed 4D VPC in Chapter 7.4. It is vital for future
research that the 4D VPC system developed, if extended to second order, would
balance these additional terms within the determinant (employing only two scalar
and two vector gauge freedoms) to preserve a comoving unit determinant and make

it easier to calculate the average to second order.
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7.4 Linear 4D Volume-Preserving Coordinate System

The aim of this section is to follow a similar procedure to Paranjape and recast a
linear procedure to construct a VPC. This VPC procedure will hold in 4D rather
than just 3D as in Section 7.2.2. With the gauge and coordinate restrictions from the
general Paranjape metric formulated in Section 7.3.2, we need to see what happens
when the same metric is perturbed to linear order. We would also like to perturb the
Paranjape metric in order to write out the gauge restrictions in our original pertur-
bation variables that were introduced in Chapter 2. We start in a gauge independent

metric

ds* = a*(t) (—(1 + 2¢)dt* + 2B;dtdx’ + hy;dz'da’) | (7.34)

where the spatial component is h;; = (51»]-(1 —2¢) + OO E + Fiiz + %Hij). The de-

terminant of this metric is
g=—a®(1+2¢— 6y +20°0iE) . (7.35)

The gauge restriction Eq. (7.26) can be written as /—g = N+ and of course we

set the shift to zero B; = 0. Now, we can define all the new variables as

N? =a® (1 +29), (7.36)

N; = a®0;B;. (7.37)
Taking the determinant of h;; we have
h=a%(1—6v + 20'0,F). (7.38)
Using the gauge restriction and the determinant from Eq. (7.35) we get
V=g=NVh=a"(1+¢— 3+ 00iE). (7.39)

By studying this determinant we can see that our VPC gauge will have the con-
dition

¢ — 3+ 00iF = 0. (7.40)
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We will construct the VPC gauge out of this condition by using the gauge transfor-
mations from Eq’s (5.15), (5.16) and (5.18). Using these three gauge transformation

equations and our gauge condition, Eq. (7.40), we get

by — 3y +20,0'By = ¢+ da+Ha— 3P+ 3Ha + 0,0°F + 0,0"8
= 0. (7.41)

Equating the gauge condition, Eq. (7.40) with Eq. (7.41) we obtain
&+ 4dHa + 0,08 = —¢p + 31 — 0,0°FE. (7.42)

The derivatives in Eq. (7.42) are defined everywhere and we have a degree of freedom
to make a gauge choice in order to make things easier to solve. The easiest gauge
appears to be
Yy =0, (7.43)

which we will choose to use for our 4D VPC. However, it should be stated that we
could have chosen E = 0 or set the density to zero, 6 = 0, in order to solve for o and
[ algebraically.

Using these conditions along with our gauge transformations we can solve for «, 3,
7" in order to be able to transform into our 4D VPC from any other gauge. Starting
with the gauge transformation Eq. (5.16) and using the gauge condition from Eq.
(7.43) we find that

(
= _. 7.44
= (7.44)
We can substitute a back into Eq. (7.42) to find § for our gauge transformation as
!
0.8 = - (w 6+ 0,0°E + (%) ) | (7.45)

With our definitions of o and S, we can now solve for the variables that we need

to make sure that the gauge is volume preserving

_oap b
ov = ¢+H ,H2w+w, (7.46)
vy = -1 =0, (7.47)

0.0"Ey = —tp—¢— d%(%) (7.48)
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Now that we have the variables for the 4D VPC explicitly defined, we can substi-
tute the ¢y, ¥y, and 9,0°Fy into our gauge condition, Eq. (7.40), to show
0 0

¢V—3¢V+3a5aEv=¢+w+ﬂ—gb—w—ﬂ=0, (7.49)

meaning that the variables defined satisfy our condition for volume preservation.
Since the gauge condition is satisfied we can now show the rest of our gauge

transformation equations for the shift, density and velocity respectively as:

0,0 d d [
0,0°By = — - — 0,0Ey +— | ==, 7.50
- v 2(3).
by = §=3(1+w)y, (7.51)
" B " d d ([

0,0y = 0,0 + a <¢ +o+ o (7—[)) . (7.52)

Remember that our general metric is
ds* = a*(n) (—(1 +20)dn® + Eijdxidxj> . (7.53)

This metric has a determinant of /=gy = a*(n). We want the metric to be volume
preserving, \/—gy = 1, which requires us to set a new time coordinate along with our

gauge conditions. We define this time coordinate as

2
— = a’dp? (7.54)

o= | =dt. (7.55)

This gives us a final metric

(1 — 20,0°Ey)

2 __
ds® = T

. 1 S
do® + a*(o) (8 + 20,0"Ey + EHZ-‘]’- Ydo'dz?.  (7.56)
which gives us a determinant of

! (1 —20,0"Ey)a’(1 + 20,0°Ey) = 1. (7.57)

—gv = —¢
ab
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7.4.1 A 4D Averaging Domain

When we perform averages we need to specify the averaging domain. In 3D this is
entirely arbitrary, and distinctly non-covariant. In 4D, however, we could utilize the
causal structure of spacetime to give us a one-parameter averaging domain. If we let
the averaging radius be a proper time 7, then an averaging domain can be defined
around an event E by the future and past light cones. To average across past history,
one would extend along the past light cone an interval 7. To perform a spacelike
average, one would extend along spacelike geodesics an interval 7. An average could
be taken around the entire event by extending along past-oriented timelike geodesics,

spacelike geodesics and future-oriented timelike geodesics up to an interval 7.



Chapter 8

Dynamics

With the construction of the VPC gauges in Chapter 7, we want to introduce the EFE
in this chapter which will allow us to view some key properties of the perturbative
quantities within the VPC gauges. Solutions will be shown in longitudinal gauge and
then transformed into spatially flat gauge, using a standard gauge transformation.
From the flat gauge, a coordinate system has been defined to transform the solutions
into the 3D VPC gauge. The solutions in longitudinal gauge will be transformed
directly into the 4D VPC gauge without the intermediary transformation into the
spatially flat gauge.

The connection coefficients for the construction of the Einstein tensor up to and

including second order perturbations for scalars, vectors, and tensors is given in [77].

The theory of GR gives us the EFE which relate the geometry of spacetime with

the local energy momentum

G, =8rGT,, , (8.1)

where G is the universal gravitational constant.

Our coordinate system is defined by EFE components that are tangent and or-
thogonal to the time-like four-vector field n* defined in Eq. (3.5). The definition of
the coordinate system will provide us with constraint equations for the metric per-
turbations known as the energy and momentum constraint equations. The Bianchi

identities, V,G% = 0, imply local energy and momentum conservation
vV, " =0. (8.2)

Within this chapter, there is a change in the time coordinate. We will therefore
define a prime, for instance ¢’, to indicate a derivative with respect to the time

coordinate, 7).

45
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8.1 Background

From the EFE (8.1) we have the Friedmann constraint and the evolution equations

for the background FLRW model:

8nG
H = %cﬂp, (8.3)
e

3

H =———a’(p+3P), (8.4)

while the energy momentum conservation forms our continuity equation
P =—3H(p+P), (8.5)

where p and P are the total energy density and the total pressure, n, using the scale

factor a, we can form the conformal Hubble parameter, H = a’/a.

8.1.1 Background Matter and Radiation Solutions

Assuming the equation of state equation P = wp, we can solve Eq.(8.5). We will

express the continuity equation with the equation of state as

P+ 3H(1+w)p=0. (8.6)
For a matter dominated universe we know that w = 0, which gives
P+ 3Hpy = 0. (8.7)

Solving this differential equation for p gives us

_ Pom
Pm = G () (88)

where we have normalised the solution such that ap = 1 and the subscript “m” is for
the matter domination epoch. Using this solution for p,, along with the Friedmann

equation, Eq. (8.3), will allows us to solve for the scale factor, a,,(n), for the matter

dominated model. We use Eq. (8.3) and (8.8) to show

a7 t?da = /Cdn (8.9)
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and pg,, is a constant. Integrating we find that

am(n) = (n)g- (8.10)

m

where we set C' = %

For a radiation dominated universe, we again start with Eq. (8.6) and set w = 1/3
to get
P+ 4Hp = 0. (8.11)

Solving this differential equation for p gives us
Co
Pr =
ay(n)

where C is a constant and the subscript ”"r” is for the radiation dominated epoch.

(8.12)

We can use the Friedmann equation to solve for the constant Cy in terms of pg, to

get

o, = Lo (8.13)

a(n)
However, we need to consider the period in which the Universe is changing from

a radiation dominated epoch into a matter dominated epoch. This period is called
the time of equality. We can solve for the density at equality which we consider a

constant,

G
at,(n)
The subscript “eq” stands for the value of the scale factor at the point of equality

Peq = (8.14)

between the matter dominated and radiation dominated epochs.
Solving for the constant from integration we find that p evolves as

Pr = Peg <aazg)>4 (8.15)

Using Eq.’s (8.15), (8.8) and the Friedmann equation, Eq. (8.3), we can solve for the
scale factor, a(n), for the radiation model:

d

d—na(n) =D (8.16)
where the D = &TG%. We integrate this equation and normalise the scale factor to
get

ant) = o) (1) (5.17)
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The time at which equality happens, 7.4, is considered to be constant since the

equality happens at a particular time. At the time of equality we know that

Pn(Teg) = Pr(Neq) (8.18)
which gives us
Uog  Ceq

We can solve for the size of the scale factor at the time of equality as

Por
(eg(n) = 22 (8.20)
Pom
We also know that
Por
Pom
and we can find the exact values for Q, = 4.17 x 107° and ©Q,, = 0.273 from [14] and
[52] and h = 0.704 = m where Hj is the Hubble constant. These values

produce a scale factor at the time of equality of

Q 1
"~ 3. 1074 = —.
Q. 3.096 x 10 3200

eq(Neq) = (8.23)

This value of our scale factor at the time of equality is confirmed by the current 7-
year WMAP data from [52]. We are therefore left with a scale factor for the radiation

dominated epoch which evolves as a(n) o 7.

8.2 Einstein Field Equations

In this section we are going to construct the first order scalar, vector and tensor

perturbation equations from the EFE.

8.2.1 First Order Scalar Perturbations

We can obtain the scalar metric perturbations in an arbitrary gauge via the matter

perturbations from the first-order energy and momentum constraints [49, 86]

3H (V' + Ho) — 0,0° [ + Ho| = —4nGa®dp, (8.24)
V' +He = —4nGa*(p+ P)V (8.25)
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where the total covariant velocity perturbation is given by
V=v+B, (8.26)

where v is the total scalar velocity potential as defined in Eq. (4.4).
At first order, the perturbed EFE also gives us two scalar metric perturbation

evolution equations
2
W+ 2HY +HY + 2H +HY) ¢ = 4nGa? (513 + gaaaan) . (8.27)
o +2Ho +¢—¢ = SnGa’ll, (8.28)

where II is the scalar part of the (tracefree) anisotropic stress, defined in Eq. (4.8).

We restate the equation for the shear potential from Eq. (3.15) as
c=F —-B. (8.29)

8.2.2 First Order Vector Perturbations
The divergence-free part of the three-momentum [see Eqgs. (2.12), (4.4) and (4.11)]

dq; = (p+ P)(vj* = S;), (8.30)

1

is constrained by the momentum conservation equation,
8¢, + 4Héq; = —0,0°T1; . (8.31)

The vector part of the anisotropic stress, Eq. (4.8), is given by a?9;IL;). A gauge-
invariant vector metric perturbation is directly related to the divergence-free part of

the momentum through the constraint equation

0,0 (F! + S;) = —1671Ga’dq; . (8.32)

8.2.3 First Order Tensor Perturbations

The tensor perturbations have no constraint equation. The spatial part of the EFE
yields

h;’j + 27—[th — 0,0"h;j = 87rGa2Hij , (8.33)
where II;; is the transverse and tracefree component of the anisotropic stress Eq.
(4.8).
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8.2.4 Energy and Momentum Conservation

Energy-momentum conservation gives evolution equations for the perturbed energy

and momentum:

op' +3H (0p+0P) =3 (p+ P)Y' + (p+ P)0,0*(V+0) = 0, (834
/ o 2 ]' 2 a _
V4 (1=3c)HV + ¢+ P OP + 3aaa Ir) = 0, (835

where ¢? is the adiabatic speed of sound, defined as

=_. (8.36)

8.2.5 Longitudinal Gauge EFE and Gauge Transformations

In this section we are going to express the first order metric in longitudinal gauge.
Since we will be including tensor perturbations, this gauge is technically called the
Poisson gauge. For more on the Poisson gauge see Appendix A. By setting F, =
By, = Sf = 0, where the super and subscript “/” stands for the longitudinal gauge,
we can construct the scalar quantities to resemble Newtonian gravity (and, of course,

we also remove the shift). This produces the metric:

ds® = a*(n) (—(1 4 2¢0)dn” + (05 (1 — 2¢) + 20;F; + Hy;)dx'dax?) . (8.37)
The EFE for the longitudinal gauge are

SH (Y, + Hoy) — 0,0, = —4rGa’*dpy, (8.38)
Uy +Hee = —4nGa*(pe+ Pr)vy, (8.39)

Eq. (8.28) is the evolution equation for the scalar shear in a general gauge. In
the longitudinal gauge, however, Eq. (8.28) becomes a constraint equation for the

gauge-invariant perturbations ¢ and 1,
Yy — ¢y = STGa*1l. (8.40)

This allows us to have the constraint 1), = ¢, when we set the anisotropic stress to

zero as in the context of a perfect fluid.
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Eq. (8.27) can then provide a second-order evolution equation for the metric

perturbation in the longitudinal gauge driven by isotropic pressure:

¢+ 3HYy + (2H + H?) v = ArGa®S P, . (8.41)

To produce our gauge transformations from an arbitrary gauge we must use Eq.

(5.13) and Eq.’s (5.15) to (5.22) giving

Q¢ = ¢+(B’—E”)+%/(B—E’), (8.42)

b = v-=(B-E), (8.43)
B, = 0a=B-FE, (8.44)
B - 0 8=—E (8.45)
ol — (_)_>fy£:—o'i—)'yi:—/didU—FCi(X), (8.46)

ﬁ::ﬂ—/mm+@@y (8.47)

8.3 Matter and Radiation Solutions

In this section we will introduce the general matter and radiation solutions. The
solutions are presented first in the longitudinal gauge from [27] and then transformed

into a VPC gauge followed by a discussion of the results at the end of the chapter.

8.3.1 Solutions in the Longitudinal Gauge

We shall first discuss the matter solutions in the longitudinal gauge. The matter is
assumed to have w = ¢? = p = 0 and II = 0, which implies ¢, = 1, from Eq. (8.39).
We use the scale factor from Eq. (8.10) so that H = % Eq. (8.41) becomes

¢+ 3HG, + (2H +H?) ¢y = 0. (8.48)

With the conformal Hubble parameter, H, we know that 2H’ + H? = 0 to make our
dynamical equation

6
g+5@:o. (8.49)
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The general solution of this equation is

P
G = P2+ e (8.50)
where ¢9 and ¢, are constants. For times where 7 approaches zero the matter solution

is unbounded. We set ¢; = 0, making the bounded matter solution

Gr = P2 (8.51)

Next we move to the radiation solution in longitudinal gauge. The radiation
dominated epoch has w = ¢ = p = % and I = 0 which implies ¢, = 1,. We use the
scale factor from Eq. (8.17) so that H = % We can now use Eq. (8.38) which gives

us a second order differential equation
1
n*y + Ang, + §k2772¢g = 0. (8.52)

The solution of this differential equation, [13], is

b= b (ﬁsin(j’%) —kn cos(%)) 4 <\/§COS(7%) + kn sin(%)) (859

o313 o33
where ¢3 and ¢, are constants. If we substitute k = % and expand the solution as a
power series for sine and cosine we get

_ ¢4\/§ 4 ¢4\/§ - @ - ¢4$\/§ 4 ¢3$2
3 6x 9 72 270 7

% (8.54)

which we have truncated to first order. When 7 or kn go to zero, such as at a time
close to the Big Bang, most of these terms are unbounded. Therefore, some of the
modes of inhomogeneous effects would grow much too large. We therefore must bound
the radiation solution, Eq. (8.54), since the perturbations were initialized at an early
time where n < 1. During this period the two modes of perturbations ¢35 and ¢, will
be comparable and therefore ¢, < ¢3 and so we can neglect ¢, from now on to get a

super-horizon solution of

s

G = 9 (8.55)
However, for future use we state the full scale solution
V3sin(£L) — kncos(£L)
@=%< ﬂmﬁ 2. (8.56)
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We can now also express the velocity solutions in longitudinal gauge using Eq.

(8.39)
o —2(0 + Hon)
T (14 w)

which for matter, with w = 0 and H = %, becomes

_ —0m _ —¢am
Vy = = .
3 3

For radiation with w = % and H = %, we find the velocity to be

3
_ U2 / ¢£
YT (%Jrn)'

Using the super-horizon scale solution, Eq. (8.55) gives the velocity as

_ ¥3n
Vy = ——
18

and the solution on all scales using Eq. (8.56) is

w

2

v = (_¢377) (ﬁSin(s—%)kQW + 6(:05(@—%)1377 _ 6\/§Sin(ﬁ)>2 |

k3n4

The density solution for longitudinal gauge using Eq. (8.38) is

20,  k*¢y
Oy = =20y — —+ — ——
¢ o) 7 oy
which for matter becomes )
k
(% ::——2¢2‘— Z}¢O.

For radiation the super-horizon scale solution is

_ 2¢3 + 2k 0 ¢s

5
79 27

and the solution on all scales is
—2¢3 . ( kn > < kn )
0y = — 6v3sin | — ) + 6kncos | —=
YRR [ V3 K V3
k

+9v/3k2% sin (k—\/%) — k3P cos (%) ] .

(8.57)

(8.58)

(8.59)

(8.60)

(8.61)

(8.62)

(8.63)

(8.64)

(8.65)
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8.4 VPC Solutions

Within this section we are going to transform the longitudinal gauge matter and
radiation solutions into our VPC gauges. As demonstrated in Chapter 7 we have
a 3D and 4D VPC gauge. Discussion of these findings will be detailed in Section
8.5. These findings show that these gauges will be useful in further work involving

cosmological averaging and unimodular gravity.

8.4.1 3D VPC Solutions

In Section 7.2, the 3D VPC gauge was constructed. Before we solve the matter and
radiation systems, we must first define the gauge transformations for our 3D VPC
gauge using Eq. (5.13) and Eqgs. (5.15) to (5.22). These equations show that the 3D
VPC gauge has the same gauge restrictions as the spatially flat gauge:

Yy =By =F' =0 (8.66)

where the superscript or subscript “V” stands for the VPC gauge. Since these are the
same gauge conditions as spatially flat gauge, we can use the gauge transformation
equations for the spatially flat gauge, from Section 6.2, to transform the longitudinal
solutions into the 3D VPC.

Solving the gauge transformation equations gives us the generating vector field,

defined in Eq. (5.9) to transform into our 3D VPC as

_ e

7‘[ /B,i:()’ ’yZ:_Fl}'

v

Now that we have our generating vector field we can transform the matter and radi-
ation solutions from longitudinal gauge in Section 8.3.1 into our 3D VPC.
First we will transform the matter solution to find our lapse, ¢y, our velocity, vy,

and our density quantity, oy,. Remember that our matter solution for ¢, from Eq.
(8.51) is

P = P2, (8.67)
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where the subscript “¢” stands for the longitudinal gauge and ¢, is a constant. Sub-
stituting this solution for ¢, into the gauge transformation Eq. (5.15) we find that

_ 502

by ==

(8.68)

For the velocity the transformation equation, Eq. (5.39), gives our new velocity as

vy = v = _?’7. (8.69)

We will use Eq. (5.10) to transform our energy density as

2 2
(5\/ = —QZ5V (5 + ;—H> — —5¢2 - b 76’]§b2 (870)

We follow the same general gauge transformations to solve for our lapse, ¢y, our
velocity, vy, and our density quantity, oy for our radiation solution. As before we

start with Eq. (5.15) to find in radiation the super-horizon scale solution is

v = =3¢, = % (8.71)
and for all scales using Eq. (8.56) we get
V3sin(£L) — kncos(£L)
v = —3¢3 ( v3 o 2. (8.72)

Using Eq. (5.39) and our longitudinal radiation solution from Eq. (8.57), we find the

super-horizon scale solution for our velocity in radiation is

_ N9
Vy = 18 > (873)
and for all scales using Eq. (8.56) we find the velocity is
bsn \/gsin(\’“/—7:’7))162772 +6 cos(%)kn —6V3 sin(k—g) ?
Vy = (— 5 ) k3774 (874)

Finally we solve for our energy density solution for radiation using the transforma-
tion for the density, Eq. (5.10), and our longitudinal radiation solution, Eq. (8.62),
to find

(8.75)
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and for all scales using Eq. (8.56) we get
—¢3 . ( kn > ( kn )
oy = —3v/3sin | —= | 4 3kncos | —=
METENE NG] TS\ 3

++/3k*n sin (%) — k*n? cos (%) + 2v/3k*n? sin (%) ] . (8.76)

Of course we must also do a coordinate transformation from our current time coor-

dinate into our VPC system using Eq. (7.14). For the matter dominated epoch our

new time coordinate is defined as

©l~

n=(957)° . (8.77)

Using our new time coordinate we can find the velocity and density respectively as

=22 (onr)’ (8.78)

Vy =

k? (97787')% ®o
—

Eq. (7.14) gives our new time coordinate for the radiation dominated epoch as

Sy = —5¢o — (8.79)

n=(5nir)". (8.80)

which will make the super-horizon radiation solutions for velocity and density

1
5n2,7)° @3
Vy = —( q]_8) (881)

5¢3 (5T]eq )%Qb .

oy = o + 57 (8.82)
The full scale solutions for ¢y, vy and dy in our new time coordinate are
1 !
V/3sin ( (571/% ) ) —k (5773(17)% oS (_k:(s%;ﬁ)
Py = =33 : (8.83)

3
k3 (577§q7) 5
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S0

Gk [f sin(“87 L )12 (59,7)
V=1 1
2 k3 (517€q7)
k(fmeq ) K(5nt,r)F 72
6 — 5k 6/3 sin(——<L/
SRk = 6/ | (850
k3 (5776q7)
_ k 4 % i k 4 %
oy = —¢2 [ 3v/3sin —(5776‘17—) + 3k (577;1q7.) 5 oS (577@q7')
3k2 (5nd,7)° V3 V3

k (57]3(17)% 2 k (57}2‘(17)%

+ V/3k? (577;1117')é sin 3 — K (577§q7) ® cos 7

1
k 4 5
+ 23k (5%,7) * sin % ] (8.85)

8.4.2 4D VPC Solutions

For this section of Chapter 8, we will be using the previously constructed 4D VPC
from Section 7.3. We will first show the gauge transformation equations that we need

to transform any other gauge into our 4D VPC gauge are

o= bt Ve (8.56)
—kuy = —k%u +d% (1/)15 + o + @ (%)) : (8.87)
Sy = 6 —3(1+ 3wy, (3.88)
KBy = k,?f‘ dcf7 (wﬁ@ * (%)) : (8.89)
KBy, = —ty - @——n(%) (8.90)

For our matter solution remember that we have w = ¢? =1l =0 and H = 72] which
implies ¢, = 1y. Using these conditions we can transform our matter solution from
longitudinal gauge into our 4D VPC gauge.

Using the longitudinal gauge matter solutions and the transformation equations

for our 4D VPC gauge we find that
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e
ov = ¢ (2 - 5) : (8.91)
v = —%’52, (8.92)
2 P

Sy = o= 4T .
v = o(mrE-s). (5.93)
By = —77%2, (8.94)

5¢2

B, = 2 :
v 52 (8.95)
For our radiation solution we have w = ¢} = 3, II = 0 and H = |, which

implies ¢y = 10y,. We can transform our longitudinal gauge radiation solutions, Eq.’s
(8.55) and (8.56), into our 4D VPC gauge using Eq.’s (8.86) to (8.90). The full scale
solutions using Eq. (8.56) are

Pv = 3k3 [ 3/3sin <ﬁ> + 3kn cos <k—’;> + 3v/3nsin <\k/_%)

w

w

—3kn? cos <\k/—71) + V/3k%*n? sin (k—g) ] (8.96)

2 2

2
3.3 [k k k
+36/3k n° sin (7’7-3) (7%) + 324 — 324 cos (%)

—216+/3kn sin (\’“}) cos (k—’;) — 2V/3k%1° sin <ﬂ>

3

k
+2k*nS cos <7%> ] (8.97)

by = 5228, [ — 6v/3sin (£2) + 6kncos (£4) +2v/3k2pP sin (22)

— k313 cos (\—}) + 44/3sin (7’1) — kncos (\k/’i> ] (8.98)
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—4¢3 <\/§sin (%) — Cos (@) kn)
By = 3k3n2

(8.99)

$3v/3sin (%g)
- 3k3n

By (8.100)

Using the bounded radiation solution, Eq. (8.55), we find the super-horizon scale

solutions for radiation are

2+
by = ( 977)¢>37 oy = 771¢;3
—1Y\ (203 | 2k°n’¢s 4¢3
Y (i - 8.101
o (k2> ( o "7 9 (8.101)
_ — s =93
Bv=—9" Bv=7ga

For our 4D VPC we also have a time coordinate change which was defined in Eq.

(7.55). For our matter solution we find that our new time coordinate is
1
8\ 7
—Tlo
== . 8.102
1 ( o ) (8.102)

For our matter solutions ¢y, vy, oy and By are time dependent so these transform

nto

_ (=)
-  pa(—mp 7
V=T e (8.104)
(2 W)
Sy = b <k2 + oo 3) : (8.105)
By = ) 2 (8.106)
2(70)?
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We will use Eq. (7.55) to also transform our radiation solutions using the new

time coordinate. The new time coordinate for radiation is defined as

)\
— (e 8.107
=-(32) (8.107)

Finally we express our 4D VPC radiation solutions in this new time coordinate
system. First we show the super-horizon radiation solutions with the time coordinate

transformation. The lapse, velocity and density quantities are the only super-horizon

solutions that are time dependent

Neg \° 2
v = ¢3 <(37O_> - §> : (8.108)
. néq % ¢3
(8.110)

¢3 2 2k2(_77§q)% 4¢3
by =— (224 22 Tead” ) 208
' <k2> <9+ 27(30)3 9

The full scale radiation solutions using our volume-preserving time coordinate are

’)] (8.111)
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1 1
k(ngq)?)) cos (—k(ngq)f > ] , (8.112)
V3(30)3

1 1 1
[ B (5500 ) o () on (5250 )

5\/ = 3k5( 4 ) \/g(30_)
N A TC AL AN (%) Kt
+2v/3k < ) sm(\/g(ga)%) + k7 (52 ) cos V33
1 1 1
neq)§ _ lé]) 3 k(*néelq)sY
+4+v/3sin <\/§(30_)3 ) k < 3t ) cos (—\/5(30)% ) ] ; (8.113)
—4 2 k(— 4 % 3
By = <3 3;7)3 O3 V/3sin ( neq) 1\/_
3k3(12,) 3(30)3
k(— 4 % 3 _ 4 % T
— cos (L)l\/_ k( 77@(1) : (8.114)
3(30)® 30 ]
(30) \/§< <§“)
g)3
Ey = T . (8.115)
3k? (_77311) ’

8.5 Discussion
Within Chapter 8 we used the fully developed VPC gauges from Chapter 7 and solved

for the matter and radiation dynamical solutions. These gauges were developed in a
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particular way to try to address some of the issues with perturbative gauges used in
cosmological averaging. As discussed at the beginning of Chapter 7, the synchronous
gauge is the most practical gauge for using numerics to quantitatively evaluate the
backreaction, but the synchronous gauge does not have a constant volume and so

averaging in this gauge is not rigorously defined.

We developed the 3D VPC gauge from the flat gauge. The flat gauge allowed us to
construct a VPC gauge since the flat gauge leaves the scalar and vector components
of the three-metric unperturbed and we assume that the size of the tensor perturba-
tions is so small that the tensor perturbations can be neglected. Applying a proper
time coordinate transformation, Eq. (7.14), to the flat gauge to make the metric de-
terminant unity, transforms the flat gauge into a 3D VPC gauge. In practice, the 3D
VPC gauge gives us a volume which is not time dependent, Vp = fD d3x; therefore,
the volume is constant for all times, Vp = 0. The 3D VPC gauge will be particularly
useful in Buchert’s approach to scalar averaging [22]. The 4D VPC gauge is different
from the 3D VPC gauge. The 4D VPC gauge can be used for averaging all objects
of interest within Zalaletdinov’s procedure of averaging [114]. The 4D VPC gauge is
a true, well defined, VPC gauge that is theoretically motivated and may be the best

gauge in which to evaluate averages.

However, there is a limitation to the 3D VPC gauge within the averaging regime.
The 3D VPC gauge can be extended to second order; all the formalism for this ex-
tension is provided within this thesis or from [23]. However, the 3D VPC gauge,
extended to second order will no longer be volume-preserving since the tensor per-
turbations will no longer be negligible at this order. At second order some of the
second order perturbations will be a product of first order perturbations, meaning
the perturbative quantities will be coupled together. The second order perturbations
will no longer be (comoving) volume-preserving, meaning that the volume over which
the average would be taken would not be constant. The 4D VPC gauge, on the other
hand, which does account for all perturbative quantities, including tensors, can be
extended to second order and no matter the order at which we truncate the pertur-
bative quantities, the 4D VPC metric will retain its volume preserving characteristic
by definition. Therefore, an extension of the 4D VPC gauge to second order and the

subsequent averaging should be analysed. The benefit of this second order extension
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of the 4D VPC gauge is that the higher the order of the perturbations, the better
the approximation the model takes of the Universe’s true dynamics. While the me-
chanics of extending these gauges to second order is reviewed in this thesis, following
[77], this extension is still quite a difficult and technical issue. For the purpose of
this thesis and the subsequent research in cosmological averaging using these gauges,
development of the linear order equations is sufficient.

Within Chapter 8 we have fully expressed the solutions to the EFE for the longi-
tudinal gauge according to [27]. We used the gauge transformations for the 3D VPC
gauge, Eq.’s (5.15), (5.39), (5.10) and the 4D VPC gauge transformations, Eq.’s (8.86)
to (8.90), to convert the longitudinal gauge EFE and solutions into volume-preserving
gauges and then the time coordinate transformations fully specified the transforma-
tion into the VPC gauges. The results in the VPC gauges were consistent with the
longitudinal gauge solutions except for the 4D VPC lapse function solutions. The
lapse has been constructed to qualitatively show the time dilation between proper
time and the coordinate time. In the Newtonian gauge, the lapse function acts as a
Newtonian potential, or Bardeen potentials Eq.’s (6.3) and (6.4), since the foliation
of surfaces has been chosen to be constant. The VPC gauges, however, have a more
complicated time-slicing and therefore have time dependence within the lapse func-
tion. This time dependence means that the lapse is no longer a Newtonian potential
but this is not unusual. The 4D VPC time dilation, while small, will grow rapidly
(see the matter domination solution Eq. (8.91)). However, with the explicit n* term
appearing within the lapse function, we can see that perturbation theory will break
down since the perturbations will grow very large and eventually distort the VPC
construction. Further study into the possible long term dynamics of the VPC gauge
should be studied since if perturbation theory breaks down in one well defined gauge
then it will break down in all well defined gauges [13]. Note that all of the other
quantities besides the lapse in the VPC gauges have the same qualitative behaviour
as in the longitudinal gauge.

With the rigorous description of the gauge transformations, the EFE and their
solutions in the 3D and 4D VPC gauges, the VPC gauges are now ready to be used
for future research including averaging in cosmology and applications of unimodular

gravity.
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Conclusions

Chapter 1 of this thesis introduced the possibility that within the standard FLRW
cosmological model there is a potential discrepancy between what is currently being
observed in our Universe and the physics that defines those observations. Of partic-
ular interest for this thesis is the supernovae Type la data showing an accelerating
Universal expansion rate and the WMAP observations showing the distribution of
CMB radiation. The introduction of exotic fields, which have yet to be explicitly
observed, to try to account for these discrepancies leaves us with a theory that seems
to be incomplete. The main goal of this thesis was to use perturbation theory to
introduce a gauge in which averaging could be done more rigorously, namely a VPC

gauge.

In Chapter 7 we were able to introduce two volume-preserving coordinate gauges
and in Chapter 8 we displayed gauge transformations between these gauges and an
arbitrary gauge. The longitudinal gauge solutions were transformed into the VPC
gauges and these solutions were shown to have the same qualitative behaviour as the
longitudinal gauge solutions except, of course, for the lapse function as discussed in
Section 8.5. The lapse in the longitudinal gauge has been constructed to behave as a
Newtonian Potential and the variables for this are known as the Bardeen Potentials
Eq.’s (6.3) and (6.4). However, in our 4D VPC guage it can be seen that the lapse
function is time dependent, Eq. (8.91). The time dependency of the lapse function
means that the lapse is no longer a Newtonian potential, but this is not unusual in
gauges which use complicated and different time-slicing. The 4D VPC time dilation,
while small, will grow rapidly and the VP characteristic of the VPC guage will begin
to distort and break the gauge. Further study of the possible long term dynamics of
the VPC gauge should be considered since if perturbation theory breaks down in one
well defined gauge then it will break down in all well defined gauges [13]. Note that all
of the other quantities besides the lapse in the VPC gauges have the same qualitative
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behaviour as in the longitudinal gauge. The 3D and 4D VPC gauges developed are
viable for use in cosmological averaging within perturbation theory.

In Section 7.3.3, we discussed how Buchert developed an averaging procedure
using a (3+1) foliation, which is used primarily for averaging scalar quantities. A
scalar averaging procedure can be used to test the size of the backreaction and in-
homogeneous effects on quantities using the 3D VPC gauge. The 3D VPC gauge is
best suited for the Buchert approach to averaging. The averaging procedure devel-
oped by Zalaletdinov [114], which is fully covariant and can be used to average any
object, should be used with the 4D VPC gauge. The 4D VPC gauge ensures that
v—g = 1 (within Eq. (7.15)) making the averaging calculation rigorous and much
easier to compute. When these perturbative quantities are averaged, it is hoped that
the averaged objects will have a backreaction of a size to account for the observational
discrepancies. The averaged objects will retain the correct qualitative behaviour since
the averaging is done in a suitable gauge. It is anticipated that the size of the backre-
action from inhomogeneous effects on the Universal dynamics after averaging, when
done rigorously, are of a size that will stimulate further analysis using these gauges
to higher orders.

Indeed, as an application, in [16] volume-preserving uniform curvature and uni-
form density gauges (VPG’s) in perturbation theory were analysed using spatial av-
eraging to second order. The VPC gauge formalisms within this thesis will allow an
easy transformation of the gauge specific quantities into the VPC system constructed
here, facilitate the calculation of the average of any object and transformation of the
averaged objects back into the original gauge for interpretation and comparison of
effects. The hope is that the 3D and 4D VPC gauges will give more reliable estimates
of the size of the backreaction. While the average may provide a proper backreaction
size, the VPC gauge was only developed to linear order within this thesis. In the fu-
ture, development of the VPC to second order is desirable in order to further analyse

the average of any object.



Appendix A
Poisson Gauge

In this appendix we present the second order equations in the Poisson gauge, see [23].
The gauge is defined by E=0= E, and then 5 = & and 7;5 = U. In the absence of
anisotropic stress, as is the case for this work, ¥; = ®; (though note that this does
not hold true for the second order variables ®; and W5). Note also that, in this gauge,
V =w.

Energy conservation then becomes

p2/ + 37—[(p2 + PQ) + (,00 + P()) (Qﬂavg — 3\11/2) + 2(,01 + Pl)’i’Uli
+2pL+ Py) (aaa%l - 3@3) +2(po + Po) [z(u;ﬂ. + Ao,

+ 3@1(1)/1 + 8a8avl<131 — 1]172'(I)17i:| =0 s (Al)

while the momentum conservation equation is

/

- !
[(Po + Py)vai| + (po+ Po) (‘I)z + 47'“/2) 0P, + 2 [Ul,i(pl + Pl)}

+ 2(p1 + Pl) <q)1 + 47’[1}1) = 6(p0 + PO)/q)lvl,i

N3

+2(po + Py) ow (aaaavl - 3<I>’1> o don — @ (v’l 420, + 47%1) |
/
— 2((1)11)1’2‘> — 87‘[(1311)171} =0. (A2>
Then, the EFE are

SH(VY + HDy) — 0,00y — 30| D) — 30, "D, ; — 89,0°D, D, — 12H>D?
= —47Ga? <2(p0 + Py)viFoy, + p2> , (A.3)

\If’2Z + HPy; + 4Py, D) — Dy ;(8HD, + 2P)) — 4@’1711131
= —47TGCL2 [(po + PO)(’UQZ' - 6(1312111') + 2(p1 + Pl)vlz} s (A4)
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and
" ! 1 a 2a” 2
W+ H(2U + Bo) + 20,0"( — W) + ( — M >q>2
o(q2 20" i ;84 1\2
n 4<I>1<7-l - ) — 20,101 — BHD1B] — 20,0"01®; — 3(®))
2 .
= 47TGCL2 (Pg + 5(,00 + P())Ulzl)h') . (A5)

For completeness, we present the fourth field equation, obtained by applying the
operator 9;0” to the i — j component of the EFE, Eq. (C.3):

\II//+H<2\I/, —|—(I)I) X (2(10
2 2 2 a

- H2> CI)Q = 47TGCL25P2 + 87?Gd2(p0 + PO)V*Q(?Z-@]' (vlivlj)

4 ' 24"
— V2200, 7 40, 1y T — 0,00 @ + @ + 203 (12— =)
a

Y (4v4<1>’1 30,00, + 27-[@a8“<1>1> } , (A.6)

where V=2 is the inverse Laplacian operator. Finally, combining Eqs. (A.5) and (A.6),

we obtain

"
8a(9a(\112 - @2) = 247TGCL2(p() + P()) [Uivli — V_Q (818] (Uiﬂj))} + 12@% (HQ - 2a >

a

— 18HD, D — 3V’2{2¢>1,k’<1>17’“’ FAD D, T+ B (AVED, — 30,000 + 2H8a8“®1)}

) 2 "
— 601Dy " + OB 4 ()7 + 207 (HQ - = ) : (A7)

a

which is the second order analogue of the equation which, at first order, tells us that

the two Newtonian potentials are identical in the absence of anisotropic stress.



Appendix B
Synchronous Gauge

The synchronous gauge was introduced by Lifshitz in [61](see also Ref. [53]). This
gauge was introduced by studying the symmetry arguments in order to eliminate
unphysical gauge modes. The gauge conditions for synchronous gauge are defined as
5 = B; = 0. These gauge conditions are so that the proper time of observers at fixed
spatial coordinates conincides with cosmic time in the FLRW background model,
restricting the perturbations to the spatial part of the metric leaving the temporal
part unperturbed. This simplifies dynamical equations as the time derivatives can be
directly related to proper time derivatives. Synchronous gauge is very popular for use
in numerical studies and used in many Boltzmann solvers such as CMBFAST [100].

It is also discussed in detail and compared to the longituidinal gauge in [69].

The gauge condition at first order is 51 = EZ = 0, which from Egs. (5.15) and
(5.17) gives

1 .
O _E </ Cl¢1d77—cl(5€l)> ) (B-l)
Blsyn - / (alsyn - Bl) d77 + él(xl) ) (BQ)
Yo = [ Sidn+ Cila). (B3)
These transformations equations do not determine the time-slicing definitively since
we are left with two arbitrary scalar functions of the spatial coordinates, C; and C.

Note that C; affects scalar perturbations on spatial hypersurfaces. We are left with

two non-zero geometrical scalar perturbations,

wlsyn = ¢1 + E (/ a¢1d77 - C<x1)> ) (B4)
5lsyn = 01+ Qisyn — By ) (B5>
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and the matter variables are

5plsyn = 5P1 - % (/ a¢1d77 - C(xl)) ) (BG)
Ulgyn = U1+ By — (1syn - (B7>

Thus it is not possible to define gauge-invariant quantities in general using this gauge
condition [79].

To remove the symmetry ambiguity, we can follow Ref. [21] and choose the initial
velocity of cold dark matter to be zero, U1eqm = 0, which fixes the residual gauge
freedom

Cl(l') = CI,(’Ulcdm + Bl) . (B8)

Note that for pressureless matter, momentum conservation equation ensures that

a(V1cam + Bi) is a constant.



Appendix C
Second Order Governing Equations

We can extend the governing equations presented in this thesis to beyond linear order
by simply not truncating the expansion of each variable after the first term. Doing so,
we obtain equations with similar structure to those at linear order, however with new
couplings between different type of perturbation. In fact, these couplings will turn
out to be the reason for the qualitative difference between the linear and higher order
theories. In this chapter, we will present the full second order equations for scalar,
vector and tensor perturbations in a gauge dependent format. For a full discussion

and decomposition of higher order perturbation terms see [23].

The EFE give the (0 — 0) component

0,0"Cyj — Coi5 " + 2H(—C4 i + By i + 3Hepa) + Qij,i(§ka,l — 201" 1)

+ 2B; [C’f/j,i —Cuy7 + % (020" Bri — Byji’) + 2H (CY 5 — 2C1557 — ¢14) ]
+4cy [201jk,ﬁ — Cfrij — 0a0"Chij + 2H(Chy5 — Bm)} + 24 (CFF 7 — gcf’ii)
+ 207 (By;7 - %c{’j +4H¢) +4CY ;Cujn* + 2c;ij(%cjj’ — Bi))

+ %Blj,i(B;f +Bi) = 6H* (467 — By,By) — B1B1;’ — 8HB} 61

= —87Ga? [2(p0 + P)VFvy, + pol (C.1)
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and the (0 —¢) component

! ! 1 -/
C'f;m- — Czik,k 3 <B2k,ik - aaaaB%) — 2H o + 16H P11 — 207 ;014
) . . . T / 1
+ 201ij (20fj,k - ka,J + ¢1,]> + 40? [Cuk,j - Cljk,i + ) (Bik,ij — Bli,k‘j)}

+2B] (Clkj,ik — O kij + Crirg” — 0,0°Chij — QHBlj,i) — <Bli,j + Blj,i> ¢17

1 ) ) ) . .
+2(Biij — Biji) <§ka,] — Oﬁ’“) —2C; (B 7 = B1F) + 2B j61,
+261 [ By — 00" B+ 2 (CL,7 = CV'3,) | =201

1
= 167G [5‘/21 — ¢1(Vii + Bu) + QCukU’f + (1 + Pl)vli] ; (C.2)

and the full (i — j) component

Oy’ j+2HCY, — L (BY j+Ba; ") ~Chy ' +Ch1 ;' —8a0°Chj+Cojt, ' — 2, j—H (B j+Baj.")

+6%; {2(2%”*7'[2>¢2+2H(Bg,k*05,k+¢;>+35,k*Cé“l,kz*C§//k+8a3“(¢2+Cél)}

+By [Cljk,il+ci/k,j—QCi/j,H?H(CUk,"ﬂLCikJ—Cij,k)+%(Blj,ik+Bi,jk—231k,ij)}

Oty =B W) (CL =5 (Bl y+Buy 4O (Brj =201, ) +C BLE 461001,

+H(BY =208 14CY F4+61,7) (Crjk, +Cfk,j—CL k) + 3 B (Bug, ;¥ —0a0% B1j+4H¢1 ;—2CF ) j+2C 1 F)
+2Cik [% (B;j,k+B;k,j) —Cl+ 61,5k —Cit 5 —Ciji k! +0a09Crigg+Chu i+ H (Blj,kJrBlk,r?Cikj)}
—3(B1x,'BY j+B1; "B )+ [(Blj,i’+B{fj+2¢1,ij+2H(BU,i+B;’,1)720{;.’74710;';]
+2<ka,chj,l—Cij,kcfk,z-&-(ffl,jC1kl,i)+2Cfl |:C1kz,ji—Cljl,ik—sz,jk+ij,kz]

+6%5 { (HQ—%TN) (4¢7—B1x BY)+2¢1 [Cf”k—B{“,k—aaa‘%l-ﬁ-?H(C{“/k—2¢1/—3f,k)}

/

’ ! / !
+BY [20{ l,k*QCm,l+aa3“31k*Bll,kl+2ﬂ(31r¢l,k*QCik,erCiz,k)] +Crt (%Cm Bllv’“)
11 ! ! !
+20%! [C’lkl—Baaacmz-i-?HClkl+2C1zm,km—C{"m,kz—QHBu,k—Bu,k—%,kl} +2BF (Cly k—Cir,b)
! !
+C1* k(Bﬁ,l—%Ci z)+20fl,kclzm,m+c1lm,k(Cfm,l—%cim,k)—cil,k(QCfm,m—%C{”m,k)

’ ¥
+¢1 (Clk k—Bf,k>—i (ZBf,kBu,l—Bu,ka,l—?)Bi,kBu,k)-l-d)l,k(Cllz,k—chlk,z—tﬁl,k)}

:87rGa2{5P26ij+2(p0+P0)v1i(v1j+Blj)} . (03)

The equations for scalar perturbations only in a gauge dependent form are then

obtained by substituting C;; = —vd;; + E,;; and B; = B, at both first and second
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order, into the above [23]. The energy conservation equation then becomes

po + 3H(p2 + P) + (po + Py) (aaa“(Eg’ +wg) — 3%’) +2(p1 + P) vy

+2(p1 + P (0a0"(By' + 1) = 361" + 2(p0 + Po) | (Vi + 4Hv1) (Vi + v1,)

+ 301 + 000161 — (110,0°E) + E| By + 017 (265 — 3y + aaaaEM)} ~0,
(C.4)

while the momentum conservation equation is

!/

[0+ PVis] + oo+ Po) (02 + 474V2) +6Pos +2[Vislor + P2
+2(p1 + P1) <¢1 + 47-”/1),@‘ —2(po+ )’ [(Vl + B1) i1 — 2(Ey 07 — ¢1U1,i):|

+2(po + ) [Vl,i (aaaa(Ell +vy) — 3%/) — Byi(¢1 + 8Hen) + 17 (v14j + 8HELij)

+2(0 By - 1/;1@1,1-)' o1 ((i+ B + 201 + 4711)1)’1 ~§Hpw,] =0, (C5)

Turning now to the EFE, the energy constraint is

SH( + How) + 0,0° (H(B — B) — ) + 0,0 By (8,0°(Br' — %Bl) ~ 2y
+ By, (7—[(37—[Blf —20,0°B, 1 — 2(ty + 1)) — 2¢1f"> + 2B, U — 2HBY) 4
A — 6) (3%' 8,04y — Bl)> + Elfj’(47—[E1 + %El’ . Bl>ﬂj
+ ¢1’<28a8“(E1’ _OHE)) — 3%')) + 11 (20,0°Ey — 3¢h1) 5 + 20,0%1 (0,0°Fy — 44by)
—12H?¢,* + %(BWBL“ + 0,0°F) ;0,0°E, 7 — By, By 7F — 8a8aE1/8a8“E1’)

= —47TG6L2 <2(p0 + Po)VYLkULk + p2> s (06)

and the momentum constraint

Uy + Heo, — By (1 + 1 + 0,0°E1) 7 + By 1;(2HBy + 1)/

— 140007 F 4%)}' — 61, (8H + 200 + 0,0°(Ey' - By))

— Byt + 201 By + By By — 00,0 By 4 4n) — 0,00 By
= —4rGa® [(Po + B) <V2@ —20:(Vi+ B1); — 4(Y1v; — El,ikvl,k)>

2+ Pl)vm} , (C.7)
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while, from the trace of the ¢ — j component, we obtain
"
BH(20s + bo) + 0u0"(By" + 2B + 20 — B — 63 + 2HBy) — 365 (M2 — 2% ) + 34"
+ (1 — ¢1) (12(%” + 2Hap") + 40,0%(¢1 + (By — Ey)') + 8HO,0%( By — El’))
-~ /5
+ EL'LJ <8H(E1, _ Bl),ij —+ le,ij — 4(2517753' — 4Bljlj> + El,” (EElflj — Bl,ij)
+20,0°E (4¢1’ — 0,04Ey — 231)> +0,0°E, (aaaaElﬁi + 201, — AHB, ,; — 231;)

+ ¢17i<23a(9“E1,7; —AHB1; — 2(1 + ¢1) i — QBlfi) — 201" (0,0°By + 12H¢y)
- 2¢1,¢¢1,i + 20,01 (0,0 By — 441) + ¢1/<3¢1I — 60" — 8HO,0°Ey — 20,0(Ey + Bl))

. 1 . .
n 2317<H(3Bl' — 26 — 3¢1’) +5 (BWBL” — By g By R - 8a8“318a8“B1>
7 1!

+A(B TEY, — 0" 0,0°Ey) + 3(7{2 _ 2%) <4¢12 - BLZBLZ)

= 47TGG2 <3P2 + 2(p0 -+ Po)’l}l’i‘/l’i> . (CS)



Appendix D
Geometry of Spatial Hypersurfaces

D.1 Components at Second Order of Shear, Expansion, and

Acceleration

The calculation of the shear, defined in Eq. (3.9), simplifies in case of the unit normal

vector field n*, that is for n; = 0,
o 1
045 = —TL()Fij — 59 9ij (D].)

which gives (including vectors and tensors) at second order

(50’00 = 0, (DZ)
1
(50’01' = 2a [Bf (Cizk — B1(17k)) — gBM (C{kk — Blkfc) i| 3 (DS)
ooy = a |:Céij — Baij) + 2B} (Cukij + Cukji — Cuijir) + 261 (Bigij) — Chi)
1

4
3 3
HACH (Cly = Bued) = 2B) (20 = €1 ) . (D.4)

Chij (Cikk - Buf) + 5ij{ — Cy + sz,k + 2¢4 (Cik - Buf)

The expansion is given from Eq. (3.8) at second order

a

1 ! ! /
50y = —[ —3% (62 — 36:%) + (Cmf _ B%’f) + 26, (Bl,j _ Clkk>

al
_SEBlka o 4Cflcikl + 4Clell,k + 4Bicllk,k - QBfCi l,k] :

(D.5)
The acceleration is given from Eq. (3.11) at second order as

aw = 2Bf6r., = |0y + (BuB-20%) | (D.6)
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D.2 Curvature of Spatial Three-Hypersurfaces at Second Order

The intrinsic curvature of spatial three-hypersurfaces is given at second order, respec-

tively, by
1
SRy = 5 |40,0"s — 40y, "OF" 4 3y, O7" = CF O,
+4C?m (Clmn,kk + Cf kymn — Clmk:,nk - Clk’n,mk)

where we used

2(C™ L, — O L) = 40,0%) (D.8)
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